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Preface to the First Edition 


This book is intended for the beginner as well as for the practitioner in computational 
fluid dynamics (CFD). It includes two major computational methods, namely, finite 
difference methods (FDM) and finite element methods (FEM) as applied to the nu- 
merical solution of fluid dynamics and heat transfer problems. An equal emphasis on 
both methods is attempted. Such an effort responds to the need that advantages and 
disadvantages of these two major computational methods be documented and consoli- 
dated into a single volume. This is important for a balanced education in the university 
and for the researcher in industrial applications. 

Finite volume methods (FVM), which have been used extensively in recent years, 
can be formulated from either FDM or FEM. FDM is basically designed for structured 
grids in general, but is applicable also to unstructured grids by means of FVM. New ideas 
on formulations and strategies for CFD in terms of FDM, FEM, and FVM continue 
to emerge, as evidenced in recent journal publications. The reader will find the new 
developments interesting and beneficial to his or her area of applications. However, 
the subject material is often inaccessible due to barriers caused by different training 
backgrounds. Therefore, in this book, the relationship among all currently available 
computational methods is clarified and brought to a proper perspective. 

To the uninitiated beginner, this book will serve as a convenient guide toward the 
desired destination. To the practitioner, however, preferences and biases built over the 
years can be relaxed and redeveloped toward other possible options. Having studied all 
methods available, the reader may then be able to pursue the most reasonable directions 
to follow, depending on the specific physical problems of each reader’s own field of 
interest. It is toward this flexibility that the present volume is addressed. 

The book begins with Part One, Preliminaries, in which the basic principles of FDM, 
FEM, and FVM are illustrated by means of a simple differential equation, each leading 
to the identical exact solution. Most importantly, through these examples with step-by- 
step hand calculations, the concepts of FDM, FEM, and FVM can be easily understood 
in terms of their analogies and differences. The introduction (Chapter 1) is followed by 
the general forms of governing equations, boundary conditions, and initial conditions 
encountered in CFD (Chapter 2), prior to embarking on details of CFD methods. 

Parts Two and Three cover FDM and FEM, respectively, including both histori- 
cal developments and recent contributions. FDM formulations and solutions of vari- 
ous types of partial differential equations are discussed in Chapters 3 and 4, whereas 
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the counterparts for FEM are covered in Chapters 8 through 11. Incompressible and 
compressible flows are treated in Chapters 5 and 6 for FDM and in Chapters 12 
through 14 for FEM, respectively. FVM is included in both Part Two (Chapter 7) and 
Part Three (Chapter 15) in accordance with its original point of departure. Historical 
developments are important for the beginner, whereas the recent contributions are in- 
cluded as they are required for advanced applications given in Part Five. Chapter 16, 
the last chapter in Part Three, discusses the detailed comparison between FDM and 
FEM and other methods in CFD. 

Full-scale complex CFD projects cannot be successfully accomplished without au- 
tomatic grid generation strategies. Both structured and unstructured grids are included. 
Adaptive methods, computing techniques, and parallel processing are also important 
aspects of the industrial CFD activities. These and other subjects are discussed in 
Part Four (Chapters 17 through 20). 

Finally, Part Five (Chapters 21 through 27) covers various applications including 
turbulence, reacting flows and combustion, acoustics, combined mode radiative heat 
transfer, multiphase flows, electromagnetic fields, and relativistic astrophysical flows. 

It is intended that as many methods of CFD as possible be included in this text. 
Subjects that are not available in other textbooks are given full coverage. Due to 
a limitation of space, however, details of some topics are reduced to a minimum by 
making a reference, for further elaboration, to the original sources. 

This text has been classroom tested for many years at the University of Alabama in 
Huntsville. It is considered adequate for four semester courses with three credit hours 
each: CFD I (Chapters 1 through 4 and 8 through 11), CFD II (Chapters 5 through 
7 and 12 through 16), CFD III (Chapters 17 through 20), and CFD IV (Chapters 21 
through 27). In this way, the elementary topics for both FDM and FEM can be covered 
in CFD I with advanced materials for both FDM and FEM in CFD II. FVM ма FDM 
and FVM via FEM are included in CFD I and CFD II, respectively. CFD III deals with 
grid generation and advanced computing techniques covered in Part IV. Finally, the 
various applications covered in Part V constitute CFD IV. Since it is difficult to study 
all subject areas in detail, each student may be given an option to choose one or two 
chapters for special term projects, more likely dictated by the expertise of the instructor, 
perhaps toward thesis or dissertation topics. 

Instead of providing homework assignments at the end of each chapter, some se- 
lected problems are shown in Appendix E. An emphasis is placed on comparisons 
between FDM, FEM, and FVM. Through these exercises, it is hoped that the reader 
will gain appreciation for studying all available methods such that, in the end, advan- 
tages and disadvantages of each method may be identified toward making decisions on 
the most suitable choices for the problems at hand. Associated with Appendix E is a 
Web site http://www.uah.edu/cfd that provides code (FORTRAN 90) for solutions of 
some of the homework problems. The student may use this as a guide for programming 
with other languages such as C++ for the class assignments. 

More than three decades have elapsed since the author’s earlier book on FEM in 
CFD was published [McGraw-Hill, 1978]. Recent years have witnessed great progress 
in FEM, parallel with significant achievements in FDM. The author has personally 
experienced the advantage of studying both methods on an equal footing. The purpose 
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of this book is, therefore, to share the author’s personal opinion with the reader, wishing 
that this idea may lead to further advancements in CFD in the future. It is hoped that 
all students in the university will be given an unbiased education in all areas of CFD. It 
is also hoped that the practitioners in industry will benefit from many alternatives that 
may impact their new directions of future research in CFD applications. 

In completing this text, the author recalls with sincere gratitude a countless number 
of colleagues and students, both past and present. They have contributed to this book 
in many different ways. 

My association with Tinsley Oden has been an inspiration, particularly during the 
early days of finite element research. Among many colleagues are S. T. Wu and Gerald 
Karr, who have shared useful discussions in CFD research over the past three decades. 

I express my sincere appreciation to Kader Frendi, who contributed to Sections 23.2 
(pressure mode acoustics) and 23.3 (vorticity mode acoustics) and to Vladimir Kolobov 
for Section 26.3.2 (semiconductor plasma processing). 

My thanks are due to J. Y. Kim, L. R. Utreja, P. K. Kim, J. L. Sohn, S. K. Lee, Y. M. 
Kim, О. Y. Park, C. S. Yoon, W. S. Yoon, P. J. Dionne, S. Warsi, L. Kania, G. R. Schmidt, 
A. М. Elshabka, К. Т. Yoon, S. A. Garcia, S. Y. Moon, L. W. Spradley, С. W. Heard, 
R. G. Schunk, J. E. Nielsen, F. Canabal, G. A. Richardson, L. E. Amborski, E. K. Lee, 
and С. Н. Bowers, among others. They assisted either during the course of development 
of earlier versions of my CFD manuscript or at the final stages of completion of this 
book. 

I would like to thank the reviewers for suggestions for improvement. I owe a debt 
of gratitude to Lawrence Spradley, who read the entire manuscript, brought to my 
attention numerous errors, and offered constructive suggestions. I am grateful to Francis 
Wessling, Chairman of the Department of Mechanical & Aerospace Engineering, UAH, 
who provided administrative support, and to S. A. Garcia and Z. Q. Hou, who assisted 
in typing and computer graphics. Without the assistance of Z. Q. Hou, this text could 
not have been completed in time. My thanks are also due to Florence Padgett, Engi- 
neering Editor at Cambridge University Press, who has most effectively managed the 
publication process of this book. 


T. J. Chung 
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Preface to the Revised Second Edition 


This revised second edition of Computational Fluid Dynamics represents a significant 
improvement from the first edition. However, the original idea of including all com- 
putational fluid dynamics methods (FDM, FEM, FVM); all mesh generation schemes; 
and physical applications to turbulence, combustion, acoustics, radiative heat transfer, 
multiphase flow, electromagnetic flow, and general relativity is maintained. This unique 
approach sets this book apart from its competitors and allows the instructor to adopt 
this book as a text and choose only those subject areas of his or her interest. 

The second edition includes new sections on finite element EBE-GMRES and a com- 
plete revision of the section on the flowfield-dependent variation (FDV) method, which 
demonstrates more detailed computational processes and includes additional example 
problems. For those instructors desiring a textbook that contains homework assign- 
ments, a variety of problems for FDM, FEM, and FVM are included in an appendix. To 
facilitate students and practitioners intending to develop a large-scale computer code, 
an example of FORTRAN code capable of solving compressible, incompressible, vis- 
cous, inviscid, 1-D, 2-D, and 3-D for all speed regimes using the flowfield-dependent 
variation method is available at http://www.uah.edu/cfd. 


РАВТ ОМЕ 


PRELIMINARIES 


tion of differential equations in mathematical physics and engineering. Numer- 

ical solutions were carried out by hand and using desk calculators for the first 
half of the twentieth century, then by digital computers for the later half of the century. 
In Section 1.1, a brief summary of the history of computational fluid dynamics (CFD) 
will be given, along with the organization of text. 

Before we proceed with details of CFD, simple examples are presented for the 
beginner, demonstrating how to solve a simple differential equation numerically by 
hand calculations (Sections 1.2 through 1.7). Basic concepts of finite difference meth- 
ods (FDM), finite element methods (FEM), and finite volume methods (FVM) are 
easily understood by these examples, laying a foundation or providing a motivation 
for further explorations. Even the undergraduate student may be brought to an ad- 
equate preparation for advanced studies toward CFD. This is the main purpose of 
Preliminaries. 

Furthermore, in Preliminaries, we review the basic forms of partial differential equa- 
tions and some of the governing equations in fluid dynamics (Sections 2.1 and 2.2). 
These include nonconservation and conservation forms of the Navier-Stokes system of 
equations as derived from the first law of thermodynamics and are expressed in terms 
of the control volume/surface integral equations, which represent various physical 
phenomena such as inviscid/viscous, compressible/incompressible, subsonic/supersonic 
flows, and so on. 

Typical boundary conditions are briefly summarized, with reference to hyperbolic, 
parabolic, and elliptic equations (Section 2.3). Examples of Dirichlet, Neumann, and 
Cauchy (Robin) boundary conditions are also examined, with additional and more 
detailed boundary conditions to be discussed later in the book. 


| he dawn of the twentieth century marked the beginning of the numerical solu- 


CHAPTER ONE 


Introduction 


1.1 GENERAL 


1.1.1 HISTORICAL BACKGROUND 


The development of modern computational fluid dynamics (CFD) began with the ad- 
vent of the digital computer in the early 1950s. Finite difference methods (FDM) and 
finite element methods (FEM), which are the basic tools used in the solution of par- 
tial differential equations in general and CFD in particular, have different origins. In 
1910, at the Royal Society of London, Richardson presented a paper on the first FDM 
solution for the stress analysis of a masonry dam. In contrast, the first FEM work was 
published in the Aeronautical Science Journal by Turner, Clough, Martin, and Topp 
for applications to aircraft stress analysis in 1956. Since then, both methods have been 
developed extensively in fluid dynamics, heat transfer, and related areas. 

Earlier applications of FDM in CFD include Courant, Friedrichs, and Lewy [1928], 
Evans and Harlow [1957], Godunov [1959], Lax and Wendroff [1960], MacCormack 
[1969], Briley and McDonald [1973], van Leer [1974], Beam and Warming [1978], Harten 
[1978, 1983], Roe [1981, 1984], Jameson [1982], among many others. The literature on 
FDM in CFD is adequately documented in many text books such as Roache [1972, 
1999], Patankar [1980], Peyret and Taylor [1983], Anderson, Tannehill, and Pletcher 
[1984, 1997], Hoffman [1989], Hirsch [1988, 1990], Fletcher [1988], Anderson [1995], 
and Ferziger and Peric [1999], among others. 

Earlier applications of FEM in CFD include Zienkiewicz and Cheung [1965], Oden 
[1972, 1988], Chung [1978], Hughes et al. [1982], Baker [1983], Zienkiewicz and Taylor 
[1991], Carey and Oden [1986], Pironneau [1989], Pepper and Heinrich [1992]. Other 
contributions of FEM in CFD for the past two decades include generalized Petrov- 
Galerkin methods [Heinrich et al., 1977; Hughes, Franca, and Mallett, 1986; Johnson, 
1987], Taylor-Galerkin methods [Donea, 1984; Lóhner, Morgan, and Zienkiewicz, 1985], 
adaptive methods [Oden et al., 1989], characteristic Galerkin methods [Zienkiewicz 
et al., 1995], discontinuous Galerkin methods [Oden, Babuska, and Baumann, 1998], 
and incompressible flows [Gresho and Sani, 1999], among others. 

There is a growing evidence of benefits accruing from the combined knowledge 
of both FDM and FEM. Finite volume methods (FVM), because of their simple data 
structure, have become increasingly popular in recent years, their formulations being 
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related to both FDM and FEM. The flowfield-dependent variation (FDV) methods 
[Chung, 1999] also point to close relationships between FDM and FEM. Therefore, 
in this book we are seeking to recognize such views and to pursue the advantage of 
studying FDM and FEM together on an equal footing. 

Historically, FDMs have dominated the CFD community. Simplicity in formulations 
and computations contributed to this trend. FEMs, on the other hand, are known to be 
more complicated in formulations and more time-consuming in computations. However, 
this is no longer the case in many of the recent developments in FEM applications. Many 
examples of superior performance of FEM have been demonstrated. Our ultimate goal 
is to be aware of all advantages and disadvantages of all available methods so that if 
and when supercomputers grow manyfold in speed and memory storage, this knowledge 
will be an asset in determining the computational scheme capable of rendering the most 
accurate results, and not be limited by computer capacity. In the meantime, one may 
always be able to adjust his or her needs in choosing between suitable computational 
schemes and available computing resources. It is toward this flexibility and desire that 
this text is geared. 


1.1.2 ORGANIZATION OF TEXT 


This book covers the basic concepts, procedures, and applications of computational 
methods in fluids and heat transfer, known as computational fluid dynamics (CFD). 
Specifically, the fundamentals of finite difference methods (FDM) and finite element 
methods (FEM) are included in Parts Two and Three, respectively. Finite volume meth- 
ods (FVM) are placed under both FDM and FEM as appropriate. This is because FVM 
can be formulated using either FDM or FEM. Grid generation, adaptive methods, and 
computational techniques are covered in Part Four. Applications to various physical 
problems in fluids and heat transfer are included in Part Five. 

The unique feature of this volume, which is addressed to the beginner and the prac- 
titioner alike, is an equal emphasis of these two major computational methods, FDM 
and FEM. Such a view stems from the fact that, in many cases, one method appears 
to thrive on merits of other methods. For example, some of the recent develop- 
ments in finite elements are based on the Taylor series expansion of conservation vari- 
ables advanced earlier in finite difference methods. On the other hand, unstructured 
grids and the implementation of Neumann boundary conditions so well adapted in finite 
elements are utilized in finite differences through finite volume methods. Either finite 
differences or finite elements are used in finite volume methods in which in some cases 
better accuracy and efficiency can be achieved. The classical spectral methods may be 
formulated in terms of FDM or they can be combined into finite elements to generate 
spectral element methods (SEM), the process of which demonstrates usefulness in di- 
rect numerical simulation for turbulent flows. With access to these methods, readers are 
given the direction that will enable them to achieve accuracy and efficiency from their 
own judgments and decisions, depending upon specific individual needs. This volume 
addresses the importance and significance of the in-depth knowledge of both FDM 
and FEM toward an ultimate unification of computational fluid dynamics strategies in 
general. A thorough study of all available methods without bias will lead to this goal. 

Preliminaries begin in Chapter 1 with an introduction of the basic concepts of all 
CFD methods (FDM, FEM, and FVM). These concepts are applied to solve simple 
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one-dimensional problems. It is shown that all methods lead to identical results. In this 
process, it is intended that the beginner can follow every step of the solution with simple 
hand calculations. Being aware that the basic principles are straightforward, the reader 
may be adequately prepared and encouraged to explore further developments in the 
rest of the book for more complicated problems. 

Chapter 2 examines the governing equations with boundary and initial conditions 
which are encountered in general. Specific forms of governing equations and boundary 
and initial conditions for various fluid dynamics problems will be discussed later in 
appropriate chapters. 

Part Two covers FDM, beginning with Chapter 3 for derivations of finite difference 
equations. Simple methods are followed by general methods for higher order derivatives 
and other special cases. 

Finite difference schemes and solution methods for elliptic, parabolic, and hyper- 
bolic equations, and the Burgers’ equation are discussed in Chapter 4. Most of the basic 
finite difference strategies are covered through simple applications. 

Chapter 5 presents finite difference solutions of incompressible flows. Artificial com- 
pressibility methods (ACM), SIMPLE, PISO, MAC, vortex methods, and coordinate 
transformations for arbitrary geometries are elaborated in this chapter. 

In Chapter 6, various solution schemes for compressible flows are presented. Poten- 
tial equations, Euler equations, and the Navier-Stokes system of equations are included. 
Central schemes, first order and second order upwind schemes, the total variation dimin- 
ishing (TVD) methods, preconditioning process for all speed flows, and the flowfield- 
dependent variation (FDV) methods are discussed in this chapter. 

Finite volume methods (FVM) using finite difference schemes are presented in 
Chapter 7. Node-centered and cell-centered schemes are elaborated, and applications 
using FDV methods are also included. 

Part Three begins with Chapter 8, in which basic concepts for the finite element 
theory are reviewed, including the definitions of errors as used in the finite element 
analysis. Chapter 9 provides discussion of finite element interpolation functions. 

Applications to linear and nonlinear problems are presented in Chapter 10 and 
Chapter 11, respectively. Standard Galerkin methods (SGM), generalized Galerkin 
methods (GGM), Taylor-Galerkin methods (TGM), and generalized Petrov-Galerkin 
(GPG) methods are discussed in these chapters. 

Finite element formulations for incompressible and compressible flows are treated in 
Chapter 12 and Chapter 13, respectively. Although there are considerable differences 
between FDM and FEM in dealing with incompressible and compresible flows, it is 
shown that the new concept of flowfield-dependent variation (FDV) methods is capable 
of relating both FDM and FEM closely together. 

In Chapter 14, we discuss computational methods other than the Galerkin methods. 
Spectral element methods (SEM), least squares methods (LSM), and finite point meth- 
ods (FPM, also known as meshless methods or element-free Galerkin), are presented 
in this chapter. Chapter 15 discusses finite volume methods with finite elements used as 
a basic structure. 

Finally, the overall comparison between FDM and FEM is presented in Chapter 16, 
wherein analogies and differences between the two methods are detailed. Furthermore, 
a general formulation of CFD schemes by means of the flowfield-dependent variation 
(FDV) algorithm is shown to lead to most all existing computational schemes in FDM 
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and FEM as special cases. Brief descriptions of available methods other than FDM, 
FEM, and FVM such as boundary element methods (BEM), particle-in-cell (PIC) meth- 
ods, Monte Carlo methods (MCM) are also given in this chapter. 

Part Four begins with structured grid generation in Chapter 17, followed by unstruc- 
tured grid generation in Chapter 18. Subsequently, adaptive methods with structured 
grids and unstructured grids are treated in Chapter 19. Various computing techniques, 
including domain decomposition, multigrid methods, and parallel processing, are given 
in Chapter 20. 

Applications of numerical schemes suitable for various physical phenomena are 
discussed in Part Five (Chapters 21 through 27). They include turbulence, chemically 
reacting flows and combustion, acoustics, combined mode radiative heat transfer, mul- 
tiphase flows, electromagnetic flows, and relativistic astrophysical flows. 


1.2 ONE-DIMENSIONAL COMPUTATIONS BY FINITE DIFFERENCE METHODS 


In this and the following sections of this chapter, the beginner is invited to examine 
the simplest version of the introduction of ЕРМ, FEM, FVM ма FDM, and FVM via 
FEM, with hands-on exercise problems. Hopefully, this will be a sufficient motivation 
to continue with the rest of this book. 

In finite difference methods (FDM), derivatives in the governing equations are 
written in finite difference forms. To illustrate, let us consider the second-order, one- 
dimensional linear differential equation, 

42 

T -2-0 O<x<1 (1.2.1a) 
with the Dirichlet boundary conditions (values of the variable u specified at the bound- 
aries), 


(1.2.1b) 


и=0 atx=0 
и=0 atx=1 


for which the exact solution is и = x? — x. 


It should be noted that a simple differential equation in one-dimensional space with 
simple boundary conditions such as in this case possesses a smooth analytical solution. 
Then, all numerical methods (FDM, FEM, and FVM) will lead to the exact solution 
even with a coarse mesh. We shall examine that this is true for this example problem. 

The finite difference equations for du/dx and d?u/dx? are written as (Figure 1.2.1) 


d i+1 — и; ў 
( =) а сш forward difference (1.2.2a) 
dx /, Ax 
du и; — Ui : 
Ri backward difference (1.2.2b) 
ах ), Ах 
du Uj+1 — Ui-1 | 
(=) дз ae central difference (1.2.2c) 


Фи _ а (ди 1 du du | 1 јил-—и ui—uia 
dx? dx\dx) AL kJ us dxJ;| Ax Ax Ax 


(1.2.3) 


1.3 ONE-DIMENSIONAL COMPUTATIONS BY FINITE ELEMENT METHODS 


i-l i i+l x 


Figure 1.2.1 Finite difference approximations. 


Substitute (1.2.3) into (1.2.1a) and use three grid points to obtain 


иіл — 2uij + uii 


=2 124 
AX (1.2.4) 
With uj_1 = 0, uj41 = 0, as specified by the given boundary conditions, the solution at 
x = 1/2 with Ax = 1/2 becomes u; = —1/4. This is the same as the exact solution given 
by 
2 1 
uj = (х —Х)- = k^ (1.2.5) 


In what follows, we shall demonstrate that the same exact solution is obtained, using 
other methods: FEM and FVM. 
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For illustration, let us consider a one-dimensional domain as depicted in Figure 1.3.1a. 
Let the domain be divided into subdomains; say two local elements (e — 1, 2) in this 
example as shown in Figure 1.3.1b,c. The end points of elements are called nodes. 


Fi Q(0«x« 1) T M ——+l«—1 — 
x=0 х=1 1 2 3 
(a) (b) 
е, е, Ф pv Фе Фф? 
" | | я | | а | е› 
im x-0 , x=h, 
Ө=180 6=0 
(с) (d) 


Figure 1.3.1 Finite element discretization for one-dimensional linear problem with two local el- 
ements. (a) Given domain (©) with boundaries (I'1 (x 20), Г2(х = 1)). (b) Global nodes (а, B = 1, 
2,3). (c) Local elements (N, M — 1, 2). (d) Local trial functions. 
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Assume that the variable u)(x) is a linear function of х 
u(x) = од + оох (131) 


Write two equations from (1.3.1) for x = 0 eds 1) and for x = Л (node 2) in terms 
of the nodal values of variables, a e) and и , solve for the constants o4 and ог, and 
substitute them back into (1.3.1). These steps lead to 


u(x) = (1 = 3r + ( ar © = Фе (ји  (М=1,2) (132) 


where the repeated index implies summing, ut ү represents the nodal value of и at the 


local node N for the element (e), and Фе 7 are called the local domain (element) 
trial functions (alternatively known as interpolation functions, shape functions, or basis 
functions), 


ФӘ(х)=1- 2, 927 (1.3.3a) 
h h 
0< Ф@(х) «1 (1.3.3b) 


These functions are shown in Figure 1.3.1d, indicating that trial functions assume the 
value of one at the node under consideration and zero at the other node, linearly varying 
in between. 

There are many different ways to formulate finite element equations (as detailed 
in Part Three). One of the simplest approaches is known as the Galerkin method. The 
basic idea is to construct an inner product of the residual R of the local form of the 
governing equation (1.2.1a) with the test functions chosen the same as the trial functions 
given by (1.3.3) and in (1.3.2): 


(oP), по) = f де (220 - 2) e o (134) 
0 


This represents an orthogonal projection of the residual error onto the subspace spanned 
by the test functions summed over the domain, which is then set equal to zero (implying 
that errors are minimized), leading to the best numerical approximation of the solution 
to the governing equation. Integrate (1.3.4) by parts to obtain 


«odul^ f” d&© (x) аи (о һ 

(e) N (e) 

o d 2o dx = 0 
N ах |, | dx ae ] м (x)dx 


or by using (1.3.2), we have 


si d h h do” do” ‚ ћ 
оен | х афу оу d - | 29 (x)dx 20 (N, М= 1,2) 
0 0 0 


ах ах 
(1.3.5) 
This is known as the variational equation or weak form of the governing equa- 


tion. Note that the second derivative in the given differential equation (1.2.1) has been 
transformed into a first derivative in (1.3.5), thus referred to as “weakened.” This 
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implies that, instead of solving the second order differential equation directly, we are to 
solve the first order (weakened) integro-differential equation as given by (1.3.5), thus 
leading to a weak solution, as opposed to a strong solution that represents the analyt- 
ical solution of (1.2.1). The derivative du/dx in the first term is no longer the variable 
within the domain, but it is the Neumann boundary condition (constant) to be specified 
at x = 0 or x = h if so required. Likewise, the test function is no longer the function 
of x, thus given a special notation фе | wae the Neumann boundary test function, 
as opposed to the domain test function po (x). The Neumann boundary test function 
assumes the value of 1 if the Neumann boundary condition is applied at node N, and 0 
otherwise, similar to a Dirac delta function. This represents one of the limit values given 
by (1.3.3b) at x = 0 or x = A, indicating that it is no longer the function of x within the 
domain. Furthermore, appropriate direction cosines must be assigned, reduced from 
two-dimensional configurations (Figure 8.2.3). Depending on the Neumann boun- 
dary condition being applied on either the left-hand side (x — 0) or the right-hand side 
(x = h), we obtain 
du du 


= = — cos0 
dx |... dx S 


_ du du 
0=180° dx’ dx |x= 


_ ди. 
h ~ dx“ 


du 


os 0 == 
eo dx 


(1.3.62) 


To prove (1.3.6a), we must first refer to the 2-D geometry as shown in Figure 8.2.3, and 
integration by parts is carried out as follows: 


o, du «(г) ДИ e) du e) du 
[| ON) (х) ахау => || d dy = | #07 dx cos 0 dT = Фе N dx cos 0 
_ до ди x=h,6=0° 
Фу ах 


in which only the integrated term is shown (omitting the differentiated term) and the di- 

rection cosines for 1- are applied at both ends of an element (0 = 0° for x = h, Ө = 180° 

for x =0). This represents the simplification of 2-D geometry into a 1-D problem. 
Using a compact notation, we rewrite (1.3.5) as 


(1.3.6b) 


x=0,0=180° 


KO и = КО + 09. (ММ =1,2) (1.3.7) 


This leads to a system of local algebraic finite element equations, consisting of the 
following quantities [henceforth the functional representation (x) in the domain trial 
and test functions will be omitted for simplicity unless confusion is likely to occur]: 


Stiffness (Diffusion or Viscosity) Matrix (associated with the physics arising from the 
second derivative term) 


do de ^ do? qo? 
X 
o fr de® aeg o dx dx o dx dx 
Ким = dx = 
0 ах ах ћ ащ? а? ћ афо аф? 


o dx dx ^ Jy dx dx 


[KE ко "E | 
Бе. 
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Source Vector 
Р 1 
FO = -f 200 dx = zil | 
0 1 
Neumann Boundary Vector 


h 
Go = 1088 | _ 
N N dx » 


Contributions of local elements calculated above (e — 1, 2) can be assembled into 
global nodes (o, B = 1, 2, 3) simply by summing the adjacent elemental contributions 
to the global node shared by both elements. In this example, global node 2 is shared by 
local node 2 of element 1 and local node 1 of element 2. 


(1) (1) 
Ку Ky Кз Ки Кр 0 1 1 -1 0 
Ke=| ка Ka |= ко Q4K9 ке |= 2 —1 
0 -1 1 
Ку Ку Ку 0 Ко ко) 
(13.8) 
(1) 
F, Fy 1 
R= |5 |=| ИЕЫ | == |2 (1.3.9) 
F FO 1 
(1) 
Gi бї! $i а Ф 
и * 
Са =| GQ | = GP + с? = | Ф, T 9080 = & + 6 cos 0 
G3 ga Фа 40 
0 
а 
= | 0 | cose (1.3.10) 
0 ах 


with Ф = Ф, = Ф; = O indicating that the Neumann boundary conditions are not to be 
applied to any of the global nodes for the solution of (1.2.1a,b). This implies that, if the 
Neumann boundary conditions are not applied, then the Neumann boundary vector is 
zero even if the gradient du/dx is not zero. If the Neumann boundary conditions are to 
be applied, then the boundary test function Qo assumes the value of one and the du/dx 
as given is simply imposed at the node under consideration. This is a part of the FEM 
formulation that makes the process more complicated than in FDM, but it is a distinct 
advantage when the Neumann boundary conditions are to be specified exactly. 

Notice that the 2 x 2 local stiffness matrices for element 1 and element 2 are over- 
lapped (superimposed) at the global node 2 with the contributions algebraically summed 
together, 


Ky = КО + ко) 
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and similarly, 
Б=ЕО+ЕЗ, G=G)+G? 


In view of the above, we obtain the final global algebraic equations in the form 


1 = O]fu 1 
-1 2 -1 || о |= -20 |2 (1.3.11) 
0 b 1 из 1 


It will be shown in Chapter 8 that the global finite element equations (1.3.11) may 
be obtained directly from the global form of (1.3.4), 


(Фа, R) fo du. la (1.3.12) 
as = al 77 x= ея 
0 ах? 
which will lead to (1.3.11), ог 
Kaug = Fat Ga (a, В = 1,2,3) (1.3.13) 


Expanding (1.3.11) at the global node 2 yields 
—u + Зи; — из = —2h? (h= Ax) (1.3.14) 


or 
Uj41 = 2uj + uii 
Ax? 


This result is identical to the FDM formulation (1.2.4). 

The Galerkin finite element method described here is called the standard Galerkin 
method (SGM). It works well for linear differential equations, but is not adequate for 
nonlinear problems in fluid mechanics. In this case, the test functions must be of the 
form different from the trial functions. This will be one of the topics to be discussed in 
Part Three. 


=2 (1.3.15) 


1.4 ONE-DIMENSIONAL COMPUTATIONS BY FINITE VOLUME METHODS 


Finite volume methods (FVM) utilize the control volumes and control surfaces as de- 
picted in Figure 1.4.1. The control volume for node i covers Ax/2 to the right and left 
of node i with the control surface being located at i — 1/2 and i + 1/2. Finite volume 
formulations can be obtained either by a finite difference basis or a finite element basis. 
Тће results are identical for one-dimensional problems. 


1.4.1 FVM МА FDM 


Тће basic idea for the formulation of FVM is similar to the finite element method 
(1.3.12) with the test function being set equal to unity, as applied to the differential 
equation (1.2.1a), 


(Фа, R) = (1, R) = [ s = 2) ax =0, 0<x<1 (1.4.1) 


INTRODUCTION 


CSI (Control Surface 1) = Го С$2 (Control Surface 2) 
е ~ Ф ~ . 
i-] i- 1/2 i it 1/2 1+1 
Ф @ @ 


Figure 1.4.1 Finite volume approximations. 


Integrating (1.4.1) yields 


d 1 1 
== = [| дах = 0 (1.4.2a) 
0 
or 
A 
D 5 -})24к=0 (142) 
CS1,2 ы CV2 


The integration limits of 0 and 1 are now replaced by discrete control surfaces (CS1 
and CS2) between i — 1/2 and i + 1/2, and the source term is to be evaluated for the 
control volume (CV2), with reference to Figure 1.4.1. This implies that du/dx in (1.4.2a) 
is to be evaluated at the control surfaces and that the diffusion flux du/dx is conserved 
between i — 1 and i through the control surface i — 1/2 or CS1 and between i and 
i + 1 through the control surface i + 1/2 or CS2. This is accomplished when the control 
surface equations are assembled at i — 1, i, and i + 1. This conservation property is the 
most significant aspect of the finite volume methods. 

To complete the illustrative process, (1.4.2) can be written using finite difference 
representation for the control surfaces between i — 1/2 and i + 1/2 as 


Uj+1 — Uj Ui — Uj-1 —2Ах 
Ах Ах 
(С82) (CS1) (CV2) (1.4.3) 


Dividing (1.4.3) by Ax, we obtain 


Ui+1 — 27 + uii 
Ax? 


=2 (1.4.4) 


which is identical to (1.2.4) for the finite difference method. Note that CV1 and CV3 
do not contribute to this process since nodes i — 1 andi + 1 are the boundaries whose 
influence is contained in (1.4.3) through control surfaces CS1 and CS2. 
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1.4.2 FVM МА FEM 


In order to demonstrate that FVM can also be formulated by FEM, we evaluate du/dx 
analytically from the trial functions (1.3.2), (Figure 1.3.1d), for the finite volume repre- 
sentation of (1.4.2a), 


u = ФОН = (1 — 3r + zu 


or 


ди) _ иб — ue 
dx h 


so that, from (1.3.6), we obtain 


du (1) (1) ()  ,(1) 
ш = 2 — 1 совд 5. Кош, qup (1.4.5) 
dx |са ћ 0—180* h 
du2 (2) 0) (2) _ 0) 
и z “eose = 2 0) (1.4.6) 
dx |со h ge h 
Here, CS1 provides the direction cosine, соѕ Ө = cos 180° = —1, whereas CS2 gives 


cos 0 = cos 0° = 1, with reference to Figure 1.4.1. 
Summing the fluxes through CS1 and CS2 at the control volume center (node 2) in 
terms of the global nodes 
du и-и 
= 
па“ 


-— 
L0) (1.4.7) 


Note that, using (1.4.7), the finite volume representation (1.4.2) is given by 


из — ги» + ui 


=2 14.8 
Age (1.4.8) 


Once again, the result is the same as all other previous analyses. 


1.5 NEUMANN BOUNDARY CONDITIONS 


So far, we have dealt with only the Dirichlet boundary conditions for numerical exam- 
ples. However, it has been seen that the Neumann boundary condition, du/dx, arises 
automatically from the finite element or finite volume formulations through integration 
by parts. This information, if given as an input, may be implemented at the boundary 
nodes under consideration. This is not the case for finite difference methods. 

To demonstrate this point, let us return to the differential equation examined in 
Section 1.2. 

d? 


T -2-0 O<x<1 (1.5.1) 


INTRODUCTION 
with the following boundary conditions: 
u(0) =0 (Dirichlet) atx = 0 (1.5.2) 
d 
EU =1 (Мештапп) аїх=1 (1.5.3) 
x 


where it is reminded that the given differential equation (1.5.1) is described only 
within the domain, 0 < x < 1, not including the boundaries, x = 0 and x = 1, which 
are reserved for the specification of boundary conditions, either Dirichlet or Neumann. 
Only when the governing equation is integrated are the boundary points (x = 0, x = 1) 
needed and used. 

In the following subsections, implementations of the Neumann boundary conditions 
will be demonstrated. 


1.5.1 FDM 


One way to implement the Neumann boundary condition of the type (1.5.3) is to install 
a phantom (ghost, imaginary, fictitious) node 4 as shown in Figure 1.5.1. Writing the 
finite difference equation and the Neumann boundary condition (slope) at the boundary 
node 3, we have 


ид — 2из + ир = 2A x? (1.5.4) 
ATH i (1.5.5) 
2Ах 


Substitute (1.5.5) into (1.5.4), 

2Ах + из — 2из + ид = 2Ax? (1.5.6) 
Writing the finite difference equation at node 2, we have 

из — Зи» + ил = 2Ax? (1.5.7) 
Solve (1.5.6) and (1.5.7) simultaneously to obtain 

u = —1/4, мићиз=0 


which is the exact solution. This is because the approximation given by (1.5.5) is rea- 
sonable with respect to the exact solution. The phantom node method may give a large 


1-1 i 1+1 


о o- о 
1 2 3 4 
и(0)= 0 | | 
ди Рһапїот 
= (1) =1 поде 
ах 


Figure 1.5.1 Installation of phantom node for Neumann bound- 
ary condition in finite difference method. 
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error if this is not the case, or if the solution is unsymmetric with respect to the interior 
and phantom node. 

Instead of using a phantom node, we may utilize the higher order finite difference 
equation at the Neumann boundary node. For example, we use the second order accurate 
finite difference formula for du/dx at node 3 (see Chapter 3 for derivation), 


(2) | Зиз — ди + ш 


= = 1 1.5.8 
dx}, 2Ах ( ) 


Solve из from the above and substitute the result into (1.5.7) and obtain once again the 
exact solution и; = —1/4, из = 0. 


1.5.2 FEM 


It follows from (1.3.6b) that, at the Neumann boundary node 3, 
h 


е *(e d ; Ж(е 
GO —497 |. wind? =1 (1.5.92) 
dx |o 
Thus 
d d 
Gam) ed uc (1.5.96) 
dx |, dx 


It follows from (1.3.11) that, having applied the Dirichlet boundary condition at node 1 
(u(0) = 0), the global finite element equation becomes 


E 1| И АНКА (15.10) 


from which we obtain the exact solution из = —1/4 and из = 0. Notice that FEM ac- 
commodates the Neumann boundary conditions exactly within the formulation itself, 
not through those approximations required in FDM. 
At this point it is important to realize that, if the Neumann boundary condition 
du/dx = —1 is specified on the left end, then we have 
du du 


== = — cos 180° = (-1)(-1) 21 
dx 


G 
: xo Ях 


Thus, we have 
1 -1lj|hun| 211 1 
EXHIBE 
This will once again give the exact solution, и = 0 and ил = —1/4. 


1.5.3 FVM VIA FDM 


The finite volume equation is given by Figure 1.4.1, 


i+} i+} 
-f 24х = 0 
i 


zov 
кеу 


du 
dx 


1 
2 
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or in terms of finite differences at node 2, 


из — и? U — ил 


2Ах —0 (1.5.11) 
Ах Ах 
at node 3, 
d d A — А 
E E a] Bap me КЕ (1.5.12) 
dx|, dx i+} 2 Ax 2 


Combining (1.5.11) and (1.5.12), we obtain 


2 =ї|||_ „|2 0 
ЕКЕ 
It is interesting to note that this is identical to the FEM formulation (1.5.10). Solving, we 


have the exact solution (и; = —1/4, из = 0). In this manner, FVM ма FDM is capable 
of implementing the Neumann boundary conditions exactly, unlike FDM. 


1.5.4 FVM VIA FEM 


We return to (1.4.2a), 


du| f! 
T -f дах = 0 (1.5.13) 
0 


where at node 2 we have, from (1.4.5) and (1.4.6), 


du |! | du du 
Z"| — | 2dx = = сов180 + ™ соз0° — 2n 
dx ү Í X d COS + ЕР СО$ 
or 
ш. аса 00р) ee) (1.5.14) 
h h 
at node 3, 
du du h 
+ 2 = 
ах 21 ах, 2 
or 
= Sad eres (1.5.15) 


Combining (1.5.14) and (1.5.15), we have 


EXHI 


This gives the exact solution, и; = —1/4 and из = 0. Once again in FVM via FEM the 
treatment of the Neumann boundary condition is precise. 


1.6 EXAMPLE PROBLEMS 


1.6 EXAMPLE PROBLEMS 


Here we provide additional examples, illustrating further applications of boundary con- 
ditions and including treatment of source terms. 


1.6.1 DIRICHLET BOUNDARY CONDITIONS 


Consider the three-element system as shown in Figure 1.6.1a to solve the differential 


equation with the source term f(x), 


42 
T – ји = f(x) О<х<1 


f(x) = 4x? — 2x — 4 


subject to the Dirichlet boundary conditions: 


u=0 atx=0 
и=—1 atx=1 


(1.6.1) 


whose exact solution is given by u = —2x? + x. 


FDM 
Write FDE at nodes 2 and 3. 
Node 2 


из — Зи» + ui 


E — 2m = f 


из — 2u5 + 0 
(1/3)? 
9(из 


N 
= 
N 
|| 
4 
Wl =| 
Ss ae 
N 
N 


(5) 


= 


Figure 1.6.1 Example problem, Dirichlet and 
Neumann boundary conditions. (a) Three ele- о 


N 
чө 
EN 


ments, four nodes for FDM and FEM. 1 
(b) Direction cosines at control surfaces as a 
result of integration by parts for FVM. 
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Node 3 


u4 — Dips + u2 15 2 —32 
188 ee 2 4= 
(1/3)? Е (5) (5) 9 


—32 
9(—1 — Зиз + u2) — Зиз = ES 


Combining, we have 
-20 9 11] |-$ 
9 —20 из Ej 49 
9 
из | | 0111 
из| |—0222 
These values represent the exact solution. 


FEM 
The local Galerkin finite element analog is given by 


h du 
e) 


where the source term f(x) may be linearly approximated in the form 
f(x) = Фусо fy” 

Integrating by part, the local algebraic equations are written as 
кои = FO + GO 


where 


h (e) (e) 
(е) __ doy аФу (е) x (е) _1 1 -1 2h 2-3 
ко = | ( de wu +2ФА Фу dx = т = 1 d a 
h 
(е) _ Ale) ple) (е) (e) p (e) h[2 1 o To 
FO = све, u=- | обода =- [| eo 
0 


The local finite element equations аге assembled into the global form, 


Ковив = Е, + Ga 


or 
a b 0 0][ш 2 100 fi 0 
bc ђ 0 и» |_ 1|1410 h du | 0 
0 b c Ь||иӊ| 6|0 14 1||5] dx|O 
00 ba ид 0012 ћ 0 
2+ 110 


h| fit4ht+fA|_ h | 220 
6| ft+4fh+ fa| 54] 184 
+2 68 
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with 


a = (1/h) + (2h/3) = 29/9 
b = —(1/h) + (2h/6) = —26/9, 


с = 58/9 
А) | = 
PNE P T 
В fh _ 2 
А => 
The first and last equations are replaced by the Dirichlet boundary conditions и(0) = 0 
and u(1) = —1, and the rest of the equations are modified as follows: 
иј = 0 


си, + Би» = Њ 
Бил + сиз + b(—1) = Б 


ид = —1 


Rewriting the above in matrix form, 


100 07Гш 0 0 
0 с Ь 0 uw} | & 0 
0 b e 0||и | IBRI |—Ь 
000 1|| ш =1 0 


The solution of the above equations again results in the exact solution, 


uy 0 

u | | 01H 
из | —0.222 
ид —1 


Notice that the first and last equations тау be deleted and only the second and third 
equations solved to once again arrive at the exact solution. 


FVM ма FDM 

Finite volume methods require the use of control volumes and control surfaces 
centered around a node. The governing differential equation is integrated similarly as 
in finite element formulations, but with the test functions set equal to unity at a node 
under consideration and zero elsewhere. At node 2 for control volume 1, we have 


xi+4=24 Lu 
и DE n x fe) ds =0 


du 
dx 


2i 21 21 
2 2 из— и; и-и 

-f 2udx = f(x)dx, = 21 -2wAx- f ^x 
1i 1 12 Ax Ax 


1 
2 2 


20 


Similarly, at node 3 for control volume 2 


ид — из из — из 
Ах 


2u4 Ax = };Ах 


These equations are identical to FDM, giving the exact solution. 


or 


FVM via FEM 


Е f 7 = [ f(x)dx 


For control volume 1 with CS1 and CS2 involved, we have 


du 


ах 


du n — ц из — 
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— и? 


— = (cos 180°) + 
со d* ћ 
из — 2u5 + uy 


Л = 2uzh = hh 


из — ги + ui 


Ax? -2w = р 


Similarly, for control volume 2 with CS1 and CS2 involved, 


ид — 2ua + U2 


Ax? -= В 


It is seen that the result is identical to FVM ма FDM. 


1.6.2 NEUMANN BOUNDARY CONDITIONS 


> "2 (соз 0°) mac т S 1) + а 


== (1) 


Here we demonstrate methods for treating the Neumann boundary conditions depend- 
ing on the side of the boundary to which they are applied. 


Neumann Boundary Condition Specified at Right End Node. Given the same differential 
equation as in (1.6.1), Figure 1.6.1b: 


Фи 
ах? 
f(x) = 4x* - 2x — 4 


2u= f(x) 0«x«1 


subject to boundary conditions: 


и=0 atx =0 
du 
ЕТ at x 


which has the exact solution: 


u = —2x +x 
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FDM 
From the given Neumann boundary conditions without using the phantom node, we 
have 


ид — из 
= —3, ид = из — 1 


(1/3) . 
with FDM equations at nodes 2 and 3 given by 


из — 2u + ui 


=J= 
(1/32 w= fr 
ид = 2из + из 
САЛА = Oe 
qup 44-5 
Thus we obtain 
38 
9(из — Зи, + 0) — ги» = EJ 
32 
9(из — 1 — Зиз + u2) — Зиз = = 
Ог 
-20 9 wl _|- | | [0] [|-$ 
9 —111|из| _ – 32 9| | 4 
ог 


ид = —1 — 0.51 = —1.51, 50% error 
In order to improve the solution, we may use a three-element system with the phantom 
node 5, 


du us — из 
ах 2Ах 


9из = 20ид + 9и; = ћ 
9из — 20и4 + 9(u3 — 2) = —2 


= з = 


х=1 


А us = из — 2 


-20 9 0 [us – 
9 -20 9 ||а|=|-= 
6 18 =>0) а 16 


This gives the exact solution 
и! = 0, u = 1/9, из = —2/9, u4 = —1 


Another method is to use the second order accurate formula for du/dx [(3.2.5) ог 
(3.2.20) in Chapter 3] written at node 4, 
Зид — Aus + иг 
2Ах 


= —3 


21 


22 
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or with d?u/dx? written at node 4 as 


(<=) (<=) 
dx 4 dx 4-1 = 2 3 ид — из 
Ах/2 Ах Ах 
and combining with FDM equations written at nodes 2 and 3, we again obtain the exact 
solution. The reader may verify that the solution deteriorates significantly if only two 


elements are used. This is because the implementation of Neumann boundary con- 
ditions is difficult in FDM, contrary to FEM, as shown in the next example. 


FEM 
The Neumann boundary conditions at x = 1 are written as 


| oP = (4) = -3 
o 5 dx /5 


x du 
GO = фу 
di “ах 


with Фу = 0 everywhere except а the Neumann boundary node. Assembly of all contri- 
butions of elements for the global stiffness matrix and the load vector for a two-element 
system results in the following: 


| | (8) сй | ог ^| EN. ЕЧ 
b ај|из 6 h+2f 12 | —8 
with 

а = (1/һ) + (2h/3) = 2 + 1/3 = 7/8 

Ь= —(1/һ) + (h/3) = –2 + 1/6 = —11/6 

с=14/3 


so that the final algebraic equations together with the Neumann boundary vector аге 
written as 


n -4 w| _ 1122] , 0 
-4 7 из] 1218 —3 


Or 


Once again, the exact solution has been obtained with only two elements. 


FVM via FEM and FDM (two elements) 
For node 3 via FEM, we have 


du du h h 

2из= = f 
dx 21 dx |5 2 2 
из и? 
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Similarly, for node 3 via FDM, we obtain 


аи}? ћ ћ 
2 = 

dx|, 32 = 55 

3 из — и? out ЕЕ һ 
ћ 2 2 


Thus, for both methods, we have 


LE АИ ЈП 


or 


и? s 0 
из B —1 
It is seen that both methods give the same results. 


Neumann Boundary Condition Specified at Left End Node. 'To demonstrate treatment of the 
Neumann boundary condition if given at the left end node, we consider the following 
data: 


du 


a 1 ах=0 
и=—1 atx=1 
FDM 
(1) Phantom node method (phantom node created, corresponding to uo) 
и? — uo 
=1 
2Ax 


(2) Second order accurate formula for du/dx at node 1 
—3u, + 4u5 — из 

2Ax 
(3) d?u/dx? written at node 1 as 


( A) ( du ) 
dx Ji dx 5 _ —2 12-4 
E Ах Ах 
With either one of these three methods, we obtain the exact solution. The reader should 
carry out the calculations for verification of the above results. 


=1 


FEM 
а b 0 uy Fi i au 
b c b|l|u|2|PFl|- ш a 
0 ba из F; 0 
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with 

d d 

a= = (1) cos(180°) = (1)(1)(—1) 

x | 0 dx 

2.333 —1.888 0 ui 1 zi 
—1888 4.666  —1.833 | |u | = | 1833 | + | 0 
0 —1.833 2.333 | | из 0.666 0 
uy 0 

и? | = 0 

из —1 


Note that, although # (0) = 1 at the left end node, we obtain Су = —1 because of the 
direction cosine, cos 180° = —1. The reader is reminded that it is important to recognize 
the role of direction cosines as depicted in Figure 8.2.3. 


FVM via FEM 
du du h h 
Node 1: 2 = 
осе ах, ах 11 и fiz 
d d 
Моде 2: “| += —2ьй= foh 
dx 11 ах 21 


Specifying the Neumann boundary data with correct direction cosine (—1), we obtain 


— Bn 


aS D 2) ?изћ = —4h 


[i АЈ 


from which, again, we obtain the same results. 


Node 2: 


FVM via FDM 
ойе S б ош 1 
` dx oh 
du |22 из = и и = щ 
Моде 2: = 
еј“ ћ ћ 


The formulation and results here are the same as in КУМ ма FEM. 


1.7 SUMMARY 


The purpose of this chapter was to acquaint the reader with all available computa- 
tional methods through very simple one-dimensional linear second order differential 


1.7 SUMMARY 


equations. For one-dimensional problems presented in this chapter, it is seen that all 
methods, finite differences, finite elements, and finite volumes provide the final forms of 
algebraic equations identical to each other, giving the same results for Dirichlet prob- 
lems. Neumann boundary conditions are approximated in FDM, but they are imple- 
mented exactly in FEM and FVM. They “naturally” arise in due course of the formula- 
tion. For this reason, Neumann boundary condition is often called “natural” boundary 
condition. This is not the case for FDM, although exact solutions were obtained for 
simple examples. 

The formulation of FDM equations in one dimension is simple, whereas the concept 
of algebra involved in FEM is complex. This complicated algebra, however, will be quite 
useful in multidimensional, arbitrary geometries, and boundary conditions. 

Although we have shown only one-dimensional problems in this chapter, we may 
be able to predict what will happen in multidimensional problems. Mesh configurations 
for FDM must be structured for multidimensional problems as shown in Figure 1.7.1a. 
Inclined or curved mesh lines can be transformed into orthogonal coordinates so that 
finite difference equations can be written in orthogonal directions for 2-D or 3-D. This 
can not be done for FDM if the mesh configuration is unstructured as in Figure 1.7.1b. 
In this case, FEM and FVM can still be accommodated to arbitrary geometries and 
arbitrary mesh configurations (triangular or quadrilateral elements for 2-D, tetrahedral 
or hexahedral elements for 3-D). 


(a) 
Quadrilateral elements Triangular elements 
(b) 


Figure 1.7.1 Geometric mesh configurations in two dimensions. 
(a) Structured grids for finite difference, mesh lines intersecting 
two ways (2-D) and three ways (3-D). They must be transformed 
into orthogonal cartesian coordinates. (b) Unstructured grids for 
finite elements or finite volumes. No coordinate transformations 
are required. 
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There are differences and analogies (similarities) among all methods, irrespective 
of geometric dimensions. Some of the relatively well known properties are listed below. 


FDM 

1. Easy to formulate. 

2. For multidimensional problems, meshes must be structured in either two or 
three dimensions. Curved meshes must be transformed into orthogonal cartesian 
coordinates so that finite difference equations can be written on structured 
cartesian meshes. 

3. Neumann boundary conditions can only be approximated, not exactly enforced. 


1. Underlying principles and formulations require a mathematical rigor. 

2. Complex geometries and unstructured meshes are easily accommodated, no 
coordinate transformations needed. 

3. Neumann boundary conditions are enforced exactly. 


1. Formulations can be based on either FDM or FEM. 

2. Surface integrals of normal fluxes guarantee the conservation properties through- 
out the domain. 

3. Complex geometries and unstructured meshes are easily accommodated, no 
coordinate transformations needed. 


The above assessments are by no means complete; we shall examine more thor- 
oughly all the details of each method in the remainder of this book. Advantages and 
disadvantages are to be evaluated on a much broader basis. 

Many of the problems in fluids and heat transfer are dominated by convection, 
shock wave discontinuities, turbulence microscales, incompressibility, compressibility, 
viscosity, etc. Thus the simple procedures shown in this chapter must be modified in 
accordance with physical situations. These challenges are ahead of us. Our goal is to 
explore all major computational methods using FDM, FEM, and FVM in the hope 
that in the end the reader will have developed an insight and ability to choose the most 
accurate, efficient, and suitable approaches to CFD in order to solve his or her problems 
of interest. 
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CHAPTER TWO 


Governing Equations 


2.1 CLASSIFICATION OF PARTIAL DIFFERENTIAL EQUATIONS 


Partial differential equations (PDEs) in general, or the governing equations in fluid 
dynamics in particular, are classified into three categories: (1) elliptic, (2) parabolic, 
and (3) hyperbolic. The physical situations these types of equations represent can be 
illustrated by the flow velocity relative to the speed of sound as shown in Figure 2.1.1. 
Consider that the flow velocity u is the velocity of a body moving in the quiescent fluid. 
The movement of this body disturbs the fluid particles ahead of the body, setting off the 
propagation velocity equal to the speed of sound a. The ratio of these two competing 
speeds is defined as Mach number 


M=” 
a 

For subsonic speed, M < 1, as time t increases, the body moves a distance, ut, which 
is always shorter than the distance at of the sound wave (Figure 2.1.1a). The sound wave 
reaches the observer, prior to the arrival of the body, thus warning the observer that 
an object is approaching. The zones outside and inside of the circles are known as the 
zone of silence and zone of action, respectively. 

If, on the other hand, the body travels at the speed of sound, M = 1, then the observer 
does not hear the body approaching him prior to the arrival of the body, as these two 
actions are simultaneous (Figure 2.1.1b). All circles representing the distance traveled 
by the sound wave are tangent to the vertical line at the position of the observer. For 
supersonic speed, M > 1, the velocity of the body is faster than the speed of sound 
(Figure 2.1.1c). The line tangent to the circles of the speed of sound, known as a Mach 
wave, forms the boundary between the zones of silence (outside) and action (inside). 
Only after the body has passed by does the observer become aware of it. 

The governing equations for subsonic flow, transonic flow, and supersonic flow 
are classified as elliptic, parabolic, and hyperbolic, respectively. We shall elaborate on 
these equations below. Most of the governing equations in fluid dynamics are second 
order partial differential equations. For generality, let us consider the partial differential 
equation of the form [Sneddon, 1957] in a two-dimensional domain 

9?u 9?u 9?u a 

"inge = дхду T С зуг i 2 


Ее (2.1.1) 
x ду 
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Current 
position 


Current 
position 


ut= at at 


Zone of 
Silence 


Zone of 
Silence 


(a) (b) 


Zone of 


Action Action 


Mach W P di 
2 ais Zone of 


Current Silence Zone of 
position Action 

(c) 
Figure 2.1.1 Subsonic, sonic, and supersonic flows. (a) Subsonic (и <a, М <1). (b) Sonic 
(и=а, M —1). (c) Supersonic (и >a, М> 1). 


where the coefficients A, B, C, D, E, and F are constants or may be functions of both 
independent and/or dependent variables. To assure the continuity of the first derivative 
of u, их = ди/дх and иу = ди/ду, we write 


ди, дих 9?u д?и 
du, = ——d -dy = d d 2.1.2 
к дх d ду У 9х2 ш дхду 4 ( а) 
ди ди д?и 9?u 
du, = —.d У ду = а а 2.1.21 
"y — Эх dii ду d дхду ud дуг d ( ) 


Here u forms a solution surface above or below the x — y plane and the slope dy/dx 
representing the solution surface is defined as the characteristic curve. 
Equations (2.1.1), (2.1.2a), and (2.1.2b) can be combined to form a matrix equation 


A B C ls H 
dx dy 0 иху | = | ди; (2.1.3) 
0 ах ау Uyy duy 
where 
H=-(DE +E% + ru+a) (2.1.4) 
дх ду 


Since it is possible to have discontinuities in the second order derivatives of the 
dependent variable along the characteristics, these derivatives are indeterminate. This 
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Figure 2.1.2 Propagation of disturbance and 
characteristics. Zone of 


Influence 


Zone of 


Dependence Signal point 
disturbance at A 


happens when the determinant of the coefficient matrix in (2.1.3) is equal to zero. 


A B С 
dx dy 0'=0 (2.1.5) 
0 dx dy 
which yields 
dy WV d 
АЕ | scs (2.1.6) 
ах ах 


Solving this quadratic equation yields the equation of the characteristics in physical 
space, 
dy — B + УВ: —4AC 


Z= 24 (2.1.7) 


Depending on the value of B? — 4 АС, characteristic curves can be real or imaginary. 
For problems in which real characteristics exist, a disturbance propagates only over a 
finite region (Figure 2.1.2). The downstream region affected by this disturbance at point 
А is called the zone of influence. A signal at point A will be felt only if it originates from 
a finite region called the zone of dependence of point A. 

The second order PDE is classified according to the sign of the expression 
(В? — ААС). 


(a) Elliptic if B? — 4AC <0 

In this case, the characteristics do not exist. 
(b) Parabolic if B? — 4AC = 0 

In this case, one set of characteristics exists. 
(c) Hyperbolic if B? — 4AC > 0 

In this case, two sets of characteristics exist. 


Note that (2.1.1) resembles the general expression of a conic section, 

AX? + BXY + CY? + DX - EY - F 0 (2.1.8) 
in which one can identify the following geometrical properties: 

В —ДАС <0 ellipse 


B’—4AC = 0 parabola 
В ДАС > 0 hyperbola 
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This is the origin of terms used for classification of partial differential equations. 


Examples 

(a) Elliptic equation 
u u 
ax * ду? 
A=1, B=0, С=1 
В? 4АС = —4 <0 


=0 (2.1.9) 


(b) Parabolic equation 


ди 9?^u 

TI «зт =0 (a>0) (2.1.10) 
A=-a, B=0, C=0 

В? – ДАС = 0 


(с) Hyperbolic equation 


1-D First Order Wave Equation 
ди ди 


э + i= 0 (a>0) (2.1.11) 


1-D Second Order Wave Equation 
Differentiating (2.1.11) with respect to x апа 7, 


82 92 
"m a E (2.1.12a) 
д?и ди 
912 F ах = (0 (2.1.126) 


Combining (2.1.12а) апа (2.1.126) yields 
u „д?и 


where 
А=1, B=0, С= -а? 
B —4AC = 4а? > 0 


(а) Tricomi equation 


cuc у= (2.1.14) 


B? — ДАС = —4y 
elliptic y>0 
parabolic y=0 
hyperbolic y «0 
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(e) 2-D small disturbance potential equation 
Fp ab 
ox? ду? Е 
A=1- M, Веб C=1 
B? — ААС = -4(1— М?) 
elliptic М <1 


(1— м) 0 (2145) 


parabolic М= 1 
hyperbolic М> 1 


In CFD applications, computational schemes and specification of boundary condi- 
tions depend on the types of PDEs. In many cases, the governing equations in fluids and 
heat transfer are of mixed types. For this reason, selections of computational schemes 
and methods to apply boundary conditions are important subjects in CFD. We shall 
examine them in detail for the remainder of this book. 


2.2 NAVIER-STOKES SYSTEM OF EQUATIONS 


Physics of fluids and heat transfer as a part of continuum mechanics has now been 
well established. The nonconservation form of the governing equations in fluids can be 
derived from the first law of thermodynamics, written as [Truesdell and Toupin, 1960; 
Chung, 1996] 


—_=== = МИ = 0 (2.2.1) 


where К, И, M, апа О denote the kinetic energy, internal energy, mechanical power, 
and heat energy, respectively, 


1 
К = || =pvjvjdQ (2.2.2) 
о2 
= || реда (223) 
Q 
M= | рбма + | оу аг (2.2.4) 
Q p 
О= || prdQ + [amar (2.2.5) 
Q r 
with 
б= =” (2.2.6a) 
p 
о = — pij + т;; (2.2.6b) 
2 
Tij = (Уру + Vji) — зук (2.2.6с) 


qi = + KT, (2.2.64) 
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where the repeated indices imply summing and the comma denotes partial derivatives 
with respect to the independent variables x;, О represents the domain of the flowfield 
with n; being the components of a vector normal to the boundary surface Г, with p = 
density per unit mass, v; — components of the velocity vector, £ — internal energy per 
unit mass, F; = components of body force vector, cp = specific heat at constant pressure, 
оту = total stress tensor, т;; = viscous stress tensor, p. = coefficient of dynamic viscosity, 
p = pressure, q; = heat flux, T = temperature, k = coefficient of thermal conductivity, 
andr = heat supply per unit mass. Note that ò; denotes the Kronecker delta with $; = 1 
fori = j and $; = 0 fori = j. 

The dynamic viscosity and thermal conductivity coefficients are functions of tem- 
perature as given by Sutherland's law, 


C, T?? 

н = Fe С (2.2.7) 
С T3/2 

k= ТҮС, (2.2.8) 


with Ci, О, Сз, and C4 being the constants for a given gas. For air at moderate 
temperatures, we may use C; = 1.458 x 1079 kg/(m s K!2), C; = 110.4 K, Сз 22.495 x 
1073 kg m/(s? К?/2), and С, = 194 K. 

Substituting (2.2.2) through (2.2.5) into (2.2.1) and using the Green-Gauss theorem, 
we obtain the governing equations of continuity, momentum, and energy, 


Continuity 


д 
=> + (ру): = 0 (2.2.9а) 


Мотепит 


ду; 


р—— + pvjivi t pj — Tiji — pFj = 0 (2.2.96) 


д 
P3r + p£iVi t pvii = тууу + dii — pr = 0 (2.2.9c) 
with the equation of state 
p=pRT (2.2.10) 


where R is the specific gas constant. Note that equations (2.2.9a) through (2.2.9c) are 
known as the nonconservation form of the Navier-Stokes system of equations for com- 
pressible viscous flows. 

The above equations may be recast in the so-called conservation form of the Navier- 
Stokes system of equations, 


oU дЕ; n 96; 
ot OX; OX; 


=B (2.2.11) 
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where U, F;, G;, and B are the conservation flow variables, convection flux variables, 
diffusion flux variables, and source terms, respectively 


р ру; 0 0 
U= ру; А Е; = ругу; + pi , G; = = Tij , В= pF; 
pE p Evi + ру; —"ijVj + di pr t pFjvj 


with E being the total (stagnation) energy, 


1 
E=e+ БУЛУ! (2.2.12а) 
which is related by the pressure and temperature as 
1 
p=(y-1)p (z- АДЛ), (22.125) 
1 1 
Т = "s E — АДЛ) (2.2.12с) 


with c, being the specific heat а constant volume. The Navier-Stokes system of equations 
is simplified to the Euler equations if the diffusion flux variables G; are neglected. 

It should be noted that, upon differentiation as implied in (2.2.11), we recover the 
nonconservation form of the Navier-Stokes system of equations given by (2.2.9). 

On the other hand, integrating (2.2.11) spatially over the volume of the domain, 


00 дЕ; ӘС; 
Вјад=0 2.2.13 
[emm ) ( ) 
we obtain another form of governing equations, 
д0 
— – B јао + | (Е; + буљаг = 0 (2.2.14) 
Q X Ot r 


Note that the surface integral in (2.2.14) represents the convection and diffusion fluxes 
through the control surfaces, which are in balance with 9U/8t and B inside the con- 
trol volume. The surface integral in (2.2.14) has two important roles. First, it lays the 
foundation for the finite volume methods (FVM). Second, it provides appropriate nu- 
merical treatments for high gradient flows or discontinuities such as shock waves. Con- 
servation properties across the discrete element boundary surfaces are satisfied if the 
surface integral components in (2.2.14) are properly implemented in the numerical 
solution. 

Various types of fluid flows emerge from the Navier-Stokes system of equations in 
nonconservation and conservation forms. In general, computational schemes are dic- 
tated from the physics of flows characterized by special forms ofthe governing equations. 

We have written the governing equations in fluid dynamics in three different ways. 
Equations (2.2.9а) through (2.2.9c) derived from the First Law of Thermody- 
namics (FLT) are the nonconservation form of the Navier-Stokes system of equa- 
tions in terms of the primitive variables р, v;, p, T, whereas the Conservation form 
of Navier-Stokes system (CNS) of (2.2.11) are written in terms of the conservation 
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variables U, F;, and G;. In contrast, the Control Volume-Surface (CVS) equations 
(2.2.14) are expressed in volume and surface integral forms, but still in terms of the 
conservation variables U, F;, and G;. All of these three different forms of the governing 
equations represent certain types of numerical schemes to be developed, each playing 
special roles in CFD. 

The FLT equations are convenient when the primitive variables p, у;, p, T are to be 
solved directly, whereas this is not possible if CNS or CVS equations are used. It is seen 
that the conservation variables must be solved first with primitive variables extracted 
indirectly. Despite this inconvenience, the CNS or CVS equations are preferred in many 
CFD problems. For example, when the solution of density p is discontinuous, such as in 
shock waves, the solution through FLT is difficult. On the other hand, the mass flow pv; 
is asmooth function and so are all other conservation variables, whereby the solution of 
CNS or CVS equations makes it possible to obtain discontinuous solution of primitive 
variables (indirectly). So, the conclusion here is that we can use FLT if the solution 
does not contain discontinuities such as in incompressible flows (no shock waves). This 
is known as the pressure-based formulation. Otherwise, CNS or CVS equations can 
be chosen, in which satisfactory results are assured in general, when the solution may 
contain discontinuities such as in compressible flows. This is known as the density-based 
formulation. 

The Navier-Stokes system of equations as given by (2.2.11) may be simplified by 
disregarding one or more equations and/or some of the terms of each equation. For 
example, the momentum equations (2.2.9b) alone are often called the Navier-Stokes 
equations, thus distinguished from the Navier-Stokes system of equations which includes 
all equations (2.2.9a) through (2.2.9c). If all viscous terms are eliminated from the 
Navier-Stokes system of equations, then the resulting equations are known as Euler 
equations. The momentum equations without the pressure gradients are called the 
Burgers’ equation. The Burgers’ equation can be inviscid linear (no viscosity terms 
with convection terms being linearized), inviscid nonlinear, linear viscous, and nonlinear 
viscous. Simpler forms of these equations will be treated in Chapter 4. The governing 
equations for incompressible and compressible flows are discussed in Chapters 5 and 6 
for FDM and Chapters 12 and 13 for FEM. More complicated governing equations are 
the subjects of Chapters 21 through 27. 

The Navier-Stokes system of equations can be modified into various different forms, 
corresponding to particular physical phenomena, with the following subject areas in- 
cluded: compressible viscous flow (Navier-Stokes system of equations), compressible 
inviscid flow (diffusion terms are neglected), incompressible viscous flow (temporal 
and spatial variations of density are neglected), incompressible inviscid flow (both dif- 
fusion and density variations are neglected), vortex flow in terms of vorticity and stream 
function, compressible inviscid flow in terms of velocity potential function, turbulence, 
chemically reacting flows and combustion, acoustics, combined mode radiative heat 
transfer, and two-phase flows, as summarized in Table 2.2.1. 

The governing equations in fluids and heat transfer in general are of mixed types: 
elliptic, parabolic, and hyperbolic partial differential equations. The presence or absence 
of each of the terms in these equations will determine their specific classifications. It will 
be shown throughout the book that numerical schemes depend on the types of partial 
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Table 2.2.1 Various types of flows 


Navier-Stokes System of Equations 


| Viscous- 
Rotational Inviscid Inviscid 


Interactions 


Reactive Flow 

Acoustics 

Radiative Heat Transfer 
Multiphase Flow 
Electromagnetic Flow 


Vorticity Thin Shear Parabolized Boundary 
Transport Layer Navier-Stokes Layer 
Approximations 


Crocco 
Equation 


Incompressible| | Compressible 


Stream 


Function 
ыеп i Incompressible | | Laminar Flows || Compressible 
Equation Euler Equation 


Full Potential Burgers' Turbulent 
Equation Flows 


Equation 


Small [Stokes Equation 
Perturbations Creeping Flow 


differential equations. In general, physical phenomena dictate the types of equations to 
be used, which are then accommodated by appropriate numerical schemes for solutions 
of the equations. 

The Navier-Stokes system of equations presented above is cast in the Eulerian co- 
ordinates in which the current flowfield is fixed at the reference coordinates. In dealing 
with multiphase flows, however, it is convenient to work with the Lagrangian coordi- 
nates in which displacements of fluid or solid particles are tracked relative to the initial 
reference coordinates. Both Eulerian and Lagrangian coordinates may be coupled in 
dealing with certain physical phenomena. These and other topics of coordinate systems 
are discussed in Section 16.4 and Chapter 25. Detailed mathematics of Eulerian and 
Lagrangian coordinates are given in Chung [1996]. 

For flows coupled with magnetic and electric forces, it is necessary to solve the 
Maxwell’s equations together with the modified Navier-Stokes system of equations. 
Applications of these equations to coronal mass ejection and semiconductor plasma 
processing are presented in Chapter 26. 

The Navier-Stokes system of equations discussed in this section is based on the 
macroscopic nonrelativistic continuum view. In dealing with extremely high velocities 
such as occur in supernova explosions, the cosmic expansion, and cosmic singularity, 
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however, the relativity principles based on the microscopic kinetic theory must be used. 
The governing equations for the relativistic astrophysical flows and their numerical 
solutions are discussed in Chapter 27. 


2.3 BOUNDARY CONDITIONS 


In Section 1.2 we dealt with boundary conditions for the second order differential 
equation: Dirichlet boundary conditions (values of variables specified at boundaries) 
and Neumann boundary conditions (derivatives of variables specified at boundaries). 

In general, the boundary conditions are identified by constructing the inner product 
of the residual of the given differential equation with an arbitrary function. For exam- 
ple, consider the biharmonic fourth order partial differential equation of the stream 
function {у 


»V^y — f =0 (2.3.1) 


which is obtained from the curl of the vector form of the two-dimensional momentum 
equation (2.2.9b), with v = р/р and f being the nonlinear function of velocity gradients. 
We shall demonstrate which boundary conditions are required for this equation. To 
determine them, we construct an inner product of (2.3.1) with an arbitrary function 
[Chung, 1996]: 


(vie – = | Фора – Лаа =0 (23.2) 
Integrate (2.3.2) by parts four times, successively, 


f ovana- | jas | ofan =o 
friand- | дрмитаг f 6 msan —. | ofan =o 


f oviar- | byvania + | отаг | o jj; vip dQ 
г г г 2 
-f ófdQ =0 
2 
Finally, 
КО? –фруфупј Фф уфт — Ф jjivy n )аг 
г 


«f o jj vii ад — | bfdQ = 0 (2.3.3) 
а а 
where the boundary conditions consist of two Neumann апа two Dirichlet conditions: 


Neumann Boundary Conditions 


Wiijnj normal stress gradient 


фупј normal velocity gradient (esta) 


2.3 BOUNDARY CONDITIONS 


Dirichlet Boundary Conditions 


y;n; normal velocity 


y stream function (2.3.4b) 


It is seen that, for the 2mth order differential equation, the Neumann boundary con- 
ditions are of the order 2m — 1,2m — 2, ... m and the Dirichlet boundary conditions 
are of the order m — 1, m — 2,...0. These boundary conditions are to be prescribed 
on the boundary surfaces. Similarly, for the second order equation (Уф = 0), there is 
one Neumann boundary condition (wW,; п;) and one Dirichlet boundary condition (W). 
It was seen in Chapter 1 that the implementation of the Neumann boundary conditions 
“naturally” arises in the formulation process of FEM, whereas in FDM they must be 
carried out *manually" with appropriate forms of the difference equations. 

Often, mixed Dirichlet and Neumann conditions (called Cauchy or Robin condi- 
tions) are used. For example, for the second order differential equation such as in 
combined conductive and convective heat transfer boundary conditions, we may write 


oT 

«Т +В<— =y (2.3.5) 
дп 

with 

oT oT oT oT 

— = (n Т = Tini = ny + n + пз (2.3.6) 

дп дх ду 04 

В = 0 Dirichlet 

a=0 Neumann 


а 2 0, В 40 Cauchy/Robin 


Note that the notation д Т/дп is misleading since n in this derivative is neither the unit 
normal vector n, nor its components n;. However, this unfortunate notation has been 
generally accepted in the literature. 

For time dependent problems, we must provide initial conditions as well as boundary 
conditions. Let us consider the case of hyperbolic, parabolic, and elliptic equations as 
shown in Figure 2.3.1. 


(1) Hyperbolic equations associated with Cauchy conditions in an open region 
(Figure 2.3.1a). 


Second Order Equation 
u „д?и 
ар = ag = 0 О<х<1 (2.3.7) 
д 
Two initial conditions given fuc 0) and 5; 0) 


д 
Two boundary conditions given fuo, t) or 5. (0. 1) 
х 


ди 
fua, t) or m t) 
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u(0, t) or 
ди 
—(0. 
52000 


и(0, t) or 
ди 
5, (9 t) 


ди 
‚0 ——(х,0)=0 
u(x,0) ог = (x,0) 


(a) 
SEM 
i дї ax? — 
open 
u(0, t) or | — — ——— —————— u(t) or 
ди ди 
—(0,¢t Lt 
(o дн) 
ди “ 
‚0 ——(х,0)=0 
u(x,0) ог m (x,0) 
(b) (c) 


Figure 2.3.1 Initial and boundary conditions for hyperbolic, parabolic, and elliptic equations. 
(a) Hyperbolic equations (two sets of characteristics), Cauchy conditions in open region for second 
order equation. (b) Parabolic equations (one set of characteristics), Dirichlet or Neumann boundary 


conditions in an open region. (c) Elliptic equations (no real characteristics), Dirichlet or Neumann 
boundary conditions in closed region. 


First Order Equation 


=0 0О<х<1 (2.3.8) 
а Y : ди 
One initial condition given fuc 0) or ar 0) 


д 
One boundary condition given at x = 0 fuo, t) or =o, t) 
x 


(2) Parabolic equations associated with Dirichlet or Neumann conditions in an open 
region (Figure 2.3.1b). 


— –»——=0 0<x<1 (2.3.9) 


д 
One initial condition given fuc 0) or 5G 0) 


2.4 SUMMARY 


д 
Two boundary conditions given fuo, t) or эт @, t) 
x 


|на, 1) ог а t) 
дх 
(3) Elliptic equations associated with Dirichlet or Neumann conditions in a closed 
region (Figure 2.3.1c). 
u ди 
эх? Oy? = 


Two boundary conditions given 


0 in © (2.3.10) 


и оп Гр 


where Гр and Гу denote the Dirichlet and Neumann boundaries, respectively. 


In general, more complicated boundary and initial conditions are required for CFD. 
Discussions on detailed boundary conditions for the Euler equations and the Navier- 
Stokes system of equations in FDM will be presented in Section 6.7, various aspects 
of boundary conditions associated with FEM in Sections 10.1.2, 11.1, and 13.6.6, and 
special boundary conditions for multiphase flows in Section 22.2.6. 


2.4 SUMMARY 


The basic properties of partial differential equations have been described and clas- 
sified as elliptic, parabolic, and hyperbolic equations. The Navier-Stokes system of 
equations which represents mixed elliptic, parabolic, and hyperbolic partial differ- 
ential equations can be written in three different forms: first law of thermodynam- 
ics (FLT) nonconservation form, conservation form of Navier-Stokes system (CNS), 
and control volume-surface integral form (CVS). The nonconservation form of the 
Navier-Stokes system of equations is derived from the first law of thermodynamics 
(FLT) written in terms of primitive variables, suitable for low-speed incompressible 
flows in which the solution surfaces are relatively smooth and not discontinuous. 
The conservation form of the Euler equations or Navier-Stokes (CNS) system of 
equations, on the other hand, is convenient for discontinuities such as in shock 
waves, thus suitable for high-speed compressible flows. Another conservation form 
is the control volume-surface (CVS) integral equations, applicable for the finite 
volume methods in which conservation requirements through discrete interior bound- 
ary surfaces as well as the exterior boundary surfaces are self-enforced. Relation- 
ships of these three forms of the Navier-Stokes system of equations have been 
mathematically linked together, traced back to the first law of thermodynamics 
[Chung, 1996]. 

The governing equations presented in this chapter are based on the Eulerian coor- 
dinates, which are fixed on the reference coordinates in which velocity components 
of fluid particles are calculated at any fixed point rather than tracing the particles 
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downstream. In some problems, however, it is convenient to use the Lagrangian co- 
ordinates where the coordinate points are allowed to move together with fluid parti- 
cles such as in multiphase flows. This subject will be discussed in Section 16.4.2 and 
Chapter 25. 

In this chapter, we also discussed the boundary conditions for simple geometries and 
simple physics. The general method of identifying the existence of Neumann and Dirich- 
let boundary conditions of higher order partial differential equations was demonstrated. 
However, in reality, determination of boundary conditions is a difficult task in multi- 
dimensional, complex geometrical configurations with complex physical phenomena. 
Applications of boundary conditions will be the subject of discussion throughout the 
remainder of this book. 
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PART TWO 


FINITE DIFFERENCE METHODS 


finite difference approximations. The subjects to be covered here include basic 

concepts of finite difference theory, various formulation strategies, and appli- 
cations to incompressible and compressible flows. Finite volume methods (FVM) via 
FDM are also presented. 

Although FDM as applied to CFD is widespread and many textbooks are available, 
the purpose of Part Two is to make detailed comparisons with other methods such as 
finite element methods (FEM) to be presented in Part Three (particularly in Chapter 16) 
for the benefit of the beginner and the practitioner alike. Historical developments, 
traditional treatments of finite difference methods, and some recent advancements are 
presented for this reason. 

Chapter 3 discusses derivations of finite difference equations, followed in Chapter 4 
by various finite difference schemes for solutions of elliptic, parabolic, hyperbolic, and 
Burgers’ equations. General fluid dynamics problems of incompressible and compress- 
ible flows are presented in Chapters 5 and 6, respectively. Finally, finite volume 
methods (FVM) via FDM are discussed in Chapter 7. 


Р art Two presents the finite difference methods (FDM) and topics related to 


CHAPTER THREE 


Derivation of Finite Difference Equations 


The basic idea of finite difference methods is simple: derivatives in differential equations 
are written in terms of discrete quantities of dependent and independent variables, 
resulting in simultaneous algebraic equations with all unknowns prescribed at discrete 
mesh points for the entire domain. 

In fluid dynamics applications, appropriate types of differencing schemes and suit- 
able methods of solution are chosen, depending on the particular physics of the flows, 
which may include inviscid, viscous, incompressible, compressible, irrotational, rota- 
tional, laminar, turbulent, subsonic, transonic, supersonic, or hypersonic flows. Dif- 
ferent forms of the finite difference equations are written to conform to these different 
physical phenomena encountered in fluid dynamics. 

In this chapter, we present various methods for deriving finite difference equations 
of low and high orders of accuracy. Truncation errors, as related to the orders of accuracy 
involved in the approximations, will also be discussed. 


3.1 SIMPLE METHODS 


Consider a function u(x) and its derivative at point x, 


ди(х) _ lim u(x + Ax) — u(x) 


- 3.1.1 
Ox Ах—0 Ах ( ) 
If u(x + Ax) is expanded in Taylor series about u(x), we obtain 
ди(х) (Ax)? u(x) (Ах)? u(x) 
u(x + Ax) = u(x) + Ax T + 2 ax + 3| x3 (3.1.2) 
Substituting (3.1.2) into (3.1.1) yields 
ди(х) . Lm Ax д?и(х) 
— lim ma 31:3 
üx ANS ( дх 2 dx? T ( ) 
Or it is seen from (3.1.2) that 
u(x + Ax) — u(x ди(х Ах д?и(х ди(х 
( ) om Oig ene | O) (Ax) (3.1.4) 
Ах дх 2 ax? 
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The derivative uta) in (3.1.4) is of first order in Ax, indicating that the truncation 


error O(Ax) goes to zero like the first power in Ax. The finite difference form given by 
(3.1.1), (3.1.3), and (3.1.4) is said to be of the first order accuracy. 
Referring to Figure 1.2.1, we may write u in Taylor series at : + 1 and i — 1, 


TA ди n Ax? (8u " Ах? (3u " Ах“ f дзи + (3.1.5) 
и = и; X cis a 
id ax), 2 (ax); 3! (ax), а Кох], 


А ди 4 Ax? (07 u Ax? (Pu 4 Ах“ (dtu as (3.1.6) 
Ui—1 = uj Xx rea PA А 
у ax), 2 (ax); 31 (ax), а (axt); 


Rearranging (3.1.5), we arrive at the forward difference: 


ди Uj41 — uj 
= А 3.1. 
(s) 1-0 HL O(Ax) (3.1.7) 
Likewise, from (3.1.6), we have the backward difference: 
ди и; — Uj-1 
= A 3.1.8 
( У) 291 1 O(Ax) (3.1.8) 


A central difference is obtained by subtracting (3.1.6) from (3.1.5): 


ди из] — Uii 2 
= O(A 3.1.9 
(=) 2Ах кыл) ( ) 


It is seen that the truncation errors for the forward and backward differences are first 
order, whereas the central difference yields a second order truncation error. 
Finally, by adding (3.1.5) and (3.1.6), we have 


щы — Зи; + uii 9?u (Ax)? f 8*u 
= КР 3.1.10 
Ах? (5), E 12 \дх*/, i ( ) 


This leads to the finite difference formula for the second derivative with second order 
accuracy, 


(25) E Ui+1 — Зи; + uia 
i 


ay + O(Ax?) (3.1.11) 


Note that these results were intuitively obtained in Section 1.2 by approximations 
of slopes of a curve, without the notion of truncation errors. 


3.2 GENERAL METHODS 


In general, finite difference equations may be generated for any order derivative with 
any number of points involved (any order accuracy). For example, let us consider a first 
derivative associated with three points such that 


(s) _ ди; + би; + cui-2 


3.2.1 
Ox AX ( ) 


3.2 GENERAL METHODS 


The coefficients a, b, c may be determined from a Taylor series expansion of upstream 
nodes и; and и; > about и; (one-sided upstream or backward difference) 


ди (—Ах)? / 3u (— Ах)? (au 
S а 3.2.2 
кычы 2 (5) + 2 (za ш 3! ga |“ ( 3 
ди (–2Ах) (ди (–2Ах) (ди 
i-2 = и 2A e (322b 
pictor (ze) + 2 (2 ај (5 од = 


from which we obtain 


аш + Би; 1 + cuj-2 = (a+ b+ сји; — Ax(b+ 29 (2) 
X 


i 


+ Sera) + O(Ax?) (3.2.3) 

It follows from (3.2.1) and (3.2.3) that the following three conditions must be satisfied: 
a+b+c=0 (3.2.4a) 
b+2c=-1 (3.2.4b) 
b+4c=0 (3.2.4c) 


The solution of (3.2.4) yields a = 3/2, b = —2, and c = 1/2. Thus, from (3.2.1) we obtain 


(=) _ Зи; — 4ш-1 + ui-2 


2 
= = + О(Ах?) (3.2.5) 


If the downstream nodes u;,; and ша are used (one-sided downstream or forward 
difference), then we have 


(=) _ —Зи; + 4ш — ш+2 


= Ах? 3.2.6 
0X / i 2Ax TOATI ( ) 


A similar approach may be used to determine the finite difference formula for a 
second derivative. In view of (3.2.3) and setting 


a+b+c=0 (3.2.7a) 
b+2c=0 (3.2.7b) 
b+4c=2 (3.2.7с) 
we obtain 
д?и и; — ги; 1 + uj_2 au 
= A ee 3.2.8 
(s), Ax? T MTS u ( ) 


This implies that the one-sided formula provides only the first order accuracy in contrast 
to the two-sided formula, which gives the second order accuracy as seen in (3.1.11). 

The foregoing procedure may be transformed into a systematic form in terms of 
“displacement” and “difference” operators so that difference formulas may be obtained 
with a preselected order of accuracy [Hildebrand, 1956; Kopal, 1961; Collatz, 1966], 
among others. These results are summarized next. 
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Forward Difference Formulas 
The Taylor series expansion (3.1.2) may be written in terms of the displacement 
operator Е and the derivative operator D, 


Eu(x) = [1 + Ax D + (Ax D /2! + (Ax DP /3! + ---] u(x) (3.2.9) 


with Du — ри, E = ер, апа D = E In Е. These definitions lead to the first derivative 
ofuati in the form 


$2? $3 $4 


ди 1 1 
—) = се. (1+ 8*)u; = 5" ec ји 3.2.10 
(5+), Ах “л. x( 2 T 3 4 T | ( ) 


where 6" is the forward difference operator, 

5" = E—1, ёш = иза — и (3211) 
with E being defined such that 

Eu; = изд, Еи = ип (3.2.12) 


It is now obvious that the order of accuracy increases with the number of terms kept оп 
the right-hand side of (3.2.10) given by 


posts 1) е 2-0.) (3.2.13) 


which leads to 


First Order Accuracy 


(=) _ Uist и Ax д?и (3214) 


дх Ах 2 0x? 


Second Order Accuracy 
(s) _ Зи; + 4uj41 — uig2 Ах? ди 


3.2.15 
дх 2Ax 3 ax? ( ) 


Backward Difference Formulas 
A backward difference formula can be derived similarly in the form 


d tesis: LR ы, 
Эх}, Ах" MM CSS. 709 


= 10 -E3)4 (1 = ы pu = © aa is ] " 
(3.2.16) 
where 8“ is the backward difference operator, 
5 —1—-E!, ui = üj — Ui (3.2.17) 
with 
Eu; = uj-1 (3.2.18) 


3.2 GENERAL METHODS 


These definitions lead to the following schemes: 


First Order Accuracy 


ди и; — и; 1 Ax д?и 
(=) = Ау + 2 342 (3.2.19) 


Second Order Accuracy 


. — du; , 2 43 
tS о. 220) 
Central Difference Formulas 
The central difference formulas are derived using the following definitions: 
бш = Uj 41/2 — uii = (Е! — Ey; (3.2.21) 
with 
8 = e^™P/2 — е АХР? — 2 sinh(Ax D/2) (3.2.22) 


which leads to the first derivative of u at i in the form 
ди 1 . 19 1 9 38 587 
— | = —[2sinh" ‚= 8 c ји; 3.2.23 
(=) x( н з) x( 24 640 7168 ^ | 0 


With these definitions, we obtain 


Second Order Accuracy (with the first term) 


дир ил и AX u (3.2.24) 
ax); — Ax 24 ax? ы 
Fourth Order Accuracy (with the first two terms) 
ди 1 а ди 
(s) = И из +27щ 1 — Zu; i + uj i) + 640 2 > (3.2.25) 
The half-integer mesh points may be avoided by choosing 
ди ig. 0" d'a 
(=) =ч (5 3] + HE Tte Ju (3.2.26) 
where 6 is the alternative central difference operator such that 
< 1 E 1 
би; = 5\Ё— Е ји; = 50+ == uj-1) (3.2.27) 
These definitions provide 
Second Order Accuracy 
ðU\ _ Ui — ш (Ах)? д?и (3.228) 
ax); 2Ах 6 ox ~ 
Fourth Order Accuracy 
ди _ —ш + + 8и — 8и; iuo Ах“ ди (3.2.29) 
ax), 12Ax 30 дх5 U 
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3.3 HIGHER ORDER DERIVATIVES 


Finite difference formulas for higher-order derivatives may be derived using the op- 
erator technique similarly to the one employed for the first order derivative. Let us 
consider the forward difference relation given by (3.2.10) and extend it to higher order 
derivatives as 


(=), = [ind + б) 


ox" Ах" 
= 1 8^ Harl) Ae n(3n + 5) + 
Ах" 2 24 
2 3 
п(п + е + ) ноз) ыз | и; (3.3.1) 


Similarly for the backward difference, we write 


д"и —1 "me 
(=) mee [In(1 — 8 )]"uj 


l а : 
— —Á ... и 
AX? 


y 73 
1 n n(3n + 5) 
=l |a Прењ) y ©" +)ь-и+2) 
zs] +5 + — 24 
2 3 
ы но р. | ii (3.3.2) 


The central difference formulas are in the form 


9" n 
a кз sinh”! B ui 
ax" Ji Ах 2 


Ji | 67 38 537 | 
= 8 и; 


24 * 640 7108 7° 


1 n n (224+5n 
8111 52 Бы 
хп | 24° + al 90 ) 


5 n-1  (»-1)n-2 
(5+2 + n Press ји (3.3.3) 


If n is even, the difference formulas are obtained at the integer mesh points. If n is 
uneven, however, the difference formulas involve half-integer mesh points. In order to 
maintain the integer mesh points, we may use 


д” 2 ӧ\” 

( У = E ( sinh! ) и; 

ax" J; 5212 \ Ax 2 
1+ 


9" 1 n3 5n? + 52n + 135 
n 24 5760 


"2 | А (3.3.4) 


3.3 HIGHER ORDER DERIVATIVES 


where 


Based on these formulas, we summarize the second, third, and fourth order derivatives 
below. 


Second Order Derivative (n = 2) 


92 1 АП 5 
(==) = па (87 кке za +) from (3.3.1) (3.3.5a) 


а? 1 ‚11 5 
( =) = а(°+5°+ү5*+р5°+-)ш. from (3.32) (3.3.5b) 
i х 


8x? 12 6 
9?u 1 y. oe 88 
(5), = ($ 12 + 90 ~ 560 Te ји from (3.3.3) (3.3.5c) 
ди ш 56 259 
(==) ire (= S CTS T + ока) ui, from (3.3.4) (3.3.5d) 
Forward Difference 
First Order Accuracy 
3u 1 au 
(5:1) У (и — 2ui41 + ui) — Ax (3.3.6) 
Second Order Accuracy 
3u 1 11 atu 
(22) "ud (2и; — Sujy1 + 4uj42 — Ui+3) + D^ su (3.3.7) 
Backward Difference 
First Order Accuracy 
д?и 1 au 
(=) = Aud (и; 2и; 1 + шщ —2) + АХ S (3.3.8) 
Second Order Accuracy 
3u 1 11 8^u 
(==) | = AG (2u; 5и; 1 + 4uj_2 из) 12 Ax? Ja (3.3.9) 
Central Difference 
Second Order Accuracy 
3u 1 Ax? dtu 
(zz). = Aaa (uj. a Зи; + шл) == TD ax4 (3.3.10) 


Fourth Order Accuracy 


9?u 1 Ax* 9ёи 
(22) = РР. и; + 16и; 1 = 30u; + 16u;_1 = Uuj_2) + 790. 8x6 (3.311) 
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Central Difference — Half Integer Points 
Second Order Accuracy 


д? 1 а de 
(22) = zaa i иу Шр +U; -Aa (3.3.12) 


Fourth Order Accuracy 


ди 1 
Ga) = ax Sui, + 39u;,; = 34и, — 34u;_1 + 39u;_3 — 5uj_s) 


=3 


25 96 
л (3.3.13) 


Note that the last scheme requires six mesh points to achieve the fourth order accuracy, 
whereas for the same accuracy, the scheme given by (3.3.11) requires only five mesh 
points. 


Third Order Derivative (n = 3) 


Forward Difference 
First Order Accuracy 
au 1 Ax d4u 
Ga) = уз бн 3ui42 + Зша1 — ui) — 5-54 (3.3.14) 
Second Order bd 
au 21 Pu 
( JE TS Ж Suiza + Mujss — 244  18ui1 — 5ш) + 15 Ах 5 35 (3315) 
Backward Difference 
First Order Accuracy 
au 1 Ax д%и 
Ga) = уз (ui = 3ш—1 + 3ui-2 = шз) 2 4 (3.3.16) 


Second Order | 


93 - 9? 
= 5u; — 18ш—1 Ара — 14ш—з-++3ш-_а)— а (33.17 
- 3 


ax? 9х5 
Central Difference 
Second Order Accuracy 

au 1 1 „ди 
(=) = AA (и; 12 2и ы + ги; 1 — и; 2) 42% 348 (3.3.18) 
Fourth Order Accuracy 

au 1 7 9"u 
(==). = SAX Uj+3 + бш +42 = 13u; = 13u; | = ди; 2+ Ui 3) + py 7 


(3.3.19) 


3.4 MULTIDIMENSIONAL FINITE DIFFERENCE FORMULAS 


Central Difference — Half Integer Points 
Second Order Accuracy 


au 1 
КЕ axi ed "ap по 3 8 x 


Fourth Order Accuracy 


БЫЛ, 1 
(Ga) "n (из + 13и 3 — 34u;, у + 34u; у — 13u; з + uj s) 
E 37 а дји 
— P6 —— 
1920 ax? 


Fourth Order Derivative 


Forward Difference (first order accuracy) 


9^u 1 au 
3d Ur Aui+s + бш — Aui + Ui) - 2Ax 5 


Backward Difference (first order accuracy) 


atu 1 Pu 
(5), = An Ди; 1 + би; 2 — ди; 3 + Ui 4) *2Ax4 s 


Central Difference (second order accuracy) 


atu 1 Ax? 86u 
(аа) E x M I 


(3.3.20a) 


(3.3.20b) 


(3.2.21) 


(3.2.22) 


(3.2.23) 


Various order finite difference formulas up to fourth order derivatives are summarized 


in Table 3.3.1. 


3.4 MULTIDIMENSIONAL FINITE DIFFERENCE FORMULAS 


Multidimensional finite difference formulas can be derived using the results of one- 


dimensional formulas. For two-dimensions, we consider 


Xi = Хр) +1 Ax 


yj = у + jAy 


as defined in Figure 3.4.1. The forward and backward operators аге now given by àz 


and бу for x- and y-directions, respectively. The first partial derivatives in the x- and 


y-directions are 


ди 1 Ui+1.; — Uii 
— | а ВЕНА O(Ax) = 7 X 4} O(A 
(5), 2 ау  O(Ax) = “ЫШ + оду) 


ди 1 Uj р = Uj; 
LI] = ——ё шу + О(Ах) = ~*~ —* + O(A 
(5), добру + Olan) = A + олу) 


(3.4.1) 


(3.4.2) 
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Table 3.3.1 


DERIVATION OF FINITE DIFFERENCE EQUATIONS 


Various Order Finite Difference Formulas 


(a) Forward Difference, 0(A x) 


(d) Forward Difference, O(^ x?) 


Ui 


Ui 


-1 


-3 


(b) Backward Difference, 0(A x) 


(e) Backward Difference, O(^ x?) 


Ui-4 Ui 3 Ui 2 


Ui-5 Ui 4 Ui 3 


(c) Central Difference, O(^ x?) 


(f) Central Difference, O(A х“) 


Шә Шла Ui 


Uj-3 Шә Uia Uj42 Шз 


-8 


16 


Similarly, the second order central difference formulas for the second order derivatives 


are of the form 


д?и Uj41,j — 2ui,j + Ш-1,) Ax? atu 

əx?) ij Е Ах? 12 ах“ ee 
ди шј 2ui j + ui,j-i Ay? atu (3.4.4) 
ay Ja Дуг 12 ax4 d 


3.4 MULTIDIMENSIONAL FINITE DIFFERENCE FORMULAS 


(i1, j+1) (i, j+1) (+1, j+1) 
А : Н (i, j) 
Figure 3.4.1 Two-dimensional mesh.  (i-1,j) (1+1, j) 
(1-1, j-1) (i, j-1) (1+1, j-1) 


Let us now consider the Laplace equation 
д?и + ди _ 
© дх2 ду? 


whose finite difference formula is obtained as the sum of (3.4.3) and (3.4.4), resulting 
in a five-point scheme 


n 5 a mE m 2uj,j t Ui+1,j ас Miei 2uj,j + Ui j+1 
ч Ах ' Дуг) " Ах? Дуг 
+ O(Ax’, Ay?) (3.4.5a) 
For Ax = Ay 
ij + Uii, j + Ui j-i + Ui jy = Ашу Ax? (atu atu 
Au; = Ui41.j j Jd i ] 3.4.5b 
Mij Ах? 12 \ax4 * ду tob) 
as graphically shown in Figure 3.4.2a. 
An alternative representation of (3.4.5a) is given by 
А ujj = Ay Кубе + Kg? uij 
1 -1 
eres — (E, +2+ Е, )(Е, -2+ E) 
1 E 
AAT ——(Е,+2-+ ES(E-2- 2) ий (3.4.6) 


Figure 3.4.2 Five-point finite difference mesh. (a) Reg- 
ular operator. (b) Shift operator. 


(a) (b) 
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where Ey and E, are the shift operators resulting from 
2 5 – 112 —1 
ò = (E -E y = Е,—2+Е; 
fot: 215 4 _ 
з= [56 +) = (5, +2+ E) 


еїс. 
For Ах = Ay, (3.4.6) is simplified as (Figure 3.4.2b) 


(uis, ja + Uia ja + шлу + Mi-1,j41 — 4i, j) (3.4.7) 


1 
Адиу = 4Ax? 


For higher order terms, we may write 
^ 2 32 32 A 2 at A 2 92 92 А 2 94 

4 0y/X0xX? 12 ax}, 4 ax? }\ day? 12 ду"), 

40 1, оба = + 22 atu 


1 
= ДИА А 
Мр 38712 У ду 4 axtay4 


duse (348) 


with the truncation error being O(Ax?, Ay”). Note that this scheme involves the odd- 
numbered nodes detached from the even-numbered nodes (Figure 3.4.3). Note that 
point (i, j) is coupled to the points marked by a square, while there is no connection 
to the even-numbered points marked by a circle. Thus, the solution oscillates between 
the two values a and b when passing from an even to odd-numbered point, satisfying 
the difference equation A®u;; = 0. However, it will not satisfy the difference equation 
(3.4.5). 

The well-known nine-point formula can be derived by combining (3.4.8) with AM u;;. 


AM uj; = (a AO + bA®) uij 


1 b b 
Ga + бу?) + d uj; = А©ш + 58x бу ш) 


Ах? E atu 9^u | (3.4.9) 


ax4 = ду“ У 0x^9 y^ 


where a + b = 1. For b = 2/3, we arrive at the scheme depicted in Figure 3.4.4a, which 
can also be obtained from finite elements. For b = 1/3,the Dahlquist and Bjorck scheme 


a D a D 
а 
дь да Figure 3.4.3 Odd-even oscillations of the five-point 
scheme. 
-4a 
С 
а D a D 


3.5 MIXED DERIVATIVES 


Figure 3.4.4 Nine-point molecule. (a) Nine-point formula with b = 2/3. 
(b) Nine-point formula with b — 1/3. 


[1974] arises as shown in Figure 3.4.4b, providing the truncation error 


Ax?f( д? à 92 \? Ах? А2 
и = и 
12 Vox? ду? 


For Ди = ми, the nine-point operator with ДО) = 2 AU) + LAO gives a truncation error 


Therefore, the corrected difference scheme 


A 2 
А иу = (0+ E T E 


has a fourth order truncation error. 
An extension to three-dimensional geometries is straightforward. Some applications 
to 3-D problems will be discussed in Chapter 7. 


3.5 MIXED DERIVATIVES 


The simplest, second order central formula for the mixed derivative is obtained from 
the application of (3.2.3) in both directions x and y. 


д?и 1 3x? dy? 
= x = Ах“ IT Ay* T 
(5), AxAy" | ( 6 TAA )) fas ( 6 DU )] s 


(3.5.1) 
This leads to a second order accuracy (Figure 3.5.1a), 
БЫЛ 1 
= ‹8хшубу) ui; + О(Ах?, Ay? 
(5), AA, Ub руду) шу + О(Ах у) 
_ Мајн — Шш, j-1 — ш 1,j41 + Ui-1,j 1 LO(Ax?, Ay?) (3.5.2) 


4AxAy 
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|: 


"m Eq. G. 5. » 


О H2, j+1/2 | 
J - 
82 | 


1 pot LT -1 


(с) Еа. (3.5.5) (4) Ед. (3.5.7) (е) Ед. (3.5.8) 
Figure 3.5.1 Mixed derivatives. 


An alternative approach as shown in Figure 3.5.1b is given by 


3u 
(sas), = = палуба; )шу + О(Ах?, Ду) 


1 
=2 AxAy (Ui+1,j+1 — шј — шј + Ui-1,j) + О(Ах2, Ay) (3.5.3) 


А similar form can be obtained for the truncation error of O(Ax, Дуг). A first order 
in both x and y is derived in the form 


ди 
Lj = L 85854 O(Ax, A 
(25) = z5 pig OU Ay) 
1 


= AxAy ја — üi+1,j — Ui, ja1 + Ui, j) + O(Ax, Ay) (3.5.4) 


This scheme can be altered to give a second order accuracy at i 4- 1, j+ $, 


аи 
(зау). 7 oa rte OAA лу) 


1 
= AxAy Ui jn = шау — ui ji + i,j) + O(Ax?, Ду“) (3.5.5) 
as shown in Figure (3.5.1c). 


Applying backward differences in both directions, we obtain 


= : —— — 8; 8, шу + O(Ax, Ay) 
дхду/, = AxAy = dnd 
1 


= ME — uj1,j — Ui j-1 + ui, j) + O(Ax, Ay) 


AG i-ij-i + O( Ax, Ay) (3.5.6) 


3.6 NONUNIFORM MESH 


Summing (3.5.4) and (3.5.6), we obtain a second order formula, 


9?u 1 
= MM 8.8. ü О(А 20A 2 
С) ZAxAyl ‹ бу + òrò, Juiz + О(Ах , Ay") 


1 
= Ахду — Ui41,j — Ui, j+1 t Mi-1,j-1 — Ui-1,j — Ш,ј-1 + 2uij] 
+ O(AX?, Ay?) (3.57) 


This is shown in Figure 3.5.14. Another form can be obtained by combining forward 
and backward differences as (Figure 3.5.1e) 


д2и 1 _ _ 
(5), = 2AxAy er у +ò, ò] шу + О(Ах?, Ay?) 
1 
| ma = пази + шј 7 Uii jaa + шлу — 2uij] 
1 
= ZAxAy Oti. j- + б,буш;_1 j4) + О(Ах? Лу?) (3.58) 


Combining (3.5.7) and (3.5.8), we recover the fully central second order approximation 
(3.5.2). Therefore, the most general second order mixed derivative approximation can 
be obtained by an arbitrary linear combination of (3.5.7) and (3.5.8) [Mitchell and 
Griffiths, 1980]. 


д?и 1 
(отус) = Tax hy O Oih ју аш ек шару + bui pui) 
+ О(Ах?, Лу?) (3.5.9) 


with a 4- b = 1. 


3.6 NONUNIFORM MESH 


The standard Taylor series expansion may be applied to nonuniform meshes. The first 
derivative one-sided first order formula takes the form 


ди Ui+1 — Uj AXi41 д?и 
= 3.6.1 
(s) Ах 2 ax? ( a) 
The backward formula becomes 
ди и; — и; 1 Ax; д?и 
(2) ~ AX 2 ax? 960) 


where Ax; = xj — X;_1, etc. 
The central difference is obtained by combining (3.6.1a) and (3.6.1b), which will 
lead to the second order formula 


ди 1 Ах; ( j$ Atay ) Ах; Ах eu 
== и; и; и; ui— 
Ox i Ах + AXj41 | Ах Шш Ах : ^ 6 0x? 
(3.62) 
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It can also be shown that Taylor expansion leads to a forward or backward scheme. For 
example, for a forward scheme, we obtain 
ди Ах + AXj42 Ија — и; Ахил шо — Ui 
(У -( AXxi+2 Ах о) 
Ах у1(Алҗ + Алу) Pu 
T 6 3x? 
The three-point central difference formula for the second derivative is of the form 


д?и Шал = и; — Uj — uj. 2 1 au 
(+=) = ( 1+1 i i i ) d (Ахи Ах) - 
ха); Ах Ах; Ах + Ax; 3 дх 


і 


(3.6.3) 


Ах; | + Ах? dtu 
12(А жал + Ал) дх“ 


(3.6.4) 


Note that a loss of accuracy in nonuniform meshes is expected to occur and abrupt 
changes in mesh size in (3.6.4) result in the first order accuracy. For example, the third 
order accuracy of (3.6.4) is reduced to the second order for Axj41 = Ах. 


3.7 HIGHER ORDER ACCURACY SCHEMES 


For many applications in fluid dynamics with discontinuities and/or high gradients such 
as in shock waves and turbulence, it is necessary that higher order accuracy be pro- 
vided in constructing difference equations for the first order, second order, and higher 
order derivatives. Lele [1992] presents various finite difference schemes which are gen- 
eralization of the Padé scheme [Hildebrand, 1956; Kopal, 1961; Collatz, 1966]. These 
generalizations for the first order derivatives are given by 


Ui+1 — Uj-1 Ui+2 — Uj—2 Uj+3 — Uj-3 
и, „ + ou. d ud oua + би. = а +ђ— с— 
Buj_2 i-l ; i+1 + Винг 2Ах 4Ах 6Ax 
(3.7.1) 


with и! = du/dx. The relations between the coefficients a, b, c anda and В are derived by 
matching the Taylor series coefficients of various orders. Similarly, the generalizations 
for the second order derivatives are given by 


Bu; o + ou у + uj + eur + Виго 
aT 2uj + uii ggg Зи; + ui» з= Зи; + Uj—3 
Ax? 4Ax2 9Ax? 
with u” = d*u/dx*. Again, the relations between the coefficients a, b, c and a and В аге 
derived by matching the Taylor series coeffcients of various orders. 


(372) 


Higher Order Accuracy for the First Order Derivatives 
Fourth Order Accuracy. Note that, for a = B = 0 and a = 4/3, b = —1/3, and c = 0 
inserted in (3.7.1), the first order derivative in (3.7.1) leads to the well-known fourth 
order central difference scheme. 
du; 


1 
и; = Т; = РАХ (и; 2 — 8и; 1 + 8uj41 — uj 2) (3.7.3) 


3.8 ACCURACY OF FINITE DIFFERENCE SOLUTIONS 61 


Other higher order accuracy schemes for the first order derivative are obtained from 
(3.7.1) as follows: 


Sixth Order Accuracy 
a=1/3, B=0, а= 14/9, b=1/9, c=0 


Eighth Order Accuracy 
а = 4/9, B=1/36, а= 40/27, b=25/54, c=0 


Higher Order Accuracy for the Second Order Derivatives 
Fourth Order Accuracy. The fourth order accuracy for the second order derivative 
arises from (3.7.2) by inserting the same constants as in the first order derivative. 
1 
12Ax? 


Higher order accuracy schemes for the second order derivative are obtained by 
inserting the following constants in (3.7.2): 


и; = аи; /ах? == (—ui-2 + 16и; 1 — 30u; + 16и; — ио) (3.7.4) 


Sixth Order Accuracy 
а= 2/11, В=0, а= 12/11, b=3/11, c=0 


Eighth Order Accuracy 
38a — 9 
= 344/1179, = , 
" / В = 1 
1696—1900, 2454 – 294 _ 1179a — 344 
а= pg ^ ~~ 585 '" = wa 


These higher order accuracy derivatives have been used extensively in the analysis 
of shock waves and turbulence, as will be discussed in Part Five, Applications. 


3.8 ACCURACY OF FINITE DIFFERENCE SOLUTIONS 


The finite difference formulas and their subsequent use in boundary value problems 
must assure accuracy in portraying the physical aspect of the problem that has been 
modeled. The accuracy depends on consistency, stability, and convergence as defined 
below: 


(a) Consistency A finite difference equation is consistent if it becomes the corre- 
sponding partial differential equation as the grid size and time step approach 
Zero, or truncation errors are zero. This is usually the case if finite difference 
formulas are derived from the Taylor series. 

(b) Stability А numerical scheme used for the solution of finite difference equa- 
tions is stable if the error remains bounded. Certain criteria must be satisfied in 
order to achieve stability. This subject will be elaborated upon in Sections 4.2 
and 4.3. 
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(c) Convergence А finite difference scheme is convergent if its solution approaches 
that of the partial differential equation as the grid size approaches zero. Both 
consistency and stability are prerequisite to convergence. 


The ultimate goal of any numerical scheme is a convergence to the exact solution 
as the mesh size is reduced. Discrete time step sizes are chosen adequately as related 
to the mesh sizes so that the solution process is stable. The finite difference formulas 
studied in this chapter will be used for developing such numerical schemes. Here, the 
stability and convergence are important factors for the success in CFD projects and will 
be addressed continuously for the rest of this book. 


3.9 SUMMARY 


In this chapter, we have demonstrated that finite difference equations can be derived in 
many different ways. Simple methods and more rigorous general methods by means of 
finite difference operator, derivative operator, forward difference operator, and back- 
ward difference operator are introduced. Applications to various order derivatives in 
multidimensions are presented. 

We have also shown how to obtain finite difference equations for higher order 
accuracy. They are particularly useful for complex physical phenomena such as in shock 
waves and turbulence, as will be shown in Part Five, Applications. 

Our ultimate goal is the accuracy of the solution of differential equations. In order 
to achieve this accuracy, it is necessary that difference equations satisfy three crite- 
ria: consistency, stability, and convergence. Among these, the properties of consistency 
and stability reside in the realm of the development of finite difference equations. 
Convergence prevails if the requirements of consistency and stability are satisfied. 
The consequence of satisfaction of these criteria leads to the assurance of accuracy 
in CFD. 
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CHAPTER FOUR 


Solution Methods of Finite Difference Equations 


In this chapter, solution methods for elliptic, parabolic, hyperbolic equations, and 
Burgers’ equations are presented. These equations do not represent actual fluid dynam- 
ics problems, but the methods discussed in this chapter will form the basis for solving 
incompressible and compressible flow problems which are presented in Chapters 5 
and 6, respectively. Although the computational schemes for these equations have been 
in existence for many years and are well documented in other text books, they are 
summarized here merely for the sake of completeness and for references in later 
chapters. 


4.1 ELLIPTIC EQUATIONS 


Elliptic equations represent one of the fundamental building blocks in fluid mechanics. 
Steady heat conduction, diffusion processes in viscous, turbulent, and boundary layer 
flows, as well as chemically reacting flows are characterized by the elliptic nature of the 
governing equations. Various difference schemes for the elliptic equations and some 
solution methods are also presented in this chapter. 


4.1.1 FINITE DIFFERENCE FORMULATIONS 
Consider the Laplace equation which is one of the typical elliptic equations, 


3u u 


anes бы се ee 411 
əx? ay? ( ) 


The five-point and nine-point finite differences for the Laplace equation are, respec- 
tively, 


Ui41,j = 2Uj,; + Ui-1,j 4 Ui, j+1 — Зи] + Ui,j—-1 


=0 4.1.2 
Ax? Ay? ( ) 
—Uj_2, j + 16ui—1,j — 30м} + 16uj41, — Ui42,j 
12Ax? 
Ф242 + 16и; j.1 — 30и; ; + 16и; ј41 — ui j+2 E (4.1.3) 
12Ay? 5 
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и=и; 


и=и, 3 и=ид 


i=1 2 3 4 5 


и= ц 


Figure 4.1.1 Finite difference grids with Dirichlet boundary соп- 
ditions specified at all boundary nodes. 


as discussed in Chapter 3. For illustration, let us consider the five-point scheme (4.1.2) 
for the geometry given in Figure 4.1.1. 


Ил, + Ui-1,j + Ваша + g^uj ja — 2(1 + В2)ш ; = 0 (4.1.4) 


where (3 is defined as В = Ax/Ay. For Dirichlet boundary conditions, the values of u at 
all boundary nodes are given. Thus, writing (4.1.4) at all interior nodes and setting 


y 2-204) 


we obtain for the discretization as shown in Figure 4.1.1, 


y 1 08% 00000 u22 —u45 — В?из 1 

1 у 10 6? 0 0 0 о из,2 —?us4 

0 y 00g ооо UA. 2 —us5 — u4 

BR 0 0 4 + фор“ O 20 u2.3 —и13 

068 0 1 y 1 0 0||из|— 0 (4.1.5) 
0 0 B&O 1 y 0 о в? | [шз —и5 3 

0 0 0 82 0.0 y 1 0 U2.A —u44-— 8202 5 

ооо 0 f 0 y 1 U3,4 —В?из,5 

0 0 0 0 0 B? 0 1 y U44 —Из,4 — Вид 5 


Notice that the matrix on the left-hand side is always pentadiagonalized for the ћуе- 
point scheme. The nine-point schemes given by (4.1.3), although more complicated, can 
be written similarly as in (4.1.5). 

There are two types of solution methods for the linear algebraic equations of 
the form (4.1.5). The first kind includes the direct methods such as Gauss elimina- 
tion, Thomas algorithm, Chelosky method, etc. The second kind includes the iterative 
methods such as Jacobi iteration, point Gauss-Seidel iteration, line Gauss-Seidel itera- 
tion, point-successive over-relaxation (PSOR), line successive over-relaxation (LSOR), 
alternating direction implicit (ADI), and so on. 


4.1 ELLIPTIC EQUATIONS 


The disadvantage of the direct methods is that they are more time consuming than 
iterative methods. Additionally, direct methods are susceptible to round-off errors 
which, in large systems of equations, can be catastrophic. In contrast, errors in each 
step of an iterative method are corrected in the subsequent step, thus round-off errors 
are usually not a concern. We elaborate on some of the iterative methods in Section 4.1.2, 
and a direct method of Gaussian elimination in Section 4.1.3. Other methods will be pre- 
sented in later chapters, including conjugate gradient methods (CGM) (Section 10.3.1) 
and generalized minimal residual (GMRES) algorithm (Section 11.5.3). 


4.1.2 ITERATIVE SOLUTION METHODS 


Jacobi Iteration Method 

In this method, the unknown u at each grid point is solved in terms of the initial 
guess values or previously computed values. Thus, from (4.1.4), we compute a new value 
of u; j at the new iteration k + 1 level as 


4 = salt 
7 201+ В?) 

where К represents the previously computed values or the initial guesses for the first 
round of computations. The computation is carried out until a specified convergence 
criterion is achieved. 

We may use the newly computed values of the dependent variables to compute the 
neighboring points when available. This process leads to efficient schemes such as the 
Gauss-Seidel method. 


ua; + + (и и jy ћи )] (4.1.6) 


Point Gauss-Seidel Iteration Method 

In this method, the current values of the dependent variables are used to compute 
neighboring points as soon as they are available. This will increase the convergence rate. 
The solution for the independent variables is obtained as 


1 
k+1 

ш = 3138" бај и + Bu + и 233] (4.1.7) 
The k + 1 level on the right-hand side of (4.1.7) indicates that the solution process takes 
advantage of the values at i —1 and j —1 which have just been calculated in the previous 
step. 


Line Gauss-Seidel Iteration Method 
Equation (4.1.5) may be solved for the three unknowns at (i — 1, j), (i, j), (i +1, j), 
as follows: 


ue, – 201 Bul + ukt = B (uk у, + uit) (4.1.8) 


which leads to a tridiagonal matrix. Note that ur. is known at the k + 1 level, whereas 


ur. jii Was determined at the kth level. This method converges faster than the point 
Gauss-Seidel method, but it takes more computer time per iteration. The line iteration 
technique is useful when the variable changes more rapidly in the direction of the 
iteration because of the use of the updated values. 
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Point Successive Over-Relaxation Method (PSOR) 
Convergence of the point Gauss-Seidel method can be accelerated by rearranging 
(4.1.7), 


k+1 k 1 


k+1 2),,k 
Ui j = и; itap fag tu Е В(и а + и 1) = 20 + B^ ] 


(4.1.9) 


The idea is to make u% ру approach икт! faster. To this end, we introduce the relaxation 
parameter, w, to be multiplied to the terms with brackets on the right-hand side of 
(4.1.9), 


k+1 k W uk К+1 k+1 24k 
uj = thy + 3a ppl! hu T EL +B (иу Кит) – 20. + Buk] 
or 
k+1 k W k+1 k+1 
uj = (1 — оји; j + га pal i+1,j +и + p? (ut Uj 41 tuj 1)] (4.1.10) 


where we choose 1 < о < 2 for convergence. This is known as the point successive 
over-relaxation procedure. For certain problems, however, a better convergence may 
be achieved by under-relaxation, where the relaxation parameter is chosen as0 < о < 1. 
Note that for o = 1 we recover the Gauss-Seidel iteration method. 

For a rectangular domain subjected to Dirichlet boundary conditions with constant 
step size, we obtain the optimum relaxation parameter 


2—41-— 
Wapi = — (4.1.11) 
with 
2 
cos ( —" —_ | + B? cos -7 
"m IM-1 JM -1 diy 
= Ер? i 


where JM and JM refer to the maximum numbers of i and j, respectively. Further 
details are found in Wachspress [1966] and Hageman and Young [1981]. 


Line Successive Over-Relaxation Method (LSOR) 

The idea of relaxation may also be applied to the line Gauss-Seidel method, 

eur , -2(14 в ^u + eur ; = -(1- e)[2(1 + В?) иќ, = e? (и 44 + ик! |) 
(4.1.13) 


where an optimum relaxation parameter o can be determined experimentally, or by 
(4.1.11). 


Alternating Direction Implicit (ADI) Method 
In this method, a tridiagonal system is solved for rows first and then followed by 
columns, or vice versa. Toward this end, we recast (4.1.8) into two parts: 


kti ep ki 
ui 204 gy и? = -g(u LE We ;) (4.1.14а) 


4.2 PARABOLIC EQUATIONS 


and 


ki 
Bru и, = 2(1 T В "ur + Bru uL — – (и Tj + йч) а 


Неге (4.1.14a) апа (4.1.14) are solved implicitly in the x-direction апа y-direction, 
respectively. The relaxation parameter о may be introduced to accelerate the 
ч 


кт: k+5 kt} k+ 
ou, £, 20 Bu; eui, = —(1— ®)[2(1+ В?)]н*,— ов и bau) 
(4.1.15a) 
and 
ki ki 
op us Sa —2(1 + В ји! + оВ2и m = —(1—)[2(1 + В? |) ГР oui, + |] 
(4.1.15b) 


with the optimum в being determined experimentally as appropriate for different phys- 
ical problems. 


4.1.3 DIRECT METHOD WITH GAUSSIAN ELIMINATION 


Consider the simultaneous equations resulting from the finite difference approximation 
of (4.1.2) in the form 


Киш + Кри +: ==1 
kyu, + Кид + +++ = 22 (4.1.16) 
Kun: 77 = Ва 


Here, our objective is to transform the system into an upper triangular array. То this 
end, we choose the first row as the “pivot” equation and eliminate the u; term from 
each equation below it. To eliminate иј from the second equation, we multiply the first 
equation by А1 / ki; and subtract it from the second equation. We continue similarly until 
u is eliminated from all equations. We then eliminate u2, u3, ... in the same manner 
until we achieve the upper triangular form, 


ky k2 > > uy 81 
/ б : / 

юз "S pase (4.1.17) 
Kin Un E'n 


It is seen that backsubstitution will determine all unknowns. 
An example for the solution of a typical elliptical equation is shown in Section 4.7.1. 


4.2 PARABOLIC EQUATIONS 


The governing equations for some problems in fluid dynamics, such as unsteady heat 
conduction or boundary layer flows, are parabolic. The finite difference representation 
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ЗАРАДА КАДА AR bk +4 


(b) 
Figure 4.2.1 Fourier representation of the error on interval (—L, L). (a) Error distribution. (b) Maximum and 
minimum wavelength. 


of these equations may be represented in either explicit or implicit schemes, as illus- 
trated below. 


4.2.1 EXPLICIT SCHEMES AND VON NEUMANN STABILITY ANALYSIS 


Forward-Time/Central-Space (FTCS) Method 
A typical parabolic equation is the unsteady diffusion problem characterized by 


ди д?и 


ar ag (4.2.1) 


An explicit finite difference equation scheme for (4.2.1) may be written in the forward 
difference in time and central difference in space (FTCS) as (see Figure 4.2.1a) 


п+1 п n __ п п 
ujt! -ut _ o(un,—2u фи; |) 


= At, Ax? 4.2.2 
" a + ОМ, Ax?) (4.2.2a) 
or 
ul! = и! + (и 2и + и! |) (4.2.2) 
where а is the diffusion number 
aAt 
== 4.2.3 
AX (4.2.3) 


By definition, (4.2.2) is explicit because u/*! at time step n + 1 can be solved explicitly 
in terms of the known quantities at the previous time step п, thus called an explicit 
scheme. 

In order to determine the stability of the solution of finite difference equations, it is 
convenient to expand the difference equation in a Fourier series. Decay or growth of an 
amplification factor indicates whether or not the numerical algorithm is stable. This is 
known as the von Neumann stability analysis [Ortega and Rheinbolt, 1970]. Assuming 


4.2 PARABOLIC EQUATIONS 


"п 


that at any time step n, the computed solution и? is the sum of the exact solution a and 
error e; 


"E (424) 


UP o" P eco VOTE A: 


T рун a) С 


(Writing (4.2.4) — (4.2.6) for the entire domain leads to 


U” =U" + e” (4.2.7) 
with 
£j 1 
=" = | e (4.2.8) 
ei 
О" 4 et! = C(Ü" + е") (4.2.9) 
Е" Се" (4.2.10) 
with 
d (1-24) d 0 0 
С=1+4Е-2+ Е) = |. а (1 — 2d) d 0 (4.2.11) 


0 d а-2а) d 


If the boundary conditions are considered as periodic, the error £" can be decom- 
posed into a Fourier series in space at each time level n. The fundamental frequency 
in a one-dimensional domain between — L and L (Figure 4.2.1) corresponds to the 
maximum wave length of Nmax = 2L. The wave number k = 2п/Х becomes minimum 
as Куп = T/L, whereas the maximum wave number kmax is associated with the short- 
est wavelength à on a mesh with spacing Ax corresponding to Agi; = 2Ax, leading to 
kmax = п/ Ax. Thus, the harmonics on a finite mesh are 


kj = jkmin = jm/L = jm/(NAx) j=0,1,...N (4.242) 
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with Ax = L/N. The highest value of j is equal to the number of mesh intervals N. 
Any finite mesh function, such as e; or the full solution и", can be decomposed into a 
Fourier series 


N N 
e” = 5 а“ У. eae (4.2.13) 
ім јЕ-М 


with J = у —1, £j being the amplitude of the j th harmonic, and the spatial phase angle 
ф is given as 

b= kj Ax = jm/N (4.2.14) 
with = т corresponding to the highest frequency resolvable on the mesh, namely the 
frequency of the wavelength 2Ax. Thus 


N 
ge у quoe (4.2.15) 


j--N 


Substituting (4.2.15) into (4.2.6) yields 


gl. gn eli? — а (пе еф — претњи eet) 
At Ax2 
or 
ent) _ gh — ggn(el* _2 4 671) = 0 (4.2.16) 


The computational scheme is said to be stable if the amplitude of any error harmonic 
€" does not grow in time, that is, if the following ratio holds: 


gn 


[е1 = <1 foralld (4.2.17) 


gn 


where g = &”*! /£" is the amplification factor, andis a function of time step At, frequency, 
and the mesh size Ax. It follows from (4.2.16) that 


2=1+ а(е% – 2 + е“!%) (4.2.18а) 
ог 

g = 1 — 24(1 — соѕф) (4.2.18b) 
Thus, the stability condition is 

psi (4.2.19) 
Or 

1 —2d(1 — cos) > —1 (4.2.20) 
Since the maximum of 1 — cos ф is 2, we arrive at, for stability, 


0<d<1/2 (4.2.21) 


4.2 PARABOLIC EQUATIONS 


The von Neumann stability analysis shown above can be used to determine the 
computational stability properties of other finite difference schemes to be discussed 
subsequently. 


OTHER EXPLICIT SCHEMES 
Richardson Method 
If the diffusion equation (4.2.1) is modeled by the form 
urn — ur e (ur 1 — 2u; + и? 1) 2 2 
IN = a , O(At*, Ах“) (4.2.22) 


This is known as the Richardson method and is unconditionally unstable. 


Dufort-Frankel Method 
The finite difference equation for this method is given by 


T Mis + ur 
umbo y”! «(ut = у= ii ti) 
: — = 4.2.23a 
2At Ах? ( ) 


or 


(1 + 24u7 = (1 – 247! + 2d(u2,, + и? 1), О(АР, Ах, (Ат/Ах)?) 
(4.2.23b) 


This scheme can be shown to be unconditionally stable by the von Neumann stability 
analysis. 


4.2.2 IMPLICIT SCHEMES 


Laasonen Method 

Contrary to the explicit schemes, the solution for implicit schemes involves the 
variables at more than one nodal point for the time step (n+ 1). For example, we 
may write the difference equation for (4.2.1a) in the form 

ш! ш аи ои + ut) 

At Ax? 
This equation is written for all grid points atn + 1 time step, leading to a tridiagonal form. 
The scheme given by (4.2.24) is known as the Laasonen method. This is unconditionally 
stable. 


, O(At, Ax’) (4.2.24) 


Crank-Nicolson Method 
An alternative scheme of (4.2.24) is to replace the diffusion term by an average 
between n and n + 1, 


iU u^ mra gg putti cus — 2u? + и" 
E ЎА 1—1 Е 1+1 i 1—1 


i i+1 
Ах? Ах? 


AU, Ах? 
At 2 | OE ae) 


(4.2.25) 
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This may be rewritten as 


A+B=C+D (4.2.26) 
where 
1 1. 
Е З — и" и utt – и с о(и" , — 2u? + ut) 
(wA C с AU2 7 Е (Ах)? | 
ан = зар +) 
(Ax? 


Note that A — C and B — D represent explicit and implicit scheme, respectively. This 
scheme is known as the Crank-Nicolson method. It is seen that А = C is solved explic- 
Шу for the time step п + 1/2 and the result is substituted into B = D. The scheme is 
unconditionally stable. 


p-Method 
A general form of the finite difference equation for (4.2.1) may be written as 


и! yt B(ubn — 21 + ug (1 — B)y(u^, — 2u? + u?) nno» 
а (Ах + (Ах)? (4.2.27) 


At 
This is known as the B-method. For 1/2 < B < 1, the method is unconditionally stable. 
For В = 1/2, equation (4.2.27) reduces to the Crank-Nicolson scheme, whereas р = 0 
leads to the FTCS method. 
A numerical example for the solution of a typical parabolic equation characterized 
by Couette flow is presented in Section 4.7.2. 


4.2.3 ALTERNATING DIRECTION IMPLICIT (ADI) SCHEMES 


Let us now examine the solution of the two-dimensional diffusion equation, 


ди au ди 
= 0 4.2.28 
at «(с-з = =) ( ) 


with the forward difference in time and the central difference in space (FTCS). We write 
an explicit scheme in the form 


+1 n n n n n n n 
ш) Mij =a MILAN 28 i "id sr ы; ш 20) Е "ij O(At Ax? Ay?) 
At Ax? Ay? ' | ' 
(4.2.29) 
It can be shown that the system is stable if 
1 
dx + dy < 5 (4.2.30) 
Here, diffusion numbers d, and d, are defined as 
At At 
pore = (4.2.31) 


Ax?’ У ду? 


4.2 PARABOLIC EQUATIONS 


For simplicity, let d; = d, = d for Ax = Ay. This will give d < 1/4 for stability, which is 
twice as restrictive. To avoid this restriction, consider an implicit scheme 
+1 п+1 п+1 n+l п+1 п+1 п+1 
и m. uiga j 2м tu lj up Oy + Ui j- 1 

At Ax? Ay? 


(4.2.32) 


or 


а кү, + dy из = (24, + 24, + Dur 4 d, y iaa +d. ‚ин, = –и; (4.2.33) 


This leads to a pentadiagonal system. 
An alternative is to use the alternating direction implicit scheme, by splitting (4.2.25) 
into two equations: 


1 1 1 1 
nts nts nts nts 
Dic esl. и, —2и,, cu, — иу; 
i,j i,j i+1,j i-1,j Ui л Uj j- 1 
= 5 + - (42.342) 
At/2 Ax i 
and 
nri nil n+ ni 
ut ax Qu. 2 +u. 2 и"! _ Зип! E yor! 
i,j ij i+1,j i,j i-1,j i,j+1 1.7 i,j-1 (4.2.34b) 
At /2 Ax? Ay? 


This scheme is unconditionally stable. These two equations can be written in a tridiag- 
onal form as follows: 


n+} 


aed 
-duii + (1+ га ји; ; = фи" aye Фи? ы + (1— 2d»)u; ; + фи; PX 
nit AD CER oe M 
implicit in x-direction explicit in y-direction 
(4.2.35a) 
фи + (1+ 24ф)иўү! — Фи?! = = фи a + (1 – а ји y Pa. Фи" I: 
с зл is) SRM. e GAL. NM NA У 
unknown known 
(4.2.35b) 
where 
1 Толі 
d= MEM —— 
стаде 
1 Толі 
d= d = — 
$27 Фау 


Note that (4.2.35a) is implicit in the x-direction and explicit in the y-direction, known 
as the x-sweep. The solution of (4.2.35a) provides the data for (4.2.35b) so that the 
y-sweep can be carried out in which the solution is implicit in the y-direction and 
explicit in the x-direction. 


4.2.4 APPROXIMATE FACTORIZATION 


The ADI formulation can be shown to be an approximate factorization of the Crank- 
Nicolson scheme. To this end, let us write the Crank-Nicolson scheme for (4.2.25) in 
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the form 
n+1 п+1 1 п 
т ий — 2005 ; ш. ак у МА лије 2u; j + ui aj 
uij И E Ad Ax 
At 2 NM Па. ae и? jay — Зир) tul 
Дуг Ay? 
O(AP, Ax’, ду?) (4.2.36) 
Introducing a compact notation, 
&u; j = Hj41,j — Зи] + Uj-1,; 
Òu = Ui j+1 — 2) uj 
we may rewrite (4.2.36) as 
1 
2 2 nl 2 2 п 
| - Ho ò; + 4,6 2s = -[: + 5 (46 + 45) uj (4.2.37) 


To compare (4.2.37) with the ADI formulation, we use (4.2.36) to rewrite the ADI 
equations as 


n4 5 п+1 
ир — u}, òu; 2 gu и? ; 
2 AP = а n + Age (4.2.38a) 
* 
1 
utt! eu gui But 
ij hi __ Xj y Ui j 
Ar zu bee + АУ (4.2.38b) 
2 
Rearranging (4.2.38a,b) 
1 1 
(1 — e = 0 + zd ЭР (4.2.39a) 
1 2 2 шт! 
1— 5%% и! ='|1+ jd. б; (4.2.39) 


and eliminating u; H between (4.2.39a) and (4.2.39b), 
1 1 
(1 - zaa) ( - jd DE = = (145 + zd a) (: + 555) ий, (4.2.40) 


ог 
1 1 
|: – K & + 4,8) + 14, d мау T es afi + (46; + 4,6) + 164085) и" 
(4.2.41) 
We note that, compared to (4.2.37), the additional term in (4.2.41) 


14, а , 9:6; (ut) nrl — u” ) 


i,j 


4.2 PARABOLIC EQUATIONS 


is smaller than the truncation error of (4.2.37). Thus, it is seen that the ADI formulation 
is an approximate factorization of the Crank-Nicolson scheme. 


4.2.5 FRACTIONAL STEP METHODS 


An approximation of multidimensional problems similar to ADI or approximate 
factorization schemes is also known as the method of fractional steps. This method 
splits the multidimensional equations into a series of one-dimensional equations and 
solves them sequentially. For example, consider a two-dimensional equation 


ди 3u u 
x = o( + =) (4.2.42) 


The Crank-Nicolson scheme for (4.2.36) can be written in two steps: 


1 1 
ij Ui j а LIS, 2u; ; + 1-1, и А 2u; j 23 и) 42.43 
At 2 Ах? Ах? (0 
2 
1 nil +1 +1 +1 n-i n-i n-i 
us -W a игра — 2007 и 1 " шр 2р; T Uj jy 
At 2 Ay? Дуг 
2 
+ О(А?, Ax?, Лу?) (4.2.43b) 


This scheme is unconditionally stable. 


4.2.6 THREE DIMENSIONS 


The ADI method can be extended to three-space dimensions for the time intervals 
n,n+1/3,n+2/3, and n + 1. Consider the unsteady diffusion problem, 


ди u u 9u 
= 4.2.44 
at o( T дуг r =) ( ) 


The three-step FDM equations are written as 


nti n 2, t3 2,,n 2, п 
Us jk МЕ и бир jk " O UP j,k " SU, j,k (4.2.45a) 
At/3 Ax? Ay? А22 
nes n+3 2,3 E 2,3 
Mik Wijk _ ru; j.k Ф буі j,k + бм j,k (4.2.45b) 
At/3 Ах? Ay? Ag 
utt P ak E E guy" 
ijk “i,j,k x7, jk yi, j,k ZU. 5 > E 
=a + + ,  O(At, Ах“, Ду“, Az 
At/3 Ах? Ay? Az ( d ) 


(4.2.45c) 
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This method is conditionally stable with (dy + dy + dz) < 3/2. A more efficient method 
may be derived using the Crank-Nicolson scheme. 


хт, jk + 


* п PE 2,,n 25; до 
пре Ирк _ я 1 бир үк + беш буи? рк бир j,k 
At 2 Ах? Ay? А22 


жж п 2, ж 2n 2, pk 2 п 2, п 
Ui jk Шр _ К 1 ёри, + pur j,k n 1 ёуиѓ* + ӧуи?,. бмк 
М 2 Ах? 2 Луг Az 


nal n Qik 2,,n 

Ит = Иб. 1 би“ ., + òu” 1 : be. 1 el 

5 i,j,k Xp IK X EK yi, ЈЕ i,j,k “К 
«| == Р 


2 Ах? 2 Ay? 2 Az 


2, жж 2,,n 2, п+1 2, п 
беи + бун беи | 


(4.2.46) 


In this scheme, the final solution ut is obtained in terms of the intermediate steps 


ж жж 
иї үк and и? д. 


4.2.7 DIRECT METHOD WITH TRIDIAGONAL MATRIX ALGORITHM 


Consider the implicit FDM discretization for the transient heat conduction equation in 
the form, 


Then Q (qn +1 п+1 
1. Tod а) (4.2.47) 


This may be rewritten as 


a; TH + ЫТ + c; TP = в, (4.2.48) 
with 
aAt 2aAt 
г=< = =, 5b =1+——, = Т" 424 
dj —c Az tZ g i (4.2.49) 


If Dirichlet boundary conditions are applied to this problem, we obtain the following 
tridiagonal form, known as tridiagonal matrix algorithm (ТОМА) or Thomas algorithm 
[Thomas, 1949]: 


b 4 dE = 3 | , Ip gi 

a b о 0 « - : p 82 

0 аз b c4 0 - . qu 83 
* жож > . x [= | ж (4.2.50) 

жо ж ж * * 

* ж  CNT-1 * * 


1 
O > > e s ам бм TA 5м 


4.3 HYPERBOLIC EQUATIONS 


An upper triangular form of the tridiagonal matrix may be obtained as follows: 


by = bi р eg $233.07 


See =й. asd ЗА 
bi. 
SNI 
Tyr; = 2— 
NI bni 
=H H јем-ћ М-2,...,1 
| 


It should be noted that Neumann boundary conditions can also be accommodated 
into this algorithm with the tridiagonal form still maintained. 


4.3 HYPERBOLIC EQUATIONS 


Hyperbolic equations, in general, represent wave propagation. They are given by either 
first order or second order differential equations, which may be approximated in either 
explicit or implicit forms of finite difference equations. Various computational schemes 
are examined below. 


4.3.1 EXPLICIT SCHEMES AND VON NEUMANN STABILITY ANALYSIS 


Euler's Forward Time and Forward Space (FTFS) Approximations 

Consider the first order wave equation (Euler equation) of the form 

ди ди 

= а— = 

ot Ox 
The Euler's forward time and forward space approximation of (4.3.1) is written in the 
FTFS scheme as 


n+1 n n n 
и: — и; и. = и; 
-y =- Б (4.3.2) 


It follows from (4.2.15) and (4.3.2) that the amplification factor assumes the form 


0, a>O0 (4.3.1) 


g-1- C(el? - 1)=1 C(cos~ 1) - ICsin — 1--2C sin? 2 — ICsin (4.3.3) 


with C being the Courant number or CFL number [Courant, Friedrichs, and Lewy, 
1967], 


ам 
Ах 
апа 
2 
le? = 22* = (1 +2C sin? 2) +C sin? $ —1-- 4C(14- C)sin? om (4.3.4) 


where 2" is the complex conjugate of 2. Note that the criterion |g| < 1 for all values of 
ф can not be satisfied (|g| lies outside the unit circle for all values of o, Figure 4.3.1). 
Therefore, the explicit Euler scheme with FTFS is unconditionally unstable. 
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Img Region of Instability 


la 


Region of 
Stability 


ANN QE Hp EUM 


» Reg 


&-(1- С) + C cosp 


Figure 4.3.1 Complex g plane for upwind scheme with unit circle repre- 
senting the stability region. 


Euler's Forward Time and Central Space (FTCS) Approximations 

In this method, Euler's forward time and central space approximation of (4.3.1) is 
used: 

M – и; (и = и? 1) 


wo ~’ m , O(At, Ax) (4.3.5) 


The von Neumann analysis shows that this is also unconditionally unstable. 


Euler's Forward Time and Backward Space (FTBS) Approximations — 

First Order Upwind Scheme 

The Euler's forward time and backward space approximations (also known as up- 
wind method) is given by 

utl. ип и? —=и" 


i _ i 1—1 
A a О(Аг, Ax) (4.3.6) 


The amplification factor takes the form 


g=1-C(1—e-*)=1-C(1— cos) - ICsin$ 
= 1—2Csin’ ? — ІСѕіпф (4.3.7) 
Or 
ф 1/2 

g=ë+Iņ — |јеј= | — 4C(1 — C)sin? d (4.3.8a,b) 
with 

ё= 1-25 ® =(1-С)+С cos b 

n= -Csinó 


4.3 HYPERBOLIC EQUATIONS 


(1) Exact solution (2) Solution with (3) Solution with 
dissipation error dispersion error 
(c) 


Figure 4.3.2 Dissipation and dispersion errors compared to exact solu- 
tion. (a) Dissipation error (amplification factor modulus |g|). (b) Disper- 
sion error (relative phase error, Ф/Ф). (с) Comparison of exact solution 
with dissipation error and dispersion error for shock tube problem. 


which represents the parametric equation of a unit circle centered on the real axis & at 
(1 — C) with radius C (Figure 4.3.1), whereas the modulus of the amplification factor, 
[2], for various values of C are shown in Figure 4.3.2a. 

In this complex plane of g, the stability condition (4.3.7) states that the curve repre- 
senting g for all values of ф = kAx should remain within the unit circle. It is seen that 
the scheme is stable for 


О<р<1 (4.3.9) 


Hence, the scheme (4.3.6) is conditionally stable. Equation (4.3.9) is known as the 
Courant-Friedrich-Lewy (CFL) condition. 

We have so far discussed the amplification factor g which represents dissipation 
error (Figure 4.3.2a). In numerical solutions of finite difference equations, we are also 
concerned with dispersion (phase) error as shown in Figure 4.3.2b. The phase ® as 
determined by the adopted numerical scheme 15 given by the arctangent of the ratio of 
imaginary and real parts of g, 


| —Csind 


ı Im(g) | 
1—C+Ccoso 


= an = 
Ф = tan tan! = = tan 4.3.10) 
Ке() Е | 
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The phase angle Ф is 
&=kaAt=Cob (4.3.11) 
The dispersion error or relative phase error is defined as 


Ф tan ! [(—Csin $)/(1— C+ Ссоѕф)] 
$-g- са (43.12а) 


or 
1 
£y 1— «QC -3C+ 1)9? (4.3.12b) 


As shown in Figure 4.3.2b, the dispersion error is said to be “leading” for & > 1. 

The dissipation error and dispersion error for a shock tube problem can be compared 
to the exact solution. This is demonstrated in Figure 4.3.2c. Here, we must choose com- 
putational schemes such that dissipation and dispersion errors are as small as possible. 
To this end, we review the following well-known methods. 


Lax Method 
In this method, an average value of и? in the Euler's FTCS is used: 
n 1 n n C n n 
uit = (ш Бип) – (ш ei) (4.3.13) 


The уоп Neumann stability analysis shows that this scheme is stable for С < 1. 


Midpoint Leapfrog Method 
Central differences for both time and spaces are used in this method: 
ut 5—-up afu,- ua) 
i i i i-V O(A Ax? 4.3.14 
2At 2Ax Var а 


This scheme is stable for С < 1. It has a second order accuracy, but requires two sets 
of initial values when the starter solution can provide only one set of initial data. This 
may lead to two independent solutions which are inaccurate. 


Lax-Wendroff Method 
In this method, we utilize the finite difference equation derived from Taylor series, 


(x, + At) 2 u(x, t)+ 0 + Lo А? + O(AP) (4.3.15a) 
u(x, =u(x, — i 3. 
at 2! ot? 
or 
ди 1 д?и 
nl. „n ce 2 3 
uj =u} + 3r At + 21215 At^ + O(At)) (4.3.15b) 


Differentiating (4.3.1) with respect to time yields 


9?u д (ди » ди 
am az (57) =a 952 (4.3.16) 


4.3 HYPERBOLIC EQUATIONS 


Substituting (4.3.1) and (4.3.16) into (4.3.15b) leads to 


a AP 
TTET a JE (« У (4.3.17) 


дх 2 дх2 


Using central differencing of the second order for the spatial derivative, we obtain 


ur, — и; 1 и | — ги! и; 
ы aA CE. e еј | === к=, JUDA А? 
1 1 2Ах + 2( ) (Ах)? ( ) 


(4.3.18) 
This method is stable for C < 1. 


4.3.2 IMPLICIT SCHEMES 


Implicit schemes for approximating (4.3.1) are unconditionally stable. Two representa- 
tive implicit schemes are Euler's FTCS method and the Crank-Nicolson method. 


Euler's FTCS Method 
um 7 иу —a n п 
= >л Un ur) O(At, Ax) (4.3.19) 
Or 
C C 
Uu ш ши = и (43.20) 
Crank-Nicolson Method 
utt — u” aput = ut wt =u” 
i = = 2 Е L4 x |] O(AP, Ax?) (4.3.21) 
Or 
C C C С 
DU ult EMI = gua ul + PLUS (4.3.22) 


Examples of the numerical solution procedure for a typical first order hyperbolic 
equation using the explicit and implicit schemes are shown in Section 4.7.3. 


4.3.3  MULTISTEP (SPLITTING, PREDICTOR-CORRECTOR) METHODS 


Computational stability, convergence, and accuracy may be improved using multistep 
(intermediate step between n and n + 1) schemes, such as Richtmyer, Lax-Wendroff, 
and McCormack methods. The two-step schemes for these methods are shown below. 


Richtmyer Multistep Scheme 
Step 1 


n n 
ue 5 ta +и" 1) = (и! | — ut) (4.3.23а) 
At/2 2Ах 
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Step 2 
1 1 

gU eg CM = и") 

: = 4.3.236 

At “Fax ( ) 
These equations сап be rearranged in the form 

Step 1 

nti 1 п п С п п 
и em 5 (ич +и" 1) – zn — и 1) (4.3.24a) 
Step 2 

nil РА С nil nri 2 2 
uj -—u,— (шы —d | ) O(At^, Ax^) (4.3.24b) 

This scheme is stable for C < 2. 

Lax-Wendroff Multistep Scheme 
Step 1 

n+ 3 1 n n C n n 2 2 

Bi 5 ta + uj) – > ta — иу), O(AC, Ax’) (4.3.25а) 
Step 2 

1 1 

uy C (ит =й | || O(AP, Ax?) (4.3.25b) 


The stability condition is C < 1. Note that substitution of (4.3.25a) into (4.3.25b) re- 
covers the original Lax-Wendroff equation (4.3.18). The same result is obtained with 
(4.3.24a) and (4.3.24b). 


MacCormack Multistep Scheme 


1 

Here we consider an intermediate step u* which is related to ye? н 

nth 1 

"2 5 (ui + и7) (4.3.26) 
Step 1 

* gt и" — и; 
"i — Lagi 2: ) (4.3.27а) 

х 

Step 2 
uti — ar (u? — их ) 

ХЕРЕ. = -a~ А = (4.3.27b) 

x 


Substituting (4.3.26) into (4.3.27b) yields 


Predictor 
и? = и? – Cua — и") (4.3.28а) 


і 


4.3 HYPERBOLIC EQUATIONS 


Corrector 
1 
ur" = [ure uf) Сии). OAP, Ax’) и 


with the stability criterion of С < 1. 
The MacCormack multistep method is well suited for nonlinear problems. It be- 
comes equivalent to the Lax-Wendroff method for linear problems. 


4.3.4 NONLINEAR PROBLEMS 


A classical nonlinear first order hyperbolic equation is the Euler’s equation 


ди ди 

— =—и— 432 

ot 4 дх ( 9) 
which in conservation form тау be written as 

ди д (u? 

аш = (5) (4.3.30a) 
or 

д OF 

S LIU with F-(l (4.3.30b) 

ot Ox 2 


The solution of (4.3.30b) may be obtained by several methods: Lax method, Lax- 
Wendroff method, MacCormack method, and Beam-Warming implicit method. These 
are described below. 


Lax Method 
In this method, the FTCS differencing scheme is used. 
п+1 ут п __ Е" 
и; и; id li 2 
= , O(At, A 4.3.31 
At 2Ax ( 2) ( ) 


To maintain stability, we replace и? by its average, 


1 At 
ке ga Бира) – 27 (Еа Fu) (4.3.32) 
ог 
Те» At „ла n \2 
up = 5a +и у) = gag н) - (и) ] (4333) 
The solution will be stable if 
x Umax| < 1 (4.3.34) 


Lax-Wendroff Method 
In this method, the finite difference equation is derived from the Taylor series 
expansion, 
ди 1 u 


и = u? + эгА + ЛЕТЕ а (4.3.35) 
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84 
Using (4.3.30b) we have 
92 д (ОВ д (ОВ 
"= = (4.3.36) 
at? at \ ax ax \ дї 
where 
F Е Е Е F 
= „ = end (4.3.37) 
дї ди дї ди дх дх 
with A being the Jacobian. 
oF д (i 
А= du = =(5) =u (4.3.38) 
Thus 
? F F 
uA NT а Ба (4.3.39) 
at? дх дх ax \ Ox 


Substituting (4.3.39) and (4.3.30b) into (4.3.35) yields 
Е д PX А? 
: ) (45) — + О(А?) 


n+1 n 
БЕ = —— |At 4- — 
"i '«( 9 tax у) 2 
or 
ut — уп Е Әү ƏF\At 
i = O(AP 
At tal к) + (Ar) 
Approximating the spatial derivatives by central differencing of order 2, 
meh y} а At aF\" aF\" 
a Ман = Ml uo Ич A A (4.3.40) 
At 2Ах 2Ах Ox / jui Ox J j_1 
The last term above is approximated as 
OF 4 дЕ 2 п T п 
(45) - (422) m RE oe Е 
Ox Ла on Jit em Ax i-5 _ Ax 
Ax Е Ах 
1 1 
(Ап + AP (FP, — FP) — — (A + A (Fr — Е" 
= TE. а + P) i41 ") TE. i t ai i y (4.3.41) 
Ах Шш 
For А = и, we obtain 
АГ 
n+1 n 
и =; = TF. НЙ - Е? 1) 
1 л? п п п п п п п п 
10 (uf, , +u?) (Fi, — Р) – (ии? 1)(Е'- Е) (4.3.42) 


This is second order accurate with the stability requirement, 


At 
<1 


| Итах| © 


Ах 


4.3 HYPERBOLIC EQUATIONS 


MacCormack Method 
In this method, the multilevel scheme is used as given by 
At 
uf at = A (Fh - К) (4.3.43a) 
|. Аї " 
uf = [+ - or ro] (43.436) 


Because of the two-level splitting, the solution performs better than the Lax method 
or the Lax-Wendroff method. One of the most widely used implicit schemes is the 
Beam-Warming method, discussed below. 


Beam-Warming Implicit Method 
Let us consider the Taylor series expansion, 


2 2 


д д At 
u(x, t+ At) =u(x, t)+ | Agee m — JO(AP) (4.3.44) 
Ot |, dt |., 2 
and 
д д? At? 
u(x, t)=u(x,t+ At) - —— e A O(AP) (4.3.45) 
д x,t+ At at x,t+ At 2! 
Subtracting (4.3.45) from (4.3.44) 
д д 
2u(x,t+ At) = 2u(x,t)+ = At+ as At 
ді xt ді x,t+ At 
u| Мм? 2? At? 
- ш — +О(А?) 
OF |ы А РРА 
or 
1 | /дих“ Juj t! 1 | /огих" a2u\"t1 | Ag 
п+1 п 3 
nas emite — At O(At 
E e (5) та Gal (57), 2! ac 
where 


uN T! (guy. da (дим ә 
(22). = (32) *z (az) «ou 


Thus, we arrive at 


1| /ðu\” уди? 
n+1 n 3 
rt su + = | ( — — At + O(At 4.3.46 
3) @). "en in 
For the model equation 
F 
ди дЕ (4.3.47) 
ot Ox 
Using (4.3.46) in (4.3.47), we obtain 
utlu 1|/дЕ\" (ar\"*" 
i Po AP 4.3.48 
At TORG) TOLA ( ) 


This indicates that (4.3.48) leads to the second order accuracy. 
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Recall that the nonlinear term F = u? /2 was applied at the known time level n, and 
the resulting FDE in explicit form was linear. The resulting FDE in implicit formulation 
is nonlinear, and therefore a procedure is used to linearize the FDE. To this end, we 
write a Taylor series for F(t + At) in the form 


F 
F(t+ At) = F(t)+ oat + O(A?’) 


OF ди 
= F(t)+ ——At At? 
()+ ди 01 TOL ) 


or 
дЕ и" L1, уп 
Е" риф за (Mu )лг+о(лг) (4.3.49) 
ди Аї 
Taking a partial derivative of (4.3.49) yields 
Е п+1 дЕ п ә 
— =(—) +—[А(и"+! — u”)] (4.3.50) 
дх дх дх 


Combining (4.3.48) and (4.3.50) gives 


utl ил 1 дЕ " дЕ ý д п+1 п 
ы - E) + (32) "мн m] 


utl = и" — nb) + 2 faut —u)]] (4.3.51) 


Using a second order central differencing for the terms with A on the right-hand side 
of (4.3.51) and linearizing, we obtain 


п п п п п+1 
ge ES a Ea) Ai gti- Ат Qu 1 


or 


м: 2Ах 2Ах 
Aia ш» - Е pu | (4.3.52) 
Modifying (4.3.52) to a tridiagonal form 
-A A uti и“ + по Аи шү 
"E Fa) + eA ada. 4Ax — Ыт, (43.53) 


This scheme is second order accurate, unconditionally stable, but dispersion errors may 
arise. To prevent this, a fourth order smoothing (damping) term is explicitly added: 


w 
n n n n n 
D = -g ta = Aur, + би? — 4и? + и"), 


with 0 < о < 1. Since the added damping term is of fourth order, it does not affect the 
second order accuracy of the method. 


4.4 BURGERS’ EQUATION 


4.3.5 SECOND ORDER ONE-DIMENSIONAL WAVE EQUATIONS 
Let us consider the second order one-dimensional wave equation, 


доби 


dag 4.3.54 
on ax ( ) 
Here we require two sets of initial conditions, 
u(x, 0) = f(x) 
ди 
—(x,0)= 
5; 6.0) = gx) 
and two sets of boundary conditions, 
u(0, t) = Ai(t) 
u(L, t) = h(t) 
We may use the midpoint leapfrog method for this problem, 
ul! = 2и" — ul! C ,-2u и" |) (4.3.55) 
au(x, 0 
If we choose gue — 0, then 
ujt sur —0 
2At 
or 
as = yi} 
Thus, from (4.3.55), we obtain 
1 
и? = yt + те (и? 1 — 2u? + uj) (4.3.56) 


This is called the midpoint leapfrog method. An example problem for the second order 
hyperbolic equation is demonstrated in Section 4.7.4. 


4.4 BURGERS’ EQUATION 


The Burgers’ equation is a special form of the momentum equation for irrotational, 
incompressible flows in which pressure gradients are neglected. It is informative to 
study this equation in the one-dimensional case before we launch upon full-scale CFD 
problems. 

Consider the Burgers’ equation written in various forms: 


ди ðu 8 
bag ep (44.1) 


Rn t er (4.4.2) 


(44.3) 
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with F = 1/2 из. These equations are mixed hyperbolic, elliptic, and parabolic types. 
If steady state is considered, then they become mixed hyperbolic and elliptic equa- 
tions. Because of these special properties, various solution schemes have been tested 
extensively for the Burgers’ equations. In what follows, we shall examine some of the 
well-known numerical schemes. 


4.41 EXPLICIT AND IMPLICIT SCHEMES 


FTCS Explicit Scheme 

In this scheme (FTCS), approximations of forward differences in time and central 
differences in space are used: 
n+1 n п п п п п 
ү тщ; И Ш uj, 2и t и 1 

а = 444 
At" ФАХ и Ах? St 


и 


where the truncation error is O(At, Ах?). The central difference for the convective 
term tends to introduce significant damping. 


FTBS Explicit Scheme 

This is the same as in FTCS except that backward differences are used for the 
convective term, 

up и И „ы — 2и} +и 


1 
а 
Аї т Ах Ах? 


(4.4.5) 


Here the first order approximation of the convective term may introduce ап excessive 
dissipation error. A compromise is to use higher order schemes such as (3.2.20) for 
the second order. With (3.2.1) modified for four points, the third order scheme may be 


written as 
gp" – и? m Пи; — 18и; 1 + Зи; 2 — 2и; 3 _ Via = ги; cuj (44.6) 
At 6Ax Ax2 
DuFort-Frankel Explicit Scheme 
In this scheme, we use second order central differences for all derivatives, 
n — n n n —1 п+1 п 
шен _ и" 1 +а + — и; 1 = „на = (и; + А ) + ип | 
2At 2Ax Ах? 
At \? 
o(ar. A", (=) | (4.4.7a) 
Ах 
ог 
1—24 C 4- 2d C —2d 
nl = n-l n n 4.4.7b 
" (1524) + (aa) (Тс) Cay 


This is stable for C < 1. 


4.4 BURGERS’ EQUATION 


MacCormack Explicit Scheme 
The two-step or predictor-corrector scheme is written as 


Step 1 
* п At п п At n n 
uj =u – а (u — uf) +0 2 (и! = 2u + uf 4) (4.4.82) 
Step 2 
1 At At 
1 * * 
и! = 2 E + и; — а (и; — и; 1)+ vaim — ги; + Zl (4.4.8b) 


This method is second order accurate with the stability requirement 


1 
Ax Ax? 

The following alternate form may be used: 
Step 1 

n At n n vAt п п п 
Ди; = Ма (иы — иу) + Ai (иы — 207 + uj 1) 

и; = и; + Ди; (4.4.10a) 

Step 2 

В At а VAL, , " 
Au; — —а-—(иї — и) + хуз а — 2uj + uj 4) 

1 

иі = 5 (и! + иу + Лир) (4.4.10b) 


MacCormack Implicit Scheme 
One of the most frequently used implicit schemes is the MacCormack scheme. 


Step 1 
At " At. , 
и? = и? + би; (4.4.11a) 
Step 2 


At | P 


1 
ur = 5 ul dk и; Es ёи") (4.4.115) 


уућеге 


1 2v Ах 
N= 0 4412 
ЕСЕ A) | ( ) 
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Note that equations (4.4.11a,b) form a tridiagonal system. The method is uncondition- 
ally stable and second order accurate as long as the diffusion number, d = v At / Ах“, is 
bounded for the limiting process for which Аг and Ax approach zero. 


4.4.2 RUNGE-KUTTA METHOD 


The transient nonlinear inviscid Burgers’ equation can be written as 


д 
ot Ox 
Or 
ди SP lg pez 
ot Ox 2 


For nonlinear transient problems, the Runge-Kutta method is known to be efficient 
and has been used extensively. This method is briefly introduced below. 
Let us consider an equation of the type 


ди 
т = К(и) (4.4.13) 


Опе of the popular approaches is the fourth order Runge-Kutta scheme written as 


Step 1 


Step 3 
u® = u” + AtR® 
Step 4 


Аї 
u”! = u” + wu +2800) L2 RO + R9) (4.4.14) 


with 
RO = R(t, 10) 
RO = мг? u) 
RO = R(t”, и®)) 


It is seen that higher order Runge-Kutta schemes require more steps for the evalu- 
ation of К(и), resulting in additional computer time requirements. 

An example of the solution procedure for the nonlinear Burgers’ equation is pre- 
sented in Section 4.7.5. 
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451 SOLUTION METHODS 


As a result of FDM formulations, we obtain linear or nonlinear simultaneous algebraic 
equations which must be solved. As we discussed in previous sections, either direct 
methods or iterative methods may be used. Recall that, as direct methods, we examined 
the Gaussian elimination in Section 4.1.3 and the Thomas algorithm (tridiagonal matrix 
algorithm, ТОМА) in Section 4.2.7. We also discussed the Runge-Kutta method in 
Section 4.4.2 for the nonlinear time dependent equations. 

In general, the number of arithmetic operations of a direct method can be very 
high particularly for a large system of equations — much larger than the total number 
of operations in an iterative method. Therefore, for fluid mechanics problems with 
nonlinear sparse matrices, it is more convenient, and often necessary, to work with 
iterative methods. 

There are many iterative methods other than those already introduced in the earlier 
sections of this chapter. They include conjugate gradient method, generalized minimum 
residual (GMRES) algorithm, and multigrid method. These methods are well docu- 
mented in the literature. Among them are Varga [1962], Wachspress [1966], Dahlquist 
and Bjork [1974], and Saad [1996]. 

Some of these advanced iterative methods will be presented in Parts Three and 
Four. Conjugate gradient method, generalized minimum residual method, and multigrid 
method are presented in Sections 10.3.1, 11.5.2, and 20.2, respectively. This is because of 
the convenience of presentation as appropriate to the topical arrangements of this book. 
Матеју, the iterative solution methods are included in Part Three since the element- 
by element method of FEM assembly requires special treatments of iterative solution 
procedures, whereas the multigrid method is included in Part Four as it is related to other 
topics including automatic grid generation. Newton-Raphson methods for nonlinear 
algebraic equations are discussed in Section 11.5.1. Thus, the reader may find it useful 
in visiting these sections as needed for his/her studies in FDM, Part Two. 


4.5.2 EVALUATION OF SOURCES OF ERRORS 


Recall that computational errors were discussed in terms of an amplification factor g 
in Sections 4.2 and 4.3. For g « 1, the result is numerical diffusion (sometimes known 
as numerical damping or numerical dissipation). On the other hand, for 2 > 1, the 
result is numerical instability. Both of these cases lead to amplitude errors as shown in 
Figure 4.5.1, which may be equivalent to the severely damped shock wave as depicted 
in Figure 4.3.2c(2). 

If waves of different wavelengths travel in a medium, such a phenomenon is known 
as dispersion. The dispersion arises from discrete spatial approximations and results in a 
numerical error, called the numerical dispersion or phase error as shown in Figure 4.5.1b 
or Figure 4.3.2c(3). The dispersion error occurs in convection or wave equations, but 
not in diffusion equations. 

In numerical simulations, the so-called Gibb's phenomenon occurs due to discretiza- 
tion of the domain by a limited number of nodal points (Figure 4.5.1c). They appear as 
overshoots and undershoots near the steep gradients, similar to the diffusion errors. 
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A A 
1| 1| 
u(x) u(x) 
0 > 0 > 
x х 
(a) Dissipation error (b) Dispersion error 
A 
1 aA 
u(x) 
и 
0 > 
X 


(с) Gibb’s error 
Figure 4.5.1 Various numerical errors. 


Next we shall discuss these errors, which are associated with the diffusion transport 
and convection transport equations. 


Diffusive Transport 
Parabolic equations represent the diffusion process associated with both spatial and 
temporal variations. A general form of (4.2.2a) may be written in the form 


u't—w að ' «(1—0 
= (eti — Qu) 1+ utti) + = я — 2u} +u? a) (45.1) 
with 0 « 0 < 1. 


The method is fully explicit for Ө = 0 and partially implicit for 0 <0 <1, with 0 =1 
being fully implicit. The scheme with 0 = 1/2, known as the centered scheme, provides 
reasonably stable and accurate solutions in general. 

Using the definitions given in (4.2.12-4.2.15), the analytical solution of the diffusion 
equation (4.2.1) may be written in the form 


u(x,t) = u(t)e* (4.5.2) 
or 

u(x, t) = uge е! (4.5.3) 
Substituting (4.5.2) into (4.5.1) and using the definition of the amplification factor 
(4.2.17), we obtain the amplification factor for various values of 0, 


1 — d(1— 9)(1 — соѕ(КАх))] 
1816 = ( X ( ))] (4.5.4) 
[1+ d6(1 — cos(kAx))]!/ 
The amplification factors for explicit scheme (Е), centered scheme (С), and fully 
implicit scheme (I) for 0 = 0,0 = 1/2, 0 = 1 are shown in Figure 4.5.2. It is seen that the 
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explicit and centered schemes behave irregularly for high values of diffusion number, 
whereas the fully implicit scheme is stable. 

For multidimensional problems, the implicit method requires the inversion of large 
and sparse matrix equations and is computationally expensive. Although the solution 
may be stable with large time steps, numerical diffusion becomes excessive, resulting in 
inaccuracy. On the other hand, the explicit scheme is less expensive, but small time steps 
are necessary in order to achieve accuracy. The amplitude errors are significant in the 
diffusive transport equations, whereas dispersion errors and Gibb’s errors dominate in 
the convective transport equations. 


Convective Transport 
Hyperbolic equations represent convection and wave phenomena. A typical con- 
vection equation may be written in the finite difference form 


utl — u” (ut — ur) (и! и" ) 
i i gin i-l 1—9)—H "i1 4.5.5 
At а 2Ах a ) 2Ax ( ) 
or in terms of the Courant number C = aAt/Ax. 
0C 1—9)C 
unt + = (мр — wt) =u! ( 5 ) (uf, и? 1) (4.5.6) 


Note that the values of u at n + 1 for 8 > 0 (implicit scheme) are calculated іп terms 
of the values at n, but are involved in three different spatial locations, resulting in a 


€ 
0.5 E 0.5 
с 
Е 
oł Е 03 
0 1.57 3.14 0 1.57 3.14 
(a) d=0.5 (b) d=1 
424 
0.5 
| 
c 
E 
0 
0 1.57 3.14 
(с) d=1.25 


Figure 4.5.2 Amplification factors for diffusion equation, E = explicit, С = cen- 
tered, / = fully implicit. 
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tridiagonal matrix. Although the explicit scheme (Ө = 0) reduces to a simple algebraic 
equation, computational difficulties in stability and accuracy are likely to occur. 

In view of (4.2.15), (4.3.3), and (4.5.6), the amplification factors for 0 = 0, 0 = 1/2, 
and 0 = 1 can be written in the form, respectively, 


јаје = |1 — ICsin(kAx)| (4.5.7) 
1— 15 sin(kAx) 

Isle = =g . = (4.5.8) 
1+ I5 sin(kAx) 

|812 = | (4.5.9) 

8u = TE TC sin(kAx) = 


Similarly, using (4.3.18), the amplification factor for the Lax-Wendroff scheme is derived 
in the form, 


је]; =|1— C?(1— cos(kAx)) — IC sin(kAx)| (4.5.10) 


These results (Figure 4.5.3) show that the explicit scheme performs poorly in the 
region КАх = п/2, whereas the Lax-Wendroff scheme behaves quite satisfactorily in the 
high wave number region. 

As seen in other schemes studied in Section 3, computational errors including ampli- 
tude errors, dispersion errors, and Gibb’s errors must be carefully examined, particularly 
in multidimensional problems. Some of the schemes used in one-dimensional problems 
may be extended to multidimensional problems, although the conclusions reached for 
one-dimensional problems discussed here are by no means universally applicable. In 
order to deal with more complicated geometries and physical aspects in CFD, many 
other schemes and methodologies will be explored in Chapters 5 and 6 (incompressible 
flows and compressible flows, respectively) and in FEM, Part Three. 


4.6 COORDINATE TRANSFORMATION FOR ARBITRARY GEOMETRIES 


Finite difference formulas developed in Chapter 3 and finite difference solution schemes 
discussed so far are applicable only to rectangular cartesian coordinates. If grids are ori- 
ented in arbitrary directions of 2-D or 3-D geometries, then it is necessary to transform 
the arbitrary physical domain into the computational domain of a rectangular cartesian 
system so that finite difference equations can be written in orthogonal directions. Such 
transformations are possible as long as the entire grid system is structured. 


4.6.1 DETERMINATION OF JACOBIANS AND TRANSFORMED EQUATIONS 


Let us consider for simplicity a two-dimensional coordinate system of the physical 
domain (х, y), and the computational domain (ë and ту) as shown in Figure 4.6.1. We 
begin with spatial derivatives of any variable with respect to & and nas 

д _ д Ox д ду 

dé дхдё OY DE 

д _ д Ox д ду 

ду дхдт ym 
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lel, 


lel, 1 


0.9 


0.9 


e|, = [+ 1Сзщ(ХАх)| 


(a) Explicit (0=0) 


1-1 £ sin(kAx) 
lel 2|—2— — 
8 e С 
1+1 > sin(kAx) 


(b) Centered (0=1/2) 


1 
lel, = 


1+ IC sin(kAx) 


(c) Fully implicit (071) 


lel, = C^ à — coskA3)) – Сіп) 


п/2 T 


(d) Lax-Wendroff (6 = КАх) 


Figure 4.5.3 Amplification factors. 
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Figure 4.6.1 


> > 
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Transformation from curvilinear grid system into rectangu- 


lar grid system. (a) Original curvilinear grid. (b) Transformed cartesian 


grid. 
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д дх ду д 
дё дё дё ax | _ дх 
а | = ах зау 91 = [7] 9 (4.6.1) 
an дт an ду ду 
where [J] is the Jacobian matrix 
дх ду 
_ | 9€ 08 
MIS) ax ay 
дт дт 
Thus 
д ду —ду д 
ох | _ 1 | æm dé дё 
д | q[||-àx ох д (69) 
ду дт дё дт 


Second derivatives of (4.6.2) are given by 


2 _ 1 fay a „ду ay 92 ду“ 92 
dx? 77 | (22) a? Әдтдё DEIN (2) дт 
ду y Әдуа?у\ д ду Əy  дудгућд 
(т дё s) E д&дт mae?) | 
1 [/dy\7a|J| ә дудуд|/| д ay dyalJ| д ду 8|J| 8 
75109) д8 054 дтдё DE 0m ддт ðN DE (22) an i 
(4.6.3a) 
92 1 [f/üxV 92 дхдх д? ax\* д? 
= 2 + 
дуг ae.) ag? дт 9& дёдт (52) дур 
дх Ox | дхдху д dx Ox Әдхд?х\ д 
"ms ы ms] 
1 F/8xM|J| ә 8x8x98|J| ә ax dx 9|J| a ax\7a|J| a 
75109) д& 054 доб 06 дт DE 0m дт e+ (Fe) дт 4 
(4.6.3b) 
where 
9|J| _ д (ax ay dy dx 
dé = (ж Әт дё =) 
дехду ax y  O?y0x ду əx 
— 92 әт" DE DEIN EZ? On 0E 96дп 
9|] Әә (ax dy dy ax 
an a ðn dé 3 
əx dy | 0x0?y Әд?у Әх дуд?х 
— agaman | EAN? INDE In 96 dW 


4.6 COORDINATE TRANSFORMATION FOR ARBITRARY GEOMETRIES 


Consider the governing equations in the form 


9U 90 aU U 970 
( ) r=0 


4.6.4 
ot " Ox МЕТ ( ) 


Applying (4.6.3) to (4.6.4) yields 


aU 090, дЫ 1 (PU 6020, au), 90, au = 
v == 
a "aw ay | s? EO” Op PaE Tan 
(4.6.5) 


JI 

1 

J 

1 3 2 92 2 2 2 2 
“= (222 2b ess) +E (ars o> cmi) 

JPL an\ 0&2 atan дтр dn \ aE? atan дтр 

1 [ду Su д?х 8?x ax ү Әд?у 82y 8?y 

2b 2b 
| sg rc) d dean | OW | 


2 2 
= 5 
дт дт 


дхдх дуду 
dE дт дё OH 


4.6.2 APPLICATION OF NEUMANN BOUNDARY CONDITIONS 


Neumann boundary conditions are applied in the transformed coordinates based on the 
same procedure described above. For example, let us consider the gradient of U with 
respect to n. 


ðU _ о0дх dU dy 


= (4.6.6) 
an Ox дт ду дт 


aU д д 
Using a first order backward difference for —, с апа 2A we have 


дт дт an 
U; j —Uij-  9Uxi;—xij 4 aU yi j — Yi,j-1 


An ox Ат ду Ат 
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or 


aU aU 
U;;-—U;; — А — А 4.6.7 
Jj Jac ax x+ Эу y ( ) 


4.6.3 SOLUTION BY МАССОВМАСК METHOD 


The transformed governing equations (4.6.5) may be solved using the MacCormack 
method as follows: 


Predictor 
U; = 0; + ar (uz > эя), 
а) оаа ор em 
Corrector 
pU (0, +) + >| Gs 24 


Atf 1 ? : ? * Af 
v («7 jp U "m >) uem aU gu 
2 |J?N дё? д&дт\ дтр 
(4.6.8b) 


It is now clear that the solution of the governing equation (4.6.4) is replaced by the 
solution of transformed equation (4.6.5) in which finite difference formulas of Chapter 3 
can be used using the grid system of Figure 4.6.1b. This cumbersome procedure can be 
avoided if finite volume methods (Chapter 7) or finite element methods (Part Three) 
are used. 


4.7 EXAMPLE PROBLEMS 


The purpose of this chapter was to list or summarize the existing numerical schemes 
for later references in forthcoming chapters. Thus, examples shown in this section are 
limited to simple problems for the benefit of the uninitiated reader. 


4.7.1 ELLIPTIC EQUATION (HEAT CONDUCTION) 


In this example, we demonstrate the solution of steady state heat conduction, 


ФР ТО 


ве а 


with the geometry and boundary conditions as shown in Figure 4.7.1.1a. The analytical 
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~ 
| 
© 


Н=1 | T=0 40 х 20 тезћ T=0 


1 Temperature (R) 
= 
Е 187. 
Е 175, 
D 182. 
= с 150. 
= B 197. 
8 А 125. 
@ 9 112. 
2 8 100. 
а 7 875 
> 6 75.0 
5 625 
4 500 
з 375 
2 250 
1 12.5 


X Distance (ft) 


(b) 


Figure 4.7.1.1 Heat conduction problem. (a) Geometry and discretization (40 x 20 mesh). 
(b) Computed results. 


solution is given by 


. _ пт(Н—у) 
N 4 ¢_4)\n Sinh ———— 
т=з | 2 У" 17 CD L sin 7% 
пт _, av L 
п=1 sinh 


Required: Solve using the point successive over-relaxation (PSOR). 


Solution: The results for 40 x 20 mesh are shown in Figure 4.7.1.1b. The optimum 
relaxation parameter in this case is œ = 1.7. The average error is approximately 0.5% 
as compared with the analytical solution (N = 100). 


Remarks: For this simple problem, all methods introduced in this section will provide 
similar results. 
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Top Plate Fixed 


H=40 mm 


Fluid Motion 
Bottom Plate 
(a) 


At=0.002 sec,v=0.000217 At=0.00232 sec,v-0.000217 
į , xX— xe | ` ' 


0.04 || 
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G———8 t21.0 
E E оог 
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i " А Ds 0.00 
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(c) 
Figure 4.7.2.1 


Couette flow. (a) Couette flow geometry. (b) Velocity profiles for FTCS explicit method 
(40 elements). (с) Velocity profiles for Crank-Nicolson method (40 elements). 


4.7.2 PARABOLIC EQUATION (COUETTE FLOW) 


Consider the Couette flow characterized by the parabolic equation, 
д д? 
=Œ 0280, v= 0.000217 m?/s 
at ду? 


with the geometry given in Figure 4.7.2.1а and 
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и = и) = 40 m/s, у=0 


Initial conditions at t = 0 |, =й Оу = 


и = и, = 40/5, 


m у=0 
Boundary conditions at t > 0 | = veh 


Required: Solve by FTCS and Crank-Nicolson methods with the initial and bound- 
ary conditions as shown below. 


Solution: The results are shown in Figure 4.7.2.1b. As expected, FTCS for 
d = .5034 > 1/2 is unstable whereas Crank-Nicolson gives stable results regardless of 
diffusion number ranges. 


4.4.3 HYPERBOLIC EQUATION (FIRST ORDER WAVE EQUATION) 


The governing equation is given by 


СМ qd yee” 
ot Ox $ 
with 
u(x) =0 0 <х < 50 
iti iti = . _(х—50) 
Initial conditions at t = 0 u(x) = 100sin п 50 < х < 110 
и(х)=0 110 < х < 300 
u(x)=0 х=0 
Boundary conditions at t > 0 
u(x)20 x=L 


Explicit Schemes 


Required: Solve by explicit schemes, (a) first order upwind scheme (FTBS), 
(b) Lax-Wendroff scheme, and FTCS implicit scheme. 


Ax =5, At = 0.01666 (C = 0.9996) (CFL number) 

Ах = 5, At = 0.015 (С = 0.9) 

Ах = 5 At = 0.0075 (C = 0.45) 

Solution: The results are as shown in Figure 4.7.3.1. Note that the exact solution is 


obtained for both methods for С = 1. However, as С decreases, FTBS becomes dissi- 
pative, whereas the Lax-Wendroff scheme (second order accurate) becomes dispersive. 


Implicit Schemes 


Required: Solve by implicit scheme (FTCS). 


Solution: The results are shown in Figure 4.7.3.2. This scheme is very dissipative at 
high C values. Although unconditionally stable, the results are poor, particularly with 
large time steps (large Courant number). 
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Figure 4.7.3.1 Solutions of first order wave 
(a) equation by FTBS and Lax-Wendroff 
100 schemes, 60 nodes. (a) First order upwind 
(FTBS). (b) Lax-Wendroff scheme. 
80 - 
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Figure 4.7.3.2 Solution of first order wave equation by FTCS implicit scheme. 


4.7 EXAMPLE PROBLEMS 


4.7.4 HYPERBOLIC EQUATION (SECOND ORDER WAVE EQUATION) 


Тће second order wave equation is considered in this example. 


Two sets of initial conditions are required: 


Initial conditions 

u(x) = 0 0 « x < 100 
— 100 

(a) att=0 u(x) = 100sin [27| 100 < х < 220 

и(х) = 0 220 < х < 300 
д 

Фуа 0 2409 29 

дї 


Boundary conditions 
u(x) 20 x=0 
u(x) 20 x=L 


t=0 
Required: Solve by the midpoint leapfrog scheme. 


Solution: The results (Figure 4.7.4.1) are obtained at t = 0.28 seconds. The best 
solution occurs for C = 1. Note that dispersion errors occur for C less than 1. 


o 
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~ 
о 


| 


20 [- 


Velocity (m/s) 


Time=0.28 sec 


0 50 100 150 200 250 300 
X-Distance (m) 
Figure 4.7.4.1 Solution of second order wave equation by midpoint leapfrog 
scheme, 60 nodes. 
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4.7.5 NONLINEAR WAVE EQUATION 


SOLUTION METHODS OF FINITE DIFFERENCE EQUATIONS 


Consider the nonlinear wave equation in the form 


д д 
= а = (0) 
ot Ox 


Or 
ди OF 1 
2и LU 20 with е? 
ot Ox 2 
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Figure 4.7.5.1 
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Solution of nonlinear wave equation by various methods. (a) Lax method (80 elements). 


(b) Lax-Wendroff method (80 elements). (с) MacCormack method (80 elements). 


REFERENCES 


The following initial and boundary conditions are to be used: 
u(x,0)=1 О<х<2 
u(x,0)=0 2<x<4 


Required: Solve by (a) Lax method, (b) Lax-Wendroff method, and (c) MacCormack 
method. 


Solution: The results are obtained with At/Ax = 1 and At/Ax = 0.5. Referring to 
Figure 4.7.5.1, the Lax method is dissipative, whereas the Lax-Wendroff method is 
dispersive. This trend is worse when the Courant number is smaller. The MacCormack 
method gives better results particularly with Courant number near 1. It is still dispersive 
at lower Courant number, but better than the Lax-Wendroff scheme. 


4.8 SUMMARY 


In this chapter, FDM schemes for typical elliptic, parabolic, and hyperbolic partial 
differential equations and Burgers’ equation have been presented. These equations 
do not represent complete fluid dynamics phenomena, but the computational schemes 
described herein do constitute the basis for computations involved in incompressible 
and compressible flows. Concepts of explicit and implicit schemes with von Neumann 
stability analyses are expected to play significant roles in all aspects of computational 
methods in fluid dynamics and heat transfer. 

Although most of the computational schemes for FDM presented in this chapter are 
in terms of one-dimensional applications, their extensions to multidimensions including 
noncartesian orientations of physical domain can be accomplished by transformation 
into the cartesian computational domain. 

In practical applications, most physical phenomena in fluid mechanics and heat 
transfer are multidimensional. Thus, significant modifications and improvements over 
the simple approaches introduced in this chapter are required in dealing with incom- 
pressible and compressible flows, which are the subjects of the subsequent chapters. 
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CHAPTER FIVE 


Incompressible Viscous Flows via Finite 
Difference Methods 


5.1 GENERAL 


The basic concepts in FDM and applications to simple partial differential equations 
have been presented in the previous chapters. This chapter will focus on incompressible 
viscous flows in which the physical property of the fluid, incompressibility, requires 
substantial modifications of computational schemes discussed in Chapter 4. 

In general, a flow becomes incompressible for low speeds, that is, M < 0.3 for air, and 
compressible for higher speeds, that is, M> 0.3, although the effect of compressibility 
may appear at the Mach number as low as 0.1, depending on pressure and density 
changes relative to the local speed of sound. Computational schemes are then dictated 
by various physical conditions: viscosity, incompressibility, and compressibility of the 
flow. The so-called pressure-based formulation is used for incompressible flows to keep 
the pressure field from oscillating, which may arise due to difficulties in preserving 
the conservation of mass or incompressibility condition as the sound speed becomes 
so much higher than convection velocity components. The pressure-based formulation 
for incompressible flows uses the primitive variables (p, v;, T), whereas the density- 
based formulation applicable for compressible flows utilizes the conservation variables 
(р, руг, pE). 

Incompressible viscous flows are usually computed by means of the continuity and 
momentum equations. If temperature changes in natural and/or forced convection heat 
transfer are considered, then the energy equation is also added. For simplicity in demon- 
strating the computational strategies for incompressible flows in general, we shall con- 
sider only the isothermal case in this chapter. In Chapter 6, it will be shown that compu- 
tational schemes for incompressible flows can also be developed from preconditioning 
processes of the density-based formulation which is originally intended for compress- 
ible flows. This process leads to implementations of an algorithm applicable for both 
compressible and incompressible flows [Merkle et al., 1998]. 

In dealing with incompressible flows, there are two approaches: primitive variable 
methods and vortex methods. The primitive variable approach includes the artificial 
compressibility method (ACM) [Chorin, 1967], and the pressure correction methods 
(PCM) including the marker and cell (MAC) method [Harlow and Welch, 1965], the 
semi-implicit method for pressure linked equations (SIMPLE) [Patankar and Spalding, 
1972], and the pressure implicit with splitting of operators (PISO) [Issa, 1985]. The 


5.2 ARTIFICIAL COMPRESSIBILITY METHOD 


main difficulty in incompressible flows is the accurate solution for pressure. Thus, the 
purpose of the vortex methods is to remove the pressure terms from the momentum 
equations, which can be achieved by solving the vorticity transport equation(s) (one 
scalar equation for 2-D and three vector component equations for 3-D). 

In view of the fact that the transition between incompressible and compressible 
flows involves a complex process of interactions between inviscid and viscous prop- 
erties, it is reasonable to seek a unified approach in which both incompressible and 
compressible flows can be accommodated. This subject will be discussed in Section 6.4, 
Preconditioning Process for Compressible Flows and Viscous Flows, and in Section 6.5 
on the flowfield-dependent variation (FDV) methods. For this reason, treatments of 
incompressible flows in this chapter will be brief. 


5.2 ARTIFICIAL COMPRESSIBILITY METHOD 


The governing equations for incompressible viscous flows, known as the incompressible 
Navier-Stokes system of equations, are written in nondimensionalized form as 


Continuity 
vj; =0 (5.2.1) 
Momentum 
д Vi 1 
àt + муу = —pi + Re Hi (5.2.2) 


vi x p* t*v, 
y=, Xj = L, р = , t= =. Ке = 
1 1 2 
Voo L ру, L v 


with asterisks implying the physical variable and Re being the Reynolds number. 

In the artificial compressibility method (ACM), the continuity equation is modified 
to include an artificial compressibility term which vanishes when the steady state is 
reached [Chorin, 1967]: 


др 

— +“: =0 5.2.3 

af + Vi, ( ) 
where is an artificial density, equated to the product of artificial compressibility factor 
В and pressure, 


6 = Вр (5.2.4) 


Неге + — 0 at ће steady state and 7 is a fictitious time. 
With these definitions and combining (5.2.1–5.2.4), we may write the incompressible 
Navier-Stokes system of equations in the form 


+ Ai i 


1 
oW КАШ » д КАШ (5.2.5) 
ot OX; Re 0x; 


! àxj 
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with 
oD; ; 
у = | 7 |, А; = ; D; = pvi ; Bij = j 
Vj oW УУ sb poi órj 
овоо оов 0 
,_%_| 2 0 0 a |0 уи 0 
о JO v u0 2 = у |1 0 2v 0 
0 w 0 u 00 ш v 
ооо в 
= 9D; _|0 0 и 
^ aw |0 0 ш v 
1 0 0 2v 


Let us now investigate the eigenvalues of A;, 
А; — М = 0 
where the eigenvalues of A; (i — 1, 2, 3) are, respectively, 


(u, u, u E у и? + В), (v, v, v+ y v? + В), (ш, w, w yw? + В) (5.2.6) 


in which „УВ is the artificial speed of sound (often called the artificial compressibility 
factor) with B being chosen adequately (between 0.1 and 10 as suggested by Kwak 
et al. [1986]). The idea is to maintain low enough 8 (close to the convective velocity) 
to overcome stiffness associated with a disparity in the magnitudes of the eigenvalues, 
but high enough such that pressure waves (moving with infinite speed at incompress- 
ible limit) be allowed to travel far enough to balance viscous effects. As a result, the 
conservation of mass or incompressibility condition is assured by means of an artificial 
compressibility. In this process, it is possible to obtain the correct pressure distributions. 
The solution of (5.2.5) is usually obtained by the Crank-Nicolson method. 

From the point of view of linear algebra, the finite difference algebraic equations 
resulting from (5.2.5) are well conditioned (with a proper choice of В), as compared to 
the original equations (5.2.1) and (5.2.2). This is due to the well-conditioned eigenvalues 
given by (5.2.6). All other solution schemes for incompressible flows without using the 
artificial compressibility must employ special approaches as discussed below. 


5.3 PRESSURE CORRECTION METHODS 


5.3.1 SEMI-IMPLICIT METHOD FOR PRESSURE-LINKED EQUATIONS (SIMPLE) 


Itis well known that, if the finite difference equation is written in control volume grids 
(Section 1.4) for continuity v;; —0, this will lead to nonphysical, checkerboard-type 
oscillations of velocity in each one-dimensional direction (same values repeated at every 
other node, assuming that the velocity distribution between the adjacent nodes is linear). 
As a consequence, the mass is not conserved, thus causing the pressure to undergo 
similar oscillations. This is particularly true when pressure becomes constant (р; = 0) 
for the same reason as v; ; = 0. These difficulties can be shown to be remedied by using 
staggered grids [velocity nodes staggered with respect to pressure nodes (Figure 5.3.1)] 


5.3 PRESSURE CORRECTION METHODS 


Control Volume 
for v 


@ Pressure 
Control Volume 


for u 
О и component 


L] v component 
Figure 5.3.1 Computational domain for staggered grid. 


in the algorithm known as SIMPLE [Patankar and Spalding, 1972]. In this method, the 
predictor-corrector procedure with successive pressure correction steps is used: 


p-pep (5.3.1) 


where p is the actual pressure, p is the estimated pressure, and р' is the pressure 
correction. Likewise, the actual velocity components in two-dimensions are 


и=и+и' (5.3.2а) 
v=V+V (5.3.2b) 


The pressure corrections are related to the velocity corrections by approximate 
momentum equations, 


ди др' 
av’ dp’ 
ет = 734 (5.3.3b) 
or 
At др' 
= — == (5.3.4а) 
At dap’ 
v= E » (5.3.4b) 


Combining (5.3.2) and (5.3.4) and substituting the result into the continuity equation, 
we obtain the so-called pressure-correction Poisson equation of an elliptic form, 


, p (= 2x) p 9 Vi 


Ра (35 аи) Ax 


ди Ox G —1,2) (5.3.5) 


where we set Le — 0 to enforce the mass conservation at the current iteration step. 


An iterative procedure is used to obtain a solution as follows [Raithby and Schneider, 
1979]. 
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(a) Guess the pressure p at each grid point. 

(b) Solve the momentum equation to find v; at the staggered grid (i + 1/2, 
i — 1/2, j + 1/2, j — 1/2), discretized in control volumes and control surfaces 
(Section 1.4) as shown in Figure 5.3.1. 

(c) Solve the pressure correction equation (5.3.5) to find p’ at (i, j), (i, j — 1), 
(i, j 4-1), 6 — 1, j), G +1, j). Since the corner grid points are avoided, the 
scheme is “semi-implicit,” not fully implicit, as shown in Figure 5.3.1. 

(d) Correct the pressure and velocity using (2.2.9b), (5.3.2), and (5.3.4). 


p=pt+p 
PE XT ; At ү (1) (1) 

и=и 2p Ax nag = Реф“ ry (А, = А, ) (5.3.6) 
ИИС: д , At о) Q) 

ктү ду Pi j-1) p (45. z A54) 


where 


1, 
AY = (руму) — ма + 1m (k — 1,2) 


ж / 1 / 
AO = (руу) к = (Уш: + suo) (к= 1,2) 


with u being the dynamic viscosity. 

(e) Replace the previous intermediate values of pressure and velocity (p, v;) with 
the new corrector values (р, v;) and return to (b). 

(f) Repeat Steps (b) through (e) until convergence. 


Often the convergence of the above process is not satisfactory because of the ten- 
dency for overestimation of p'. A remedy to this difficulty may be found by the use of 
under-relaxation parameter o, 


mu (5.3.7) 


However, in many cases a proper choice of a is not easy (a = 0.8 is often used). Thus, a 
further corrective measure is to use SIMPLER (SIMPLE revised) in which a complete 
Poisson equation is used for pressure corrections. 


V^p = —p(vijVj)i (ова) 
or 
дид ду д 
рео (5.3.8) 
дх ду dx dy 


Неге и апа у will be replaced by (5.3.2) and subsequently (5.3.5) replaced by (5.3.8). 

Instead of using the time-dependent formulation described above, it is conven- 
ient to use a steady state approach with finite volume discretizations as shown in 
Figure 5.3.2. 


аф = o (Y anodne +b) + (1 — a)ayd? (5.3.9) 
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Control volume for u 


Control volume for v 


Figure 5.3.2 Computational domain for steady-state problems. 


where ф is any conservation variable and a is the under-relaxation parameter with the 
subscripts p and nb denoting the node under consideration and neighbor contributions, 
respectively. 

Convergence of (5.3.9) may be improved using SIMPLEC proposed by Van 
Doormaal and Raithby [1984] in which more “consistent” approximation of (5.3.9) is 
implemented: 


(ae – Уа) и, = Аер, — рь) (5.3.10) 
with 
Ue = u, + de( P, — Рк) (5.3.11) 
и = inem b Ae (5.3.12) 
, а, ae — } anb 


Examples of computations reported by Van Doormaal and Raithby [1984] show that 
SIMPLEC is most effective, followed by SIMPLER and SIMPLE. 
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5.3.2 PRESSURE IMPLICIT WITH SPLITTING OF OPERATORS 


We note that the SIMPLE method requires an iterative procedure. To obtain solutions 
without iterations, and with large time steps and less computing effort, Issa [1985] pro- 
posed the PISO (Pressure Implicit with Splitting of Operators) scheme. In this scheme, 
the conservation of mass is designed to be satisfied within the predictor-corrector steps. 

The governing equations consist of the momentum equation and pressure correction 
equation written as follows: 


Momentum 

(п — vi) = вр pP (5.3.13) 
Pressure Corrector 

p = (и и) – 55) (5.3.14) 


where s;; ;; refers to the derivatives of the sum of convection and viscous diffusion terms, 


Siji- 


Siji = (pvivj).a — "iji (5.3.15а) 
Tij = W(Vi Уу) — ^ val (5.3.15b) 
(a) Predictor 

m (vi - vj) = si; — Р) (5.3.16) 


(b) Corrector I 
ре = —- (vi, ут) — st Ёл, st (5.3.17) 


Ae hd Yii) T Siji — atur T Sii 
р 
(vi* - Бы ж (5.3.18) 


with vj; set equal to zero in (5.3.17) in order to enforce the conservation of mass. 


(c) Corrector П 


жж __ р п ж 
Pa ag ш. ek 


р 
(um v!) = i p (5.3.20) 
with v“, = 0 being once again enforced in (5.3.19). Thus, in the above process, there 
are no iterative steps involved. 

In order to increase stability and accuracy, we may split s;;; into diagonal and non- 
diagonal terms. 


siji = 5) +600 = А +500 (5.3.21) 


5.3 PRESSURE CORRECTION METHODS 


To illustrate this splitting of diagonal term, consider a one-dimensional case 


oes x o ib em) (5.3.22) 


or 


(риф); = (риф): т (Аф): — 2(Кф); + (Аф); 1 
2Ах Ах? 


Siji => 


1 Кы Ki 
= Ае (риф); 1 — (pud); _: eae „р (Ф ф—1) 


2 


Construct an upwind scheme to get 


(ри), di — (ри) bici for (+u) 
(риф), — (pud); : => d dou = (pu); аф for (—u) 


Then we arrive at 
(puo); 1 = (pu)? i+} ф; + (pu). "LS 
(puo); = (pu)? ; ф- 1 ЕР (pu), EZ 


Thus 5;; ; can be written as 


| with (pu)~ = (pu + Ipul) 


1 
Siji > A c (афина + Bi + Үф-1) (5.3.23) 
where 
= Ка + - i+5 i-3 
а = (pu), ,— TUN В = (pu), — (ри), + TON + hee 
2 2 
ka 
y = —(pu u) = AX, 1 
Rewriting (5.3.23), we have 
8 а Ф воо 0 Ф 0 a 0 0][46 
y Bo al овоо | |y 0 a о 
y B alld] |0 ово 3 0 ү 0 al] Фф 
y Bi Lo ооо gll] Lo 0 y of Ley 
(5.3.24) 
or for multidimensions, we write (5.3.24) as 
sii = AD vi + 50У (5.3.25) 


Note that s;;,; is diagonally dominant for low Mach number flows, 
(p Ија а (pu); .i 
ог 


В > lal + lvl 
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If Mach number increases (high speed or compressible flow), then (p иу > (ријца > 


0, or 


B < Je] + [7]. 


This implies that the diagonal dominance diminishes at high speed or compressible 
flows. We discuss a remedy for this problem in Section 6.3.3 on the PISO scheme for 


compressible flows. 


With the splitting of s;;; into the diagonal and nondiagonal parts, we proceed as 


follows: 


(a) Predictor 


(b) Corrector I 
p D * * п 
(5s + Aj е -=v = —(ру— р") 


=i 
р D * 
(ЄЎ + A | (р = 23 — Vii 


Solve (p* — p") and insert the result into (5.3.26) to obtain new v;*. 


(c) Corrector П 


p (D) \ ox P n *(N) * 
(Es + А E Ar = ^j Pj 


Pa (D) \ жж P n RN) 
(£s + А; E ái A CM pj 


Subtracting (5.3.29) from (5.3.30), we obtain 
р р — N N * 
(Eat Perm — wy = - (50 530) - o - 7; 


For У“ = 0, we must have 


zi -1 
Ps 40) * | _ P (D) (N) 
l(a + Aj; ) (p* m 2] = -( 2 + Au ) e 


Solution of (5.3.32) leads to 


Жжжж 
V. 


n+1 
i i 


= У 


р“ = ge 


«(N) 
T Sij,k 


(5.3.26) 


(5.3.27) 


(5.3.28) 


(5.3.29) 


(5.3.30) 


(5.3.31) 
) +v 
E 
(5.3.32) 


(5.3.33) 
(5.3.34) 


This completes the splitting process in which the v;** and p** fields imply the exact 


solution v?*! 


and Watkins [1986]. 


and p'*!. For additional information on this procedure, see Issa, Gosman, 


5.4 VORTEX METHODS 


5.3.3 MARKER-AND-CELL (MAC) METHOD 


This is one of the earliest methods developed for the solution of incompressible flows, 
although its use in the original form is no longer pursued, but it has been altered to 
other more efficient schemes. The basic idea of MAC as originally introduced by Harlow 
and Welch [1965] is one of the pressure correction schemes developed on a staggered 
mesh, seeking to trace the paths of fictitious massless marker particles introduced on 
the free surface. The solution is advanced in time by solving the momentum equations 
for velocity components using the current estimates of the pressure distributions. The 
pressure is improved by numerically solving the Poisson equation, 


Ри =] (5.3.35) 
with 
aD 
[ee (5.3.36) 
S = [-(pviv;).; + шуу], (5.3.37) 
D-vij (5.3.38) 


Here, the correction in pressure is required to compensate for the nonzero dilatation 
D (5.3.38) at the current iteration level. The Poisson equation is then solved for the 
revised pressure field. The improved pressure may then be used in the momentum 
equations for a better solution at the present time step. If D does not vanish, cyclic 
process of solving the momentum equations and the Poisson equation is repeated until 
the velocity field is divergent free. 

The original MAC method was based on an explicit time-marching scheme. Sub- 
sequently, implicit schemes have been implemented by various authors [Briley, 1974; 
Ghia, Hankey, and Hodge, 1979]. 


5.4 VORTEX METHODS 


Two-Dimensional Vorticity Transport Equation 

In the previous sections, we dealt with primitive variables, v; and p. An alternative 
approach is to use the vortex methods in which we utilize the vorticity and stream 
functions as variables. 


w= ху (5.4.1) 
у= ЄЧ jl (5.4.2) 


where w is the vorticity vector, €;; is the second order tensor of the permutation symbol 
for 2-D, 


1 for 212 
гу = —] fore 
0 otherwise 


and у is the stream function. 
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For incompressible two-dimensional flows, the scalar vorticity transport equation is 
written as 


де 
gr TVi veu (5.4.3) 


where w = оз is the component of the vorticity vector о in the direction normal to the 
x-y plane. Auxiliary equations required are 


V^y = —w (5.4.4) 
ди ду ди ду 
2 —_ es — 
Ы < » (2 ду ду =) paa) 
or 
2 2 2 2 
V? p = 2р aes -(z 2) (5.4.6) 
дх? ду? дхду 


It is seen that the variables v;, p, ф, and о may be computed using equations (5.4.1) 
through (5.4.6). 

For simplicity, let us consider a wall located at y = 0. Referring to Figure 5.4.1, we 
have 


д д 
(2) = (2) (5.4.7) 
ax wall dy wall 
or 
Pi+1,1 — Pii —3oj1 + 40,2 — ©з 
a i ин ВИА = 5.4.8 
2Ax е 2Ay pu 


Here, the pressure must be specified on the wall surface. The pressure at the adjacent 
point can be determined with a first order, one-sided difference expression for др/дх in 
(5.4.7). Thereafter, (5.4.8) can be used to determine the pressure at all other wall points. 


u =y,=U 
у v-0 
w-0 
ys a 2 U 


(a) u-w, -0 
v-0 
v-0 
o--w,, 


(b) 


Figure 5.4.1 Illustration of vortex methods. (a) Grid point normal to a flat plate. (b) Driven cavity 
problem. 


5.4 VORTEX METHODS 


Notice that for the simultaneous solutions of (5.4.2), (5.4.3), (5.4.4), and (5.4.6), 
we may use the finite difference schemes presented in Chapter 3. For example, the 
nonlinear terms on the right-hand side of (5.4.6) may be represented as 


2, [Чи — 2Чиу ЊУ ју (еј — 29i; — bija 
сл ( ee | 


a ‚| pn НҮП . um . "E H . 2 
(t AI а Ui 1,j j| (5.4.9) 


where the alternative mixed derivative may be chosen as shown in Section 3.5. 

For a steady state problem, the Poisson equation for pressure is solved once, that is, 
after the steady-state values of о and y have been computed. 

For time dependent problems, the solution of the vorticity transport equation and 
the Poisson equation requires that boundary conditions for y and o be specified. At 
the wall, ij is a constant and may be set equal to a reference value, that is, y = 0. To 
find o at the wall surface, we write y in terms of Taylor series about the wall point 


(i, 1), 


дуу 1 92} 3 
Wi2= фу + са Ду + == Ay) T: 5.4.10) 
ду lii 2 ду: " ) ( 
where 
д 
ap => И 1 == 0 (5.4.11a) 
ду il 
92 д 
ЦД (54.11b) 
ду“ lia OV Mia 
д a? 
о; = Д =| = £ (5.4.11c) 
90x[;; ƏY lia ду“ lii 
thus, rewriting (5.4.10) as 
1 
Wi2 = на — ба Љу + О(Ду) (5.4.12) 
2(ф = Yi) 
(ji = Er 1 + О(Лу) 
=A 1 +4 i 
=. Miie. MULTIS (5.4.13) 
ду li» 4Ay 


Three-Dimensional Vorticity Transport Equations 
For three-dimensional problems, the vorticity transport equations are of the form 


[Chung, 1996]: 
a +v- )»—(. ју=Уу:о (5.4.14) 


v= фхћ= xwW (5.4.15) 
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with 
vi = ери (54.16) 
і=1 v = %32- V23 
i=2 v= Y3- И (5.4.17) 
1=3 v = Ҹо — Y2 
Чу = high 

апа 
о = -VY (5.4.18) 


Note that  w is perpendicular to the velocity vector v and fi is perpendicular to the 
plane у and v, whereas © is known as the three-dimensional stream function vector. 
The geometric properties of the stream function vector are presented in Section 12.2. 

Another approach is to use the fourth order stream function vector equation of the 
form 


д 
ave +( xW. )Vw-(V^w. )( xWY)-vV^vw (5.4.19) 
with the boundary conditions extended to three-dimensional geometries. 

Solutions may be obtained from either (5.4.14) or (5.4.19) using the definitions given 
by (5.4.15) and (5.4.18). These and other subjects on applications in three-dimensional 
stream function vector components are further detailed in Section 12.2. 


The Curl of Vorticity Transport Equations 

We have noted that the advantage of the vorticity transport equation(s) is the numer- 
ical stability accrued from removing pressure gradient terms from the solution process. 
However, the velocity must be calculated from solving simultaneously (5.4.14) through 
(5.4.18) or from (5.4.19). These steps can be eliminated if we take a curl of the vorticity 
transport equation (5.4.14), in which the velocity is the only variable. This subject will 
be discussed in Section 12.2.1. 


5.5 SUMMARY 


The incompressible flow analysis based on the artificial compressibility method and 
the pressure-based formulation using SIMPLE, SIMPLER, SIMPLEC, and PISO have 
been presented. It was shown that these methods are devised in order to ensure the 
conservation of mass so that pressure oscillations can be prevented. Vortex methods 
in which pressure terms are absent are preferred in dealing with rotational incom- 
pressible flows as they are computationally efficient. Accurate physics of fluids can be 
obtained without difficulties which may arise from inaccurate pressure calculations in 
other methods. 

The current trend appears to be in favor of preconditioning of the time-dependent 
term of the density-based formulation so that both compressible and incompressible 
flows can be treated. This is because, in many practical situations, high- and low-speed 
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regions are coupled particularly in high-speed boundary layer flows and the analysis ca- 
pable of handling both compressible and incompressible flows is frequently in demand. 
Details of the preconditioning process for the combined density- and pressure-based 
formulations for the incompressible flow analysis are presented in Section 6.4. 

Since the solution of incompressible flows can be obtained as a part of the compress- 
ible flow formulation, it appears that more attention is given to the compressible flow 
analysis. This leads to a motivation toward attempting to develop a general purpose 
program, anticipating that the results of incompressible flows arise automatically when 
the flow velocity decreases at low Mach number. This topic is addressed in Section 6.5. 

The theoretical basis for three-dimensional vorticity transport equations is exam- 
ined. Numerical examples for the three-dimensional vortex methods based on the three- 
dimensional stream function vector components will be discussed in Section 12.2. 

Although not presented in this chapter, other methods have been used in the past. 
One of the significant developments in the late 1950s was the particle-in-cell (PIC) 
method [Evans and Harlow, 1957, 1959], particularly efficient in the flows with large 
distortions (see Section 16.4.3). Recent developments dealing with multiphase incom- 
pressible flows will be presented in Chapter 25. 
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CHAPTER SIX 


Compressible Flows via Finite Difference Methods 


In general, the physical behavior of compressible flows is more complicated than in 
incompressible flows. Compressible flows may be viscous or inviscid, depending on 
flow velocities. Compressible inviscid flows are analyzed using the potential or Euler 
equations, whereas compressible viscous flows are solved from the Navier-Stokes sys- 
tem of equations. Shock waves may occur in compressible flows and require special 
attention as to the solution methods. Furthermore, shock wave turbulent boundary 
layer interactions in compressible viscous flows constitute one of the most important 
physical phenomena in computational fluid dynamics. Let us consider air flows at speeds 
greater than 100 m/s, which corresponds to a Mach number of approximately 0.3, but 
less than 1700 m/s, or approximately Mach 5. Air flows in this range (0.3 < M <5) may 
be considered as compressible and inviscid. This range is usually subdivided into re- 
gions identified as subsonic (0.3 < M < 0.8), transonic (0.8 < M < 1.2), and supersonic 
(1.2 < M x 5). For M > 5, the flow is referred to as hypersonic. Hypersonic flows around 
a solid body are usually coupled with viscous boundary layers. Effects of dilatational 
dissipation due to compressibility, high temperature gradients, vortical motions within 
the secondary boundary layers, radiative heat transfer, vibrational and electronic ener- 
gies, and chemical reactions are examples of some of the complex physical phenomena 
associated with hypersonic flows. 

In order to take into account the compressibility and variations of density in high- 
speed flows, we utilize the conservation form of the governing equations, using the 
density-based formulation. This is in contrast to the pressure-based formulation for 
incompressible flows discussed in Chapter 5. For compressible flows, we encounter 
some regions of the flow domain (close to the wall, for example) in which low Mach 
numbers or incompressible flows prevail. In this case, the density-based formulations 
become ineffective, with the solution convergence being extremely slow. To resolve such 
problems, various schemes have been developed. Among them are the preconditioning 
process for the time-dependent term toward improving the stiff convection eigenvalues 
and the flowfield-dependent variation (FDV) methods allowing the transitions and 
interactions of various flow properties as well as all speed flows. 

For simple cases of compressible inviscid flows (irrotational, isentropic, isother- 
mal), the potential equation can be used, whereas the Euler equations are preferred 
for more general compressible inviscid flows. For compressible viscous flows, various 
approximate governing equations such as boundary layer equations or parabolized 


6.1 POTENTIAL EQUATION 


Navier-Stokes system of equations are utilized. However, the most general and com- 
plete analysis is to invoke the full Navier-Stokes system of equations, which is the 
emphasis in this book. 

FDM formulations and solution procedures for the potential equation are presented 
in Section 6.1, with Euler equations and the Navier-Stokes system of equations in 
Sections 6.2 and 6.3, respectively. The solution of the Navier-Stokes system of equations 
for compressible and incompressible flows using the preconditioning process will be 
presented in Section 6.4, followed by the flowfield-dependent variation (FDV) meth- 
ods in Section 6.5 and various other methods in Section 6.6. Finally, the boundary 
conditions for compressible flows in general are discussed in Section 6.7. 


6.1 POTENTIAL EQUATION 


611 GOVERNING EQUATIONS 


The governing equation for steady-state compressible inviscid flows may be represented 
by the potential equation of the form (2-D), 


[HOT [5– )JE-S(2+2)-0 E 


Or 
2 2 
и ди У Ov 2 ди 
1 1 = 6.1.1b 
| GI a) ls gay = Ї У 
with 
1 ðv ди 
ME — – — 6.1.2 
f ss 5.) ( ) 


and f = 0 for irrotational flow. In terms of the velocity potential function ¢, (6.1.1) may 
be written as 


1 
фи — PERIIT =0 


ог 
92 92 2 db db ə? 
(1— M2) an (1 м?) Ф сй (6.1.3) 
ax? 7 ду: а? ax ду дхду 
with и = дф/дх, у = дфуду, М, = u/a, and M, = v/a. 
For small perturbation approximations in irrotational flow, we obtain 
9$ db 1+у\дфә?ф 
1- Mi aM 6.1.4 
( =) ax? т ду? | Uso )z ax? ( ) 


For unsteady flows, using the first and second laws of thermodynamics for isentropic 
and irrotational flows, (6.1.1) is modified to 


1 12 a 
фи = па iP. i Pui — = | + ai 


a? | дї? 


С] = 0 (6.1.5) 
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where 


›_ др yp | - 1,6, 29 
e-L-€-q-9u-6-0|m-jew — 5 | 


In the case of isentropic flows with stagnation density po and stagnation enthalpy Ah, 
we have 


1 
p 1 139] 
= |1 ibi 6.1.6 
po | in? Ф Ho ot ( ) 
with 
1 
H = H+ ЕЈ (6.1.7) 
For steady flows, (6.1.6) takes the form 
in 
1 тт 
т = | - gg ts] (6.1.8) 
Or 
1 ү i. <= 
р у = m Xe. 
= = | — ae ite = | — — M | (6.1.9) 


If a nonisentropic process with rotational flows is considered, the momentum equa- 
tion is written as 


T 5љухе– H=0 (6.1.10) 


where S is the entropy per unit mass. Combining (6.1.10) and (6.1.2), we obtain for two 
dimensions 


1 а? иу 
f= -yz (tn E eun) = (6.1.11) 
with 
У“ = vn, — um 


It follows from (6.1.10) and (6.1.9) that 


p -AS Lc ч 
„= EC (: = spies) | (6.1.12) 


where AS is the entropy increase over the shock. This is equivalent to a modification 
of the stagnation density po 


E: 
=I 


P Loa |“ 
Wo (1 " s) (6.1.13) 


Po2 
with 


x 

(=) y 
002 = ро ( — 
Ра 


where the subscripts 1 and 2 denote upstream and downstream of the shock, respectively. 
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6.1.2 SUBSONIC POTENTIAL FLOWS 


For irrotational flow [ f = 0 in (6.1.3)] with Ax = Ay = 1, the finite difference scheme 
may be written as 


(1- Mi), (Фе. —26i; + фу) + (1— М5), Фл — 2гф) + bi, ;-1) 


1 
- 5(0М:М): (фа, 7 oj 1—Ффг-1,у+1 04,5) = 0 (6.1.14) 


It is interesting to note that (6.1.14) is diagonally dominant for subsonic flows, while 
this is not true for transonic and supersonic flows. This implies that the elliptic nature 
of (6.1.14) changes to parabolic and hyperbolic forms. 

Another scheme is to use the continuity equation, 


·(ру)= «(p 4)—(pó;); =0 (6.1.15) 


Thus, the finite difference form of (6.1.15) may be written as 
Pipi, (Фау = фу) = p; 1 (фу К ф-1,7) + P; ji (Qi ja фу) 
— pj j-i (1,7 Qij) = 0 (6.1.16) 


То solve (6.1.16), the so-called Taylor linearization [Murman and Cole, 1971] may be 
used: 


(p^ ф'“)=о (6.1.17) 
or 


[o(| Ф") e"]20 (6.1.18) 


where density is calculated from the known values of the velocities obtained at the 
previous iteration step n. 


6.1.3 TRANSONIC POTENTIAL FLOWS 


As the Mach number approaches unity, the potential equation tends toward parabolic, 
leading to instability or nonconvergence of the numerical scheme. To cope with this 
difficulty, a number of numerical methods have been developed. They include artificial 
viscosity, artificial compressibility, artificial flux or upwinding, and iterations with over- 
relaxation, among others. 


(a) Artificial Viscosity with Nonconservative Equation 
Inorder to resolve shock discontinuities, we consider two forms of finite differences: 


Central Differences 
92 ф (с) 1 


э! m Quy Qus — 26i; + Ф—1,у) (6.1.19) 
n] 
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Figure 6.1.1 Region of dependence. 


Backward (upwind) Differences 


326 (B) 1 

Эх? ig (х) 
Obviously, the central difference is in opposition to the physical properties of supersonic 
flows since only the points located within the region of dependence (Figure 6.1.1) can 


have an effect on the flow properties at the point under consideration (ф, j). Subtracting 
(6.1.19) from (6.1.20), we get 


(Ф—2,у — 261, + фу) (6.1.20) 


326 (B) ab (С) 1 
дь о Rb з. Él ЖОЕЛ ee 
3x2 u 9x2 u (Ах)? (6.1, i, j + 3; lj Ф 2j) 
or 
rb (B) _ rb (C) Pb (6 , 21) 
дх? |; ; ES ij 9x? d 


Thus, it is seen that the backward difference amounts to adding an artificial viscosity, 
AxT$, to the central difference. Therefore, the upwind differencing automatically adds 
an entropy condition in the form of artificial dissipation terms which are proportional 
to the mesh size. 

For applications to the small perturbation equation, we have the following options 
[Murman and Cole, 1971]: 


(1 — MP + (D 20 for М > 1 (6.1.22) 
(1— М?)&© + © = —Ах(М? — 1). for М > 1 (6.1.23) 
(1— МОФО + ФО = 0 for M <1 (6.1.24) 


To apply these conditions to the full potential equation, we must take into account 
the local flow direction (Figure 6.1.2). Jameson [1974] introduced “rotational difference 
scheme” for this purpose. 

Choosing the local streamline coordinates as (£, п), 


(1 — M5)oy, — фи = 0 (6.1.25) 
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Figure 6.1.2 Local streamlines. 


where 
1 
фи = обеда Divi + Vy) ОТА 
1,, 2 
Фи = ge фи — 2иуфуу + U Pyy) (6.1.26b) 
with q = (u? + v2)? and 
фу = ma OCCORRE ERES 
P = dAxAy (9 7 ®-ы = Фуа фел) 
Ах А 
= = фер == EN md фуу 
(ву о _ Ë ү a 
ve = Фр, — — Ахфухх ша — Дуфууу ш —(Ахфууу T Ay) 
q g 4 
Thus, the rotational difference scheme takes the form 
(6.1.27) 


(1— Me? - «D = 


1 
a= m = М?)[Ах(и?фуух x иМфуху) F Ay(V byyy + иуф,уу)] 


(b) Artificial Viscosity with Conservative Equation 
The potential equation in conservation form with artificial viscosity is written as 


(p Ф+А) = 0 (6.1.28) 


where A is the artificial viscosity vector, 


A = – (ир: Axi, + vpyAyiy) (6.1.29) 


_ B. ду p к... 
= a? əx a2\ ax ax 


р е ду р „94 4 ðv 
= . = v 
В? a? ду a*\ ду ду 
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with u being the switching function, 
1 
= 0,|1— — 6.1.30 
eee) I 
and the derivatives of the density are upwind differenced. 


(c) Artificial Compressibility 
Equation (6.1.28) may be rewritten in the form [Holst and Ballhaus, 1979], 


2 (Бф) + 5,68) -0 (6.1.31) 
where 

P =p – ppxAx (6.1.32a) 

P =p — ppyAy (6.1.32b) 


, j) and (i, j + 5). 


NIe 


The artificial densities are prescribed at the midpoints (i 4 
For u1 j >0 


Pind = Pigh, j T Mij (р;+1,) = P;-1.;) (6.1.33a) 
Foru;,;; <0 

Ру = Pigh j Mi Pis; — Pisy) (6.1.33b) 
For v; да > 0 

Р, je = Ву — Wi (р; +! — p; j-1) (6.1.34a) 
Forv;;i «0 

ПАН = Pi j+} t Bi jn (АН = Pi +3) (6.1.34b) 


An alternative form for artificial compressibility may be given as 


(p ф=о (6.1.35) 
where 
д и у 
p=p- pag =p s px + p») (6.1.36a) 
д4 q q 
or 
h u у 
p=p— (Hoax + У руду) (6.1.36b) 
4 4 
Various switching functions have been suggested for stability, such as 
М? 2 
ш = maxfo, (1 — У | (6.1.37) 


where M, is a cutoff Mach number of the order of M = 0.95, 1 < C < 2. The cutoff 
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Mach number M. activates the switching function in the small subsonic region M. < 
М < 1 close to the sonic lines. 


(d) Artificial Flux or Flux Upwinding 

For switching at sonic points to avoid unwanted expansion peaks, we may utilize 
controlled monotone schemes such as those used in Euler equations [Engquist and 
Osher, 1980; Osher, Hafez, and Whitlow, 1985]. To this end, we may write the continuity 
equation in the form 


др pq 94 
лш шы ыс 6.1.38 
ae а? де ( ) 
апа 
дра P 299 дд д4 
ag ui М жуш: 
(6.1.39) 
Е 1 \ dp 
=4\ мајог 
The corrected upwinded flux ра can be written in supersonic regions as 
1 \ dp 
ба = 1 A 6.1.40 
pq = pq af м?) Vlas ( ) 
or 
А д 
ба = pq — 5, (pq)A£ (6.1.41) 
A modification of (6.1.41) results in 
2 д " 
pq = ра — = [n(pq — p*q')]A£ (6.1.42) 


where p*q* denotes the sonic flux, u = 0 for subsonic flow (M < 1, q < q*, p > p*) and 
u = 1 for supersonic flows (M > 1,q > q*, p < р“) (see Figure 6.1.3). The discrete form 


Shock 
Sonic line 


(a) Sonic cell (b) Shock cell 


Figure 6.1.3 Flux upwinding at sonic and shock point transitions. 
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of (6.1.42) becomes 
(pq)i,1.; = (РФ) — Bigs (09 — P" 4 а) H Mii (4 pg); (6.1.43) 


It is similar for other points. Thus, we have 


For M <1 

(РФ) : ; = (р4):+1,; (6.1.44) 
For M>1 

(РФ) .: ; = (64); ) (6.1.45) 
For М = 1 

(рд) 1; = (р*4*) (6.1.46) 


Notice that this scheme guarantees that expansion shocks will not occur when 
(РФ) 1; < (0747). 

Ata shock transition, we obtain 

(рд) 1; = (рд) а + (pq – p*q^)i (6.1.47) 


At shock points, the switching ensures that there is only one mesh point in the shock 
region since the corresponding cell is treated as fully supersonic or fully subsonic as 
soon as the shock cell is left. This results in a very sharp shock. 


(e) Over-Relaxation Scheme 
To solve (6.1.22) in the supersonic region, we write 


@— M(477; 2675; + Фу) + (Фери – 2057 +Ф у) =0 (6.1.48) 
where 

v= qo (o _ o) (6.1.49) 
Denoting that 

Аф = ф"! — ф" (6.1.50) 
we have 

(М? – 1); (oAdi-2.; —2®Аф—1,у + Аф) — (Adi ја – 2^6,; + Афу) = ORF 

(6.1.51) 

or 

(M? – 1)[®Е;1& + (1 — ®)]Аф.у – Ф; = OR", (6.1.52) 


where Е is the shift operator (Еф; = j41,;) and & is the central second difference 
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operator. The equivalent artificial time dependent formulation is 


(М? – [оф + (1 — ®)ф] – фу = = К (6.1.53) 
where 
ф = ae (6.1.54) 


with 7 being a fictitious time step and where фуу, is backward differenced and R is the 
differential potential equation. 
In (6.1.53), фуу is represented by 


фу = буф" + (o — 1)874" (6.1.55) 


but the appropriate procedure in the supersonic region is to march in the flow direction, 
such that e can be determined only as a function of the new values on 2j and Фета 
determined on the previous columns. This implies that фу should be represented by 
рф”! i in the supersonic region. Note that the scheme (6.1.48) satisfies this requirement 
for o = 1. Fora general relaxation procedure, this condition can be satisfied by taking the 
y-derivative terms at the new level л + 1, instead of the intermediate level, introducing 
a factor w in front of the y second difference operator of (6.1 52). 

The analysis using the potential equation has been well established, but important 
physical phenomena such as rotational, nonisentropic, or nonisothermal effects are not 
taken into account in the governing equation. For this reason, the most general approach 
to the analysis of compressible inviscid flows must resort to the Euler equations. This is 
the subject of the next section. 


6.2 EULER EQUATIONS 


Compressible inviscid flows including rotational, nonisentropic, and nonisothermal 
effects require simultaneous solutions of continuity, momentum, and energy equations. 
In this approach, however, specialization for small perturbation or linearization outside 
of transonic flow as done in the potential equation can not be allowed. Thus, the diffi- 
culty encountered in transonic flows with shock discontinuities must be resolved with 
special computational schemes. 

The most basic requirement for the solution of the Euler equations is to assure that 
solution schemes provide an adequate amount of artificial viscosity required for rapid 
convergence toward an exact solution. Furthermore, eigenvalues and compatibility 
relations associated with convection terms are important factors in the resolution of 
shock and expansion waves. 

Solution schemes for the Euler equations may be grouped into three major cate- 
gories: (1) central schemes, (2) first order upwind schemes, and (3) second order upwind 
schemes and essentially nonoscillatory schemes. These schemes are tabulated in Table 
6.2.1 and elaborated in the following subsections. 
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Table 6.2.1 Various Computational Schemes for Euler Equations 


Central Schemes First Order Upwind Schemes Second Order Upwind Schemes 


1. Combined Space-Time Integration 

(a) Explicit Schemes 
Lax-Friendrichs – First 

order (1954) 
Lax-Wendroff — Second 
order (1960) 

(b) Two-Step Explicit Schemes 
Richtmyer and Morton (1967) 
MacCormack (1969) 

LeRat and Peyret (1974) 

(c) Implicit Schemes 
MacCormack (1981) 

Casier, Deconinck, Hirsch (1983) 
LeRat (1979, 1983) 
. Separate Space-Time Integration 

(a) Implicit Schemes 
Briley and McDonald (1975) 
Beam and Warming (1976) 

(b) Explicit Schemes (Multistage 

Runge-Kutta) 
Jameson, Schmidt, Turkel (1981) 


6.2.1 


6.2.1.1 


1. Flux Vector Splitting 1. 


Courant, Isaacson, апа 
Reeves (1952) 
Moretti (1979) 
Steger and Warming (1981) 
VanLeer (1982) 
2. Godunov Methods-Riemann 
Solvers 
(a) Exact Riemann Solvers 
Godunov (1959) — 
First order 
VanLeer (1979) – 
Second order 
Woodward and 
Colella (1984) 
Ben-Artzi and 
Falcovitz (1984) 
(b) Approximate Riemann 
Solvers 
Roe (1981) 
Enquist and 
Osher (1980) 
Osher (1982) 
Harten, Lax, 
Van Leer (1983) 


MATHEMATICAL PROPERTIES OF EULER EQUATIONS 


Quasilinearization of Euler Equations 


Extrapolation 
(a) Variable Extrapolation 
(MUSCL) 
Van Leer (1979) 
(b) Flux Extrapolation 
Van Leer (1979) 


. Explicit TVD Upwind 


VanLeer (1974) 

Harten (1983) 

Osher (1984) 

Osher and Chakravarthy 
(1984) 


. Implicit TVD Upwind 


Yee (1986) 


. Central TVD Implicit or 


Explicit 
Davis (1984) 
Roe (1985) 
Yee (1985) 


. Essentially Nonoscillatory 


Scheme 
Harten and Osher (1987) 


. Flux Corrected Transport 


Boris and Book (1973) 


The Euler equations may be linearized in terms of conservation variables or 
primitive (nonconservation) variables. Consider the conservation form of the Euler 


equations, 
aU OF; dU д0 
= =0 ыа c у (ud 6.2.1 
CURE те "У сте ( ) (6.2.1) 
with 
р ру; дЕ: 
U= | ру; |, Е; = | рум) + рӧ;; |, а; = a (6.2.2) 
pE p Evi + pvi 
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For two dimensions, components of the convection Jacobian a; (i = 1, 2) are given by 


0 ] 0 0 
у = 3)и2 (y-1) 
ле G-yu 6-10 у-1 
а = 
—иу у и 0 
—1 
—yuE--(y—1)q? yE- u 5 (м + Зил) —(у — Пи yu 
(6.2.3a) 
0 0 1 0 
—uwv M u 0 
— 3)у? – 1)? 
а; = (к=) „© ) (у = Du (3 — y)v y-1 
2 2 
—1 
—yvE--(y—-1wq -—(y — Пиу yE- Ww +3?) yv 
(6.2.3b) 


Alternatively, the Euler equations may be written in nonconservation form for isen- 
tropic flow in terms of the primitive variable V as 


у ду 


— +А;— =0 6.2.4 
ot 3 OX; ( ) 
with 
р 
ij u 
у= = у (6.2.5) 
» (и? + у?) 
р «—1)(ек-»®—°) 
и р 0 0 у 0 p 0 
1 
"AR А О | 6.2.6 
1= р , 2; == 0 0 y = ( aes ) 
0 0 и 0 р 
0 ра? 0 и 0 0 ра? v 


Introducing a transformation between the conservation апа nonconservation 
variables, 


_ 90 


M=— 
ду 


(627) 
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or 
1 0 0 0 
0 0 0 = 1 
= 2 0 0 
p ow p р р 
М = 0 |м = - 1 
| й шы 0 = 0 
q 1 р р 
g Р” РУ ал ун 
z 4 =H De eyed quu 
(6.2.8) 
and combining (6.2.1), (6.2.4), and (6.2.7), we obtain 
у ду 
M— +a;M— = 0 6.2. 
ot “а OX; ( У) 
Multiplying (6.2.9) by M^! , we obtain the form given by (6.2.4): 
ду av 
—+A;— =0 6.2.10 
ot * OX; ( ) 
with 
А; 2M'lagiM, а; = МАМ (6.2.11) 


Note that M represents the transformation matrix between the conservation variables 
U and the primitive variables V. 


6.2.1.2 Eigenvalues and Compatibility Relations 


In order to examine the oscillatory behavior of the equations such as (6.2.4), we write 
V in the form 


Ves yes теним (6.2.12) 


Substituting (6.2.12) into (6.2.10) leads to 


(— + A;k;)V = 0 (6.2.13) 
or 

K-M|=0 (6.2.14) 
with 


w = АТ, Ајк; =K 
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For one dimension, (6.2.14) becomes 
и—\ р 0 
1 
0 u-h = |=0 (6.2.15) 
р 
0 pa? u—A 
where № =u, № =u +a, M =u — а, constitute eigenvalues. 
Return to (6.2.10) for one-dimensional case and write 


av ду av 
L'— + ЛА — =0, with L=— (6.2.16) 
at ax aw 


where 1.7! is the matrix which will diagonalize the matrix K=Aj;x;. Using (6.2.7) 
in (6.2.16) leads to 


д0 aU 
LM! — + A—) = 0 6.2.17 

( ot = =) ( ) 
Similarly, we may define the variable P in the form 


ðU aU av 
== = МІ, Р''= ром" 
aw | дУОМУ 


so that the diagonalized eigenvalue matrix becomes 
А =L М ТКМ, = Р 'КР (6.2.18) 


where P~! and P denote the left eigenvector and right eigenvector, respectively. 
Let us now postulate an existence of the characteristic variables W such that 


ФУУ —L-!5V (6.2.19) 
Substituting (6.2.19) into (6.2.16) yields 

aw + LAL aW ae 
at д 


x 


0 (6.2.20) 


which is known as the compatibility equation. 
The characteristic variables are also related by 


Фуу = Р“!50, ог 80 = Ру (6.2.21) 


Thus, the relations between the three sets of variables (Equations 6.2.7, 6.2.19, and 
6.2.21) may be summarized as shown in Figure 6.2.1. 


Figure 6.2.1 Relation between conservation variable U, primitive 
variable V, and characteristic variables W. 
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6.2.1.3 Characteristic Variables 


The existence of characteristic variables postulated in (6.2.19) and (6.2.21) may now be 
examined for one-dimensional flow. 
For the eigenvalues determined from (6.2.15), the three left eigenvectors of K are 


given by 

а 

« 0 —— 

2 

£O B 
121-10 B — (6.2.22) 

ра 

£9 4 

08 — 

pa 


where a, B, 6 are the three normalization coefficients for the eigenvalues, № = и, № = 
и-+а,\з = u — а. Мића = B = 8 = 1, the diagonalization matrices are 


1 
10 -5 1 = = 
а 2a 2a 
1 
L'—-|01 — |, L=]0 l i (6.2.23) 
pa 2 2 
—1 ра ра 
m 0 — == 
0 1 T 2 2 
where 1.7! and L denote left and right eigenvector of K, respectively. 
Similarly, transformation matrices P7! and P can be derived. 
ү = 1и2 и =(y=1) 
1- —— 1 
2 a (у 5 a? 
—1 1 1 1 
P =L M! = (7 ла) [a – (у = Du] oS) 
2 pa pa pa 
1 1 1 
-(2 и? + ла) — — [а + (у – Пи] S 
pa 
(6.2.24a) 
р р 
1 ue "s 
2a 2a 
p p 
P-ML-|" 5, Ut 9) “эр - а) (6.2.24b) 
и“ р m R a? p (wv " a? 
— = |— +иа иа 
2 2а\2 ү = 1 га 2 ү = 1 
where P~! and Р denote left and right eigenvectors of a;, respectively. 
Rewriting (6.2.16) in one dimension, 
у ду 
ПЗЕ ТАШ = (6.2.25а) 
ot Ox 
or 
у у 
L!— + АГ: — = 0 (6.2.255) 


ot Ox 
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where 
А = и+а (6.2.26) 


Expanding (6.2.25b) results in the continuity and momentum equations written in the 
form 


др 1 др др и др 0 


= 6.2.27 

dt al8t Әх а? Әх ( a 
ди 1 др ди 1 др 

н аса — + —-== = 6.2.276 
аг | pa ЕН У ( Је 
д 1a д 19 

А Р (и—а)| Z У т (6.2.27с) 
ot раді Ox радх 


which are known as compatibility equations. It follows from (6.2.19) or (6.2.27), by 
introducing an arbitrary variation 6, that 


1 

ФИИ = бр — dp = 0 (6.2.28a) 
a 
1 

8W, = ёи + — бр = 0 (6.2.28b) 
pa 
1 

SW = 8и— —õp = 0 (6.2.28с) 
ра 


and subsequently from (6.2.20) ог (6.2.28) that 


a | B a | ™ 
ЕР № |+ u+a dr у |=0 (6.2.29) 
Ws u—a W 


If the characteristic variables Wi, W2, И remain constant, they are known as 
Riemann variables, Riemann invariants, or Riemann solution, defined as follows: 


d - 5 
W = р — || а = constant along the Co characteristic, stream line 
a 
dp е: 
W = и+ | — = constant along the C, characteristic 
ра 
dp "m 
W =u— | — = constant along the C- characteristic 
pa 


These characteristic lines are schematically shown in Figure 6.2.2, and propagation of 
flow lines associated with characteristic lines are shown in Figure 6.2.3. 
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C- 
Се 
Cy 
x 
Figure 6.2.2 Characteristic lines for one-dimensional flow. 
For isentropic flow it can be shown that 
w = (6.2.30a) 
рҮ 
2 
Mouk во (6.2.30Ь) 
y-1 
2a 
W, = u — =J (6.2.30с) 
y-1 
Or 
y-1 
а= — ©з = J_) (6.2.31a) 
1 
и = 2 (+) (6.2.31b) 


If the values of J, and J_ are known at a given point in the x-t plane , then (6.2.31a,b) 
immediately give the local values of u and a at that point. 

The propagation of flow lines associated with characteristic lines as related to 
expansion wave and shock waves are shown in Figure 6.2.3. The number of bound- 
ary conditions to be specified at inflow and outflow boundaries is determined by the 
eigenvalue spectrum of the Jacobian matrices (6.2.6) in terms of the primitive variables 
associated with the normal to the boundaries. Details for boundary conditions will be 
presented in Section 6.7. 


6.2.2 CENTRAL SCHEMES WITH COMBINED SPACE-TIME DISCRETIZATION 


Central finite differences may be formulated using combined space-time discretization 
(often known as Lax-Wendroff scheme). An alternative is to use independent space- 
time discretization which is discussed in Section 6.2.3. In this section, we shall examine 
the combined space-time discretization schemes. 


ѕәцциепЬ мор јо попце8ейолд Є' 9 anba 


I+ 1 I+ 1 
|< [| Ги [< [| 
А 1 А 1 1, 1 1 1 
о> n> ln nog zn Hcg <n ns ns 9 
oruosqns 2100801] опозив отиоѕләйпѕ 
+ 
2 NO) +) 
+9 72 
72 
у <tn 
әлем YOOYS 
1 1 1 d 1 1 1, 1 
o> ns n ns (> In Vp sos In Lg S то (у 


DH > n 


Әлем 
uorsuedxq 
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6.2.2.1  Lax-Friedrichs First Order Scheme 
Consider the two-dimensional system of Euler equations in the form 


д0 əf dg 
ea = () 6.2.32 
at m Ox i ду ( ) 


This may be discretized by forward differencing U in time and central differencing f and 
g in space. 


1 Tx: fan п T n 
Ur = 4 ај T Uia + Uz ја + 01) (£^; fj) 7 (gi ja gij) 


2 2 
(6.2.33) 
with 
At At 
T = ==, Ту=-— (6.2.34) 
Ax Ay 
It can be shown that the von Neumann analysis leads to the stability condition, 
1 
ЈЕ + Ју < 2 (6.2.35) 
ог 
1 
т (и+а) + T2(v tay < 2 (6.2.36) 
where J, and J, represent a circle with the radius equal to "n А 
6.2.2.2 Lax-Wendroff Second Order Scheme 
We rewrite (6.2.32) in the form 
nal n At? 3 
О = U” + AtU, + => Use + O(Ar’) (6.2.37) 
and combining (6.2.33) and (6.2.37), we obtain the one-step algorithm, 
1 = = ту Ty 
02 = U7; — Tr Oxf; = Тубуву j + 7 8x (ai, Већ ;) + 5 9(bi.j9gi.;) 
тут. 
+ 75^ [б (а. убу: у) + 5,06, убу, у)] (6.2.38) 
where 
= 1 = 1 
д.б у = ia = fi-1,j) буру = 5 (Вејн = gi,j-1) (6.2.39) 
9f; = бај — Бо буй) = 8i, j+1 — Si, j-1 (6.2.40) 
etc. 


Determination of Jacobians in (6.2.38) is cumbersome. To avoid this, it is preferable 
to employ a two-step scheme [Lerat and Peyret, 1974]. 
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Step 1 
nci I А " п 
б) = (быу + Ui; + UF ja + Ору) 
Тх п п т, п п 
2 (ы; = Tag) > & ja gija) (6.2.41) 
Step 2 
n n n+4 п+1 nal nti 
о =U;j -T Ge = б — Ту (a = к) (6.2.42) 


The stability condition is shown to be, for Ах = Ay 
At 1 

= < —_ 

Ax (Iv| T a) = J2 


The following two-step scheme was introduced by MacCormack and Paullay [1972]: 


U;,; = Uz; — (frau; 15) — (85; — 857) (6.2.43) 

U;; 2U;; —7«(f;; — fi-1,;) ^ (8; 8:1) (6.2.44) 
1 == = 

Ur - 500 4 U; ;) (6.2.45) 


The corresponding stability condition is 


|A( A)| max 4 АСВ) ах | (6.2.46) 


At < 
| Ах Лу 
ог 
1 AxAy 


ш (lul + а)/Ах + (у| + a)/ Ay а |и| Ду + |v| Ax + а / (Ах)? + (Лу)? 


(6.2.47) 


6.2.2.3 Lax-Wendroff Method with Artificial Viscosity 


The Lax-Wendroff approaches with three-point central schemes lead to oscillations 
around sharp discontinuities. For one dimension, 


We = =r (t... fi) (6.2.48) 
where f; , ; and f;_1, called the numerical flux, are equal at steady state 


fiif; 7 


fi = 2 7+} (641 = f;) (6.2.49a) 
f; + fi- 
f= Е 1 а (f, — £1) (6.2.49b) 
Now with the artificial viscosity added to (6.2.49), we write 
f; f, 1 
fi 2. nt = 974; (+1 = f;) + D; (Ола = U;) (6.2.50) 
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where D is any positive function of U;,; — U; which vanishes at least linearly with 
Шы — U;. 
Substituting (6.2.50) into (6.2.48) leads to 


ш U; = T (Ба: I) 


iz JLONTLU - U;) — D;_; (U; — U;-1)| 


where it is seen that the artificial viscosity terms are those discretized as 


Hence, the addition of an artificial viscosity term can be seen as 


aU 
£4”) =f- Ахр— 
Ox 


Or 


AV LW 
zi = С ! - Di (Uii – 0) 


6.2.2.4 Explicit MacCormack Method 


Let us consider a quasi-one-dimensional problem such as occurs in a nozzle with a 
variable cross-sectional area S. 


950 95Е dS у 
eus m =0, S= $(x) (6.2.51) 
with 
р ри 0 
U-|pu|, F=| р?+р |, В=|р 
pE (РЕ + p)u 0 


An explicit MacCormack predictor-corrector scheme is formulated as follows: 


Predictor 
SU'— SU"  SEF^,— SE" ds 
- : 1 : В”? =0 6.2.52 
At T AX ах |, ' ( ) 
or 
* п At п п dS n 
SU; = SU? – asl п — SF") + м (а) в + Dj(U) (6.2.53) 


where the artificial viscosity term D; may be given by 
D;(U) = ol 1 — 4SU?,, +650" — 450, 1 + SU? 5] (6.2.54) 


with 0 < o < 2, At = CAx/u + a. 
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Corrector 
1 At dS 
sum = ;|su + SU; – Ay oF — SE; |) + a(S ) В; + bw} (6.2.55) 


Numerical applications for this case are demonstrated in Section 6.8.1. 


6.2.3 CENTRAL SCHEMES WITH INDEPENDENT SPACE-TIME DISCRETIZATION 


Instead of using combined space-time discretization, we may employ independent time 
discretization while maintaining central differences for space [Briley and McDonald, 
1975; Beam and Warming, 1976, 1978]. We begin with the general form 


dui; _ 1 | — Вељу у Вејна = Eu 
Ay 


d 2 Ах 


where various finite difference schemes of the time derivative term may be applied. The 
two level time integration of (6.2.51) leads to 


| 9f друг fof | og" 
1 AU"! — £AU" = Ato 
0) ‚ [Ed (Geta) | 


with £ > —1/2, 0 > 1/2(& + 1) for linear stability. 
The two-level integration scheme takes the form 


af д п+1 дЕ д п 
(14+ ЕДО + aro Œ) canl o qe m) ВАХ” 
дх u ox ду 


or 


да ab af og V" 
(14-£) - Are( 24 У | Ape = — ду 95.98) рл 
ax tay x 


Introducing a central discretization, we obtain 
[4 + E) + 6(1,8,a + тубуђ)ЈА ОЈ! = —1, 8,6", + Tyg; + EAU? (6.2.56) 


ij 


or 


@+ л! too" SL (aii AU на у — a4 АО) 


1 
+055 (bi a AU; а — bi j-1 AU; ;-1)"* 


faf, р" рт. 
i+1,j i—1,j i,j+1 i,j—1 n 
= t AU? . 6.2.57 
(== SS) + cur, (6.2.57) 
and with an ADI factorization, for £ = 0 
(1 + 07,8,)(1 + 07,8, b") AU; ; = – (табу, + 7,9,g; }) (6.2.58а) 
(1+ Өт,б,Ь")АП Т! = АП;, (6.2.58b) 


Notice that each step is a tridiagonal system along the x lines for AU and along the y 
lines for Д0". 
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6.2.4 FIRST ORDER UPWIND SCHEMES 


In general, the central schemes tend to provide excessive damping with shock discon- 
tinuities not well resolveld. To compensate for this trend, first order upwind schemes 
can be used. However, overshoots and undershoots may occur at discontinuities. A 
remedy for this difficulty can be provided by low- or high-resolution second order up- 
wind schemes. In this section, we discuss the first order upwind schemes, followed by the 
second order upwind schemes in Section 6.2.5. High-resolution second order upwind 
schemes will be discussed in Section 6.2.6. The first order upwind schemes are divided 
into two groups: flux vector splitting schemes and Godunov schemes. These and other 
topics are presented below. 


6.241 Flux Vector Splitting Method 


The basic strategy here is to split the flux and eigenvalues into positive and negative 
components and apply the one-dimensional splitting to each flux component separately 
according to the sign of the associated eigenvalues. This method is known as the flux 
vector splitting method. 


Consider the two-dimensional flow in the form 
0 of ə 

ај И NE (6.2.59а) 
ot | Ox ду 


or 


+A +B = 0 (6.2.59b) 


with the convection Jacobians A and B as related by diagonalized eigenvalue matrices, 


Ај =P, AP; = (6.2.60a) 


u+a 


Аз = Р; ВР; = (6.2.60b) 


у+а 
v—a 
For the one-dimensional problem, we have 


f'—f, f —0 forsupersonic flow 


f'—0, f =f forsubsonic flow 


6.2 EULER EQUATIONS 


with 


At =P,A{P;', A` = РА Р 


and similarly for В. The split fluxes are defined by 


f —AU 2 —B'U 
The general eigenvalue matrix may written as given by Steger and Warming [1980] 
№ 
А = (6.2.61) 


which will allow the split flux components to be written as follows: 


n 
p ти + а(Хә — M) 
у= БАНИ us (62.622) 
X À 
n- = tusip re 
y-1 
n 
nu 
g= 2; табо = А) (6.2.62) 
X X 
e poet 


with 
n= 2(y = № +А№ + А 


Rewriting (6.2.59a) іп a discrete form for a variable cross section S(x): 


At At 
ntl ym. == ж o рж = ж _ of 
Uij —Uij Ах (ка) fs) Ay CH gi) (6.2.63) 
with 
fray бај th Ер фра ЋЕ (6.2.64) 


For quasi-one-dimensional problems such as a nozzle with variable cross-section 
area considered in (6.2.51), the solution procedure using the flux vector splitting is 
presented below. 

9 SU " 95Е dS 

01 дх ах 


Linearizing the above, 


B=0 (6.2.65) 


n 


дЕ дЕ" 
Е"+1 — F” + — At = F” + —— AU = Е" + aAU 
at д0 


9B" 9B" | 
B^*! = B” + — At = B" + — AU = B" + bAU 
at aU 
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where 
Fi, =ри= 15 
в=мё+р= © + (bz ү Fie »(u. a) 
(9) а-ро 
һ=(рЕ+ puc TA (у D 


The flux vector F can be split into subvectors such that each is associated with either 
positive or negative eigenvalues of a. 


a=at+a —PA^P!4PA P^! 
u 0 0 00 0 


А=А+А = |0 и+а 0|+|0 0 0 
0 0 0 0 0 u—a 


Ft = а?у, F =а'Џ, a^ —PA*^P!, а —PA P! 


For М < 1(u <a) 


и> 0 


For M > 1(и >а) 


и> 0 
uta>O}, ат =а, а = 0 
и-а> 0 


The above criteria require that backward differencing (upwinding) be used for terms 
associated with positive eigenvalues, whereas forward differencing should be used for 
terms involved in negative eigenvalues. Furthermore, the number of boundary condi- 
tions to apply are also dictated by the eigenvalues, compatibility relations, and charac- 
teristic variables as discussed in Sections 6.2.1 and 6.7. 

In order to write the finite difference equations, we return to the governing equa- 
tion (6.2.65) and obtain the discretized form 


A F d B 
ир РИСУ 


дх aU dx 


In terms of the Jacobians, 
AU д dS 
— + —(SaAU) — —(bAU) = ——— + —B 
PE. + m U) T U) " + 


or 


d Е а 
[sce аала аьа = азе — 255] 
X 


dx Ox dx 


6.2 EULER EQUATIONS 
Introducing the flux vector splitting, we write 
д dS д dS 
SI + At| —(Sa* + Sa~) - —b | } AU = —At| —(SF* + SF) – —B 
əx dx дх dx 


A backward (upwind) differencing is used for at and F* as follows: 


At _ Е _ 45 
{t+ Ay 1б) = Sa; |) T (бај | = Sa; je Arb; AU 
At Е " 45 
= = СЕ, Е SF} 1) SE — 5$Е,)] + At TIBI 
The above results may be rearranged in the form: 
aAU j41 + BAU; + yAUj =ò (6.2.66) 
where 
At " 
= дума 
At z dS 
8 = 51+ Ay ia = 5ja; )— мс bj 
j 
At 
y= EEVIELHE 
At Z Е dS 
б= == SF; = 51871 F SjF а = р )+ a В, 
j 
with 
AU- ut _ U" 


Here it is seen that for supersonic flow, a~ = 0, making the scheme upwinded with the 
diagonal term 3 being maximum. For subsonic flow, the diagonal term (3 is still large 
with the eigenvalue A~ or a~ being negative. The scheme provides a stable solution. A 
numerical example for this problem is demonstrated in Section 6.8.1. 

The flux vector splitting has been applied to many first and second order upwind 
schemes such as in MUSCL (monotone upstream centered schemes for conservation 
laws) and TVD (total variation diminishing). For example, in the construction of the 
second order schemes, MUSCL approach has been used to extrapolate the primitive 
variables to the cell interface rather than the fluxes. Similar approaches and various 
other versions of flux vector splitting were used for TVD. These and other topics on the 
flux vector splitting will be discussed in Section 6.2.5. 


6.2.4.2 Godunov Methods 


The basic idea of a Godunov scheme is to use the finite volume structure of spatial 
discretization (Figure 6.2.4a) and a piecewise constant distribution of the variable u 
with the shock discontinuities occurring at each cell interface in order to obtain the 
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Erroneous solution 


Sonic transition —» 
x ‘ Harten and Hyman 
(44,570 _.“ $ : 
correction for expansion 


(i) Compression shock (ii) Expansion wave 


(c) 
Figure 6.2.4 Control volume and piecewise constant distribution of и. (a) Control volume for Godunov 
method. (b) Piecewise constant distribution of u at t = n At. (c) Compression shock and expansion wave. 


exact Riemann solution (Figure 6.2.4b). Here, the dependent variable и may be written 
as 


At 
ші = — (ши) – f(u] (6.2.67а) 
with the value of и over the volume element given by the average value и;, 
1 x+Ax/2 
uj = — u(x, t) dx 
Ax x—Ax/2 


and the flux time-averaged at the control volume surface: 


1 t+At 
= — dt 
= = | f 


As an exact Riemann solution, we note that (6.2.67a) can be reduced to 


At 
7 m ES и" _ A [ TE u 4] for а> 0 (6.2.67b) 
x 
At 
а ie aay dora 6.2.67c 
i i ^ і+1 i 
x 


with |@max|At/Ax < 1/2 for stability. This is because the wave can travel at almost half 
the cell. 

Godunov’s idea has been extended for improvements by various investigators 
including Roe [1981] and Enquist and Osher [1980] among others. One of the most 
widely used schemes is the Roe’s approximate Riemann solver. This scheme is described 
below. 


6.2 EULER EQUATIONS 


Roe’s Approximate Riemann Solver 

The original Godunov scheme (6.2.67) may be approximated by splitting the Jacobian 
a into positive and negative components as 

| — gt - | — at - 

dj-1/2 = 4; 15 — 04. 17» 0i41/2 = 44472 — 04417? 

For a > 0, the upwinding scheme is given by 
At 
+1 

uj. =иј— Ax Ui = fi-1) 

with the flux terms split in terms of positive and negative Jacobians, 


fiia — fii = à; 45 ti — ui-1) 


(6.2.68a,b) 
fi- fiip = af (и — uj) 
Subtracting (6.2.68b) from (6.2.68a) leads to 
it Ла 1 Р 
fiain = mE = 5181-12100 — uii) = Је 17 (6.2.69а) 


with the symbol * representing the first order upwind numerical flux at i — 1/2. 
Similarly, for a < 0, the upwinding scheme is written as 


At 
1 
uj =u; – Ay Је — fi) 
with 


fist — fi = aj auti — ui) 


fii = fia = ар ша — ш) 
from which we obtain 


йы + 1 
је = = = 5a = ui) = fap (6.2.69b) 
with * denoting the first order upwind numerical flux at i + 1/2. 
Unfortunately, the scheme given by (6.2.68b) above does not recognize the possible 
occurrence of expansion wave at a sonic transition identified by 


| m AM AER 
[агыу = дар аур = 0 


at which the scheme computes as a shock discontinuity that represents а nonphysical 
behavior, violating the entropy condition. A remedy for this situation can be found in 
Harten and Hyman [1983] in which the following modification is made to (6.2.69b): 


ļai+1;2| for laj412| > € 
€ for |4:41/2] <£’ 


j| — Gi 


= 0 
£ max (o. 2 


[ai4172] = | ) (6.2.70) 
Note that for expansion we have е = (и; 1 — u;)/2 and this requires a modification. On 
the other hand, for compression (e = 0), no modification is needed. This accommodation 
will allow a correct expansion wave to develop instead of the nonphysical discontinuity 
as shown in Figure 6.2.4c(ii). 
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The expressions given by (6.2.69a,b) can be substituted into (6.2.67a) in the form of 
finite volume discretization. This process can easily be formulated in terms of diagonal- 
ized Jacobians with eigenvalues and eignevectors for multidimensional Euler equations 
as shown in Section 6.2.1. Thus, the first order upwind scheme for the solution of Euler 
equations is of the form: 


At : 
и! = и? – mil m = fii] (6.2.71) 


with the numerical fluxes determined from (6.2.69a,b). 


6.2.5 SECOND ORDER UPWIND SCHEMES WITH LOW RESOLUTION 


There are two approaches for the second order upwind schemes with low resolution: 
(1) variable extrapolation and (2) flux extrapolation. In each of these approaches, an 
additional predictor step may or may not be included. In these schemes it is intended 
that the second order upwind approaches lead to greater accuracy. 


(1) Variable Extrapolation - MUSCL Approach 

In this approach, known as Monotone Upstream-Centered Schemes for Conserva- 
tion Laws (MUSCL) [Van Leer, 1979], the variables are extrapolated instead of the flux 
terms. 


1 L R R i 
5 7 3004) + (U4) = а (U vi] 20 
with ** representing the second order scheme and 


Ul) = U; + 210 — O0; 0а) + (1+ (i – 0) 


Uf, = Ui = FIC + ба = U) + – но — Ur) 


173 


where the superscripts L апа К refer to the left and right sides at the considered bound- 
ary and к denotes a weight (к = —1, 0, 1) leading to various extrapolation schemes 
Figure 6.2.5a,b). 

The final solution is obtained as 

ur! = Ur -s(t е) (6.2.73) 
Second order upwind schemes in space and time are obtained with an additional 
predictor step 


* o 1 
02, = 0; + nu —«)(U; — 0:1) + (1 + «)(Uj41 = U;)] (6.2.74) 
YT, о At * * 
U =U; - о (ба - 6) (6.2.75a) 


ж а. 1 
Uk „= Он - 11 + к)(О = ©) + (1 — к (ба — Uj.1)] (6.2.75b) 


6.2 EULER EQUATIONS 


i-l i-12 i i+1/2 1+1 x 


i-l 1-12 i i+1/2 1+1 i+3/2 i+2 x 


(b) 
Figure 6.2.5 Variable extrapolation. (a) Piecewise linear representation 
within cells. (b) Linear one-sided extrapolation of interface values for 
к= –1. 


with * indicating the first order approximation. Thus, (6.2.72) may ђе replaced by 


euo lef „(пе R p 
Баз (vi) +r (02) — lal (иу – 05: ) 
Finally, we obtain 


UH Us Ста 2 Р) (6.2.76) 


This is one of the most widely used schemes for capturing discontinuities іп capturing 
shock discontinuities in compressible flows. 


(2) Flux Extrapolation Approach 

In the previous approach, the state variables are directly extrapolated to the cell 
interfaces. The fluxes at the cell boundaries are then calculated from these values. In 
the flux extrapolation approach, the fluxes in the cell are directly extrapolated to the 
boundaries. 

The extrapolation formulas for the fluxes are the same as the formulas applied to 
the variables. A general backward extrapolation of the positive flux is given by 
5 = ; la —к) (t = ta) +(@+к) (t. = а) (6.2.77a) 


1 
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whereas a forward extrapolation is applied to the negative part of the flux, 


-f _ 1 „ 
А а la +к) (С = fi) + (1—k) (t... Е м) (6.2.77) 
Thus, the second order upwind scheme based on flux extrapolation becomes 
xk __р+Ь =f 
jt = DE + E (6.2.78) 


Similarly, as in the variable extrapolation, we obtain the second order accuracy in 
time by adding a first integration step over At/2 with the associated first order scheme 
(6.2.74). Defining 


ж 
Р 1 = 
1+5 


f*(U;, U1) (6.2.79) 


we obtain the numerical flux as 


m_p =) * (1+ к) + 
ба = t ;| gy) + (tactu) 
1[(1+к) И (1—к) " 
+ 2 7 (& - £4) +S (fa - £4) (6.2.80) 
Finally, 
UH 007 im _ i) (6.2.81) 


Unfortunately, the above schemes have had some difficulty; they are unable to con- 
trol overshoots and undershoots at shock discontinuities. A remedy is found in second 
order upwind schemes with high resolution, discussed in the following subsection. 


6.2.6 SECOND ORDER UPWIND SCHEMES WITH HIGH RESOLUTION (TVD SCHEMES) 


The most important development in computational fluid dynamics may be the second 
order upwind schemes with high resolution, known as the total variation diminishing 
(TVD) schemes, pioneered by Godunov [1959], VanLeer [1973, 1979], Harten and Lax 
[1981], Harten [1983, 1984], Osher [1984], Osher and Chakravarthy [1984] as reviewed 
by Hirsch [1990], which are based on the following physical properties: 


* Entropy condition — A decrease of entropy associated with expansion shocks must 
not be admitted. 

* Monotonicity condition — This condition must be enforced to prevent oscillatory 
behavior in the numerical scheme. 

e Total Variation Diminishing (TV D) – The total variation of any physically admis- 
sible solution must not be allowed to increase in time. 


In general, undesirable gradients, undershoots, overshoots which may occur in sec- 
ond order upwind schemes with low resolution may be controlled by providing non- 
linear corrections, called limiters, which satisfy the above properties: entropy condition, 
monotonicity condition, and total variation diminishing. 


6.2 EULER EQUATIONS 


(1) Definition of High Resolution Schemes 

(a) Entropy Condition. The solution of the Euler equations may contain discontinu- 
ities of variable gradients involving an entropy increase (or compression shocks) and, 
unfortunately, an unrealistic entropy decrease (or expansion shocks) which violate the 
second law of thermodynamics. In order to eliminate such undesirable (numerically 
generated) entropy decrease or expansion shocks, we must guarantee that 


ак<а<аь (6.2.82) 


where а is the speed of propagation of the discontinuity satisfying the Rankine- 
Hugoniot relations and 


Ld „ifi 
T du’? 7 ан 
with К and L being the right and left sides of the discontinuity. The requirement (6.2.82) 
is schematically shown in Figure 6.2.6, implying that ак and а; must intersect along the 


surface of discontinuity, resulting in a compression shock. In terms of eigenvalues, the 
entropy condition is given by 


ак (6.2.83) 


№(Ок) < a < мр) (6.2.84) 


Another treatment of ће entropy condition may be given by the smooth and positive 
entropy function S(u;) such that 


as 
ди;ди; 


(6.2.85) 


as proposed by Гах [1973]. This is equivalent to the existence of a system of equations 
with an artificial viscosity v such that 
U; + aU, = vU, (6.2.86) 


the solution of which confirms the entropy condition given by (6.2.85) in the limit as the 


Surface of 
discontinuity 


ар ca <ar, 


Figure 6.2.6 Intersection of two characteristics az and ap leading 
to compression shock discontinuity. 
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artificial viscosity vanishes. In general, however, the satisfaction of entropy conditions 
alone may lead to oscillatory motions (overshoots and undershoots) along the discon- 
tinuities. Remedies can be found in the concepts of monotonicity and total variation 
diminishing, which are described below. 


(b) Monotonicity Condition. A monotonicity condition refers to the nonoscillatory be- 
havior of the numerical solution. Consider the solution of Euler equation to be in the 
form 


ue | ar) шө») (6.2.87) 


1 
This scheme is monotone if H is a monotonically increasing function such that 


он 
Ju, Mite Uj—k4+1) + ++, ЖЗ, > 0 (6.2.88) 
J 


for alli-k < j <i+k, with 


n+l _ r * 
uf! (аа) (6.2.89) 
fia = у d T TRENT Um (6.2.90) 
The condition for monotonicity is given by 
9f* , opti 
2 50, 2 <9 (6.2.91) 
Oui ku дик 


This represents a severe limitation, resulting in a scheme that is too diffusive. A 
compromise is the total variation diminishing concept, described next. 


(с) Total Variation Diminishing (TVD) Schemes. As we have seen that the satisfaction of 
entropy and monotonicity conditions may still be restricted with oscillatory motions 
and excessive damping, respectively, our air now is to look to the concept of total 
variation diminishing to resolve these problems. To this end, we define the total variation 
[Lax, 1973] as 


ту = | 


A numerical scheme is said to be total variation diminishing (TVD) if 


а РА (6.2.92) 
x 


TV(u"*!) < TV(u") (6.2.93) 
Let us consider the semi-discretized system 


du; 1 


Eo mee (6.2.94) 
or 
ди; 1 
- = ——— Е TN * =i 
a = gg (Србињу + Cf puy) (6.2.95) 


6.2 EULER EQUATIONS 


with 
Сід = LE = = а, (шз — ui) (6.2.9ба) 
Ch би = fi — f, = aj (ui — uii) (6.2.96b) 
i-5 i-5 1—5 
апа 
– Jh Sfi 
Сс ,+С = = —==а 6.2.97 
i+} + Е EET би ба ( ) 
То compare the results above with the central scheme, we consider 
1 1— 
Ја = 3i + fia) - 5 Па уби (6.2.98) 


where D denotes the numerical viscosity coefficient. Combining (6.2.96) and (6.2.98), 
we obtain the wave speeds C; , and o in the form 


- 1 A 
Cii = 53004 - Diss) (6.2.99) 
1 = 
Ch, = 5 (ti; + Diss) (6.2.100) 
from which the numerical viscosity coefficient becomes 
Бу = Са = Cu (6.2.101) 


Thus the viscosity is expected to be proportional to the difference between the positive 
and negative wave speeds. 
It follows from (6.2.101) that the semi-discrete system (6.2.95) is TVD if and only if 


-0 and Ch, <0 (6.2.102) 


xd 
ae 


Once again from (6.2.95) we obtain, using the sign function 5,1 = sign(8u; 1), 


d 1 " 
Уз, Gui ш) = x2 541 Ic — С*) ёи 


— 7 2328 + ‚ 

Ci уби + Ст ви 4] 
1 
Ах 


а 
(туи) 


2. [йы (Соз = Cha) — ыб е зз С, 770 (6.2.103) 
1 

The TVD condition requires that the right-hand side of (6.2.103) be попрозшуе to 

ensure (6.2.102). This condition is satisfied for би, 41 = 1 and би 3 = би: = 0. Thus, 

from (6.2.95) with an explicit Euler method 


RE he. n 
и = uf! = = (С бин) + C; òu) (6.2.104) 
with the CFL-like condition 
T (e G, ) <1 (6.2.105) 
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Integrating (6.2.95) and (6.2.103) and combining the results, together with (6.2.102), 
we obtain [Harten, 1983], 


туш") «Y [1-т(С* — С), ви | - 7C; аша | тС? | | 


= 2. |би | = TVu”) (6.2.106) 


This is the basic requirement for the total variation diminishing. 


Note that the second order upwind scheme (6.2.77a,b) with k = —1 can be written 
as 
du; 1 1 
= 3ft —4ft tjaa БАР р 
ЕР Ex 7; fi fia) east јр Аја = faz) 


" 
MEC ш) — (шз — ш+1)] 


at 
BAS [3(u; — ui-1) — (ui-1 — ui-2)] бА 

(6.2.107) 
in which oscillations along discontinuities may still prevail. In what follows, we shall dis- 
cuss the TVD schemes with limiters to achieve accuracy and stability based on (6.2.107). 


(2) TVD Schemes with Limiters 

The TVD scheme described above may have over- and under-shoots which can 
be treated with the concept of limiters [Roe, 1984; Sweby, 1984]. To this end, rewrite 
(6.2.107) in the form, 


du; + 1 1 
" = n" @ шл) + 5 (ui Uii) ii "n 
а“ 1 1 
AT (ишы — ui) + 5 ia ш) > (иә Uj41) (6.2.108) 


Here, the variations in the second and third terms within the square brackets will be 
limited as follows: 


dui at 1 1 
7 == @ uj 4) 5 V (а — и; 1)— 5 Vi Uim = Ж] 
а“ 1 а 
Ас (uisi uj) + а = ш) = z Vus Q2 = и+1) (6.2.109) 


Now the TVD conditions are obtained by rewriting (6.2.109) in the form similar to 
(6.2.95), 


1 1 "i 
= 1 wt i i— 
а ax | + 2-4 xu, e» 
= ут 
а | КОӨ 1^4 
5 1+ 2 5 r ; (Ui+1 — ш) (6.2.110) 


6.2 EULER EQUATIONS 


with 
+ Uj+2 — Uil - и; — Ui—1 
Yr. == eS r. 1 = — 
H3 шташ Hl in, uj 
+ Ui4+1 — Ui - Ші] — Uj_2 
г = = ——, E Куу и эшк 
cos a oe (62.111) 
+ Ui — Ш-1 = Uj 2 — Uj-3 „=. 
а=“ == 
1 mates щ1—ЩШ—2 
- Ui+3 — Ui+2 E Ui+1 — Ui 
ro, ————, r, = —————— 
1+5 Ui+2 — Ui41 1+5 Uji2 — шц 
To шш s: + – 5 = = 
кы (тај, и ж (62.112) 
Thus, the TVD conditions are 
+ 
+ 1 ite 1 Và 
ixl i тс чыш (6.2.1132) 
2 i3 2r, 
Е т 1 V ia 
dixic d ar (6.2.1136) 
2 1+5 ZF 
1+5 


It is interesting to note that the basic Godunov's scheme (6.2.676) is recovered for 
wt = ут = 1. With more restricted definitions for the limiter, 
wr = (и), wt, =w(r*,) 


ic i-i i-5 i-5 


uc Nc 
the TVD conditions (6.2.113a,b) may be written in the form [Roe, 1984, 1985; Swevy, 
1984] as 


(6.2.114) 


99) _w Qi ) <2 (6.2.115a) 


бы) -Y (r.i) <2 (6.2.1155) 


2 


which may be generalized in the following form for all values of r and s: 


у 
хо — (s) <2 (6.2.116) 
r 
with the following constraints: 
V(r)z0 forrz0 (6.2.1172) 
W(r)=0 forr <0 (6.2.117b) 


where (6.2.117b) is designed to avoid nonmonotone behavior. Thus, the sufficient 
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condition becomes 
0 x W(r) < 2 (6.2.118) 


Let us examine the above condition with another scheme such as the explicit second 
order Warming and Beam scheme: 


ul! — u? = —o (u; — uia)" — = (1 — o)(uj — 2ui-1 + ui-2)" (62408) 


which тау be rewritten as 


ul! = u? – o(u; — uj ay zü с)ё- [v (rt) Qu шу] (6.2.120) 


Using the conditions (6.2.107) and (6.2.120), we obtain 
+ 1 + 1—5 
бету =011+5(1-0) v (r; )-5 — <1 (6.2.121a) 


Ср =0 (6.2.121b) 


This requires, for arbitrary values of r and s, 


o — (s) < c (6.2.122a) 
and 
V(s) — : x = (6.2.122b) 


Combining (6.2.118) and (6.2.122), the second order upwind scheme is TVD for 
0 < W(r) < min(2r, 2) (6.2.123) 


with Y = 1 for the Warming and Beam Scheme and W(r) =r for the Lax-Wendroff 
scheme. 
Various limiters for second order schemes are summarized below: 


(а) TVD regions for V(r) in general 


(b) Van Leer's limiter V — = (6.2.124) 
r 
(c) Minimum modulus (minmod) v(r) = п w ae (6.2.125a) 
0 ifr <0 
x if|x| «|y, xy>0 
minmod(x,y)— 4y if|x|>l|yl, xy >0 (6.2.125b) 
0 ifxy <0 
(а) Roe's Superbee limiter Ч (у) = max[0, min(2r, 1), min(r, 2)] (6.2.126) 
(e) General B-limiters V = max[0, min(gr, 1), min(r, B), 1 < 8 <2 (6.2.127) 


(f) Chakravarthy and Osher limiter w(r) = max[0, min(r, B), 1- 8 x2 (6.2.128) 
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In these limiters, we observe the following features: 


(i) Forr < Тог 
Uj41 — Uj uj — Uj-1 
= 
Ах Ах 


Then set Ҹ (ғ) =r and the contribution и" — и" , to и"! is replaced by the 
smaller quantity (u7 “a= ий). 


(ii) Ifr > 1, the contribution (и; — и; 1) remains unchanged. 
(iii) If the slopes of consecutive intervals change sign, then the updated point i 
receives no contribution from the upstream interval. 


The limiters as defined above may be applied to numerical fluxes in the form 


du; 1 1 E 1 V CA | 
d А bt v (rt .) 2 a (fi fi) 
TENE 
АХ 1+ 2" (ri) ED E (fi - fi) (6.2.129) 
with 
fi- ја Јн 
Ta pop? gp (6.2.130) 
кєт еру C9 Jua 
and equivalently, 
+ 
ди; 1 1 M 1¥ (rt) 
di А Шы а ae АДЕ 4 ı (uj = uii) 
к= 
10 1 1¥ үз _ 
ae ee (an) 75 l ) a; (ша ш) (6.2.131) 


Here it is seen that with redefinition of slope ratios (6.2.130), the limiters are generalized 
to nonlinear scalar conservation equations from (6.2.113). 


(3) Time Integration Methods for TVD Schemes 

So far we have been concerned with the second order space-accurate TVD schemes 
only. We are now prepared to discuss integration of the time dependent term. 

Recall that there are two types of time integration methods: (1) the combined space 
time methods (Section 6.2.2) and (2) separate space-time methods (Section 6.2.3). The 
former is more suitable for time dependent problems (time accurate), whereas the latter 
are more suitable for steady-state problems (not time accurate). 
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(a) Explicit TVD Schemes of First Order Accuracy in Time. Consider the first order time 
integration of (6.2.128) in the form 


" 
E ecce a n) MV (5 - mu 
= аа) 21809) те (6.2.132) 
i+3 


This scheme without the limiter (V = 1) is unstable, whereas the nonlinear TVD version 
with V > 1 is conditionally stable, as seen from (6.2.107). 
Define the local, positive, and negative CFL numbers, 


E = * 
Bai duc 


ot, =r LoT (6.2.1332) 
73 Ui+1 — Ui Uil — Ui 
fta fi ја = i 
а, = т? =т 7 (6.2.133) 
Pra Uj+1 — Uj Uj+1 — Uj 
with 
За e RD oy 6.2.134 
Lx FO нит va 
_ fia - f 
[0 | i = оү -0 =T тро? = "та: (6.2.135) 
апа 
+ 
СР“ ilo(z)- 1203) (6.2.1362) 
ULCUS 72 Муса rn 7 
C soc, |1+ lo(r- 1Y (rs) 6.2.136b 
Tego ыалы oa tie ae) 


Thus, the TVD condition (6.2.107) with (6.2.115) is given by 


_ 1+а 
2 (ci = Gu) = "e 2 ) <1 (6.2.137) 
where 
ф 
Wis) = Wo <a 
r 


with 0 < a < 2. The CFL condition for this case is 


le| < 


6.2.138 
^ 2+а ( ) 
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The stability conditions for various limiters are 
| NE 2 
minmod limiter: |о | < 3 
ies 1 
superbee limiter: |o| < 2 


and so on. 


(b) Implicit TVD Schemes. An implicit multistep method for the second order TVD 
scheme may be written as 


antl an+1\ __ __ = xn ржп 
Au” +70 (ле zd j= т(1 6) (f 17) (6.2.139) 
Using (6.2.104), we may rewrite (6.2.139) as 


[1 +т@ (бе + с) [^w -- (f jj (6.2.140) 


or 
[1 + 70(Ct — C-)]Au; + 19C^ Лица — 19C* =—т (а E Ба] (6.2.141) 


It is now seen from (6.2.105) that the left-hand side of (6.2.141) is diagonally dominant. 
The CFL-like condition is given as 


7(1— 0) s E Gh) <1 (6.2.142) 


(с) Explicit Second Order TVD Schemes. Consider (6.2.74) with k = —1 in (6.2.80), 


ш = uf — se fia (6.2.143a) 
Жы = fumma) (6.2.143b) 


ult! PS |F, 1+5 ue e - j£) + ( | == | (6.2.143c) 


Applying (6.2.143c) to the linear convection equation, we obtain 


°) 9-5) (uj — ш) (6.2.144) 


1 
ut! =и!–— а |1+ 2 (vt 


nie 


with the TVD conditions, 


Ww = 
0< ЈЕ xg ТЗ =| <2 (6.2.145) 
r 
where 
5 = 2 „ r= p" 
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and 
0< W(r) <(2-—o0)r+o (6.2.146a) 
2 
0x W(r) < — (6.2.146b) 
с 


These conditions lead to, for 0 < o < 1, 
V(r) < min(2, 2r) (6.2.147) 


It is interesting to recognize that the limited terms in (6.2.143c) represent the dif- 
ference (prior to limiting) between the second and the first order numerical fluxes, 
јр“ — Р", and that this is the antidiffusive flux of the Flux Corrected Transport (FCT) 
[Boris and Book, 1973]. 

Various second order TVD schemes are identified as follows: 


(i) Explicit Second-Order Schemes with Variable Extrapolation (MUSCL) Approach. Once again, 
from (6.2.74), (6.2.80), and (6.2.72a,b), we obtain 


At 
u = ul — — (Ла ft) (6.2.148a) 
d 
it = Ui + 5 У Qu — ш—1) (6.2.148b) 
tz 
üt =й — 5 У И — uj) (6.2.148c) 


with the tilde indicating monotonicity conditions, leading to 


ult) — yt = (Ти - Та) (6.2.149) 
where 
Жы = (б 1.) (6.2.150) 


(ii) Lax-Wendroff TVD Scheme. This is an application of TVD to the Lax-Wendroff 
Scheme [Davis, 1984; Roe, 1984]. Here, the Lax-Wendroff numerical flux, 


TNT 


figa 2 


is transformed into an equivalent flux split form by decomposing the fluxes and the 
Jacobians into their positive and negative parts, 


«EN  _ „+, „— id + „+ d = » 
| „= Л + atata) – 2 (1474) 3 (62151) 


6.2 EULER EQUATIONS 
Thus, the TVD Lax-Wendroff scheme becomes 


«(LW) _ т 1 
К» = £^ egeo) ro 


1—7 


ME NE 
-w(z OLARA (6.2.152) 


1.3 
1+5 


where the symmetry property 


A = (2) 


is utilized. Note that the presence of the functional dependence оп r;+3/2 is required, 
leading to a five-point scheme to satisfy the TVD and second order accuracy conditions. 


(iii) Harten's Modified Flux Method. The first order upwind scheme has a truncation error 
h, such that 


ш + frth, =0 (6.2.153) 
with 
h = AtB(u)ux (6.2.154) 


Equation (6.2.153) represents a second order approximation to и; + f; = 0. For the first 
order upwind scheme, 


1 1 
fi - ; јер = 5191 (0+1 — ш) (6.2.155) 
the truncation error becomes 
A A 
h= 51а — тјађи; + О(Ах?) = Slol — lou, + O(Ax?) (6.2.156) 
T 
Thus, the numerical flux for (6.2.153) assumes the second order form, 
1 1 1 
Lie 507 faa) z thia)- 209 + Ба (uia — ui) (6.2.157) 
with 
иза — Ui а +; 
һа = lai (116) = (6.2.158a) 
hi41 — hi 
Hey cm (6.2.158b) 
This scheme is TVD with 
tla + bli <1 (6.2.159) 
апа 


hi = min mod(h,_1, 1) (6.2.160) 
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(а) Artificial Dissipation and TVD Schemes. Let us rearrange (6.2.152) in the form 


LW 
fs [ур = y + ће) – ТЕ ш) 


+ sw (1 —o™)a* — Y7 (1 — o7 ја Jii (Uia ш) (6.2.161) 
where 


V*q =0 ог Ytf = 


6.2.162 
ф"а"=0 or V-f*-0 ( ) 
Thus 
L јен Л + fig) арышы = ш) 


+ sow tVO[ü-e*)a* — (1 + а“ ја“] (ша — ш) (6.2.163a) 
ог 
fu, = S0 + fi) — lala =) 
+ Lot + Val — 1o] (шы — ш) (6.2.163b) 


Written alternatively, 


«(LW 
rte levy = ү, + је) = NE ui) 


n sow + 47 – Даја – lo] (tia — ш) (6.2.164) 


Comparing with (6.2.50), “= are identified as 


Das ta- wt №) [аа – lo]: (6.2.165) 


+3 


Similarly, a TVD MacCormack scheme is given by 


Ti =u; — т(ја— fi)” 
п = и" с eT) (6.2.166) 


ur = „ш + ii) + [| D; ji (uii — uj) — D, i(ui — uii) 


Although the artificial viscosity of the central schemes is analogous to the TVD schemes, 
accuracy and efficiency of the TVD schemes have proven to be superior. 

In summary, the TVD schemes, although capable of resolving shock waves, are not 
uniformly high order accurate. They are reduced to first order accurate at local extrema 
of the solutions, while maintaining second order accuracy in other smooth regions. 
To circumvent this difficulty, the essentially nonoscillatory (ENO) schemes have been 
introduced. This is the subject of the next section. 
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6.2.7 ESSENTIALLY NONOSCILLATORY SCHEME 


In the previous sections, we have studied low- and high-resolution schemes of Godunov, 
MUSCL, and TVD. In this section we examine a generalization and extension of these 
schemes, leading to a uniformly high order accurate essentially nonoscillatory scheme 
(ENO) as advanced by Harten and Osher [1987], and subsequently by Shu and Osher 
[1988, 1989], among others. 

In the ENO scheme, high-order accuracy is obtained, whenever the solution is 
smoothed by means of a piecewise polynomial reconstruction procedure, yielding high 
order pointwise information from the cell averages of the solution. When applied to 
piecewise smooth initial data, this reconstruction enables a flux computation which is 
of high order accuracy, whenever the function is smooth, and avoids nonconvergence. 

Initially, ENO schemes were developed in terms of cell averages conducive to FVM 
applications, followed by numerical fluxes for FDM applications with TVD Runge- 
Kutta discretization. These two types of ENO schemes were compared and evaluated 
by Casper, Shu, and Atkins [1994]. Recently, the ENO scheme has been extended to 
the Navier-Stokes system of equations [Zhong, 1994] and to unstructured triangular 
grids [Abgrall,1994; Suresh and Jorgenson, 1995; Stanescu and Habashi, 1998], among 
others. The basic theory of ENO is briefly summarized below. 

The purpose of ENO is to achieve uniformly high order accuracy by avoiding the 
growth of spurious oscillations at shock discontinuities known as Gibb's phenomena. 
To this end, we employ piecewise polynomial reconstruction in the numerical solution 
based on an adaptive stencil. Such stencil is chosen according to the local smoothness 
of the flow variable. 

Although ENO schemes have been applied to multidimensional Euler and Navier- 
Stokes system of equations, we illustrate the procedure using one-dimensional hyper- 
bolic conservation law, 


ðU OF 
=0 


art = (6.2.167) 


For simplicity, we consider a one-dimensional scalar function and reconstruct the point 
values u(x) of a piecewise smooth function и from its known values of cell average Ti. 


xi41/2 
ш = || ule )dé (6.2.168) 


with hj = Xj41/2 — Xi-1/2. Let us now reconstruct u(x) from п; by interpolating the prim- 
itive function U(x), 


U(x) = | | u(E)d£ (6.2.169) 
The point value of the primitive function at x = x;+1/2 is given by 


Uiap = У шћ (6.2.170) 


1 
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Table 6.2.2 Illustration of Divided Difference 


А! (1st divided difference) A? (2"4 divided difference) A? (3 divided difference) 


Since we have 
d 
u(x) = —U(x) (6.2.171) 
dx 


it is now possible to obtain a piecewise polynomial interpolation function На(х, U) of 
degree m by interpolating the point values of U;,4/» from (6.2.170) and arrive at the 
reconstruction polynomial of the form 


d 
R(x, и) = 4 На(х, U) (6.2.172) 


where, for cell xi. 1? and xi 15», Њи(х, U) represents the mth degree polynomial that 
interpolates the values of {11/2 at m+ 1 successive points xj+41/2(jm < j € ја + m) 
including х—1/2 and ха1/2. Thus, our objective is to choose a stencil with На(х, U) 
being the smoothest. This can be extracted from a table of divided differences of U(x) 
such as shown in Table 6.2.2. 

The one-dimensional ENO reconstruction described above has been extended to 
two dimensions via primitive function [Casper, 1992]. The cell average can be carried 
out as follows: 


1 PEST _ 
Me (x)d 6.2.173 
Uij Ar n О ;(x)dx ( 73) 
with 
" 1 у+1/2 — 
Us | UE hay (6.2.174) 
Ay j Jy-1j2 


Recently, applications of ENO to the Euler equations in unstructured triangular 
grids have been reported by Abgrall [1994], Suresh and Jorgenson [1995], and Stanescu 
and Habashi [1998]. The reconstruction via extrapolation allows the selection in one 
step of all of the cells in the required stencil for each cell. For an rth order-of-accuracy, 


6.2 EULER EQUATIONS 


the approximation polynomials of degree m = r — 1 are written as 
m 
[U,r] =) у, aX Y (6.2.175) 
p=0 j+k=p 

Here, we have M = (m + 1)(m + 2)/2 unknowns, requiring a stencil of M cells to build 
the interpolation polynomial. 

The ENO reconstruction such as given by (6.2.175) can be used to compute fluxes 
so that the solution procedure of any scheme presented in the previous subsections will 
be followed. 


6.2.8 FLUX-CORRECTED TRANSPORT SCHEMES 


The flux-corrected transport (FCT) scheme was originally developed by Boris and Book 
[1973] and subsequently generalized by Zalesak [1979] in which monotonicity is assured 
in multidimensional problems. The basic idea is to combine a high order scheme with a 
low order scheme in such a way that the high order scheme is employed in smooth regions 
of the flow, whereas the low order scheme is used near discontinuities in an attempt to 
obtain a monotonic solution. The following six steps are used for the solution. 


1) Compute F. , the transportive flux given by some low order method guaran- 
р EE n р 5 у 5 

teed to кеп monotonic results. 

2) Compute F/', „, the transportive flux given by some high order method. This 

p SEPA p g y g 

flux is mathematically more accurate, but can lead to physically unacceptable 
ripples in the solution. 

(3) Compute the T low order, transported and diffused solution, 


uP = U; — К» = Fip) (6.2.176) 


res S 

(4) Define the antidiffusive flux which becomes the amount of the monotone trans- 
portive flux that we would like to limit before correcting the transported and 
diffused conservation variables of step (3). 


Fa = Fp = Еу? (6.2.177) 


1 


Limit the antidiffusive fluxes КА 12 SO that U” as computed in step (4) is free of the 
overshoots and undershoots which also do not appear in U7P. 


ЕС = Саз „ 0< Со 1 (6.2.178) 


1 


Apply the limited antidiffusive fluxes to get the new values U’, 
Ur = UIP — A (#62 - Fey) (6.2.179) 


Note that if F, Er р = =F +1/2 for Суз = 1, the U’ reduces to the time-advanced higher 
order method without the required monotonicity correction. 


The procedure described above can be generalized to the two-dimensional case, 


At 
О = И – A (m = (А):-102,3 + (P). jj — (Ру), j-12] (6.2.180) 
J 
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where А, j is the two-dimensional area element centered on grid point (i, j). Here, two 
sets of transportive fluxes А; and Ру are treated as follows: 


a. Compute (А.) 1 ; and (Ру), у by a lower order method. 


b. Compute (Р); 1) and (F,) |, by a higher order method. 


c. Compute the previously updated low order, transported and diffused solution. 


„Аё 
Up? = Uj, – 1089) = (КР i, + GS) ua = (EE-l 
i,j 


(6.2.181) 
d. Define the vector components of the antidiffusive fluxes 
AD _ H L 
Fuz = (Е), — Fauzi (6.2.182) 


AD H L 

Fia, = (Ру) ту, E Елу? 

е. Limit the antidiffusive fluxes so that there аге по overshoots ог undershoots in 
Uj", of step (f) below that do not appear in О, of step (c). 


C AT 
F5;-Cunajfüu; 0< Ciaj <1 


(6.2.183) 
Есір, = Cazi Ffin (SG ip; <1 
f. Apply the limited antidiffusive fluxes to get the new values U7'; 
At 
TD C C C C 
Ui = у – а Mang T Бар + Fie fag] (62184) 


Here, it is important to limit the antidiffusive fluxes ЕТ, , and FA". by choosing 
the cell-interface flux-correcting factors Cj+1,; and Cj а such that the combination 
of four fluxes acting together, through (6.2.184), does not allow U7; to exceed some 
maximum value U;"* or to fall below some minimum value Dux Itshould be noted that 
determination of suitable values of flux-correcting factors С; 1, ; and C; 4 is analogous 
to the TVD limiters. There are many possible ways to determine these limiters, as 


suggested in Zalesak [1979]. 
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Diffusion processes due to viscosity and thermal conductivity are characterized by the 
Navier-Stokes system of equations. As the Reynolds number increases, boundary layers 
are formed and the laminar flow undergoes a transition toward turbulence. In high 
Reynolds number and high Mach number flows, shock waves and turbulent boundary 
layer interactions are most likely to occur. Furthermore, diffusivity due to chemical 
reactions also adds to the complexity of governing equations and computations. In 
general, such physical properties make the length and time scales of the variables widely 
disparate, thus causing the resulting algebraic finite difference equations to become 
“stiff.” The subjects of turbulence and chemical reactions will not be discussed until 
Part Five. 

Although implicit schemes are used predominantly in dealing with stiff equations 
for compressible viscous flows, explicit schemes have also been used in relatively low 
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Reynolds number flows. In this section, some of the prominent explicit and implicit 
schemes are discussed, followed by PISO. 


6.3.1 


EXPLICIT SCHEMES 


The compressible viscous flow in its most general form was presented in Chapter 2. An 
expanded form in 3-D is shown below, but without source terms. 


dU дА OB ос 
=0 (6.3.1) 
ot Ox ду az 
with 
p pu 
pu pu? + p — тех 
О = | ру А = puv — туу 
pw PUW — тх: 
pE (pE + p)u — uix, — Vis, — WTxz + qx 
pv 
рун = ту 
В = pv? + р— туу 
руш — ту; 
(PE + p)v — ury; — Утуу — шту; + ду 
рш 
puu — т; 
С= руш — Tzy 
рш? + р = Tz 
(PE + p)w — ит — VTzy — WTzz + dz 
2 (25 ду ==) 2 (2% ди a) 
Тхх = у T = Я 
АРА Т ОЖ ay» az »= аб Jy ax Oz 
2 dw ди ду 
Tzz p.| 2 
3 Oz дх ду 
ди | av ди | до _ _ (до ду 
Тху = Me ду | ax Туу, Ту: = Me ür ӘХ = "Ту, Тус = № ду 9 zy 
oT oT oT 
qx = –К—, =, z = —k— 
ax ду 04 


In terms of a curvilinear coordinate system (Е, т, б) (see Section 4.6), equations 
(6.3.1) are transformed to 


ð (U д [1 д [1 
ЕП (7) + пе ба + &уВ + 55) + [А + тв + ©] 
д [1 
+з E + B+ сој =0 (6.3.2) 
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with 


J =[%(ул& Уа) — (у Ye Ze) — Xr (Ye Zn уа)" 

Ex = J(yqzt — Yt Zm), £y = — J (Худ — Xt Zn), & = Јалу; — Xt Yn), 
т=— (уда — ул) My = Sez а), Me = I ey — Xe Ve), 
ба == Jg Yam) by = =I (Hee = Ху), be = J (Xé Yn — Ху) 


2 

Тхе = 3H [2e Tonus + Gur) = (£y ve + туул + буу) = (Ewe + Wy + бш )] 
2 

Tyy — 35H25 ve + тууу + буума) = (&ug + три + Gur) 28 (Ewe + Wy + Си )] 


2 
Ту = д? ш + тш + 779) = (rug + три + Gur) = (&уує + NyVn + буу; )] 


Try = p (Extg + триу + бум + Eve + туа + СМ) 

ха = (ие + три + Cup + сше + түш + бушр) 

Ty; = (ёсу + тууа + буу + Eywe + туш + бушр) 

де = — КЕ тт GR) а= КЕ + Ty + GU), 
gue AE wA) 


Equations (6.3.1) and (6.3.2) are mixed sets of hyperbolic and parabolic equations 
in time. If the unsteady terms are dropped, then a mixed set of hyperbolic-elliptic sys- 
tem results. As a consequence, the compressible Navier-Stokes system of equations 
are normally solved in their unsteady form using the time dependent approach, in 
which the equations are integrated forward in time until either the desired time is 
reached or a steady-state solution is obtained asymptotically after a sufficient num- 
ber of time steps. If only the steady-state solution is desired, an implicit finite differ- 
ence scheme can be used, where fewer iterations are necessary. If time accuracy is 
required, then a second order accurate explicit scheme may be used with small time 
increments. 

Explicit schemes include the leapfrog/DuFort-Frankel method, Lax-Wendroff 
method, Runge-Kutta method, MacCormack method, among others. Highlights of the 
explicit MacCormack scheme [MacCormack, 1969] with predictor and corrector steps 
are presented below. 


Predictor 
At At At 
Tm " т 
Оре Ора у! ык Айу) — n bag Ba) n Lie — Сеа) 
(6.3.3) 
Corrector 
+1 1 Ur At Atl — AT BU -ptl 
= 910 ijet Б. 1+1, j,k m= i i,j+1,k M 
Al jag AT 
- (CH a Cil (6.3.4) 


Az 
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with x = iAx, у = jAy, z = kAz. This explicit scheme is second order accurate in both 
space and time, and useful for time accurate calculations or problems with low to moder- 
ate Reynolds numbers. Although forward differences are used for all spatial derivatives 
in the predictor step while backward differences are used in the correction step, the for- 
ward and backward differencing can be alternated between predictor and corrector 
steps as well as between the three spatial derivatives in order to eliminate any bias. 
Unfortunately, no analytical stability analysis is available to determine limiting time 
step requirements because of the nonlinear nature of the governing equations, but the 
following empirical formula [Tannehill, Hoist, and Rakich, 1975] is proposed. 


hex о(А св, 
1+2/Re, 


with о 2 0.7 — 0.9 


dese BELLIS LL. EX 1,4 
ŒL = |АХ ТАУ Az Ax? Ay? Az 


Кел = тп(Кед,, Reay, Кел,) > 0 


(6.3.5) 


1 


u| Ax МА Az 
Reg, = P l Re, Г. MEE 2 


2 


It is often necessary to add artificial viscosity using the fourth order derivatives of 

the form, 
E( Ax; Ax; AX AX) 80 (6.3.6) 
— x; Ax; Axx, AX) —————_ 3. 
ua OX; 0X j дхед Ху 

where £ is an experimentally determined parameter. 

For high Reynolds number flows (thin viscous layers), the mesh must be refined 
(small time steps), leading to long computer times. To circumvent this difficulty, implicit 
methods may be used. We discuss this subject in the following section. 


6.3.2 IMPLICIT SCHEMES 


Earlier developments of implicit schemes for the Navier-Stokes system of equations 
include Briley and McDonald [1975], Beam and Warming [1978], and MacCormack 
[1981], among others. First, let us consider the Navier-Stokes system of equations in the 
general form 
aU " дЕ; " dG; 
ot OX; OX; 
Here, it is assumed that the convection and diffusion fluxes are functions of the conser- 
vation flow variables U. In addition, the diffusion flux is assumed to be a function of the 
gradient of conservation flow variables. These functional relations are characterized by 
the convection Jacobian а;, diffusion Jacobian b;, and diffusion gradient Jacobian cj;. 
a дЕ; |. 8Gi RE dG; 
‘aU’ ‘aU’ E aU j 


=0 (6.3.7) 


(6.3.8) 
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To evaluate the Jacobians, we set new variables £ = pu, m= pv, e = pE, and pR = 


X + 2и for two-dimensional flows, 


Ui p p 
U= Ur _ pu = £ 
U3 pv т 
U, pE ё 
F} pu 
ges | Үү... 
1311 pw | 
F$ pEu + pu 
F! ру 
I pvu 
F: = с = 2 = 
PF; р+ру 
E pEv + pv 
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[к- ч? + 9} = 


) = (ү – 1)р [8- за? + ој = (ү – Dfe- G + 2] 


1 ЖУ; 2 
EL en) 


The convective Jacobian a; can be evaluated as 
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ЕЎ ӘЕ} об OH 
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dU 
0 
—3 —1 
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yeu ye 
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дЕ 
аз => 
aU 
0 0 1 0 
—иу у и 0 
= —3 —1 
V+ LL —(y = 1)и (3 — ү)у ү = 1 
еу e 1- 
E + (у -Dv + 72) (1—+)иу x + — +и) yy 
(6.3.9a) 
Similarly, the diffusion terms with their Jacobians are of the form 
Gi 0 G} 0 
Gi TH GZ 75 
Сі = TA G2 = | == 
С тр G T22 
Gi тци + тру — ф 6; три + 722V — 42 
0 0 0 0 0 0 0 0 
ii dG _ by by ba 0 _ 962 _ b b b3 (6.3.9b) 
= аб 7 B M M, of Pao TlH E ы, o| (63 


1 1 1 1 2 р pd р 
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1 k 
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À HR 
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712 k 
5 = — A + иһ» = vb + ec + 2up 2], 


722 k - : 
bs = —— + ирд; + vb33 -= 1002 + 2vp.2], big = aim e 
р p?c, dus 


The diffusion gradient Jacobians are evaluated as 


0 0 0 0 0 0 0 0 
_ даба |o c 0 0 _ об | 0 dO 
с=з = је о cH о с2=>0,  |cB св 0 0 
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(6.3.9c) 
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An extension to three-dimensional flux Jacobians follows the similar procedure. 
The 3-D convection, diffusion, and diffusion gradient flux Jacobians are presented in 
Appendix A. 
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A typical implicit scheme may be constructed by linearizing the convection flux, 
diffusion flux, and diffusion gradient as follows: 


oF” 


Fr — рл + ay AU = F? +a? AU”! (6.3.10a) 
nal n dG? п+1 dG? п+1 п п п+1 п п+1 
oJ 


An unsteady implicit scheme for (6.3.7) can be represented as an average of the 
flowfield between the current and previous time steps, 


AU"! _ 1[f8F; әс, ү" әв; aG;\""" 
= 6.3.11 
At Ale + =) (S T x) ) 
Substituting (6.3.10) into (6.3.11) and using the relation, 
Cij АП, = (cij АП), = ¢;;,; AU (6.3.12) 


it follows that 
МГ a 9?c;; T” At (dF; | 0G; V" 
I+ — pd bp — Cj; H AU" = ' ! 6.3.13 
| T 2 E (а T cji) + A | 2 OX; T OX; ( ) 


Although (6.3.13) can be used for general applications, it may be modified speci- 
fically for ADI procedure, leading to the so-called Beam-Warming scheme [Beam and 
Warming, 1978], described below. 

For simplicity of notation, let the Navier-Stokes system of equations be written as 


The Beam-Warming implicit method begins with an introduction of implicitness 
parameters & and 0 such that 


1 
xd + £)AU"*! — EAU"] = oW” + (1— 8) W" (6.3.14a) 
with 0 < (£, 0) < 1, AU"*! = U"*! — U”, and AU" = U” — U"-!, Equivalently, we may 
write (6.3.14a) in the form, 

At 
1+& 


Using the linearization procedure of (6.3.10) in (6.3.14), we obtain 


A 


AU" = Y | (6.3.145) 
At 
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At this point, we anticipate difficulties handling the cross derivatives of the viscosity 
terms in the ADI procedure. Therefore, the diffusion flux terms are separated into two 
parts: normal derivatives and cross derivatives so that the differentiation of the diffusion 
gradient Jacobians is performed only for normal derivatives, whereas the cross deriva- 
tive Jacobians on the left-hand side are excluded from the (n + 1)th step in (6.3.15). 
Furthermore, the 6 terms on the right-hand side are to retain only the cross derivatives 
(shear stresses) and allowed to lag to the n-1 step explicitly. With these arrangements, 
(6.3.15) is rewritten as 


bAt Pey 1" 
I , TR ij лр"! 
| | w pe Ed | e 
А п—1 
_ 5 apo At (9E , 3G; "Ato дб (6.3.16) 
1+ё 1+ё OX; OX; 1+: OX(j) 5 


with (i) = (j). Here, it should be noted that in Beam and Warming [1978] the cross 
derivative terms alone become associated with the implicitness parameter Ө at the 
(n — 1) step. This will allow (6.3.16) to be solved in two steps in the spirit of ADI with a 
block tridiagonal form. In step 1, set i = 1 and j = 1,2 in the x-direction with only the 
normal derivative Jacobians (сі of ¢;;) retained on the left-hand side. Step 2 is to set 
i = 2 and j = 1,2 with only ср being involved in the y-direction on the left-hand side 
and place the solution obtained in step 1 on the right-hand side to determine the final 
solution. In this process, the diffusion gradient Jacobian components, сіх and c»; are 
never used, contrary to the general case of (6.3.14). Expansion of (6.3.16) as described 
above leads to the following a 
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The solution of (6.3.17) is carried out in the manner of an ADI scheme as follows: 


Step 1 
өл [ a en |" 
| Por ЕС Ji éd +] | AU* = RHS (6.3.19a) 
Step 2 
өлг ГӘ 9202 1" ч А 
I+ IFE 3, + be = €22.2) + дуг AU" = AU (6.3.19b) 


where it should be noted that the substitution of (6.3.19b) into (6.3.19a) is equivalent to 
(6.3.17), but with additional higher order terms which may be neglected. This approach 
is known as the approximate factorization [Beam and Warming, 1978]. 

For assurance of convergence, an explicit artificial viscosity of fourth order deriva- 
tives (6.3.6) may be added to the right-hand side of (6.3.19a). Furthermore, implicit 
second order derivative artificial viscosities may be added to the left-hand side of 
both (6.3.19a) and (6.3.19b) in the x- and y-directions, respectively. The stability anal- 
ysis by Beam and Warming [1978] shows that ё > 0.385 and 0 = 1/2 + ё, leading to 
0.639 « Dr < 0.75. 

The Beam-Warming scheme has been used successfully and many improvements 
have been reported for the last two decades. An important question still remains. 
That is, dominance of implicitness or excessive artificial dissipation enforced uniformly 
everywhere in the flow domain must be adjusted according to the actual local flow 
physics such as inviscid-viscous interactions, transition to turbulence, shock wave bound- 
ary layer interactions, etc. This subject will be presented in the flowfield-dependent 
variation (FDV) methods in Section 6.5. 


6.3.3 PISO SCHEME FOR COMPRESSIBLE FLOWS 


Recall that in Section 5.3.2 we discussed the PISO scheme for incompressible flows. 
We demonstrate here that a similar procedure may be followed for compressible flows 
except that an additional corrector stage must be incorporated because the coupling 
between the momentum, energy, and pressure (continuity) equations involves the den- 
sity and temperature [Issa, Gosman, and Watkins, 1986]. 

We begin with the continuity, momentum, and energy equations using the notations 
given in Section 5.3.2. 


1 

qo" р") + (ру), =0 (6.3.20a) 
1 " F 

qj levy -(viy]2-Si ер (6.3.20b) 


1 
qlee - (pE)"] + (рЕм) = (ру) — (тууу. (6.3.20с) 
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The predictor and corrector steps are as follows: 


(a) Momentum Predictor 


5. (0) (№ ру" 
1] jt Hayt k n J 
a жү ak А 6.3.21 
(> + " је vi) ub c RP ( ) 
(b) Momentum Corrector I 
(D) n,n 
б; Ái (№) p 
ЧЫ жуу sg. ft 6.3.22 
(5 ТИ CES (6.3.22) 


Subtracting (6.3.22) from (6.3.21) gives 


(D)N -1 
"TEE: =r 63.23 
ру; —ру;=— АТ p^ р“ — р"): (6.3.23) 
Writing (6.3.20a) in the form 
1 
жу = = * Ап 6.3.24 
(р“уг“), О p ( ) 


Differentiating (6.3.23) and using (6.3.24) we obtain 


(D)\ -1 
wi) (рер) = (ом) + LG" р") (6325) 
At p” i ы Жү 
J 
Introducing the equation of state in the form 
р“ = р Фр", Т") (6.3.26) 


it is seen that (6.3.25) combined with (6.3.24) leads to 


à | АРА фр", Т"), А 
(2+ 2] GPa a Ve- рт) = (у) (6.3.27) 
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from which p*, р“, and v7* can be solved. 


(c) Energy Predictor 

1 po» (N) р” E” 

— + —— |(р*Е*) = -(pEvi)? —(р*уў*); Му + —— 6.3.28 
(о ) = —(р Evi? — (ty), + (туу E (6.3.28) 

with B? being the diagonal components of the convective terms. 
(d) Momentum Corrector II 
(D) пуп 

Sj Ан 6 мы (А) ВУ; 

a “у ЈЕР Ёз 6.3.29 
E t је ас ват“ а 

жЕ. ЖЕЕ 1 жж п 
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4 
р“ п п п п 
+ ФСР", T”) – o(p”, Т")] (6.3.31) 
with 
p" = p"e(p', T^) (6.3.32) 


Now (6.3.31) can be solved for р“, whereas p * апау“ are calculated from Eqs. (6.3.32) 
and (6.3.30), respectively, 


(e) Energy Corrector 


Тће energy equation is updated in the form 


1 BY) * жж ж(М) ek E p" E" 
(у tpe је Е") = (р Ем) — (PPV) + (тур) + ——— (63.33) 


from which E**, v;**, and Т** are evaluated. 


(f) Momentum Corrector ПТ 
This is the final step for all variables: 


Momentum Equation 


5 (D) ( рту 
ij ji * ж E жжж( N) $ j 
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Continuity Equation 
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+ Фр", ТУ) – o", Т)] (6.3.36) 
with 
р“ = р“ фр“, T™) (6.3.37) 


It is seen that р“ can be solved from (6.3.36) with p*** and у‘ determined from 
(6.3.37) and (6.3.34). 
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6.4 PRECONDITIONING PROCESS FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS 


641 GENERAL 


For the analysis of compressible flows, it is possible that some regions of the flow domain 
such as in the boundary layers have low speeds and thus are incompressible. As a result, 
the density-based formulations in terms of conservation variables may suffer extremely 
slow or nonconvergence of the solution. This is due to an ill-conditioned system of alge- 
braic equations contributed by the stiff eigenvalues of convection terms. The reason for 
this is that the acoustic speed is so much higher than the flow velocity in incompressible 
flows. This phenomenon then appears to be numerical, but it is important to realize 
that actually physical aspects of the fluid flows precipitate such numerical disorder. For 
example, transitions and interactions between inviscid/viscous flows induce physical 
disturbances or instabilities, which may then contribute to transitions and interactions 
between laminar and turbulent flows and/or compressible and incompressible flows. We 
address the subjects of transitions and interactions between different properties of fluid 
flows in Section 6.5 on flowfield-dependent variation (FDV) methods. In this section, 
our discussion will be limited strictly to the numerical aspect of the transition from the 
compressible flow to incompressible flow or vice versa. Our objective is to begin with 
the density-based formulation and subsequently by providing the preconditioning ma- 
trix to the time-dependent terms we improve the convection eigenvalues for low Mach 
number or incompressible flows. 

The numerical difficulties of the density-based formulation dealing with low Mach 
number flows or incompressible flows have been addressed by a number of investigators 
[Peyret and Vivian, 1985; Choi and Merkle, 1993; Pletcher and Chen, 1993; Merkle 
et al., 1998], among others. In this vein, we construct Jacobian matrices transforming the 
conservation variables into the primitive variables such that 


00 дЕ; ӘС; 
= 0 6.4.1 
ot ка OX; ш OX; ( ) 
dQ dQ dQ 220 
А В; С; Ci; = 0 6.4.2 
at + OX; и OX; uc 0x; OX; ( ) 


where Q is the primitive variables, Q = [р, и, v, w, Т], and A is the time Jacobian. 


рВт 0 0 0 рар 


UG pBru p 0 0 —papu 


А = 30 ^ pprv 0 p 0 —роу (6.4.3) 
pBrw 0 0 р —papw 
е? ри ру рш el 
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ef = рвт E – o T, e} = –рарЁ + pcp (6.4.5) 
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Here, the convection eigenvalues can be examined from 
А.В; — I| = 0 (6.4.7) 


However, for incompressible limits, the eigenvalues become stiff as the algebraic equa- 
tions resulting from (6.4.2) are ill-conditioned, with the acoustic speed being infinite. 


6.4.2 PRECONDITIONING MATRIX 


To improve the eigenvalues of (6.4.7), let us examine the quantities of the first column 
of the time Jacobian which contain the derivative of density with respect to pressure at 
the constant temperature. 


др 1 У 
= = 6.4.8 
( ») т КТ а? | l 
Note that this derivative vanishes for incompressible flows (а = оо), leading to the stiff 
eigenvalues in (6.4.7). To circumvent this problem, we may adjust (6.4.8) in the form 


_(@) 1 + 1 1, 1 1 « 1 1 (a 
Brel. AD VRE скр a wr X 6 Y? ew ӘТ), 


(6.4.9) 


where У, is а reference velocity which may be defined differently for compressible and 
incompressible flows. A logical choice would be that V, = а for compressible flows and 
V. = (vivj)!? for incompressible flows. Thus, the time Jacobian matrix A is adjusted to 
A implying the preconditioning matrix with pBr in (6.4.3) given by (6.4.9). For highly 
viscous flow such as in the boundary layers, it is necessary to choose the reference 
velocity to be governed by the diffusion velocity such that 


V, = max(V,, v/ Ax) 


The adjusted eigenvalues of the preconditioned system are determined from 


А-В; — му 20 (6.4.10) 
А = diag(u, u, и, и“ + a*, u* — а“) (6.4.11) 
with 
1 
и“ = -u | (ет >) Я (6.4.12а) 
2 Cp 
1 а 1/2 
а* = [fi (ев: e) v? | и? + Я (6.4.126) 
2 ср 


Here, it is seen that, for V, > а, the eigenvalues in (6.4.12) become и = a, whereas if 
V. = 0, all eigenvalues are of the same order as и. This shows that the eigenvalues of 
the preconditioned system remain well conditioned at all speeds. 

To provide efficiency and time-accurate solutions, one may utilize a dual time step- 
ping by introducing a pseudo-time derivative term into (6.4.2) in linearized iteration 
steps: 
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4920 mu АО dAQ 0^AQ _ 
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with Н given by (6.4.1). As the pseudo time т approaches infinity, the pseudo time term 
vanishes and we recover (6.4.1) at steady state. 

Pletcher and Chen [1993] constructs the time Jacobian matrix in nondimensional 
quantities with the first column and last row of (6.4.3) in terms of Mach number to 
obtain the pseudo-time preconditioning matrix by dividing by the Mach number so that 
the fatal ill-conditioning can be eliminated. Some examples have been presented by 
Merkle et al. [1998] using the pseudo-time preconditioning of the type given by (6.4.3) 
with (6.4.9). 


6.5 FLOWFIELD-DEPENDENT VARIATION METHODS 


So far, the major portions of the historical developments in FDM have been covered 
and various computational schemes for the various flow properties have also been 
discussed. In this section we explore a general approach which leads to most of the 
currently available computational schemes as special cases. Such an approach, called 
the flowfield-dependent variation (FDV) methods, is examined in this section. 


6.5.1 BASIC THEORY 


The original idea of FDV methods began from the need to address the physics in- 
volved in shock wave turbulent boundary layer interactions [Chung, 1999; Schunk et al., 
1999]. In this situation, transitions and interactions of inviscid/viscous, compressible/ 
incompressible, and laminar/turbulent flows constitute not only the physical complexi- 
ties but also computational difficulties. This is where the very low velocity in the vicin- 
ity of the wall (М = 0, Re = 0) and very high velocity far away from the wall (e.g., 
М = 20, Re = 10?) coexist within a domain of study. Transitions from one type of flow 
to another and interactions between two distinctly different flows have been studied 
for many years, both experimentally and numerically. Incompressible flows were ana- 
lyzed using the pressure-based formulation with the primitive variables for the implicit 
solution of the Navier-Stokes system of equations. The precondition process for the 
time-dependent term intended for all speed flows was also discussed. Compressible 
flows were analyzed using the density-based formulation with the conservation vari- 
ables for the solution of the Navier-Stokes system of equations. However, in dealing 
with the domain which contains all speed flows with various physical properties where 
the equations of state for compressible and incompressible flows are different, and 
where the transitions between laminar and turbulent flows are involved in dilatational 
dissipation due to compressibility, we must provide very special and powerful numerical 
treatments. The FDV scheme has been devised toward resolving these issues. 

For the purpose of the discussion, we shall consider the conservation form of the 
Navier-Stokes system (2.2.11) without the source terms (see Section 13.6 for the source 
terms not equal to zero in FEM). 


90 т дЕ; + 96; 
ot OX; OX; 


=0 (6.5.1) 


In expanding U"*! in a special form of Taylor series about U”, we introduce the 
parameters 5, and s; for the first and second order derivatives of U with respect to 
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time, respectively, 
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with AU" = U"t! — U”, Substituting (6.5.3) into (6.5.2) yields 
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ш ( ы, ) 2 ( am C9 3g 


А? 
at at ) PANJ 


(6.5.4) 


Introducing the Jacobians of convection, diffusion, and diffusion gradients, we write the 
first and second derivatives of the conservation variables in the form, 
dU дЕ; ӘС; 


= 6.5.5 
ot OX; OX; ( ) 


vu әү әйү a f, 90 92 au 
= | | Т 6.5.6 
0 — ди (а J Әх, (» x) Әхгдху б 3 (60:69) 


in which the convection Jacobian aj, the diffusion Jacobian b;, and the diffusion gradient 
Jacobian c;; are defined as in (6.3.9) for 2-D and Appendix A for 3-D. Combining (6.5.5) 
and (6.5.62) leads їо 


920 д oF; 0G; д2 дЕ; 0G; 
— = —(a; 4 bj | | J | 6.5.6b 
дї? дх; (a; +1) b a Ox; ) T dug. ^^ b T Ox; ( ) 


Substituting (6.5.5) and (6.5.6b) into (6.5.4), and assuming the product of the diffu- 
sion gradient Jacobian with third order spatial derivatives to be negligible, we have 


ӘЕ" 967 (a =) 
За 


OX; OX; OX; OX; 


AU™ = Af | 


At? | a дЕ" 0G" 
= 12 (Сања еј e 
* Е = (5 ш “| 


9 3 AF”+! АСТ! 3 
+ 5 (a; + b;) + ! + O(AC) (6.5.7) 


OX; OX; дх; 


The parameters s, and s; which appear in (6.5.7) above may be given appropriate 
physical roles by calculating them from the flowfield-dependent quantities. For example, 
if sq is associated with the temporal changes (fluctuations) of convection, it may be 
calculated from the changes of Mach number between adjacent nodal points so that 
Sq = 0 would imply no changes in convection fluctuations. The functional dependency 
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Driver gas | mdi Driven gas t=0 
Diaphragm 
P; P, 
Contact 
P, surface* shock 


P4 
P5 P2 9i 
т == ү =: ЕНИ 
T, е 
3 T, T 
пи, [^W 
u,=0 u,=0 


* Analogous to sliplines (Р,=Р,, Т, 4 T, p, + Pa, щ=и,) leading to entropy 
discontinuity at the contact surface. 


Figure 6.5.1 Mechanism of shock wave discontinuities as related 
to s, in terms of the changes of Mach number with respect to 
the velocity and square root of pressure, density, or temperature, 


за = f(u//p/p)= Киј/ ЕТ)= f(M). 


of Sa on Mach number is illustrated from the shock tube physics as shown in Figure 6.5.1. 
Here it is seen that discontinuities of pressure, density, and temperature are related as 
a function of Mach number, 


sa = f(u/V/ p/p) = f(u/V RT) = f(M) 


Similarly, if s, is associated with the changes (fluctuations) of diffusion, such as in 
boundary layers, then it may be calculated from the changes of Reynolds number or 
Peclet number between adjacent nodal points such that 5, = 0 would signify no changes 
in diffusion fluctuations. Therefore, the role of 5, for diffusion is different from that of 
convection. For example, we may define the fluctuation quantities associated with 5, as 


BAF! | BAG?) dart! албит 
Sa S 5 
дх; OX; 1 OX; 3 OX; 
_ V Mà, — М2, ӘЛЕ"! ae TEST ð AGH 
i Min OX; Remin OX; 


(6.5.8) 


where it is seen that the parameter s, originally adopted as a single mathematical or 
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numerical parameter has now turned into multiple physical parameters such as the 
changes of Mach numbers and Reynolds numbers (or Peclet numbers) between adjacent 
nodal points. The magnitudes of fluctuations of convection, diffusion, and source terms 
are dictated by the current flowfield situations in space and time. Similar assessments 
can be applied to the parameter 5 as associated with its corresponding fluctuation 
terms of convection and diffusion. Thus, in order to provide variations to the changes of 
convection and diffusion differently in accordance with the current flowfield situations, 
we reassign s, and sp associated with convection and diffusion as follows: 


Sa ЛЕ; => 5, AF;, з АС; => s3AG; 

spAF; => о ДЕ; spAG; => АС; 
with the various parameters, called the flowfield-dependent variation (FDV) parameters 
or simply variation parameters, defined as follows: 

51 = first order convection ЕРУ parameter 

52 = second order convection FDV parameter 

53 = first order diffusion FDV parameter 

54 = second order diffusion ЕРУ parameter 
The first order ЕРУ parameters s; and з are flowfield-dependent, whereas the second 
order ЕРУ parameters s? and 54 are exponentially proportional to the first order FDV 


parameters, and mainly act as artificial viscosity. Details of these FDV parameters are 
given below. 


6.5.2 FLOWFIELD-DEPENDENT VARIATION PARAMETERS 


As has been pointed out, the success of FDV methods depends on accurate calcula- 
tions of the flowfield-dependent variation parameters. Specifically, the convection FDV 
parameters s; and s; and diffusion FDV parameters s3 and s4 are dependent on Mach 
numbers and Reynolds numbers or Peclet numbers, respectively. The first order FDV 
parameters sı and s3 dictate the flowfield solution accuracy, whereas the second order 
FDV parameters s? and s4 maintain the solution stability. 


Convection FDV Parameters 


min(r 1), r>a 


$1= 40 r <a, Mmn 4 0 (6.5.9a) 
1 Manin = 0 
1 
52 = 501 +51), 0.05 < n< 0.2 (6.5.96) 
with 


r = у Мах = Мїы/ Mmin (6.5.10) 


where the maximum and minimum Mach numbers are calculated between the local 
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Second order FDV parameters(S2, 54) 
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1 а а а а а а 


0 0.5 1 
First order FDV parameters(s1, 53) 


Figure 6.5.2 Relationship between the first and second order variation 
parameters s2 = (1 + 51)/2, s4 = (1 + s3)/2, with 0.05 < n < 0.2. 


adjacent nodal points with a being the user-specified small number (a = 0.01). The 
ranges of the second order ЕРУ parameter exponent у are given, exponentially pro- 
portional to the first order FDV parameter, as shown in Figure 6.5.2. It appears that the 
range in 0.05 < тү < 0.2 is adequate in most of the examples that have been tested. 


Diffusion FDV Parameters 


min(r 1) r>a, a=0.01 


53 = 40 r<a, Repin Z0, or Pemin 4 0 (6.5.11a) 
1 Regin = 0, ог Penim = 0 
1 
54 = Au +53), 0.05 << 0.2 (6.5.11b) 
with 


r = ,/Re?,,,—Re2,,/Remin orr = y Pe2,,— Ре2,, | Pemin (6.5.12a,b) 


where the maximum and minimum Reynolds numbers or maximum and minimum 
Peclet numbers are calculated between the local adjacent nodal points, and о is a user- 
specified small number (a = 0.01). If temperature gradients are large, it is possible that 
Peclet numbers instead of Reynolds numbers may dictate the diffusion FDV parameters. 
The larger value of s3 is to be chosen, as obtained either from (6.5.12a) or (6.5.12b). 
Adequate ranges of т for the second order ЕРУ variation parameter are the same as 
for the case of convection. 

Relationships between the first and second order FDV parameters are graphically 
shown in Figure 6.5.3a. The ranges of these convection and diffusion FDV parameters 
for a typical compression corner high-speed flow are illustrated in Figure 6.5.3b. They 
represent the trend of an exhaustive numerical experimentation for various physical 
situations. 
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5,5 =1 
Figure 6.5.3 Typical ranges of first order (con- (a) Ranges of convection variation parameters 
vection) and second order (diffusion) variation 
parameters for the compression corner high- 
speed flow. Laminar, transition, or 
turbulent boundary 
a layer 
yT ~ Secondary 


boundary 


Rotational 


52 5,=1 flow 


(b) Ranges of diffusion variation parameters 


6.5.3 FDV EQUATIONS 


The final form of the FDV equations can be obtained by substituting the FDV para- 
meters as defined in (6.5.8) through (6.5.12) into (6.5.7), leading to the residual of the 
form, 


п п n+l n+1 
sis Agel | OF 0G? _ ӘЛЕ" АС̧ | 


OX; дх; дх; Ox; 
А? [ a дЕ" ӘС” At? 9 ӘЛЕ”! 
EE 3 | аб +0 (5: T дх; ) 2 58 OX; (ai + bi) дх; 
| b ao O(AP 6.5.13 
+ эу, (а + i) M de + ( 1 ) ( пој а) 


Now, rearranging and expressing the remaining terms associated with the ЕРУ para- 
meters in terms of the Jacobians, we have 


: п+1 | п+1 2a. п+1 
AUH + At "e )«s (ZL E. с AU ) 


дх; 
Af? 07 (aja; + bjaj)AU"*! 0? (a;b; + b;b;)AU" 

$2 + 54 
2 дх;дх; дх;дх; 


дЕ" ӘС"\ А?ГӘ дЕ; 967 
At і : i +b; =h O At?) =0 
P (2 у =| 2 PX D (s: Ы Ox; )* ae) 


OX; OXj OX; 


(6.5.13b) 
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Here, once again, the product of the diffusion gradient Jacobian with third order spatial 
derivatives is neglected and all Jacobians a;, b;, and cj; are assumed to remain constant 
spatially within each time step and to be updated at subsequent time steps. For simplicity, 
we may rearrange (6.5.13b) in a compact form, 


2 


дх;дх; 


R = Au™! + Z (E AU"*!) + (E; AU"*') + 0" + O(A), (6.5.13с) 
i 


or, lagging E; and Ej; one time step behind, 


д 8? 
I+ E — +E” — | au"! 0" 6.5.14 
( TUM OX; T H "5 Q ( 
with 
Е; = Аг (1а; + s3b;)” (6.5.15a) 
Ar? у 
E; = Ж, — —5 Гаја + bja;) + sa(aib; + 27) (6.5.15b) 
О” = о [АЕ + с] = д? Ar i E Ь;)(Е" + С”) (6.5.15c) 
OX; m axax | X7 rt o4 7 


Note that ће Beam-Warming scheme [1978] discussed in Section 6.3.2 can be written 
in the form similar to (6.5.14) with the following definitions of E;, E;;, and Q”: 


Е; = mAt (a; + b;), with m= 0/(1 + £) (6.5.16a) 
Е;; = mAtcij (6.5.16b) 
At (8€ ӘС" Е 
= : : AU" 6.5.16 
е ii ta) 1 JUS) 


where the cross-derivative terms appearing in Q" for the Beam-Warming scheme are 
included in the second derivative terms on the left-hand side. The Beam-Warming 
scheme is seen to be a special case of the ЕРУ equations if we set s1 = 53 = m, 5) = 54 = 
0, in (6.5.14), with adjustments of Q" on the right-hand side as in (6.5.16c). The stability 
analysis of the Beam-Warming scheme requires ё > 0.385 and 0 = 1/2 + &. This will fix 
the FDV parameter m to be 0.639 « m x 0.75. 

We realize that all physical phenomena are dictated by the FDV parameters in the 
FDV equations (6.5.14). Either FDM, FEM, or FVM approximations can be applied 
to (6.5.14). However, their roles are merely to provide different options of discretiza- 
tion, with physics governed by the FDV theory itself. Furthermore, the FDV equations 
are capable of producing many existing FDM and FEM schemes as special cases, as 
demonstrated in Chapter 16. 

For FDM applications, the first derivative for E; AU"*! and the second derivative 
for E;; AU"*! in (6.5.14) may be approximated by many options of finite difference 
equations including high order accuracy schemes introduced in Section 3.7 or using the 
flux vector splitting for the term involved in а; for E; in (6.5.14). However, the physical 
aspects accommodated in the FDV theory through the various FDV parameters are 
unique and they play important roles, as elaborated next. 
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6.5.4 


INTERPRETATION OF FLOWFIELD-DEPENDENT VARIATION PARAMETERS 


The flowfield-dependent variation (FDV) parameters as defined earlier are capable of 
allowing various numerical schemes to be automatically generated. They are summa- 
rized as follows: 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


First order ЕРУ parameters. The first order FDV parameters 51 and s3 con- 
trol all high gradient phenomena such as shock waves and turbulence. These 
parameters as calculated from the changes of local Mach numbers and Reynolds 
(or Peclet) numbers within each element and are indicative of the actual local 
element flowfields. The contours of these parameters closely resemble the flow- 
fields themselves, with both sı and s3 being large (close to unity) in regions of 
high gradients, but small (close to zero) in regions where the gradients are small. 
The fact that the contours of s; and 53 resemble the flowfield (Mach number or 
density contours) is demonstrated in Figure 13.7.3.2. The basic role of s; and s3 
is to provide computational accuracy. 

Second order ЕРУ parameters. The second order ЕРУ parameters s? and 54 
are also flowfield dependent, exponentially proportional to the first order FDV 
parameters. However, their primary role is to provide adequate computational 
stability (artificial viscosity) as they were originally introduced into the second 
order time derivative term of the Taylor series expansion of the conservation 
flow variables U"t!. 

Parabolic/elliptic (s1 = 0). The s; terms represent convection. This implies that 
if s; X Othen the effect of convection is small. The computational scheme is au- 
tomatically altered to take this effect into account, with the governing equations 
being predominantly parabolic-elliptic. 

Hyperbolic (53 = 0). The s3 terms are associated with diffusion. Thus, with 53 = 0, 
the effect of viscosity or diffusion is small and the computational scheme is 
automatically switched to that of Euler equations where the governing equations 
are predominantly hyperbolic. 

Mixed elliptic/parabolic/hyperbolic (sı == 0, s3 # 0). If the first order FDV 
parameters s, and s3 are nonzero, this indicates a typical situation for the mixed 
hyperbolic, parabolic, and elliptic nature of the Navier-Stokes system of equa- 
tions, with convection and diffusion being equally important. This is the case for 
incompressible flows at low speeds. The unique property of the FDV scheme is 
its capability to control pressure oscillations adequately without resorting to the 
separate hyperbolic elliptic pressure Poisson equation for pressure corrections. 
The capability of the FDV scheme to handle incompressible flows is achieved 
by a delicate balance between 51 and s3 as determined by the local Mach num- 
bers and Reynolds (or Peclet) numbers. If the flow is completely incompressible 
(M = 0), the criteria given by (6.5.9) leads to s, = 1, whereas the variation pa- 
rameter 53 is to be determined according to the criteria given in (6.5.11). Make 
a note of the presence of convection-diffusion interaction terms given by the 
product of b;a; in the 5 terms and ajb; in the s4 terms. These terms allow inter- 
actions between convection and diffusion in the viscous incompressible and/or 
viscous compressible flows. 

High temperature gradient flow. If temperature gradients rather than velocity 
gradients dominate the flowfield, then 53 is governed by the Peclet number rather 
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than by the Reynolds number. Such cases arise in high-speed, high-temperature 
compressible flows close to the wall. 

Transition to turbulence. The transition to turbulence is a natural flow process 
as the Reynolds number increases, causing the gradients of any or all flow vari- 
ables to increase. This phenomenon is physical instability and is detected by the 
increase of s5 if the flow is incompressible, but by both 5з and s; if the flow is com- 
pressible. Such physical instability is likely to trigger the numerical instability, 
but will be countered by the second order ЕРУ parameters s? and/or 54 to en- 
sure numerical stability automatically. In this process, these flowfield dependent 
variation parameters are capable of capturing relaminarization, compressibil- 
ity effect or dilatational turbulent energy dissipation, and turbulent unsteady 
fluctuations. They are characterized by the product of s; and the fluctuations of 
stress tensor (s5A7;;) in which the stresses consist of mean and fluctuation parts. 
As à consequence, some regions of the flow domain such as in boundary layers 
may always be unsteady (Лт;; = 0), even though the steady state may have been 
reached away from the wall. However, in order for these fluctuation parts to 
be correctly determined, it is necessary that Kolmogorov scales be resolved in 
sufficiently refined grids such as in the direct numerical simulation (DNS). Thus, 
for a coarse mesh, the advantage of FDV process cannot be expected. 


(7 


wa 


6.5.5 SHOCK-CAPTURING MECHANISM 


The shock-capturing mechanism is built into the ЕРУ equations of continuity, momen- 
tum, and energy. For example, let us examine (6.5.7) or (6.5.13) and write the momentum 
equations, with all diffusion terms neglected. 


A(pv;)"*! + At[(pvivj); + р," 
A > б ; 
--nA(Apviv + Ара) + 2—27 (ак + Be” Ари) + Ар. ТЕ 


л? т т п 
F (0 E b )[(ру;у;) ; + pili (6.5.17) 


where af? and bY” denote the convection and diffusion Jacobians, respectively. To 
identify the shock capturing mechanism in the FDV formulation as compared to the 
TVD finite difference scheme, let us rewrite (6.5.17) for the 1-D momentum equation, 
retaining only the convection flux without the pressure gradients. 


даЛи"+! Аг? а 92 Аи"+і "m af” Аг? 92 f" 
a 


Aut = — At 6.5.18 
К дх T 2 iu дх2 дх 2 0x? ( а) 
ог 

M2. — М?. ntl 2 M2. — M2. Ё 24 ntl 

max min да Ди At max min 0^ Au 
Au" = —At + а? 
п Аг? 92 п 
Аї oF d (6.5.18b) 


Ox 2 P 0x? 


where f is the convection flux and a is the 1-D convection Jacobian or speed of sound. 
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The FDM analog of (6.5.18) at node i becomes 


ли! 
=—5а——( 
М Ах 


1 
= Ee - ffa) Fa SI ;UP - 21, fi) (6.5.19) 


The second order TVD semi-discretized scheme (6.2.110) with limiter functions (6.2.111) 
is written at node i as 


ди; а“ 19 зур 
= -— [ + V ip | / (и; — ш-1) 


Ag Aut?) + 5а 5 (Ди; m —2AwH + Autti) 


2Ax? 


dt Ax 2 зро 
а“ 1 V,,35 
– — |1+ Wray pec = (uisi = uj) (6.5.20) 
AX | Tm D, 43/2 
where W andr denote the limiter function and velocity ratio, respectively, 
+ uj — Uj-1 = Ш+1 — Ui 
ТЖЕ = ————‹ г; =——-— 6.5.21) 
23/2 uii — uj-2 +3/2 7 ui — uia ( 
Inserting (6.5.21) into (6.5.20) yields 
ди; а“ 1 
ДЕ N @ uj i) + эЧ туз === ј = Wi gjalli- — Ж] 
а“ 1 _ - 
re (и: +1 и;) + 5 Pati = ui) = V; sinis = Uj41) (6.5.22) 
Let us assume that, for positive-going waves, 
uj = и" + 5 Ли! 1, a =0, a’ =a, Yii = 29 ap = — 
Substituting the above into (6.5.22), the TVD equation may ђе expressed as 
Ag 1 VAx 
i E Ли"! — ли} Аи p – 2Лин ди] 
Аї ла | i) т 2Ax Ай T 2) 
Шр PAX А " 
О” – Ду) + Эду? sa (ЈУ —2/ 14+ |) (6.5.23) 
If we set 
_ _ БАХ ал _ 
S= S; 5 = алг? ECT 52 = 51 


itis seen that ће ЕРУ equation (6.5.19) becomes identical to the TVD equation (6.5.23). 
Note that in TVD either а“ or а“ must be chosen from the flowfield and the FDV 
parameters s; and 5; in ЕРУ are automatically calculated. Of course, the precise shock- 
capturing mechanism of both methods is not exactly the same, because all the assump- 
tions made above are not true in general. However, it is interesting to note that the first 
order convection FDV parameter s; is related to the TVD limiter function V as 
SAX 
у 


sy = —— 
aAt 
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in which it is shown that the convection ЕРУ parameters (51,52) are proportional 
or equivalent to the TVD limiter functions. A similar process can be shown also for 
negative-going waves (a^ = а, а? = 0). 

Considering that the motivations and procedures of derivation are completely dif- 
ferent, the analogy between the TVD scheme and FDV formulation as demonstrated 
above is remarkable. Notice that, beyond this analogy, the FDV formulation is to couple 
the convection variation parameters (51, s2) with all other variation parameters (53, 54) 
so that shock wave interactions with all other physical properties can be resolved. 
They are involved also in transitions and interactions of compressible/incompressible, 
inviscid/viscous, and laminar/turbulent flows. 

In the TVD methods, the resulting Euler equations are based on positive and nega- 
tive eigenvalues or Jacobians, either a^ = 0 or at = 0, which will switch the scheme to 
either backward differenceing for positive waves or forward differencing for negative 
waves in one dimension, respectively. 

To illuminate the consequence of the FDV theory, it is infomative to write (6.5.18a) 
in the form, 


At TEM | At? 
п+1__„п__ (+,—) (+. )п+1 _ (+,—)n = 2 
uj =и;— 5а Ax (ги ди; ) уче 


п п ‚ 2 
Ч) - BUY") о ае 


Ах 2Ax2 
(6.5.24a) 


where the flux vector splitting scheme is used with a= at Фа“ and the following 
definitions: 


For M>1, at=a, a =0, би = ui— üii, df = fi- fia, 
Suf-uj-2u,-ui, Ff = fi-2fi-rt fia 
For М<1, а" =0, a =a, ди =ица—ш, 9f; = fim — fi 


Sur =ш+ы-—2щы+щ, Wf = ја — 2ћа + fi 


Thus, the finite-differenced ЕРУ equation takes the form 


Аг? _y\ ntl 
PT (ги ’) 


A ыл 
Џ p sua au sg? 
! i Ах! T SAX 


At AP п 
п Ga) Con 2 (s ( b 
=u; + 8 и; + 52а zaa ae 


1 


п 2 п 
= A (ar^) + 222. Ta (6.5.24b) 

The main difference between the finite-differenced FDV theory and the TVD 
schemes lies in the fact that in FDV methods variation parameters control the shock 
capturing mechanism and play the role similar to the limiters in TVD. 

In the finite-differenced FDV methods, calculated variation parameters affect the 
convection and diffusion Jacobians associated with E and Еу; in (6.5.15a,b) based on the 
Mach number and Reynolds number changes between adjacent nodes in multidimen- 
sions. Thus, for high values of the variation parameters indicative of high gradients 
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of variables, characterize the discontinuous physical behavior of the variables. The 
contours of these variation parameters closely resemble the flowfield itself (see 
Figure 13.7.3.2). An example for a triple shock wave boundary layer interaction prob- 
lem using FDV-FDM is shown in Figures 6.8.21 through 6.8.24. Other examples of the 
FDV methods are demonstrated in Sections 13.7, 15.3, and 27.3. 


6.5.6 TRANSITIONS AND INTERACTIONS BETWEEN COMPRESSIBLE 
AND INCOMPRESSIBLE FLOWS 


One of the most significant aspects of the FDV scheme is that, for low Mach numbers 
(incompressible flow), the scheme will automatically adjust itself to prevent pressure 
oscillations by ensuring the conservation of mass. This can be evidenced by the presence 
of the second derivatives of pressure arising in the equations of momentum, continuity, 
and energy. We note that the FDV momentum equations given by (6.5.17) may be 
rearranged in the form, 


д n n 
a; 0v? + + (pvjvj + рё — ту) = Sj(m) (6.5.25) 
with 
S;(m) = —|[si(Apviv; + Ар®) — 55A; |^ 
At m m " 
+ | (af? + 567) ova + Ру 7 22], 


=“ F aP + ы) (амуу) + Ар.) — 52] 


Similarly, the FDV equation for continuity becomes 


п+1 
ik 


+ (6.5.26) 


п п At? c Шш 
Ар F1 = At|—(pvi —siA(pvjy^*!] + E [C (vj).) : + 52 (a A(pv;).;) | 


sl 


(6.5.27) 


with at? being the convection Jacobian for the continuity equation. Substituting (6.5.17) 
into (6.5.27) and rearranging the differential equation of continuity, 


T + (ру); = S(c) (6.5.28) 
with 


S(c) = Atsi[(pviv;); + р, — тл] — Atsilsi(Apviv;)a + Ap.) = ззАт а] 
At? n 
— zx + 6) (ругу) + Pj — DIM 
At? m pa 
- — nat" + Б^ 2) (в (Д(ругу;) + Ар;)— saAiji)] p 


2 
At, (c n 
+ > (а ON) 


(6.5.29) 
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where the third derivative associated with 52 is neglected. A glance at (6.5.26) and 
(6.5.29) reveals that the right-hand side terms S(m) for momentum and S(c) for con- 
tinuity are the additional terms of higher order derivatives arising from the process of 
derivations of the FDV equations. 

The FDV equation for energy is of the form, 


A(p E)"*! = At|—(p Ev; + pyi) i + (тууу) + ATi |" 
— At(si[A(p Evi) + pvi]; — 5з] А(труј) + КТЕ) 


Af 
uic aj? + Бе) ((р Evi + руга = (туу) = k Tat 
At? (e) п+1 
p= 2 {(ак + bg) [5 А(р Evi + pyi) i — sa^(rijvj + КТ) Пк 
(6.5.30) 
which leads to the reconstructed equation of energy, 
д(р Ey" п 
ә +[—(р Evi + руг) + (тууу), + КТ] = Sle) (6.5.31) 
with 


S(e) = A Ev;) + ру]; = Sa[A(rijv;) + mi 
Tx 2 ^ 00а (e) + Б) [(р Ev; + pvi)i— Uy) ES kTiil}", 


+ (af + bo Ao Evi + руу — аА (ууу + TH) AY (6.5.32) 


The physical implications of the right-hand side terms for all equations are quite com- 
plex. There exist not only the second derivatives of pressure for the terms having no 
variation parameters at the temporal station n, but also the inviscid/viscous interactions 
contributed by the sz and s4 terms at the temporal station n + 1. Thus, the transitions 
and interactions between compressible and incompressible flows are contributed by 
inviscid/viscous interactions or convection/diffusion interactions. 

The most crucial aspect of the transition between compressible and incompressible 
flows is the relationship of the equation of state shared by both compressible and in- 
compressible flows. To this end, consider that initially the fluid is a perfect gas and that 
the total energy is given by 


1 
E-c,T— 2 + иу (6.5.33) 
p 


The momentum equation for steady-state incompressible rotational flow may be inte- 
grated to give 


1 
|| (p+ jv) dxi == [шуы + реку у юк)ах (6.5.34) 


1 
5PVjVj = р+ О (6.5.35) 


Por. 
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with 
1 
Q= = | (viij + рёүкуую)йх 


where po is the constant of integration, and n is the spatial dimension. 
Substituting (6.5.33) into (6.5.35) leads to the following relationship: 


1 
po = P(CpT + 5vivi - Е) - Q (6.5.36) 


If po as given by (6.5.36) remains a constant, equivalent to a stagnation (total) pressure, 
then the compressible flow as assumed in the conservation form of the Navier-Stokes 
system of equations has now been turned into an incompressible flow, which is expected 
to occur when the flow velocity is sufficiently reduced (approximately 0.1 < M < 0.3 for 
air). Thus, (6.5.36) serves as an equivalent equation of state for an incompressible flow. 
This can be identified nodal point by nodal point or element by element for the entire 
domain. Figure 13.7.4e,f shows that both density and stagnation pressure begin to vary 
in the cavity flow problem for M — 0.1, whereas they remain constant for M — 0.01. 

We may begin with the condition given by (6.5.35) for compressible flows. If compu- 
tations are involved in low-speed flows, then the governing equations and computational 
schemes initially intended for high-speed compressible flows are automatically switched 
to those for low-speed incompressible flows with po remaining constant for all low 
Mach number flows (approximately 0.1 « M < 0.3) based on the flowfield-dependent 
variation parameters. If the flow reverses to compressible, then the stagnation pressure 
becomes variable, allowing the density to change. 

An advantage of the FDV scheme is to avoid the so-called pressure correction pro- 
cess, preconditioning approach, or the implementation of a separate hyperbolic-elliptic 
equation as is the case with other computational schemes designed to accommodate 
flows of all speed regimes. In the case of the FDV formulation, a computational scheme 
similar to pressure correction (keeping pressure from oscillating) automatically arises 
by means of the Mach number and Reynolds number-dependent variation parame- 
ters. This approach is particularly useful for the inviscid-viscous interaction regions and 
boundary layers close to the wall such as in hypersonic aircraft or shock wave turbulent 
boundary layer interactions in general. 


6.5.7 TRANSITIONS AND INTERACTIONS BETWEEN LAMINAR AND TURBULENT FLOWS 


When inviscid flow becomes viscous, we may expect that the flow may become laminar 
or turbulent through inviscid/viscous interactions across the boundary layer. Below 
the laminar boundary layer, if viscous actions are significant, then the fluid particles are 
unstable, causing the changes of Mach number and Reynolds number between adjacent 
nodal points (assuming they are closely spaced) to be irregular, the phenomenon known 
as transition instability prior to the state of full turbulence. How can these processes be 
modeled in FDV formulation? 

Fluctuations due to turbulence are characterized by the presence of the terms in the 
equation of momentum, continuity, and energy such as 


тах — min 


Re? Ке; 
53 Ат] = EE A | (6.5.37) 
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Physically, the above quantity represents the fluctuations of total stresses (physical 
viscous stresses plus Reynolds stresses) controlled by the Reynolds number changes 
between the local adjacent nodal points. Thus, the FDV solution contains the sum of 
the mean flow variables and the fluctuation parts of the variables. 

Once the solution of the Navier-Stokes system of equations is carried out and 
all flow variables are determined, then we compute the fluctuation part, f' of any 
variable f, 


Р=>»-7 (6.5.38) 


where f and f denote the Navier-Stokes solution and its time or mass average, respec- 
tively. This process may be replaced by the fast Fourier transform of the Navier-Stokes 
solution. Unsteady turbulence statistics (turbulent kinetic energy, Reynolds stresses, 
and various energy spectra) can be calculated once the fluctuation quantities of all 
variables are determined. 

Although the solutions of the Navier-Stokes system of equations using FDV are 
assumed to contain the fluctuation parts as well as the mean quantities, it will be unlikely 
that such information is reliable when the Reynolds number is very high and if mesh 
refinements are not adequate to resolve the Kolmogorov microscales. In this case, it is 
necessary to invoke the level of mesh refinements as required for the direct numerical 
simulation (DNS). It is expected that FDV methods lead to accurate solutions at high 
Mach number and high Reynolds number flows if the mesh refinements required for 
DNS are used. 

It is important to recognize that unsteadiness in turbulent fluctuations may prevail 
in the vicinity of the wall, although a steady state may have been reached far away from 
the wall. This situation can easily be verified by noting that AU"*! will vanish only in 
the region far away from the wall, but remain fluctuating in the vicinity of the wall, 
as dictated by the changes of Reynolds number in the variation parameter s3 between 
the nodal points and fluctuations of the stresses due to both physical and turbulent 
viscosities in Лт;; characterized by (6.5.37). 


ш CONCLUDING REMARKS 


Transitions and interactions between inviscid/viscous, compressible/incompressible, and 
laminar/turbulent flows can be resolved by the FDV theory. It is shown that variation 
parameters initially introduced in the Taylor series expansion of the conservation vari- 
ables of the Navier-Stokes system of equations are translated into flowfield-dependent 
physical parameters responsible for the characterization of fluid flows. In particular, 
the convection ЕРУ parameters (51, 52) are identified as equivalent to the TVD limiter 
functions in a specialized case. The FDV equations are shown to contain the terms of 
fluctuation variables automatically generated in the course of developments, varying in 
time and space, but following the current physical phenomena. In addition, adequate 
numerical controls (artificial viscosity) to address both nonfluctuating and fluctuating 
parts of variables are automatically activated according to the current flowfield. It has 
been shown that some existing numerical schemes in FDM are the special cases of the 
FDV theory. 


6.6 OTHER METHODS 


An example of three-dimensional triple shock wave boundary layer interactions is 
demonstrated in Section 6.8.2. Some simple problems of FDV methods for supersonic 
compression corner and driven cavity using FEM are shown in Section 13.7. Appli- 
cations of FDV theory using FVM-FEM are demonstrated in Section 15.3. Finally, 
applications of FDV-FEM methods to relativistic astrophysical flows are presented in 
Section 27.3. 


6.6 OTHER METHODS 


6.6.1 ARTIFICIAL VISCOSITY FLUX LIMITERS 
The convection flux vector may be written in the form [Jameson et al., 1981], 
Ras (2520) — diia (6.6.1) 
with 
йы = ер а — Ш) – є оО = ЗИ на +30; Ua) 
еш = КО) Rapp 


(4) 2 (2) 
}+1/2 = max(0, kf Rip = Єр) 


where КО) апа КУ are real numbers fixing the amount of diffusion brought up by 
the second and fourth order dissipative operators. А; is the spectral radius of the 
Jacobian 9F/9U at the cell face j + 1. Ҹу is a limiter based on 


dis [Pa — 2P; + E 
! [Pj44-F 2B; Pil 
Ҹу = тах (v, ар) (6.6.2) 


Thus, the flux vectors may be written in terms of limiters in the form, 
1 1 
Fin = 500%) + Она) = 2 (Ui + Uj+1) 
1 1 
Fi = z(Ui-1Y;-1 + И) = 5(Ui-1 + Uj) (6.6.3) 
Using the flux of the mean value, we obtain 
1 
Еч = qQ + Uj (V; + Yj) 
1 
Е;_\/2 = 400-1 + Ор) + V;) (6.6.4) 
which represents a semi-discrete equation using a skew-symmetric form of second 
order. It is designed to reduce the aliasing errors that are crucial in low order nondis- 


sipative schemes useful in problems such as large eddy simulations of turbulence (see 
Section 21.7.3). 
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6.6.2 FULLY IMPLICIT HIGH ORDER ACCURATE SCHEMES 

The Navier-Stokes system of equations in terms of the primitive flow variables, 
О=[р v; pl’ 

may be written as 


д 96; 
dQ 4,29 G 


=0 6.6.5 
ür и и (6.6.5) 
with 
А; 9Q = А/0; +A; Q} 
OX; , 
Аў = РА P! (6.6.6) 


where А; is the convection flux Jacobian matrix. 
The fully implicit finite difference approximations of (6.6.5) may be written as 


зо"! m 4Q" Æ 0"! 
2At 


aG; п+1 
+ (ASQ; +A; Q}! + ( ) =0 (6.6.7) 


Ox; 


The Newton-Raphson solution of (6.6.7) may be written in the form 


H 
( + ats) AQ”! = — AQ" + ArH" (6.6.8) 


with 


m+1 _ 3 n+l __ п =) 
AQ - (50 2Q" + 20 


m 
m 
i 
Xi 


3 1 
AQ" = (Se _ 20" + О 


+1 
т 


0G 
ax: 


H” = [-аго; +АГО) + | 
where the superscript mrepresents the m-th iteration step, with Qt апа 07 indicating the 
forward and backward finite differences. Rai and Moin [1993] used fifth order accurate 
finite differences for large eddy simulation calculations in compressible flows with a 
seven-point stencil, 


_ —6Qi42 + 60Q;41 + 400; — 120Q;_1 + 300; > – 40; з 


о, 120Ax 
4О; 5 — 300; 1200; > — 400; — 60Q;_ 6Q;_ 
0+ = Qi+3 Qiiod is Q Q;-1 + 6Q;-2 (6.6.9) 


on a grid that is equidistanced in the x-direction. The remaining convective terms are 
evaluated in a similar manner. The above scheme is used in Section 21.7.3. 


6.7 BOUNDARY CONDITIONS 


6.6.3 POINT IMPLICIT METHODS 


In order to circumvent stiff equations due to widely disparate time scales in source 
terms (such as occur in chemically reactive flows), it is advantageous to use the point 
implicit scheme in which the source terms are provided implicitly. Thus, the Navier- 
Stokes system of equations are written as 


Aut oF; 96; \" ов 
mS ( m + —) (m + ли") =0 (6.6.10) 
Rearranging, we obtain 
ву“ дЕ; ӘС̧; i 
(1-а) AU = м(2 ides в) (6.6.11) 


where the source term Jacobian is evaluated implicitly. Note that derivatives of the 
convection and diffusion terms may be discretized with the fourth order accuracy finite 
difference scheme as used in Section 22.6.2. 


6.7 BOUNDARY CONDITIONS 


Mathematical theories of boundary conditions have been reported extensively in the 
literature. They include Kreiss [1970], Rudy and Strikwerda [1980], Gustafsson [1982], 
Dutt [1988], Oliger and Sundstróm [1978], and Nordstróm [1989], among others. Incor- 
rect specifications of boundary conditions result in solution instability, nonconvergence 
of solutions, and/or convergence to inaccurate results. Boundary conditions must be 
correctly specified in accordance with speed regimes at inlet and outlet, viscous inter- 
actions on solid walls, one-dimensional or multidimensional geometries, reflecting and 
nonreflecting boundaries, and farfield boundaries. 

Recall that derivations of Neumann boundary conditions and specification of bound- 
ary conditions in general for hyperbolic, parabolic, and elliptic equations were presented 
in Section 2.3. Discussions on boundary conditions associated with FEM will be included 
in Sections 10.1.2, 11.1, and 13.6.6. Multiphase flow boundary conditions are also pre- 
sented in Section 22.2.6. In what follows, various boundary conditions involved in FDM 
are described. 


6.7.1 EULER EQUATIONS 


6711 One-Dimensional Boundary Conditions 


As mentioned in Section 6.2.1.3, the number of boundary conditions to be specified 
at inflow and outflow boundaries is determined by the eigenvalue spectrum of the 
Jacobian matrices (6.2.6) in terms of the primitive variables associated with bound- 
ary conditions normal to the surface. They are the characteristic variables or Riemann 
invariants W1, W2, and W3 in one dimension as given by (6.2.15) and (6.2.30). The 
general rule is that the number of Dirichlet boundary conditions for primitive vari- 
ables is equal to the number of positive eigenvalues of the Jacobian matrix, which 
are prescribed as physical boundary conditions. In contrast, the negative eigenvalues 
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represent the numerical boundary conditions which must be extrapolated from the 
flowfield. 

Propagation of flow quantities in a one-dimensional flow are shown for expansion 
and shock waves in Figure 6.2.3. Note that C_ wave is negative for subsonic flow whereas 
it is positive for supersonic flow in the domain of dependence. A summary of general 
boundary conditions is shown in Figure 6.7.1. At an inlet point, the characteristics Co 
and С, have slopes и and и +a, which are always positive for a flow in the positive 
x- direction. Thus, they will carry information from the boundaries toward the inside 
domain. The third characteristic C_ has a slope whose sign depends on the inlet Mach 
number. For the supersonic inlet, C_ has a positive sign, whereas it has a negative sign for 
subsonic flow. Therefore, no boundary conditions associated with C_ for the subsonic 
inlet can be specified. Similar considerations can be made for the outlet. Namely, no 
boundary conditions are to be specified for С, and Су. As to C_, however, we must 
provide boundary conditions for subsonic outlet, but not for supersonic outlet. 

Note that each characteristic variable transports a given information and the quan- 
tities transported from the inside of the domain toward the boundary will dictate the 
situation along this boundary. Thus, only variables transported from the boundaries 
toward the interior are identified as physical boundary conditions. The remaining vari- 
ables transported outside of the domain depend on the computed flow situations or 
part of the solution. This additional information, known as the numerical boundary 
conditions, can be linearly or quadratically extrapolated from the downstream (inflow) 
or upstream (outflow) flowfield information. These physical and numerical boundary 
conditions are summarized in Table 6.7.1. 


Characteristic Boundary Conditions 

If the full information on the incoming and outgoing characteristics is recovered 
from the imposed combinations of conservation variables U and primitive variables V, 
then the problem is said to be well posed. Let us consider the subsonic outlet in which 
one physical boundary condition is allowed, say pressure p. From the relations (6.2.19) 
and (6.2.23) together with (6.2.28) we may write 


Е 2 —1/ра 0 1 Ар 
AW, 1 La || АУ, 
AW = = | 44 “ab = | —1/a 1 0| | Ap (6.7.1) 
LE. ELLAS 
ba р b Џра 0 1|,|Au 


where the subscript 0 denotes end conditions, with a and b indicating the physical 


Table 6.7.1 Physical and Numerical Boundary Conditions 


Subsonic Supersonic 


Physical W,,W> ул, W, И 
Numerical Wz None 
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(imposed variable) and numerical (free variable) boundary conditions, respectively. 


үү 
Wa = Ws, wily | Va — p, аЙ 


- = -1 [21e a fmo 
La = —1/pa, L = [0 1] , Lig = | 1/ра |’ Г = 01 
Solving AV, from (6.7.1) yields 


AV, = (Lig) [AW — Lig АУ] (6.7.2) 


Obviously, the nonsingularity of Lj, in (6.7.2) constitutes the condition for well- 
posedness. 'Thus, we require 


[Т | 60 (6.7.3) 


This сап be applied for the various combinations of primitive variables at the boundaries. 
Atasubsonic outlet it is shown by (6.7.1) that any of three variables p, и, pcan be chosen 
as a physical boundary condition. This is because the first column of the transformation 
matrix in (6.7.1) contains all nonzero terms and thus none of the submatrices defining 
Wi, is zero. For a subsonic inlet the physical boundary conditions W, consist of p and 
и, with W, = p. This leads to 


1 0 —1/а2 Ap 
=|0 1 1/pa Au (6.7.4) 
0 1 —1/pa |) LAP 


where it is seen that the bottom row of the transformation matrix has one zero term 
corresponding to the density p so that 


AN TTA (6.7.5) 
(pa)o 

which indicates that it is not possible to define Ар at the boundary and the choice of 

u and p as a physical boundary condition is not well-posed. However, for any other 

combination involving p as a physical condition, one can determine the remaining free 


variable using (6.7.5). 


Extrapolation Methods 

For simplicity, let us use the variable Q to denote either the conservation variables 
(U), primitive variables (V), and characteristic variables (W) or any other combina- 
tion, with the conditions for an inlet boundary designated as i = 1,2,3... and outlet 
boundary asi = p, p — 1, p — 2, . .. The common practice is to use a linear (first order) 
extrapolations as follows: 


| =20%1 + -Qt К 
Space extrapolation: (6.7.6a,b) 
AQ; =2А0 | АЈ 
: ; Qi = 205. р 2 
Space-time extrapolation: i (6.7.7a,b) 
AQ, == лон Е АО 5 
| | ве 205 = Ол! 
Time extrapolation: (6.7.8a,b) 


— —1 
AQ" = AQ" 
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These schemes were studied by Griffin and Anderson [1977] and Gottlieb and Turkel 
[1978] for applications to the two-step Lax-Wendroff schemes. They show that the space- 
extrapolation methods do not stabilize these schemes nor reduce the stability limits. 

Another approach is to discretize the equations at the boundary points in a one-sided 
manner such as (3.2.5) and to add this equation to the interior scheme. For instance, 
one could add a first order appropriate upwind equation in the Lax-Wendroff scheme 
and provide the missing information. Some of the examples for boundary conditions 
are shown in Figure 6.7.2. 


Supersonic Outflow 
Subsonic Inflow 


P, T, 


INFLOW OUTFLOW 


Numerical boundary conditions Numerical boundary conditions 

Extrapolate: и, —2u,—u, Extrapolate: и; —2u,,—- uia p,,72p,- Piy 
Compute: p=pRT T; -2T,— T, 

Initial conditions, р(х,0) = 7(x,0) = u(x,0) = 0; If outflow is subsonic, specify Ps and set 
the others free. 


| 


© 
D 


и = 
v= 
p= 
T= 


з 


= 
v 


8 


u, v, p, T 
Extrapolated 


+ p Extrapolated 


u=v=0 
T=T, (Isothermal) 


(Adiabatic) 


(b) 


Figure 6.7.2 Examples for boundary conditions (a) 1-D boundary conditions for variable cross sections. 
(b) 2-D boundary conditions for a flat plate. 


6.7 BOUNDARY CONDITIONS 


Characteristic Extrapolation Methods 

This is an alternative method to the one-sided discretization of the compatibility 
equations corresponding to the outgoing characteristics [Yee, Beam, and Warming, 
1982]. It follows from (6.7.2) that the numerical characteristic variables AW, are defined 
by an extrapolation such as in (6.7.6b): 


АМЬ p = 2AWr pi — АМЬ p-2 (6.7.9) 


The values at i = p — 1 and i = p — 2 are obtained from the primitive variables by an 
explicit evaluation of (6.7.2): 


AW, = Lp AVa + Lpp AVe fori = р—1, р—2 (6.7.10) 


where the matrix elements are evaluated at time level л. By setting AV, = 0 in (6.7.2) 
we obtain 


АҮ, = (Lip) АМЬ, (6.7.11) 


where for time dependent problems AV, = 0. This will be determined by the imposed 
time variation. The free variables V, „ are transformed to the conservation variables 
through (6.2.7). 


АУ, | _ 0 
suy=m,[ 2%] =m] 0] — 
For subsonic outflow boundary with pressure imposed, we observe that 
__|Аил| _ —1/а? | 1 0 p 
ки = [81] ер ар) (6739 
_ —Ар/а? + Ар E —Ap/a? + ^p _ | Дил 
Оре? | Ap/pa + Ди |, | Ap/pa + Ли | ~ | Aw , (tuf 


with i = p — 1,i = p — 2. It follows from (6.7.11) and (6.7.14) that 


|.|^p| |i О0|| Aw, 
s = [86] =} [2] ns 


Similarly, the corresponding conservation variables are given by (6.7.12), 
Ap Ap 
AU, =M | Ди | = | А(ри) (6.7.16) 
0 " A(p E) К 


Thus the boundary condition equation for (Ap), may be written as 


A A 
(Ар), + (2 = ap) E (22 - ap) =0 (6.7.17) 
а p-1 р—2 


а? 


This should be added to the interior point p — 1. Similar equations can be written for 
A(pu) and A(p E). 
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6.7.1.2 Multi-Dimensional Boundary Conditions 


Evaluation of multidimensional boundary conditions may be carried out similarly as 
in one dimension. The number of physical boundary conditions to be imposed at a 
boundary with the normal vector n pointing toward the flow domain is determined by 
the signs of the eigenvalues of the matrix K in terms of the primitive variable Jacobian 
А; or the conservation variable Jacobian a;. 


K = Ajk; (i = 1,2, 3) 


K* = ак (i = 1,2,3) (6.7.18a,b) 
The eigenvalues A of both matrices K and K* are equal, 
Vi Kj 0 0 0 0 
0 Vi Kj 0 0 0 
л= | 0 0 ук; 0 0 (6.7.19) 
0 0 0 ViKi та 0 
0 0 0 0 ViK;— а 


in which the normal velocities уп; = vjk; determine the signs of the eigenvalues. 

Note that, for the inflow and outflow boundaries, if an eigenvalue А is positive, the 
information carried by the corresponding characteristics propagates toward the interior 
domain and a physical boundary condition is to be imposed. If А is negative, then the 
numerical boundary condition must be imposed. For example, at the subsonic inlet, two 
thermodynamic variables (temperature and pressure) and two velocity components are 
available as physical boundary conditions and one velocity component can be used as 
a numerical boundary condition. 

For a solid wall, a single physical boundary condition is required as only one char- 
acteristic enters the flow boundaries. This is equivalent to 


Vini = 0 
pn; #0 
Here, the wall pressure is numerically extrapolated from adjacent points. 


Two-dimensional compatibility or characteristic relations are written as an extension 
of (6.2.28) as 


(6.7.20a,b) 


B 
i куби — ae 
SW = JET 52 (6.7.21) 
i —nj9v; + 3B 
pa 


which may be recast into (6.2.20) and (6.2.29). Thus, if the pressure and the velocity 
are uniform in the boundary surface, it is seen that we recover the one-dimensional 
condition given by (6.7.20). 


6.7.1.3 Nonreflecting Boundary Conditions 


Physical boundary conditions may be replaced by specification of nonreflecting bound- 
ary conditions. Let a constant pressure be imposed at a subsonic exit section as 


Ap = p" — p"=0 (6.7.22) 


6.7 BOUNDARY CONDITIONS 


This is equivalent to allowing perturbation waves to be reflected at the boundaries. Since 
the amplitude of the local perturbation wave carried by the incoming characteristic is 
Диз = Au — Ap/pa, imposing Ap = 0 amounts to the generation of an incoming wave 
of intensity Диз = Au reflected from the exit boundary. 

Engquist and Majda [1979] and Hedstrom [1979] proposed that the nonreflecting 
boundary conditions be implemented by making the local perturbations propagated 
along incoming characteristics vanish. 


QUK 
— = 6.7.23 
at ( ) 
This will require that, for subsonic flows, we have 
Inlet boundary conditions 
A 
Aw, = Ap - 22 =0 (6.7.24a) 
a п 
А 
Aw = а =0 (6.7.24) 
р”а" 
Outlet boundary condition 
A 
Aws = Au — (6.7.25) 
р”а" 


These characteristic variables are not constant across a shock wave and will result та 
reflection wave if a shock passes through a boundary. 

Rudy and Strickwerda [1980] observed that the nonreflecting condition (6.7.23) does 
not ensure (6.7.22) or p = p* and that an ad hoc treatment may be to replace (6.7.23) 
for the incoming characteristic by, at the exit boundary, 


ди 1др a 
*)=0 6.7.26 
af pa bt өй а р) ( ) 


for о > 0. The parameter a is problem dependent. For example, it has been suggested 
that we may choose 0.1 <a < 0.2 for M = 0.8 anda = 1 for M = 0.4. 


6.7.2 NAVIER-STOKES SYSTEM OF EQUATIONS 


The Navier-Stokes system of equations may be considered as mixed hyperbolic, 
parabolic, and elliptic equations, or refered to as incompletely parabolic equations 
[Strikwerda, 1976; Gustafsson and Sundstróm, 1978]. Let us consider the Navier-Stokes 
system of equations in the form 

д0 dU aU 970 


а; b; Ci; 
n am am ! дчдх} 


=0 (6.7.27) 


which is obtained from (6.3.7) by inserting the convection Jacobian aj, diffusion Jacobian 
b;, and diffusion gradient Jacobian ¢;;. To determine the number of boundary condition, 
we must convert the conservation variables, U = [p pv; pE]" into nonconservation 
variables (primitive variables), V = [p v; p]" such that 


у ду ду оу 


А; В; С; 
ot y Ox; T OX; i ! дх;дху 


=0 (6.7.28) 


205 


206 


COMPRESSIBLE FLOWS МА FINITE DIFFERENCE METHODS 


Here, procedures similar to those employed for the case of the Euler equations in 
Section 6.2.1 may be followed to obtain the eigenvalues for the diffusion Jacobian B; and 
the diffusion gradient Jacobian C;; through the transformation matrix of the form (6.2.7) 


so that 
A; = Млам, В; = М-М, C; -M !cijM 


Introduce the oscillatory behavior in (6.7.28) with the wave number к; and frequency 
w in the form, 


y = Уе! (99-90) (6.7.29) 
leading to 

(—@ + Aik; + Вук + Суук; Kj)V =0 (6.7.30) 
which has a nontrivial solution if and only if 

IK — AI| =0 (6.7.31) 
with 

M=o (6.7.32) 

K = Ак + Bik; + Cijkikj (6.7.33) 


The eigenvalue problem similar to (6.7.31) was obtained by Nordstróm [1989], 
neglecting В; к;. 

For multidimensional problems, the extra boundary conditions for the Navier-Stokes 
system of equations are obtained by 


| туга = || тутаг (6.7.34) 
Q p 
with 

түт = u[(vi.; + vji)m — мып] (6.7.35) 


where the velocity gradients are taken in the flow directions. 

Unlike Euler equations, the Navier-Stokes system of equations require the no-slip 
boundary conditions at solid walls, resulting in the relative velocity between the fluid 
and the solid wall being zero. 

For an adiabatic wall, we have 


фу = —kTini =0 (6.7.36) 


The wall temperature Т = Т„ may also be fixed. The second thermodynamic variable 
at the solid wall can be obtained either by extrapolation from the inside or by applying 
the normal pressure equation 
др 
дп 
which vanishes for thin shear layers. А summary of boundary conditions for the Navier- 
Stokes system of equations is shown in Figure 6.7.2. 


— (6.7.37) 


6.8 EXAMPLE PROBLEMS 


Since the exact form of eigenvalues of K in (6.7.33) depends on many different phys- 
ical and geometrical conditions, the number of physical boundary conditions (positive 
eigenvalues) and the number of numerical boundary conditions (negative eigenvalues) 
cannot be determined exactly for all arbitrary physical and geometrical situations. 

As mentioned earlier, the accuracy and convergence of numerical solution of the 
Navier-Stokes system of equations depend on correct applications of boundary condi- 
tions. Rudy and Strickwerder [1980] and Nordstróm [1989] examine various options of 
boundary conditions and evaluate the rates of solution convergence (well-posedness) 
associated with appropriate choices of boundary conditions. Other theoretical studies 
of boundary conditions include Kreiss [1970], Strickwerder [1976, 1977], Gustaffson 
and Sundstróm [1978], and Engquist and Gustaffson [1987], among others. 


6.8 EXAMPLE PROBLEMS 


Since benchmark problems using the central schemes, low and high order upwinding 
schemes including MUSCL, TVD, FCT, and ENO have been amply demonstrated in 
the literature, no attempt is made to include them here except for a simplest example 
for the benefit of the beginner. FDM applications of the FDV theory for high-speed 
flows have not appeared in the literature, and so they are illustrated in this section. 
Some incompressible and compressible flow problems using the FDV theory via FEM 
are presented in Section 13.7. 


6.8.1 SOLUTION OF EULER EQUATIONS 


In this example, solutions of Euler equations are given in a quasi-one-dimensional 
nozzle with variable cross section, NACA 1135, using McCormack explicit scheme and 
flux vector splitting method. 


Given: 
S(x) — 1.398 4- 0.347 tanh(0.8x — 4)ft? (NACA 1135) 
у = 1.4 
ie 
R = 1716—— 
7 sec? R 
Case 1 


Supersonic inflow — supersonic outflow. 


Boundary Conditions 
Inflow 


M = 1.5 

p — 1000 psf 

p = 0.00237 slug/ft? 

pu — 2.7323 slug/f sec 
p E — 4075 slug/ft sec? 
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Outflow. Full extrapolation of U is required since all eigenvalues are positive. 


Initial Conditions 


р = 0.00237 
pu = 2.7323 0<x<10 
рЕ = 4075 


Case 2 
Supersonic inflow – subsonic outflow. 
Boundary Conditions 


Inflow – same as before 
Outflow – и = 390.75 ft/sec. 


Other quantities are extrapolated since two eigenvalues are positive. 


Initial Conditions 
p = 0.00237 p = 0.00237 
for x < 2.8 1 ри = 2.7323, forx > 2.81 pu = 0.92608 
pE = 4075 pE = 2680.93 


Results: The computational results for both the McCormack and flux vector splitting 
methods are shown in Figure 6.8.1.1a for Case 1 and Figure 6.8.1.1b for Case 2. The 
solution for both methods was obtained using a total of eighty grid points. 


Case 1 
Both schemes demonstrate a good level of accuracy, with the flux vector splitting 
scheme converging faster than the McCormack explicit scheme. 


Case 2 

Here again we find that the flux vector splitting scheme converges faster than the 
McCormack explicit scheme, but the level of accuracy is not as good as in the first case 
(supersonic outflow). In this case, the solution exhibits dispersion errors at the shock. 


6.8.2 TRIPLE SHOCK WAVE BOUNDARY LAYER INTERACTIONS USING FDV THEORY 


The FDV theory is utilized to analyze the flowfield produced from a triple shock/ 
boundary layer interaction using 3-D FDM discretization [Schunk et al., 1999]. Flow- 
fields of this nature are often encountered in the inlets of high-speed vehicles such as 
the scramjet engine of NASA's Hyper-X research vehicle. For this analysis, the FDV nu- 
merical results are compared to the experimental measurements and FDM calculations 
via k — e turbulent model reported by Garrison et al. [1994]. As indicated earlier, the 
ЕРУ theory is expected to simulate turbulent flow accurately if DNS mesh refinements 
are provided. However, such mesh refinements are not available at the present time due 
to limited computer resources. No turbulence modeling is used in the present analysis. 
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Figure 6.8.1.1 Quasi-one-dimensional supersonic nozzle flow. (a) Case 1 supersonic inflow-supersonic out- 
flow. (b) Case 2 supersonic inflow-subsonic outflow. 
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(a) (b) 
Figure 6.8.2.1 Hypersonic aircraft inlet. (a) Wind tunnel model. (b) Inviscid fin shock reflection (top view, 
x-z plane). 


The wind tunnel model used to produce the triple shock/boundary layer interaction 
consists of two vertical fins and a horizontal ramp as shown in Figure 6.8.2.1. The angle of 
attack for the fins is 15° and the rampis inclined at an angle of 10° with respect to the inlet 
flow. The inlet flow is at Mach 3.85 with a stagnation temperature and pressure of 295K 
and 1500 kPa, respectively. The fins are 82.5 mm high and are separated by a distance of 
96.3 mm. The leading edge of the model is located 21 cm in front of the ramp inlet and 
produces a turbulent boundary layer with a thickness of 3.5 mm at the inlet to the model. 
Flow through the model is characterized by three oblique shocks originating from the 
leading edges of the ramp and the fins. Above the oblique ramp shock, the two inviscid fin 
shocks intersect and reflect as shown in Figure 6.7.1b. For the purposes of this analysis, 
the ramp is assumed to be 120 mm in length, the distance at which the reflected inviscid 
fin shocks are just incident upon the exit corners of each fin. According to inviscid flow 
theory, the fin shocks should intersect approximately 92 mm from the combined ramp 
and fin entrance. Measurements of the flowfield structure in the x-y plane are made via 
the Planar Laser Scattering (PLS) technique at various depths upstream of, coincident 
with, and behind the inviscid fin shock intersection [Garrison et al., 1996]. 

A detailed PLS view of the corner shock reflection physics is shown in Figure 6.8.2.2 
[Garrison et al., 1996]. As shown in the figure, the inviscid fin (a) and ramp (b) shocks 
reflect to form the corner (c) shock. Both the embedded ramp (d) and fin (g) shocks split 
into separation (e,h) and rear (1) shocks above the ramp and fin boundary/separation 
layers. The ramp separated region (j) and the slip lines (k) dividing the different velocity 
regions as induced by the shock structure are also visible in the image. 

Since the two fins are symmetric about the centerline, only half of the wind tunnel 
model is included in the computational model. Two finite difference computational 
grids, varying in resolution, are developed for the FDV analysis. The coarse grid model, 
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PLS Image of Corner Flow Corresponding Flowfield Structure 


Figure 6.8.2.2 Fin/ramp shock structure in the x-y plane [Garrison et 
al., 1996], a) inviscid fin shock, b) corner shock, c) inviscid ramp shock, 
d) embedded ramp shock, e) ramp separation shock, f) ramp rear shock, 
g) embedded fin shock, h) separation fin shock, i) rear fin shock, j) sepa- 
rated region, k) sliplines. 


consisting of a nonuniform nodal resolution of 31 x 41 x 55 (inthe x, y, and z directions) 
is shown in Figure 6.8.2.3. The viscous grid is clustered close to the fin and ramp surfaces. 
Results from the coarse grid analysis are used as the starting condition for the fine grid 
model. The fine grid model is obtained by interpolating the flow variables against the 
coarse mesh. Doubling the number of grid points in each direction produces a fine grid 
with over 538,000 nodal points (61 x 81 x 109). Recall that the most important aspect of 
the ЕРУ theory is that the shock capturing mechanism and the transition and interaction 
between compressible/incompressible, viscous/inviscid, and laminar/turbulent flows are 
incorporated into the FDV formulation. No special treatments are required to simulate 
these physical phenomena. Thus, the finite difference discretization requires no special 
schemes. Simple central differences can be used to discretize the FDV equations given 
by (6.5.14). 

The inlet conditions to the model are fixed with the freestream conditions described 
above (М = 3.85, P) = 1500 kPa, and Т = 295 К) and include a superimposed bound- 
ary layer 3.5 mm in height. At the fin and ramp surfaces, no-slip velocity boundary 
conditions are imposed and the normal pressure and temperature gradients are set to 
zero. In the symmetry plane and for the bounding surface on top (x-z plane), all of the 
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Figure 6.8.2.3 Three-dimensional finite difference models. 
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Figure 6.8.2.4 Inviscid fin shock interaction. 
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flow variables are computed such that the normal gradients vanish except for the normal 
flux, which is explicitly set to zero. At the exit, all of the flow variables are extrapolated 
from interior grid points. 

In order to test the hypothesis that the FDV equations contain the necessary terms 
to model turbulence, no turbulence model is included in the analysis. It is theorized 
that turbulent fluctuations result from the interaction of the convective and diffusion 
Jacobians present in the second order terms of the FDV equations as dictated by the 
ЕРУ parameters (51, 57, 53, 54). The conclusions drawn from this study will be limited 
to predictions of the boundary layer separation height since the experimental results 
contain no measurements of turbulent statistics such as spectral energy density versus 
wave numbers, etc., since no Kolmogrov microscales are resolved in this analysis. 

Density contours for the inviscid shock interaction (x-z plane, as viewed from above 
the wind tunnel model) are shown in Figure 6.8.2.4. The 15? fins produce inviscid shocks 
that are predicted to intersect and reflect approximately 97 mm from the ramp entrance 
(as opposed to 92 mm as predicted by inviscid flow theory). The reflected shock does 
not intersect with the exit corner of the ramp as expected. The discrepancy between the 
numerical prediction and inviscid flow theory could be due to the secondary oblique 
shock that is formed behind the fin shock (approximately 45 mm from the entrance). 
This is apparently an anomalous condition and could be due to the formation of a 
nonphysical boundary layer on the fin, possibly due to the discretization of the flowfield 
close to the fin wall. 

Static pressure contours for flow in x-y planes located 70 mm (upstream of the invis- 
cid shock intersection) and 97 mm (coincident with the inviscid shock intersection) from 
the combined fin/ramp entrance are shown in Figure 6.8.2.5. To match the experimental 


wat Figure 6.8.2.5 Static pressure contours іп x— 
y plane before (left) and coincident (right) 
with the inviscid fin shock intersection. 
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Figure 6.8.2.6 Boundary layer separation on the ramp. 
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images, the z locations of the x-y planes are scaled relative to the predicted inviscid fin 
shock intersection. The numerical predictions upstream of the fin shock intersection 
(left) correlate well with the experimental PLS images. Evident in the upstream figure 
are the inviscid ramp and fin shocks as well as the corner reflection. The flow separation 
from the ramp is also visible, appearing as concentric isobaric rings. Although not well 
resolved, it appears that both the embedded fin and ramp shocks split into separation 
and rear shocks above the respective surface separation/boundary layers. Coincident 
with the shock intersection (see right), the inviscid fin shocks merge together in the sym- 
metry plane. No curvature of inviscid fin shock is observed in the numerical predictions 
as in the experimental results. The reflection of the corner shock about the symmetry 
plane is observed, but the ramp embedded shock is much lower relative to the height 
of the fin than in the experimental results. The ramp boundary layer separation is not 
strongly resolved in the static pressure contours. It is important to note that these results 
from the FDV theory qualitatively reveal the boundary layer separation predicted by 
Garrison et al. [1996] using a k-e turbulence model. 

An alternative view (Figure 6.8.2.6) of the flowfield in the symmetry plane 
(y-z plane, x = 0) shows the boundary layer separation and the reflection of the fin in- 
tersection shocks through the weaker ramp shock. No experimental imagery is available 
to compare to this figure, but it is nonetheless informative. Boundary layer separation 
appears to be approximately 5 mm at the exit. 

More fundamental studies for validation of the FDV theory are presented in Chap- 
ter 13 using FEM. Contour plots of the FDV parameters are shown to resemble the 
actual flowfields of the supersonic compression corner flow. Transition between com- 
pressible and incompressible flows is also demonstrated for the driven cavity problems. 
Thus, these fundamental examples are not duplicated in this chapter. The reader is 
invited to examine Examples (3) and (4), Section 13.7, for details. 


6.9 SUMMARY 


History of compressible flow computations using potential equations, Euler equations, 
and the Navier-Stokes system of equations is long, and so is this chapter. Our focus was 
to study how to capture shocks in both inviscid flows and viscous flows. In compressible 
inviscid flows using Euler equations, we studied central schemes, first order upwind 
schemes, and second order upwind schemes. Specifically, we examined the flux vector 
splitting and Godunov method for the first order scheme and MUSCL, TVD, ENO, 
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and FCT for the second order scheme. For compressible viscous flows, it is necessary 
to solve the Navier-Stokes system of equations. We examined explicit methods, im- 
plicit methods, PISO methods, preconditioning methods, flowfield-dependent variation 
(FDV) methods, and other available methods. Exhaustive coverage of potential equa- 
tion, Euler equations, and Navier-Stokes system of equations has been made available 
in many other texts, particularly in Hirsch [1990]. Thus, in this text, only a brief sum- 
mary of these topics is provided. The emphasis has been placed on the FDV methods, 
anticipating that this theory be investigated more thoroughly in the future. 

Currently, a limited amount of validation of the FDV theory is available. It has been 
verified that (1) the ЕРУ parameters are equivalent to the TVD limiters, (2) ЕРУ param- 
eter contours resemble the flowfield (Mach number or density contours), and (3) tran- 
sitions and interactions between inviscid/viscous flows, compressible/incompressible 
flows, and laminar/turbulent flows are characterized by the FDV process. Examples 
demonstrating these fundamental properties are presented in Section 13.7. An extensive 
and rigorous future research on FDV theory will be required not only for its own the- 
oretical foundation, but also for closer examinations as to the relationships with other 
methods. 
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CHAPTER SEVEN 


Finite Volume Methods via 
Finite Difference Methods 


7.1 GENERAL 


Finite volume methods (FVM), often called control volume methods, are formulated 
from the inner product of the governing partial differential equations with a unit 
function, I. This process results in the spatial integration of the governing equations. 
The integrated terms are approximated by either finite differences or finite elements, 
discretely summed over the entire domain. Recall that we briefly discussed this subject 
in Section 1.4 for one-dimensional problems. 

One of the most important features of FVM is their flexibility for unstructured grids. 
The traditional curvilinear coordinate transformation required for FDM is no longer 
needed. Designation of the components of a vector normal to boundary surfaces in 
FVM accommodates the unstructured grid configuration with each boundary surface 
integral constructed between nodal points. 

For illustration, consider the conservation form of the Navier-Stokes system of 
equations 


aU OF; ӘС; 
= + 


R 
ot T OX; OX; 


B (7.1.1) 


The finite volume equations are obtained as 


dU дЕ 96; 
I,R)= RdQ = B)dQ=0 1.2 
(I. ) [ [etm ) (7 ) 
or 
dU 
| (2 -в) dQ +f (F; + G;)n;dT = 0 (7.1.3) 
a \ ot г 


where п; denotes the component of a unit vector normal to the boundary surface. 
Discretizing (7.1.3) and summing over all discrete nodes or cells (elements) throughout 
the control volumes (CV) and control surfaces (CS), we obtain 


У (57 -в)ла+ Y + G;)n; AT = 0 (7.1.4) 
CV CS 


At 
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or 


У (AU - AtB)AQ + Уу АЕ, + Gin; AT = 0 (7.1.5) 
CV cs 


The basic idea of FVM is to obtain a system of algebraic equations for the dis- 
cretized control volume and control surfaces written such as in (7.1.5). In this process, 
the conservation of all variables is enforced across the control surfaces. Thus, when a 
specific quantity of a conserved variable is transported out of one control volume, the 
same quantity is transported into the adjacent control volumes. As a result there is no 
artificial creation or destruction of conserved variable. Inaccuracies that arise in coarse 
meshes, therefore, are not the result of a failure of any variable, but rather are due 
to approximation errors. Another advantage of FVM is that the discretized governing 
equations retain their physical interpretation, rather than possibly distorting the physics 
due to numerical discretization of each derivative term. 

The finite volume methods are cost effective, because the calculation of flows at 
the surface of the adjoining control volumes need be performed only once since the 
expression is the same for both control volumes, differing only in sign. This gives 
rise to both cost reduction and algorithmic simplicity. In this chapter, finite volume 
methods via FDM are presented. Finite volume methods via FEM will be discussed in 
Chapter 15. 


7.2 TWO-DIMENSIONAL PROBLEMS 


There are two types of control volume formulations: the node-centered control volume 
and the cell (element)-centered control volume. These topics are discussed below. 


721 NODE-CENTERED CONTROL VOLUME 


For illustration, let us consider the two-dimensional configuration as shown in 
Figure 7.2.1a. Node 1 is connected to adjacent nodes 5, 7, 9, 11, and 2. The quadrilat- 
erals A, B, C, D, and E are subdivided by connecting midpoints of lines between nodes 
with quadrants associated with node 1, forming the control volume for node 1 consisting 
of subcontrol volumes СИ A, СИ В, СИС, CV, D, and CV, E. Directions normal to two 
control surfaces of each element are identified by the arrows pointing outward, with 
angles 06) and 09) in a subcontrol volume (Figure 7.2.1b). 
Let us examine the FVM formulation for the Poisson equation, 


ин—ј=0 (=1,2) (7.2.1) 
The finite volume equation becomes 
|| и таг 3i јад (7.2.2) 
r а 
ог 
A,B,C. D,E 
А {А А 
у, (Sm + n2) АГ = 5 f^Q (7.2.3) 
CS Ax Ay CV 
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(с) 


Figure 7.2.1 Control volumes and control surfaces. (a) Control volume at node 1 in unstructured grid system. 
(b) Control surfaces between nodes 1 and 7. (c) Modifications required for points 7-1 on horizontal (x) line 
and 9-1 on vertical (y) line. 


The FDM discretization of (7.2.3) yields 
(из — и) + (Ug — u1)893 + (и — ui) Si (из — ш) S24 + (us — 1)881 = fi 
(7.2.4) 
with О being the sum of the control volume areas surrounding node 1, 
Qı = CV A+ СИВ + CVC + CVD + СИЕ 


and 571, S91, etc. represent the surface parameters determined from the direction 
cosines. For example, the surface parameter 57 associated with из — u, is given by 


(a) (b) 

АГ АГ АГ АГ 

571 = (cos @— + sind) + (cos @— + sino) (7.2.5) 
Ax Ay / 44 Ax Ay / 74 


where (a) and (b) refer to the adjacent control surfaces in the counterclockwise direc- 
tion. Note also that 


A (a) = (cos AD), Алаа) = (51п ӨлГ)® 


refer to, respectively, the y and x components of AT on ће control surface for the control 
volume A (see Figure 7.2.1b). Orientations of these surfaces are determined by the angle 
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Figure E7.2.1 FVM solution of the Poisson equation. 


0 of the direction cosines always measured counterclockwise from the x-axis as defined in 
Figure 7.2.1a. Note also that Ax; = x; — xi, Луз = y; — ул, etc. It should be cautioned 
that, if two points are horizontal or vertical (Ay = 0 or Ax = 0), as may be the case in 
Figure 7.2.1c, then we set 


. AT AT 
sin0—— =0 forAy=0, cos0— = 0 for Ax =0 (7.2.6a) 
Ay Ax 


This is to avoid division by zero (Ay; = 0, Лхо = 0). For a node in a rectangular 
geometry such as node 5 of Figure E7.2.1, the direction cosine is zero so that the division 
by zero is avoided by setting 


sin 180° AT = 0, cos 270° AT = 0 (7.2.6b) 


This restriction allows the FVM formulation to yield the result identical to the FDM 
methods for rectangular grids. For all nonrectangular arbitrary geometries, the defini- 
tions given in (7.2.5) should be used. 

Detailed computational steps for a simple geometry (Figure E7.2.1) are demon- 
strated in Example 7.2.1. 


Example 7.2.1 


Given: V?u = f(x, y), with the exact solution (и = 2x?y?), Dirichlet boundary 
conditions. 


Required: Solve using the finite volume method via finite differences (3 x 2 unit 
square mesh, Figure E7.2.1). Dirichlet boundary data for all exterior boundaries and 
the source term are calculated from the exact solution. 

U1, и, из, ив, ид, ир = 0 
ид = 8, ит = 32, Ију = 72, uy, = 18 
Б= 8 fg = 20 
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Solution: 
A A 
3 (en + n) лг= у јла 
cs МАХ ду CV 


У AuS = У, ЈАО 
cs СУ 


where 
= ni AT пә АГ 
Ах Ау 


We write the finite difference analogs at nodes 5 and 8 as 


(uz — Us) S25 + (ug — Us)S6,5 + (Ug — Us) S35 + (ид — и5) 845 = fs As 
(us — ug)Ss,3 + (uo — ив) + (u11 — Ug) 511,8 + (U7 — ив) в = fs As 


with 

fsAs = 8, fgAg = 20 

Q) , соу Q) , QVO? 
52,5 = (£ са 522) + (89 i 59) 
Ауа) Ay) —1/2 -1/2 
=|= +0| +| = +0| =| —~ +0] +] —~ +0] =1 
Few ЕЕ г Ут 

апа 


Solving the above two equations for nodes 5 and 8 with the boundary conditions 
imposed, we obtain 


-4 11|и5| [8-81 [0 
1 -4j||us) |20—50| |-30 
which is the exact solution. For the structured orthogonal grids, the process is the same 
as in FDM. 


Example 7.2.2 


Given: Same as Example 7.2.1 with Neumann data: 


(=) = 16, (=) =8 
дх )4 ду 
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Solution: The additional equation required at node 4 becomes 


ди 3: ди 4 Au " Au + Ли АА 
= fa 
дх 4 дум Ау, Аха Ах |54 
Usj — U4 Шр —U4 И7р — Ua 1 
16+8 = 201 = 
төт Ау/2 T Ax/2 T Ax/2 (5) 
Combining equations written at nodes 5 and 8 from Example 7.2.1, we obtain 
—4 1 1 Us 8 
1 -4 0 ug | = | —30 
1 0 —6 ид —46 
Thus 
us 1 24 6 4 8 2 
us | = —gc 6 23 1 –30 | = | 8 
u4 4 1 15 —46 8 


This is the exact solution. Note that for unstructured grids with sloped boundaries, spec- 
ification of the Neumann boundary conditions must be adjusted for direction cosines. 


7.2.2 CELL-CENTERED CONTROL VOLUME 


In the previous section, we dealt with the case in which nodes are identified with the 
surrounding subcontrol volumes (node-centered control volume). Instead of subcontrol 
or tributary control volumes surrounding the node, it is possible to consider control 
volumes constructed by adjacent nodes as shown in Figure 7.2.2a,b,c. Here, control 
surfaces are identified between adjacent nodes for a structured grid system, leading 
to the cell-centered control volume. However, this requirement lacks the generality 
prevailing in the unstructured grid system. 

For illustration, let us consider the cell-centered FVM scheme as shown in 
Figure 7.2.2 for the solution of the Poisson equation examined in Section 7.2.1. The 
corresponding FVM equation is given by (7.2.2). 


ү (tn dnd mim) ar = = fag (7.2.7) 


This can be written for the cell-centered scheme in the form, 


Au Au Au 
— ni АГдв + тАГав + | — п\АГвс 
AX / j-12 Ky] 0 AX / 417,] 


Аи Аи Аи 
+| — т АГвс + ТАГср + nj^lcp 
AY / ар] Ax) ja Ay) iiu 


Au Au 
+ (=) ni Al pA + (55) п АГрад = (740), ; (7.2.8) 
AX /i 4j Ay / i-1/2,; 


where Au/Ax and Au/Ay may be approximated by using tributary areas and 
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ij*l 


ij 


ij-1 
(a) (b) 


iL jl 


(c) 


Figure 7.2.2  Cell-centered control volume. (a) Square or rectangular grids. (b) Skewed grids. 
(c) Curvilinear system. 


corresponding boundary surface areas. For example, we have (Figure 7.2.2c) 
=) 1 
x T m ui, j—-1/2AYi, j-1/2 
(< ijag Аі, jap P залы 
= (шј) 1Лудв + ивАувс' + ui, j^ycpy + usAypa)/AQ;, |-1/2 
with 


ид = 404) + uj—1,j + uj i, j-1 + ш, j-1) 


1 
ив = 404) + Uj41,j + шл, j-1 + Ui,j-1) 


Other quantities in (7.2.8) are calculated similarly. It can be shown that the above 
procedure gives the identical results for the problem in Example 7.2.1. Note that the 
cell-centered FVM presented here can not be applied to the unstructured grid shown 
in Figure 7.2.1. 

The cell-centered FVM scheme for Euler equations takes the form 


D (aan --»9 (KS) S=nAr (7.2.9) 
CV cs 
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This may be solved using the operator splitting scheme or the fractional step scheme: 


(1) Operator Splitting Scheme 


Step 1 

pt n At n n n n 

U; j = = 07; хас ——— (F; РУШИ + Е? ,5; + F; 5+1 + Е ,,5) (7.2.10a) 
Step 2 


1 ——n+1 At p" —n+1 ен 
п+1 п 
uc = 510, + = uS + Ej 5) +R Sa Еј S) 


(72105) 


These steps are repeated until steady-state is reached. 


(2) Fractional Step Scheme 
In this scheme, a half-time step is introduced in order to increase accuracy. 


Step 1 
—n4l At : 
U: p Ur - ——(E; Sia ip F; ,5;) (7.2.11a) 
AS; j 
ni 1 pe At nci 
Џез = 1, HU eu SEE, js) (7.2.11b) 
Step 2 
=—п+1 п+ 5 АГ nci 
U c te er (ez EET a 18) (7.2.11с) 
1 = 1_ At =n+1 Ln 
1+1 _ nl + + + 
077 => ke *+U;; “Аб; (Fi. jou +F; j s) (7.2.11d) 


Here, 5, 5,41, Sj, Sj41 are the control surfaces as oriented by the direction cosine com- 


ponents in the structured grid system. 


7.2.3 CELL-CENTERED AVERAGE SCHEME 


The cell-centered average scheme was proposed by Ni [1982]. To illustrate, we consider 


the Euler equation written in the form 


90 дЕ об 


уућеге 
р ри ру 
џ_| P" Е р+ри? Gu pvu 
ру риу р+ру 


рЕ p Eu + pu p Ev + ру 
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Figure 7.2.3 Cell-centered average scheme. 


The control volumes for two-dimensional problems are shown in Figure 7.2.3. The 
change of flow variables U, for the control volume C is given by 


AU, = ZA (А + Буду – (В; + F)Ay + (Gi + Gi)Ax — (6; + G)Ax] 
xAy 


(7.2.12) 


The corrections to the grid points associated with the control volume C (distribution 
formula) are determined by 


At At 
(801), == ile AF- arae. 
At At 
(80). — т AU, — —AF, + — Аб; 
Ax Ay 
(7.2.13) 
(503). = | AU, + = = ed AG 
зуЕ== As с Лу с 
1 Аї At 
== = Ак ИВ 
(804); n" Ax ake os | 
where 
oF 96 
F. = U AG, = U. 7.2.14 
лк = (0) 4U. ace = (50) 4 (72.14) 
and 


For arbitrary curvilinear coordinates, the change of flow variables for the control 
volume C takes the form 
Gi + G2 


au =A [3280 – у) - FES (0-0) 


S REL Сз + G4 
2 
G + С. Fi + Е, 
езе, а аз te »-») 


-[S336 =) – NET 


———(»5 — ya) – (хз — zJ 


(7.2.15) 
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with 
AQ = – [05 — nou») — ба = 08 = »)] (7246) 
The flow variables at point 1 аге updated as 
ШҮН = Ul + 80) (7.2.17) 
with 
50) = (60) )А + (601 )8 + (8U1)c + (601 )р (7.2.18) 


where A through D refer to control volumes surrounding the grid point 1. Here the 
CFL condition is given by 


Ax Ay ) 
|u| +a’ |у +a 


At X min ( (7.2.19) 


It should be noted that, for transonic and supersonic flows, an artificial viscosity must 
be added for stability. For example, 


1 At At = 

(8U;). = Ee AF, AG, + (U — v (7.2.20) 
4 Ах Ay 

with 
— 1 
U= zU + U2 + U3 + О) (7.2.21) 
At At 
= — + — ‚2.22. 
i „(5 T a) n ) 


where o is an artificial damping factor usually taken as 0 < с < 0.1. 

It is seen that the corrections defined in (7.2.13) together with (7.2.20) guarantee 
the proper domain of dependence regardless of local flow direction and wave speed, 
leading to a stable second order solution. 


7.3 THREE-DIMENSIONAL PROBLEMS 
7.3.1 3-0 GEOMETRY DATA STRUCTURE 


For three-dimensional problems dealing with arbitrary unstructured meshes, an effi- 
cient algorithm for data structure will be important. For illustration, consider the ge- 
ometry shown in Figure 7.3.1, where all nodes are on the exterior global boundaries 
except two interior nodes, 10 and 11. The control volume for node 10 and its con- 
trol surfaces are represented in Figure 7.3.2. Let us examine any inclined control sur- 
face arbitrarily located in three-dimensional reference coordinates (x, у, z) as shown in 
Figure 7.3.3. Note that local cartesian coordinates (x', у, 2) are constructed such that 
the x' — y' plane coincide with the control surface. The origin is located at node 1 with 
the x' axis lying on the line connecting nodes 1 and 2. The z' axis is in the direction of 
the unit vector n normal to the control surface. The y' axis can be determined once the 
unit normal vector is known. The origin of natural or isoparametric coordinates (£, m) 
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Figure 7.3.1 Illustration of 3-D finite volume dis- 
cretization, 2 interior nodes 10 and 11; all other 
nodes are on the boundaries. 


may be embedded at the controid of the quadrilateral so that the surface area can be 


calculated easily. 


The unit vector normal to the surface is found by establishing the unit vectors e12 
and ед along the lines 1-2 and 1-4, respectively, as follows. Between nodes 1 and 2, we 


have 
e = Ail 
where 
м = 22, p= 
Ly Га’ 


2 2 2\1/2 
Ly = (х2 + ур + 2) / 


(7.3.1) 


with x1? = x1 — x2, etc. Similarly, for the unit vector along the line on nodes 1 and 4, 


we have 


ещ = puli 


(732) 


Figure 7.3.2 Control volumes and control 
surfaces for the interior node 10; connected 
neighboring nodes are 6, 14, 22, 30, 9, and 
11. 
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Figure 7.3.3 Control surface on the natural (isoparameteric) co- 
ordinates (Ё, т), oriented in terms of the local cartesian coor- 
dinates (x’, у, z’), the unit normal vector coinciding with the 


z’ axis. 
where 
u X14 Т У14 " 214 
1=—, 2=——, з = == 
La La La 


Га = (xà + уд + £^ 


with X14 = X, = X4; etc. 
The unit vector normal to the surface is given by the cross product of these two unit 
vectors along the lines 1-2 and 1-4. 


n = ej X ei = &ijyNi W jik = nidi (7.3.3) 
with 

п = Mps — Napa 

m = Mapa — Миз 

пз = Mp2 — Nu 


To calculate the control surface areas surrounding the control volume such as in 
Figure 7.3.3, it is necessary to carry out the coordinate transformation between the 
local coordinates (x', у, 2) and the global reference coordinates (x, у, 2), since the 
control surface plane is located arbitrarily in the three-dimensional configurations. 


= по (7.3.4) 


where aj; is the transformation matrix. The components of aj; corresponding to the x; 
are the same as those for the unit vector e12, 


ар = №, ар=—, m= 


To determine the rest of the direction cosines, we must find the unit vector along the 


229 


230 FINITE VOLUME METHODS МА FINITE DIFFERENCE METHODS 


y' axis. This can be done by the cross product of the normal vector (7.3.3) and the unit 
vector along the 1-2 direction, 


е, =N x ej» = Єк Айк = ү; ix (7.3.5) 
with 

yı = MM — па 

Y2= mM — т\з 

уз = mM — том 
Thus, we have 

21 = Ү, ду = №, аз = Y3 

азу = "1, аз = Mm, a33 = пз 


The remaining task for the construction of data structure is the calculation of control 
surface areas and control volumes. 


Control Surface Area 


A= | ах'ду = f. L | ага (7.3.6) 


with |J'| being the determinant of the control surface Jacobian (see Section 9.3.3 for 


derivation), 
ШЕ - ~ (7.37) 
дт дт 
x! = aux Фау + 413Z (7.3.8) 
У = ах + any + 4235 
x= Фм(ё, т)ху (N=1,2,3, 4) (7.3.9) 


Ф, = id 90-9. Ф, = 11 + –), Фу = па H0 9) 


Ф, = ta ~é)(1+y) (7.3.10) 


with Фу being the interpolation functions derived in Section 9.3.3. Substituting (7.3.10) 
into (7.3.9), (7.3.8), and (7.3.7), we obtain 


р д М iba дФу ig дФу 

aE 11 Т: N 12 ЭЁ YN 13 ЕТ: ZN 

ду дФу дФу дФу 

== = ад—= Хм + 422 = YN + 423 = IN 

д5 f ue UE (7.3.11) 
дх' дФу дФу дФу 

== = ап ——XN + d12—— ум + d13 ———ZN 

om дт om om 

ду 


ОФу dy дФ у 
=аз—— Xy + d22 ——À— YN + 423 ———ZN 
an an an an 
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Integration of (7.3.6) can be carried out most accurately by using the Gaussian quadra- 
ture, which is detailed in Section 9.3.3. 


Control Volume 


у= fff dxdydz= |, [ [ MES (7.3.12) 
дх 


ду Oz 

05 д& ОЕ 

ax ду Oz 
=|= == — 3.13 
ы (7.3.13) 

дх ду Oz 

9G 96 96 


with |J| being the determinant of the control volume Jacobian in terms of the natural 
or isoparameteric coordinates (£, т, $) with reference to the global cartesian coordi- 
nates (x, y, z) as shown in Figure 7.3.4. See Section 9.4.3 for derivation and details of 
integration using the Gaussian quadrature. 

The control surface and control volume for a three-dimensional geometry may be 
calculated alternatively as follows. Referring to Figure 7.3.5, the surface area 4234 is 
equal to one-half of the absolute value of the cross product between the diagonal unit 
vectors times their corresponding physical lengths. 


1 
Азд = |А1234| = 5 leis Јаз х ez4 Годі (7.3.14) 


Here, the calculation of the components of the unit vectors follow the same procedure 
as in (7.3.1) and (7.3.2). These surface areas should be oriented by the unit normal 
vector calculated from (7.3.3). 

Similarly, the control volume is equal to one third of the dot product of the sum of 
any three adjacent surface area vectors and the unit vector times its physical length, 


1 
(-1,-1,-1) (1,-1,-1) 


Figure 7.3.4 Three-dimensional control volume with hexahedral 
isoparameteric coordinates. 
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Figure 7.3.5 Alternative method for calculations 
of control surface areas and control volume. 


connecting two nodes diagonally with one of them containing the three surfaces under 
consideration. 


1 
= 35 (Ain + Алзлв + А 1584) · €46 Las 


1 
= 3 (©з 143 х езд [од + еду Гат х e38 Lag + eis Lag x е54 154) · €46 Lao (7.3.15) 


in which node 4 is common to the three surfaces and node 6 is in the diagonal direction 
constituting the unit vector e46, with all unit vectors calculated similarly as in (7.3.1). 


7.3.2 THREE-DIMENSIONAL FVM EQUATIONS 


Three-dimensional FVM via FDM can be formulated as a direct extension of the two- 
dimensional case discussed in Section 7.2. A typical control volume element configura- 
tion is shown in Figure 7.3.6. The cell-centered control volume procedure for the Euler 


5 (H, j+, k) 
4 Sia 
x 
GHW) p d 
(EH, j+, k+1) 
Figure 7.3.6 Three-dimensional discretization. 
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equation using the operator splitting and fractional step scheme is described below 
[Rizzi and Inouye, 1973]. 


(1) Operator Splitting Scheme 


Step 1 
—n4l n At " 
U; jk = Uijk— Lom (Е у + FF Sj 

+ | je Sitt + F7 jesi + | КИ + Fi x1 5k) (7.3.16a) 
Step 2 

1 —п+1 AT nii —n+1 

n+1 Д . 
U; jk = - 50, ЕШ ре AQ, (нын +F; es) 
—n+1 
+ E jkSi+1 +F; рез + F; iP m T F, ИТ] (7.3.16b) 


(2) Fractional Step Scheme 


Step 1 
ants n At n 7 
Ui jk = Ue хе, (ЕП реја + Fi 105i) Ue) 
i,j,k 
nii 1 nnl At p 
vi = [0 pEU LT IE з Sit T EP; МЗ) (731%) 
dh 2 j J АО; j.k (F J+ J 
Step 2 
"+ п+ 1 At p 1 
Ui-u- ee resist +B ANS (7.3.18a) 
i,j, 
n+% 1 nci Ile At Lnd Tilt 3 
Олык = 17 TED A EU кг +F; j, iS) (7.3.18b) 
Step 3 
—n+1 n4-2 At Е" 
Uje = Uii (Е тн Seat + Ey 5) (7.3.19a) 
Lj 
PE 1 n+% =n+l At =n+1 =n+1 
ҺЕ = 2 [ч jk T О Ag Fi Шш Eas (79190) 


Stability conditions may be given as 


At = min (Aty, Aty, Az) (7.3.20) 
with 
; ЛО; ik | 
At, < min L 7.3.21а 
ТЕА inl Oe Si] + aS), к ( ) 
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Е АО; ;k | 
At, < min 2L 7.3.21b 
dn ial c. Бр + aSj)i j,k | | 
| АО; j,k 
At, < min wh 7.3.21c 
B minc 84+ El | | 


where q and а аге the resultant velocity vector and speed of sound, respectively. 

The node-centered control volume approach as demonstrated for two dimensions 
may also be used for three dimensions. We discuss this subject for the FDV equations 
in the following section. 


7.4 FVM-FDV FORMULATION 


The ЕРУ concept introduced in Section 6.5 can be used for the FVM formulation. To 
this end, we begin with the FDV governing equations given by (6.5.14) 


д д? 
К = (I+ E — +E? —— | AU" + Q" (7.4.1) 
OX; 19дх{дХ} 


The FVM integration equation is of the form 


2 
| кад = | 1+ Eg + E, : AU"! + Q” јао = 0 (7.42) 
Q о дх; 19хдХ} 


Integrating (7.4.2) with respect to the spatial coordinates, we obtain 


|| AU" dQ + | (Eau + Ej AU") таг =— | Q"dQ (7.4.3) 
Q r Q 
or 
3 АРА AQ M. (E; Av"! FE jAU"H) ni AT = — | Q"dQ (7.4.4) 
CV CS 9 
where 
|| Yas | (H; + Hj, у паг = У (Н+ HY) nn, AT (7.4.5) 
о Г CS 
with 
n n n n Ar п п 
H; = АЦЕ +С), H} = (ai + bi) (F; + G^) (7.4.6a,b) 


Let us now illustrate the solution procedure (7.4.4) based on the node-centered 
control volume as shown in Figure 7.2.1 and Example 7.2.1. The control surface compu- 
tations on the left-hand side of (7.4.4) include terms with E; without derivative and 
those with E;; with the first order derivatives and similarly for Н? and H7, on the 
right-hand side of (7.4.4). Thus, the FVM equation at node 1 for Figure 7.2.1 becomes 


7.4 FVM-FDV FORMULATION 


(with AU"! = Ф) 
1 1 
PAR + 2 (107 + Ф) А: + (47 – Ч1) 571 + AL + V) Ro, + (Wo — Ф), 
1 1 
+ ju + Фу)К\ 1 + (un — Фу)5111+ 2 (he +1) + (P2 — Ф) | 


1 
+ AE TOW) К (Vs — Wi)8s; = -Qi (7.4.7) 
where 


R71 = |(Eini AT + En; AT) + (Eimi AT. + Exm AT) |. , (7.4.8) 


AT AT]? 
(Еп + Ето) — + (Ein; + Еп) —— 
Ах ду 


S71 = (7.4.9) 


AT Ar]? 
+ | (Еп + Ezin2) — + (Ein; + Ерл) — 
Ах Лу 71 


with E; and E;; given by (6.3.31a) and (6.3.31b), respectively, etc., and + and AS 
calculated similarly as in (7.2.5). 

The right-hand side terms of H are obtained in a manner similar to the left-hand 
side. 


Qi = Ку, cS; + Ro; c S91 + Е +81 + +55 + R51 +85; (7.4.10) 
- 1: 

К; = PAG + Hom) AT |; + [(Hin; + Hom) ATJ} ® 

1 
+ z (Bini + Hon;)AT |; + [(Hin; + Hon;)AT ]; 9? 
E АГ АГ 
571 = m = (Hii)i]ni — + [(Hi2); — (H12) ји — 
AX Ay 

(a) 


+ [(H21); – (ны) 2 + [(H22)7 – (нө 
71 


+ [1017 - anode 27 + ay = (Веј ји 2 


(5) 
+ [6621 ју — (Њу ја 2 + [(H22)7 – уь) (7.4.11) 
71 


with Н; and Hj; given by (7.4.6a,b), respectively. 

The FVM equation at node 2 is written similarly and the solution for U"*! for nodes 1 
and 2 can be obtained with appropriate boundary conditions applied similarly, as demon- 
strated in Examples 7.2.1 and 7.2.2. If all Dirichlet data are provided, then we have 


Ка Ko][AU]" fay". Гр, 
(к = Hd =- [6 + fo (7.4.12) 


where D, and D» represent the source vector as a result of the Dirichlet boundary 
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conditions. Note that К; and Kz denote the collective sum of contributions for nodes 
1 and 2, respectively, whereas Ку and K3; are the interactions between node 1 and node 
2, respectively, 


Кр = Ra = 821 
(7.4.13a,b) 

Ky = Ук = S12 

Implementation of Neumann boundary conditions is carried out similarly as in 
Example 7.2.2. If the Neumann boundary condition is prescribed at node 7, then the 
ЕРУ equations (7.4.12) will be modified to include AU; as one of the unknowns with 
the Neumann data directly imposed on the right-hand side of (7.4.12). 

For three-dimensional applications such as in Figure 7.3.1, FDV equations in terms 
of FVM are written similarly as in 2-D, following the procedure of (7.4.7) through 
(7.4.13). For example, at node 10 (Figure 7.3.1), the adjacent nodes connected to node 
10 are as shown in Figure 7.3.2. Direction cosines of the normal vector are calculated 
(Figure 7.3.3), with control surface areas and control volumes determined as described 
in Section 7.3. Let us examine the FDV finite volume equations at node 10 (Figures 7.3.1 
and 7.3.2). 


1 1 
ФАО + 5 s + Vio) R610 + (V6 — Ҹ10) 8610 + ; Gh + Vio) Ко 
1 
+ (14 — V10)S1410 + 5 (4922 + Yio) R2,10 + (P22 — Ч10).822,10 
1 1 
+ 5 (ла + Vo) Ri410 + (P14 — Фо) 514 10 + 2 (Ws + V0) Коло 
1 

+ (Wo — Ҹо) 910 + 2 Gu + Чл) Ки ло + (Ф — 10) 51110 = —Qio (7.4.14) 
Ж | благ + E3n2 AT + ЕзпзАГ) + (Em AT. + Eoi AT. + Езпзлг)® | 

10 = 

6,10 


Е + (Ein AT + Eon. AT + E3n3AT)© + (Ein AT + БАГ + ЕзпзАГ)® 
(7.4.15) 


АГ АГ AT 1? 
[eum + Еп + Ezam) t + (Ерт + Enm + Esn) у + (Eim + E3n2 + Eon) | 


Ar Ar ary” 
+ [eum + Enum + E31n3)— + (Ерт + Enm + E32n3) — + (En + Eos + Ex) | 
Ax Ay Az 
56,10 = Ar Ar ary 
+ [eum + Ет + Езпз) + (Ерт + Enm + Exon) Y + (Eis + Ex3n2 + Eon) а | 
АГ АГ АГ] 
+ | (Епт + Enam + Езіпз) == + (Ела + Enm + Езпз)—— + (Ern + Ерзпо + Еззпз)—— 
Ах Лу Az 6.10 
(7.4.16) 
( 1 ) (222) ( 1 ) (===) ( 1 ) (=) 
AX / 610 AQ 76.10 Ay / 6,10 AQ 76.10 AZ 610 AQ / 6.10 
(7.4.17) 


where (Ax)6.10 = |Xe — х10], etc., АГ being the subcontrol surface areas corresponding 
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Control surface between 
nodes 10 and 6 


Figure 7.4.1 Control surface [normal vectors (а), (b), (с), (d)] 
between nodes 10 and 6 for the control volume containing 
node 10 of Figure 7.3.1. 


to the normal vector components designated by (а), (Б), (с), (d), and (А) ло repre- 
sents the subcontrol volume for node 10 toward node 6 (Figure 7.3.2). As indicated in 
Section 7.2.1, if a се is coincident with the x-, y-, or z-coordinate, then the left-hand side 
quantities in (7.4.17) must be used. However, the right-hand side quantities are used 
for the directions in which the coordinate components are zero to avoid singularities. 

Similarly, we compute the right-hand side of (7.4.14) as in (7.4.10). The final form of 
the FDV/FVM equations is similar to (7.4.12) corresponding to the two interior nodes 
10 and 11 (Figures 7.3.1 and 7.4.1). 

It should be noted that the node-centered scheme described above is capable of ac- 
commodating any arbitrary unstructured grid system. Recall that in FDV equations, 
all physical aspects of the flow for all speed regimes have been accommodated as 
detailed in Section 6.5. Some applications of FDV methods via FVM/FEM are shown 
in Section 15.3. 


Grid Isobars Grid Isobars 
(a) (b) 
Figure 7.5.1 FVM/FDM solutions of Euler equations for flows over a circular cone 
[Siclari and Jameson, 1989]. (a) Euler grid and computed isobars for a 20° circular 
cone at М» = 2.0, a = 25°. (b) Euler grid and computed isobars for a 10? circular 
cone at Му = 2.0, а = 25°. 
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(b) 


Figure 7.5.2 FVM/FDM solutions of Navier-Stokes system of equations for flows over a circular 

cone [Siclari and Jameson, 1989]. (a) Comparison of Euler and Navier-Stokes crossflow velocity 

vectors for a 10° and 20° circular cones at Ma; = 2.0, а = 25°. (b) Computed Navier-Stokes isobars 
7.95, a = 12°, Re=3.6 x 10°. 


and entropy contours for a 10° circular cone at Му 
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7.5 EXAMPLE PROBLEMS 


(1) Solution of Euler Equation Using FVM/FDM 

The work presented here is reported by Siclari and Jameson [1989] on a node cen- 
tered, finite volume, central difference scheme to solve the Euler equations. High-speed 
flows over a circular cone using spherical coordinates are investigated with FVM/FDM. 
To expedite the solution convergence, they used multigrid methods, which will be dis- 
cussed in Section 20.2. 

Figure 7.5.1a shows the (81 x 50) grid for a 20° circular cone with M,, = 2.0 and the 
cone angle of а = 25°. The resulting isobar solution shows that a weak crossflow shock 
occurs on the lee side of the cone with attached flow. 

The geometry and discretization (81 х 50) for a 10° circular cone (Mx = 2.0, а = 
25°) and the resulting isobar distributions are shown in Figure 7.5.1b. In this example, a 
strong crossflow shock develops on the lee side, resulting in shock-induced separation. 


(2) Solution of Navier-Stokes System of Equations Using FVM/FDM 
Siclari and Jameson [1989] solved the same problem above for the case of viscous flows. 
This requires additional attention, providing refined discretization, and higher order 
artificial dissipation as discussed in Section 6.3. 

With the grid (81 x 68), the computed results are displayed in Figure 7.5.2a, compared 
with the case of inviscid flow. For the 20° cone, the Euler solution shows attached flow, 
whereas the Navier-Stokes solution shows a small separation. The Euler solution for 
the 10° cone shows a shock vorticity induced separation. The Navier-Stokes solution 
shows a more complex separated flow pattern including primary, secondary, and tertiary 
vortices. 

Figure 7.5.2b shows the computed isobars and entropy contours. The leeside bound- 
ary layer separates at this incidence as indicated by the entropy contours. 


7.6 SUMMARY 


In this chapter, it has been shown that any finite difference schemes can be implemented 
in FVM with either structured or unstructured grids. There are two advantageous 
features in FVM: (1) Physically, the conservation of mass, momentum, and energy is 
assured in the formulation itself; and (2) Numerically, unstructured grids and arbitrary 
geometries are accommodated without coordinate transformation. 

The conclusion appears to be that FVM is preferred to FDM for arbitrary geometries. 
For structured grids, however, such conclusion is premature. Personal preferences may 
persist for many years to come. The final outcome may be determined by convenience in 
applications associated with computing techniques from the viewpoints of data structure 
managements, which will be discussed in Chapter 20. 
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FINITE ELEMENT METHODS 


are presented in Part Three. We have seen in Chapter 1 that the finite ele- 

ment methods based on the standard Galerkin integral lead to results identical 
to those of the finite difference methods (FDM) for the examples of simple linear 
problems. In dealing with nonlinear or convection-dominated flow problems in fluid 
dynamics, however, the standard Galerkin methods are no longer adequate. Various 
special strategies must be designed to assure stability and convergence, as we noted 
also in FDM. Dissipation and dispersion errors can be minimized with a high level of 
accuracy achieved in much the same way as in FDM. In this vein, the reader will see that 
finite element methods are analogous to finite difference methods in dealing with all 
aspects of the physics of fluids. Developments of both approaches in close alliance are 
shown to be complementary to each other. It is with this expectation that our journey 
begins. 


= element methods (FEM) and topics related to finite element applications 


CHAPTER EIGHT 


Introduction to Finite Element Methods 


81 GENERAL 


The finite element theory as applied to one-dimensional problems was discussed in Part 
One, Preliminaries. In general, finite element methods (FEM) are versatile in appli- 
cations to multidimensional complex irregular geometries. Initial applications of FEM 
began with structural analysis in the late 1950s and primarily were based on variational 
principles. During the early days of the development of FEM, applications were made 
for simple flow problems, beginning with Zienkiewicz and Cheung [1965], followed 
by Oden and Wellford [1972], Chung [1978], and Baker [1983], among others. Signifi- 
cant contributions in CFD began with the streamline upwind Petrov-Galerkin (SUPG) 
methods [Heinrich, Huyakorn, Zienkiewicz, and Mitchell, 1977; Hughes and Brooks, 
1982; Hughes, Mallet, and Mizukami, 1986] or streamline diffusion methods (SDM) 
[Johnson, 1987], Taylor-Galerkin methods (TGM) [Donea, 1984; Lohner, Morgan, and 
Zienkiewicz, 1985], and hp adaptive methods [Oden and Demkowicz, 1991], among 
many other related works. 

New approaches and various alternative methodologies are preponderant in the 
literature. Efforts are made in this book to simplify and unify some of the terminolo- 
gies. For example, the original approaches of SUPG or SDM for convection-dominated 
flows have grown into GLS (Galerkin/least squares) when some changes in the for- 
mulation are introduced. It is suggested that all methods related to numerical diffu- 
sion test functions be called the generalized Petrov-Galerkin (GPG) methods. Hughes 
and his co-workers have contributed significantly in the past two decades to the GPG 
methodologies associated with the problems of convection-dominated flows and shock 
discontinuities. 

Another example is the algorithm arising from the Taylor series expansion such as 
TGM. Zienkiewicz and his co-workers [Zienkiewicz and Codina, 1995] have applied 
for the past decade the concept of characteristic Galerkin methods (CGM) which pro- 
duce results similar to TGM in dealing with convection-dominated problems for both 
compressible and incompressible flows. 

The idea of treating discontinuities developed in the finite difference methods 
(FDM) flux vector splitting, TVD, and ENO associated with the first and second order 
upwinding can be utilized in the discontinuous Galerkin methods (DGM) as demon- 
strated by Oden and his co-workers [Oden, Babuska, and Baumann, 1998]. Clearly, this 
represents the merit of studying FDM and FEM closely together. 
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Recall that in FDM we explored solutions for all-speed flows. Among them was 
the concept of flowfield-dependent variation (FDV) methods [Chung, 1999] as de- 
tailed in Section 6.5. This was an attempt to resolve transitions and interactions of 
various physical properties such as inviscid/viscous, compressible/incompressible, and 
laminar/turbulent flows. The same approach can be applied to FEM. It can be shown that 
FDV methods are capable of generating most of the existing computational schemes in 
both FDM and FEM. 

Although the various forms of Galerkin methods constitute the finite element meth- 
ods in which the test functions are the same as the trial functions, there are other methods 
where the test functions are different from the trial functions, generally known as the 
weighted residual methods. Some examples include spectral element methods (SEM), 
least square methods (LSM), and finite point methods (FPM). 

The finite element literature is enriched with mathematical error analysis. Mathe- 
matical proofs of convergence, stability, and accuracy are important in the so-called hp 
adaptive methods in which accuracy improves as the mesh is refined and the approxi- 
mating polynomial degrees are increased in accordance with the flowfield gradients. This 
subject was developed by Babuska and his co-workers and Oden and his co-workers 
for the last two decades. 

In this chapter, the FEM formulation presented in Chapter 1 will be repeated with 
more rigorous mathematical notations and expanded into multidimensional problems. 
Definitions used in error estimates and convergence properties are also introduced in 
this chapter. 

The finite element analysis begins with the interpolation functions of the variables 
for one-dimensional, two-dimensional, and three-dimensional elements of various ge- 
ometries with linear and high order approximations, presented in Chapter 9. This will be 
followed by linear steady and unsteady problems in Chapter 10 and nonlinear problems 
with convection-dominated flows in Chapter 11. 

In Chapters 12 and 13, we present FEM formulations for incompressible flows and 
compressible flows, respectively. The major issues in CFD as observed in Part Two for 
FDM are as follows: (1) Difficulties of satisfying the conservation of mass in incompress- 
ible flows (incompressibility condition), resulting in checkerboard type pressure oscil- 
lations; (2) shock discontinuities in compressible flows; and (3) convection-dominated 
flows in both incompressible and compressible flows. Mixed methods, penalty methods, 
and pressure correction methods were developed to cope with the incompressibility 
condition. On the other hand, the Taylor-Galerkin methods (TGM) and generalized 
Petrov-Galerkin (GPG) methods have been successful in dealing with shock disconti- 
nuities and convection-dominated flows. Recent developments include computational 
methods capable of analyzing both compressible and incompressible flows by a single 
formulation and а single computer code using the various schemes extended from ТОМ, 
GPG, and FDV (Chapter 13), leading to “all speed flows.” 

Weighted residual methods including spectral element methods (SEM) and least 
square methods (LSM) are presented in Chapter 14. Finite point methods (FPM) using 
only the nodal points without element meshes (meshless methods) are also discussed in 
this chapter. The finite volume methods (FVM) via FEM are elaborated in Chapter 15. 

Finally, in Chapter 16, we examine some of the significant analogies between FDM 
and FEM. Most of the existing computational schemes in both FDM and FEM are shown 
to be special cases of the flowfield-dependent variation (FDV) methods. There are many 
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numerical methods other than the FDM, FEM, and FVM which are based on the stan- 
dard Eulerian coordinates. They include boundary element methods (BEM), coupled- 
Eulerian-Lagrangian (CEL) methods, particle-in-cell (PIC) methods, and Monte Carlo 
methods (MCM). For the sake of completeness, these methods are briefly discussed in 
Section 16.4. 


8.2 FINITE ELEMENT FORMULATIONS 


The basic concept of finite element formulations was presented in Chapter 1, for simple 
one-dimensional problems, using the Galerkin methods. In the Galerkin methods, the 
variable of the partial differential equation is approximated as a linear combination of 
the trial (interpolation, shape, or basis) functions. It was shown that local properties 
were assembled into a global form by superposition intuitively. In this chapter, we 
demonstrate this process directly from the global form using Boolean algebra, with the 
local properties then arising indirectly as a consequence. 

For simplicity of illustration, let us consider a one-dimensional domain as depicted 
in Figure 8.2.1. Let the domain be divided into subdomains; say two local elements in 
this example. The end points of elements are called nodes. The finite element model Q 


Г о Г 
Given 
О_о 
0<х<1 
Q=QUrT 


Global nodes Z, (0 = 1, 2, 3) 
Global elements 


Local nodes 2? (М =1, 2) 
Local elements 


Local variable 
distributions (linear) 


Figure 8.2.1 Finite element approximations. 
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is expressed as the union of the domain Q and its boundaries Г, 
о=о(јг (8.2.1) 


We now isolate all elements from the global domain. Each local element Q, is 
identified as 


О, = О, Jr 
The boundaries of this element and the neighboring element are the intersection 


о ари 


Thus, the connected finite element model (8.2.1) is the union of а! elements 
Q=| J. (8.2.2) 


where E is the total number of elements. The global nodes of the connected model Q and 
the local nodes of isolated elements are identified by 2, (a = 1, 2, 3, being the number 
of global nodes) and ze N = 1, 2, being the number of local nodes) with e = 1, 2, being 
the number of local elements, respectively. They are related as follows: 


од, dno P-a =й. 


Writing these relations in matrix form yields 


a E 0 { Е a -[ 1 1 - co 

22| i010 "| 2| loo yiz = 
We may express (8.2.3a,b) as 

290 = 402, (N=1,2, а=1,2,3) (8.2.4) 


where N is the free index capable of producing N number of independent equations 
corresponding to its range (2 in this case, resulting in two equations) and the repeated 
(dummy) indices a are summed throughout their range (3 in this case, resulting in three 
terms), known as the index notation or tensor notation. The symbol AQ is called the 
Boolean matrix having the property: 


aO 1 ifthe local node N corresponds to the global node a 
Na“ 10 otherwise 


Similarly, we may write 

Za = AO 20) (8.2.5) 
where AQ in (8.2.5) isseen to be a transpose of AC in (8.2.4). This transpose is achieved 
by the repeated index N in (8.2.5) arising with the first index of the Boolean matrix in 


contrast to the repeated index а in (8.2.4) arising with the second index of the Boolean 
matrix. Note that this is typical of index notation, different from the matrix notation. 
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Inserting (8.2.4) into (8.2.5) yields 

Za= AY AY, Zp (8.2.6) 
from which we obtain the relation 

АКА = (8.2.7) 


where бдр is the Kronecker delta, 


Ba 1 ifa=ß 
В о ifazg 


Likewise, substituting (8.2.5) into (8.2.4) gives 
29 — A(Q A(Q 20) (82.8) 
Once again, we obtain 


AO AO. Bur (8.2.9) 


а 


In matrix notation, the above relation shows that 


|o | ] e. - [0 d (8.2.10) 


The use of Boolean matrix AQ will prove to be convenient in derivations of finite 
element equations, relating the properties between the local and global systems. How- 
ever, in actual executions of finite element computations, these Boolean matrices will 
never be constructed but instead are replaced by computer programs based on local 
and global node number correspondence. 

It should be noted, at this point, that we make use of tensor notation in which a free 
single index implies the components of a column vector whereas free double indices 
denote a matrix with its size determined by the ranges of the indices. The free index 
must match at both sides of the equality sign within an equation. The advantage of using 
tensor notation in FEM will become obvious as we develop finite element equations 
more extensively in later chapters. 

To obtain the finite element equations, the concept of classical variational or weigh- 
ted residual methods is used. Toward this end, we require suitable functions for the 
variable to be approximated /ocally within an element or subdomain. This is in contrast 
to the classical variational methods or weighted residual methods where the global 
approximating functions are used, in which the satisfaction of boundary conditions is 
difficult, if not impossible, for complex geometries. 

Suppose that the variable u may be approximated linearly within a local element e, 
(0 < x x h), as shown in Figure 1.3.1, Figure 8.2.1, Figure 8.2.2: 


u(x) = PO (xu? (82.11) 


where Фе) (x) are called the local element trial functions [interpolation functions, shape 
functions, or basis functions as shown in (1.3.3)]. For simplicity, the argument (x) 
will be omitted in what follows unless confusion is likely to occur. They have the 
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(a) qo Фо 
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Figure 8.2.2 Local and global interpolation (trial) functions. (a) Local interpolation functions. 
(b) Global interpolation functions фу = Wes OA ©. (c) Local and global values (©, иа). 


properties 
2 
о<Ф0<1, YreO=1, — eG =әмм (82.12) 
М=1 


The local nodal values can be related to the global nodal values in a manner similar 
to (8.2.4): 


ul = AQ uy (8.2.13) 
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Thus, for the total number of elements, Е, the global function can be written as the 
union of all local element contributions: 


E E E 
и= U u® = U QOO = U POAC ua (8.2.14a) 
e=1 е=1 е=1 
ог 
и = $us (82.145) 
where ®, is called the global trial (interpolation, shape, or basis) function, 
E 
da = | ЈУРА (8.2.15) 
е=1 
with 
Pal Zg) = Sag (8.2.16) 


It follows from (8.2.15) that the expanded form of (8.2.14) appears as shown in 
Figure 8.2.2b,c. Note that the union operation in (8.2.14) and (8.2.15) is subject to 
the constraint (8.2.16). Thus, (8.2.14) through (8.2.16) lead to и = u; at node 1, = u at 
node 2, and и = из at node 3. The union operation implies a Boolean summing rather 
than algebraic summing in this process. 

With these preliminaries, we are now prepared to revisit the differential equation 
(1.2.1) for a more formal approach to the finite element solution process. There are 
two options for the formulation of finite element equations: (a) variational methods 
and (b) weighted residual methods. In the variational methods, we minimize the varia- 
tional principle for the governing differential equation, which is a common practice in 
structural mechanics. Unfortunately, however, variational principles are not available 
in exact forms for nonlinear fluid mechanics equations in general. Thus, it is logical to 
seek the weighted residual methods in fluid mechanics where the variational principles 
are not required. The basic idea of the weighted residual methods is to construct a 
mathematical process in which the error or the residual of the governing differential 
equation(s), R (for example, А = Vu), is minimized to zero. This can be done by form- 
ing a subspace spanned by test functions or weighting functions, W,, and projecting the 
residual R orthogonally onto this subspace. This process is known as the inner product 
of the test function and the residual, which can be expressed as follows: 


1 
(W, К) = || №, Ках=0, 0<х <1 (8.2.17) 
0 


where the test functions W, are known also as weighting functions. The integral given by 
(8.2.17) implies that the error at each point in the domain orthogonally projected onto 
a functional space spanned by the weighting function summed over the entire domain 
is set equal to zero. This process will provide necessary algebraic equations from which 
unknowns can be calculated. Thus, the finite element method is sometimes called the 
projection method. 

If the test functions Wa are replaced by the trial functions Фа, then the scheme is 
known as the Galerkin method, 


1 
(Фа, К) = | ®,Rdx=0 0<х<1 (8.2.18) 
0 
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Note that Ф, act as trial functions in (8.2.14) but are treated as test functions in (8.2.18). 
Formulations with test functions different from trial functions such as in the generalized 
Petrov-Galerkin methods will be discussed in Chapter 11 for nonlinear or convection- 
dominated flows. 

For the purpose of illustration, let the residual be given by the differential equation 
(1.2.1a). We then obtain the so-called global Galerkin integral, 


(Фа, К) = [* (Z -2)e- 0 (8.2.19) 


This is in contrast to the local Galerkin integral (1.3.4). Integrate (8.2.19) by parts to 
arrive at the form known as the variational equation, 


! do, d. 1 
= Í 2,dx =0 (8.2.20) 
o dx dx 


+ ди! 
е 4х |, 


where du/dx|] is the global Neumann boundary condition to be specified either at x = 0 
or at x = 1 if required. Note also that a indicates the global boundary test function 
defined only at x 20 or х = 1, which is no longer a continuous function of x [Chung, 
1978]. This is because the role of ®, is no longer the same at boundaries as in the do- 
main. It is important to realize that du/dx|} in (8.2.20) arises from the one-dimensional 
assumption of the two-dimensional problem (Figure 8.2.3), 


d?u du du du du 
1 2 ;dxdy = - [= ау = m == созваг = = cos 8 = = | 


1 


where the integral |. 4Г is unity in one dimension, and 


du du 
— = — cos 0° = — (1 8.2.21 
= Ж s а 1) (8.2.21a) 
du du du 
= — cos 180° = —(-1 8.2.21b 
dx ey ux zz ) ( ) 
аг (infinitesimal boundary surface) 
n (unit vector normal to 
two-dimensional surface) 
Nas is measured counterclockwise 
х=0 $ : т E x-h 
Ө= 180° E 
Idealization to one 
dimension from two Hypothetical two-dimensional 
dimensions domain 


Jay = | (совејаг = cos@ 
[аг = unity for one dimension 


Figure 8.2.3 One-dimensional idealization from hypothetical two-dimensional 
domain. 
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The above result is due to the one-dimensional idealization of two-dimensional prob- 
lems presented in Chapter 10. An important application of the above development is 
demonstrated for implementation of Neumann boundary conditions at the right or left 
end nodes in Section 1.5. Substituting (8.2.14b) into (8.2.20) gives 


1 И 1 

| [ E A u- -f 2Ф,йх + ba | (8.2.22) 

We recognize that the left-hand side integral of (8.2.22) represents the first order 
derivative, known as a weak form, reduced (weakened) from the original second order 
derivative of the governing equation. The solution obtained from this weak form is 
known as the weak solution. 

At this time, it is informative to point out that the result similar to (8.2.22) can 
be obtained using the variational principle approach [Chung, 1978]. The variational 
principle for the governing differential equation (1.2.1a) is of the form 


if [5 (2) eme (82.23) 


In the variational methods, the above integral is minimized with respect to the nodal 
value of the variable. 


91 = элби = 0 


Since бис is m we require 
ol 

dua 
It can easily be verified that the minimization (differentiation) of (8.2.23) with respect 
to the nodal values of ua as indicated above results in (8.2.22) except that the Neumann 
boundary condition must be manually added. This analogy does not exist in nonlinear 
fluid mechanics equations, because the integration of the nonlinear convection term by 
parts can not be carried out in an exact form. 

With compact notation, we rewrite (8.2.22) in the form 


K.gug = Fa + Ga (8.2.24) 


where Kag is the global stiffness, diffusion, or viscosity matrix, F, is the global load 
or source vector, and G, is the global Neumann boundary vector, as deduced from 
(8.2.22): 


" d$. dbp |. ps 28 (9 (e) () a (e) A (e) 
Kop = ar dx 4 —j. dX AN, A up = Ока 
(8.2.25) 
Е, = – | 2Ф,ах = | 2Ф@©ахл© =| | ОДО) 8.2.26a 
[ -Ù U (8.2.26a) 
Се duu)! _ U Фел аи EU GO AQ (8.2.26b) 
а “ах " = Na dx = N Na =з 
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* (e 


where Фу ) is the local Neumann boundary interpolation function, 


Фу = 8(Zy — zu), DN) = бум (8.2.27) 


indicating that Фе (? is the Dirac delta function at x = O or x = h, being unity at ZN = ZN 
where du/dx is (Жау а! node zy and zero elsewhere. This I that, if the 
Neumann boundary condition is to be applied to a node, then we set | ©) = 1 for that 
node. Otherwise, we set Ф © = = 0. Assembled in a global system, we obtain 


Фа = 8(Z, — Za), Ф,(%) = бв (8.2.28) 


In this process, the Neumann boundary conditions are actually enforced between the ад- 
jacent elements, with positive and negative gradients cancelled throughout the domain 
(thus establishing the “energy balance” across the adjacent local element interfaces) 
until the end point is reached. This is where the actual Neumann boundary conditions 
are to be physically applied. This process is explicitly demonstrated by having con- 
structed the FEM equations (8.2.24) in a global form instead of beginning with the local 
form and assembling the element stiffness matrices to a global form afterward. This is 
contrary to the traditional FEM formulations shown in other textbooks. 

The global stiffness matrix (1.3.8), source vector (1.3.9), and Neumann boundary 
vector (1.3.10) are now assembled from the local element properties as 


(1) í) 
К Ку Кз Kj Кр 0 
Ка =| Ку Ку Кз |= | KS) Кр+ки Ко 
К К. К. (2) 2 
31 32 33 0 К ко 
zx ү 2 0 ДЕ ca k 2h 1 Д 
0.0 -1 1 1010 аи 210 9. 1 
ү => a 
=ó ЭЖ s (8.2.29) 
h| o a 1 
BE Fo) 1 0] 7, 0 0 i 1 
Е, = | F|=|F®+FË|=-|0 1 НЕ 1 0 ЕС 2 
Ез po 0 0 0 1 1 
(8.2.30) 
С, су 1 0 HO 0 0 MO du 
ба = | о |= | со 4G? |21|0 1]|| |! |+|1 0|| | — cos 0 
2 1 © p dx 
G3 c 0 0 2 0 1 2 
EET 0 01601] du Oy | x 07 „и 
= 0 1 olt 1 0 0 ae Фә q Сов 0 = 0 aoe 
0 0 0 1 Ы 2. g | 7 


(8.2.31) 
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with $i = Ф = Фа = 0 indicating that the Neumann boundary conditions are not to 
be applied to any of the global nodes for the solution of (1.2.1a,b). This implies that, 
if the Neumann boundary conditions are not applied, then the Neumann boundary 
vector is zero even if the gradient du/dx is not zero. Recall that in Section 1.3 the as- 
sembly of local properties into a global form was achieved intuitively. This has now 
been verified with a mathematical rigor of Boolean matrices. In practice, however, 
these Boolean matrices are never constructed, but they are replaced by computer 
codes based on the nodal correspondence between global and local nodes as detailed in 
(10.1.15c,d). 

For multidimensional problems, the formulation of the finite element equations is 
carried out similarly as in one-dimensional problems. For example, let us examine the 
Poisson equation, 


R2Vu-f-z0 (8.2.32) 


The corresponding finite element equation takes the form 


| Фе(и i = Рах = (0) (8.2.33) 
Q 
| Dau таг — | o, ju ад – | Ф. fdQ =0 (8.2.34) 
Г о о 
or 
Кедиј = Fa + Gu (8.2.35) 
with 
E 
koe | Ф,Фајао = |) || 0,09, додоле, (8.2.36) 
2 О ; 
Е 
Pos | Фа јао = |) | o rap AC (8.2.37) 
Q e=1 Q 
* Е * 
Gy = || Фа и таг = U | bu inidr AQ (8.2.38) 
Гг gi Г 


For two-dimensional problems, trial and test functions, pe) are functions of x and y and 
thus the Neumann boundary test functions, Фе), are functions of one dimension around 
the boundary contour. This will require the numerical integration around the bound- 
aries. Step-by-step details of assembly for applications to multidimensional geometries 
will be presented in Chapter 10. 

Before we proceed further, we must recognize the special mathematical and physical 
implications of the expression given by (8.2.34). This is the variational equation or the 
weak form of the original governing equation (8.2.32), which is the two-dimensional 
form of (8.2.20). Physically, if the residual (8.2.32) represents the force, then the integral 
given by (8.2.33) implies the energy contained in the domain Q. Once integrated by parts 
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as in (8.2.34), the consequence implies the energy balance between the domain Q and the 
boundary surface Г containing the Neumann boundary conditions (normal gradients 
of u). Thus, the physical consequence of the variational equation (or energy) allows us 
to add any number of physical constraints in variational forms. These constraints can 
be those terms playing a role of numerical diffusion (viscosity) as necessary. Many of 
the recent developments of FEM take advantage of this variational concept, which we 
shall discuss in greater detail in later chapters. 

Unfortunately, the Galerkin methods described in (8.2.33—8.2.35) lead to unstable 
and inaccurate solutions in fluid dynamics equations in which the flow is convection- 
dominated. In this case, we must use the methods of weighted residual (MWR) with 
test functions W, chosen differently from the trial functions ®, such that 


(Wa, R) = | У, КАФ = 0 (8.2.39) 
Q 


Thus, the determination of the most suitable test functions W, remains the crucial task in 
order to be successful in dealing with convection-dominated flows. The most commonly 
used test functions are the Galerkin test functions Фе plus the numerical diffusion test 
functions Ya. In this case, the finite element equations аге of the form, 


(Ф, + Ya), R) = | (Ф, + V.) Кад = 0 (8.2.40) 


Here, the numerical diffusion test functions V play a role of numerical viscosities, equi- 
valentto those used in FDM formulations. Some specific applications include streamline 
upwind Petrov-Galerkin (SUPG) methods, Taylor-Galerkin methods (ТОМ), general- 
ized Petrov-Galerkin (GPG) methods, characteristic Galerkin methods (ССМ), discon- 
tinuous Galerkin methods (ОСМ), and flowfield-dependent variation (FDV) methods, 
discussed in Chapters 11 through 13. 

For multidimensional time-dependent problems, R; = ЫЛ + VjiVi— Vjii — fj, the 
general approach is to construct a double inner product of space and time in the form, 


(WE), (Ф. + Ya), Ri) = [WO | (о, vo Ridde=0 (8.2.41) 


where W(é) is the temporal test function approximating the temporal variation be- 
tween the discrete time steps with & being the nondimensional time variable. Note that 
the temporal approximation used here is independent of and discontinuous from the 
spatial approximations. Details on transient time-dependent problems with and with- 
out convection will be presented in Chapters 10 through 14 for linear and nonlinear 
cases. 


8.3 DEFINITIONS OF ERRORS 


Definitions of errors and error estimates for finite element methods have been well 
developed since the early 1970s. Finite element computational errors are defined in 
various norms. The most frequently used error norms are the pointwise error, L norm 
error, and energy norm error. These error norms are the special cases of the more 
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rigorous and general norm, called the Sobolev space norm, which can then be simplified 
into more meaningful and practical error definitions. 


Sobolev Space (И/,") Norm Error 
Let us define the global node error e, as 


ба = Ug — lg (8.3.1) 


where ua and ба denotes the finite element approximate solution and exact solution, 
respectively. Then, the Sobolev space norm error is defined as 


de p d?e P de p p 
еа» = [le+ =) + (55) + + nx) а (8.3.2) 


where m denotes the highest order of the weak derivatives of the 2mth governing 
equation and p represents the power to which the derivatives are raised. Here, weak 
derivatives refer to the order m, m — 1, ...0. The Sobolev space (W;”) is defined as 
the functional space which includes all weak derivatives with p integrable functions, 
O< psa. 


Hilbert Space (Н!) Norm Error 
The Hilbert space ( H”) is the Sobolev space (W,”) with p equal to 2, Н" = Wy". 
Thus 


de\* Фе deN? ? 
ee ele U [e (2) + (42) e (255) ја (833) 


It is seen that the Hilbert space is the square integrable function (р = 2) complete in 
the inner product space. 


Energy Norm Error 

The energy norm error, ||е| к is a special case of the Hilbert space norm error H” 
in the 2mth order differential equation. Thus, for the fourth order equation (m = 2), we 
have 


lel = lele = |еђе = || Ё + (£) + (Ж) Je (834) 


Notice that, for the second order differential equation (т = 1), we write 


lele = Welln = lellw = || [e+ (4) | «| (83.5) 


which can be written in terms of nodal errors e, with e = ®,e,, 


do, d® : 
llellg = || Е t-r ULT (8.3.6) 
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Here, as usual, the global interpolation functions are obtained by means of assembly of 
А А : (e) 
the local interpolation functions Фу . 


1, Space Norm Error 
The 15 space arises from the Banach space ( Lp) with р = 2, equivalent to the Hilbert 
space ( H”) with m = 0. Thus 


1 


lel, = |е|| не = llellw» = (/ 22] (8.3.7) 


in which no rates of change of errors are involved. 


p-Norm (Banach Space Norm) Error 
The Banach space (Lp) is defined as the complete normed linear space such that 


4 
llellz, = (/ eds 


For p = 1 and p = оо, we obtain L4 and Læ norms, respectively, 


n 


lel, = f etx = >> бе len len (8.3.8) 


ј=1 
је. = max le) (83.9) 


It should be noted that the L2 norm is a special case of the Banach space norm 
(p = 2), and is one of the most widely used error norm. Other norms of Banach space 
(other than р = 1, 2, оо) are seldom used in practice. 


Pointwise Error or Root Mean Square (RMS) Error 
This is the simplest form of an error definition given by 


4 
llellaus = (05 e) = (ене)? (8.3.10) 
Here the percent error may be defined as 
T 
[е RMs сива У 
lel% = = (8.3.11) 
y u?) 2 ивив 


Note that there is no integral involved in this approach, thus it is called the pointwise 
error, or often known as the root mean square (RMS) error. 


Matrix Norms 

Matrix norms are an important concept in determining the computational stability 
of the finite element equations such as in (8.2.35) in terms of the so-called condition 
number. To demonstrate this concept, we write (8.2.35) in the matrix form 


Ku=F (8.3.12) 
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If K is an n x n matrix and u any vector with п components, then there exists a 
constant c such that 


Kul) < сЕ (83.13) 


where и Æ 0,||u|| > 0, and the constant с is given by 


K 
jul (8.3.14) 
llull 
The smallest с is known as the matrix norm of K, denoted by ||K ||. 
|K| < max ЇКА! (8.3.15) 
llull 
with the matrix norm being calculated from 
IKl = тах У |Kæl КІ, = (Кав Kga), (Kl. = max У [Kap] 
B a 
Combining (8.3.13) and (8.3.15), we obtain 
{Ки < ПК (8.3.16) 
If we define the condition number N as 
N(K) = ККТ (8.3.17) 


the following theorem can be established. 


Theorem: A linear system of equations given by (8.3.12) is said to be well-conditioned 
if the condition number as defined in (8.3.17) is small. 


Proof: It follows from (8.3.12) and (8.3.16) that ||F|| < ІК. Let F zz 0, u z 0. 
Then, we have 


1 K 
— < IKI (8.3.18) 
ul) FI 
Let the residual be given by 
R= K(u — û) (8.3.19) 
Combining (8.3.16) and (8.3.19) leads to 
lu —й| = К < КТК (8.3.20) 
From (8.3.18) and (8.3.20) we obtain 
lu—ül 1 k- [КИ IRI 
< КИЕ < КИК = МОК) = (8.3.21) 
llul] llull ПЕ || ПЕ || 


This proves that a small relative error results from the small condition number with the 
system being well-conditioned. Otherwise, the system is ill-conditioned. 
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Example 8.3.1 
Given: 
1 
_ | -2 
тез 
2 


Required: Find the vector norms in 11, 12, Го. 


Solution: |el;, = 8; |lellz, = У18; |lell zoo = 3 


Example 8.3.2 
Given: 
0 0 10 0 
11 5 1 
Ba a uu 1 
00 5 1 


Required: Find the matrix norms in Z4, 12, Го. 
Solution: |K||r, = max(1, 2, 25, 3] 225; ||K|| z} =v 181; ||K|| z = max{10, 8, 7, 6) 210 


Typical convergence properties are shown in Figure 8.3.1. It is seen in Figure 8.3.1a 
that convergence is achieved at the point N and that further refinements or the increase 
of polynomial degrees do not affect the exact solution. The convergence to the exact 
solution depends on the so-called mesh parameter. The mesh parameter h is defined as 
*diameter" of the largest element in a given domain. For one-dimensional problems, it 
is simply the length Л of the domain with 0 < h < 1. Let e; and e; be the errors for the 
mesh parameters hı and Л», respectively. Assume that reduction of mesh parameters 
results in the increase of the order p of the rate of convergence. This relation may be 
written in the form (Figure 8.3.1b) 


lel (ж) (8.3.22) 


lez \h2 
Taking the natural logarithm on both sides, we obtain 


. laleli — In ||] 


8.3.23 
In hi = In А ( ) 


where the magnitude of p is indicative of the rate of convergence of the finite element 
solution to the exact solution. In plotting the computed results to examine the con- 
vergence, one may choose at least three different mesh parameters. They should be 
chosen in the range where convergence to the exact solution has not been achieved as 
illustrated in points 1, 2, and 3 of Figure 8.3.1a,b. The slope p is seen to be a straight 
line with accuracy increasing with a steeper slope. If the mesh parameter is chosen too 
small beyond convergence, the slope p will become horizontal (p — 0), such as points 4, 
5, and 6 in Figure 8.3.1a. If computational round-off errors are accumulated due to the 
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Solution at convergence 


U on 
Solutions toward convergence 
N 
Number of elements, nodes, or orders of 
approximations (linear, quadratic, etc.) 
(a) 
Slope (p) 
+ 5 6 
= - -0— —Ó«—0— 
nd J ale E 
"у. 
2 7 ~ 
1 
—Inh —Inh 


(b) (с) 
Figure 8.3.1 Convergence toward and beyond exact solutions. Notice that the order (p) of 
rate of convergence becomes horizontal (p = 0) for the solutions beyond convergence but 
may turn negative (p < 0) due to round-off errors. (a) Solutions vs. refinements. (b) Solutions 
toward convergence. (c) Solutions beyond convergence. 


limitation of the computer through no fault of the computational methodology itself, 
then the slope may tend to deviate from the horizontal line (point 7 in Figure 8.3.1b). 
This is not an indication of deterioration of accuracy or rate of convergence, but rather it 
is meaningless to show the rate of convergence beyond the point at which convergence 
has already been achieved. 

In recent years, error estimates particularly in the adaptive h-p methods have been 
studied extensively by Babuska and his co-workers [Babuska and Guo, 1988] and Oden 
and his co-workers [Oden and Demkowicz, 1991], among others. Some discussions on 
this topic will be presented in Chapter 19. 


8.4 SUMMARY 


In this chapter, we revisited Chapter 1 and reintroduced the finite element theory 
with more rigorous mathematical foundations as applied to multidimensional problems. 
Definitions of errors in terms of various functional norms and convergence vs. errors 
have also been presented. 
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Notations used in this book are designed in such a way that the beginner can un- 
derstand the procedure of formulations and computer programming more easily, using 
tensorial indices. This is in contrast to most of the journal papers or other CFD books 
in which direct tensors or matrices are used. They are simple in writing, but confusing 
to the beginner and inconvenient for computer programming. To alleviate these diffi- 
culties, tensor notations with indices are used throughout this book. 

Tensors with indices, although cumbersome to write, reveal the precise number of 
equations and exact number of terms in an equation. From this information, all inner 
and outer do-loops in the computer programming can be constructed easily, facilitating 
the multiplication of matrix and vector quantities with specified sizes precisely and 
explicitly defined. 

If indices are not balanced, then the reader is warned that derivations of the 
equations are in error and are possibly in violation of the physical laws. In this case, 
the computer programmer is immediately reminded that it is not possible to pro- 
ceed with incorrect indexing of do-loops. Moreover, a tensor represents the concept 
of invariance of physical properties with the frame of reference, safeguarding the 
physical laws, constitutive equations, and subsequently the computational processes as 
well. 

Instead of constructing finite element equations in a local form which are then 
assembled into a global form as shown in Section 1.3, it is convenient to perform 
global formulations from the beginning so that flow physics can be accommodated 
in a global form easily in the development of complex finite element equations. The 
direct global formulation of finite element equations will be followed for the rest of this 
book. 


REFERENCES 


Babuska, I. and Guo, B. О. [1988]. The л-р version of the finite element method for domains with 
curved boundaries. SIAM J. Num. Anal., 25, 4, 837-61. 

Babuska, I., Szabo, B. A., and Katz, I. N. [1981]. The p-version of the finite element method. 
SIAM J. Num. Anal., 18, 512-45. 

Baker, A. J. [1983]. Finite Element Computational Fluid Mechanics. New York: Hemisphere, 
McGraw-Hill. 

Chung, Т. J. [1978]. Finite Element Analysis in Fluid Dynamics. New York: McGraw-Hill. 

. [1999]. Transitions and interactions of inviscid/viscous, compressible/incompressible and 
laminar/turbulent flows. Int. J. Num. Meth. Fl., 31, 223-46. 

Donea, J. [1984]. A Taylor-Galerkin method for convective transport problems. Int. J. Num. Мет. 
Eng., 20, 101-19. 

Heinrich, J. C., Huyakorn, P. S., Zienkiewicz, O. C., and Mitchell, A. R. [1977]. An upwind finite 
element scheme for two-dimensional convective transport equation. Int. Ј. Num. Мет. Eng., 
11, 1, 131-44. 

Hughes, T. J. R. and Brooks, A. N. [1982]. A theoretical framework for Petrov-Galerkin methods 
with discontinuous weighting functions: application to the streamline upwind procedure. In 
R. H. Gallagher et al. (eds). Finite Elements in Fluids, London: Wiley. 

Hughes, T., Mallet, M. and Mizukami, A. [1986]. A new finite element formulation for computa- 
tional fluid dynamics I. Beyond SUPG, Comp. Meth. Appl. Mech. Eng., 54, 341—55. 

Johnson, C. [1987]. Numerical Solution of Partial Differential Equations on the Element Method. 
student litteratur, Lund, Sweden. 


REFERENCES 


Lóhner, Е., Morgan, K., and Zienkiewicz, О. С. [1985]. An adaptive finite element procedure for 
compressible high speed flows. Comp. Meth. Appl. Mech. Eng., 51, 441-65. 

Oden, J. T., Babuska, I., and Baumann, C. E. [1998]. A discontinuous hp finite element methods 
for diffusion problems. J. Comp. Phy., 146, 491-519. 

Oden, J. T. and Demkowicz, L. [1991]. h-p adaptive finite element methods in computational fluid 
dynamics. Comp. Meth. Appl. Mech. Eng., 89 (1-3): 1140. 

Oden, J. T. and L. C. Wellford, Jr. [1972]. Analysis of viscous flow by the finite element method. 
AIAA J., 10, 1590-99. 

Zienkiewicz, O. C. and Cheung, Y. K. [1965]. Finite elements in the solution of field problems. 
The Engineer, 507-10. 

Zienkiewicz, O. C. and Codina, R. [1995]. A general algorithm for compressible and incompress- 
ible flow-Part І. Characteristic-based scheme. Int. J. Num. Meth. FI., 20, 869-85. 


261 


262 


CHAPTER NINE 


Finite Element Interpolation Functions 


91 GENERAL 


We saw in Section 1.3 that finite element equations are obtained by the classical approx- 
imation theories such as variational or weighted residual methods. However, there are 
some basic differences in philosophy between the classical approximation theories and 
finite element methods. In the finite element methods, the global functional representa- 
tions of a variable consist of an assembly of local functional representations so that the 
global boundary conditions can be implemented in local elements by modification of the 
assembled algebraic equations. The local interpolation (shape, basis, or trial) functions 
are chosen in such a manner that continuity between adjacent elements is maintained. 

The finite element interpolations are characterized by the shape of the finite element 
and the order of the approximations. In general, the choice of a finite element depends 
on the geometry of the global domain, the degree of accuracy desired in the solution, 
the ease of integration over the domain, etc. 

In Figure 9.1.1, a two-dimensional domain is discretized by a series of triangu- 
lar elements and quadrilateral elements. It is seen that the global domain consists 
of many subdomains (the finite elements). The global domain may be one-, two-, or 
three-dimensional. The corresponding geometries of the finite elements are shown in 
Figure 9.1.2. A one-dimensional element (as we have studied in Chapters 1 and 8) is 
simply a straight line, a two-dimensional element may be triangular, rectangular, or 
quadrilateral, and a three-dimensional element can be a tetrahedron, a regular hexahe- 
dron, an irregular hexahedron, etc. The three-dimensional domain with axisymmetric 
geometry and axisymmetric physical behavior can be represented by a two-dimensional 
element generated into a three-dimensional ring by integration around the circumfer- 
ence. In general, the interpolation functions are the polynomials of various degrees, but 
often they may be given by transcendental or special functions. If polynomial expan- 
sions are used, the linear variation of a variable within an element can be expressed 
by the data provided at the corner nodes. For quadratic variations, we add a side node 
located midway between the corner nodes (Figure 9.1.3). Cubic variations of a vari- 
able are represented by two side nodes in addition to the corner nodes. Sometimes a 
complete expansion of certain degree polynomials may require installation of nodes at 
various points within the element (interior nodes). Thus, there are three different types 
of nodes: vertex nodes in which only corner nodes are installed at vertices, side nodes 
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(а) Discretization by triangular (b) Discretization by quardrilateral 
elements elements 


Figure 9.1.1 Finite element discretization of a two-dimensional domain. 


in which one or more nodes are installed along the element sides, and internal nodes in 
which one or more interior nodes are provided inside of an element. 

Nodal configurations and corresponding polynomials may be selected from the so- 
called Pascal triangle, Pascal tetrahedron, two-dimensional hypercube, or three- 
dimensional hypercube, as shown in Figure 9.1.4. Various combinations between the 
number of nodes and degrees of polynomials for two-dimensional geometries can 
be selected as illustrated in Figures 9.1.5 and 9.1.6. Similar approaches may be used 
for three-dimensional geometries. In choosing a suitable element, the number of nodes 


e—o 

(а) 
Triangular Rectangular Quadrilateral 
(b) 
Triangular ring Quadrilateral ring 

(с) 

Tetrahedral Regular hexahedral Irregular hexahedral 
(d) 


Figure 9.1.2 Various shapes of finite elements with corner nodes: (a) One- 
dimensional element; (b) two-dimensional elements; (c) two-dimensional ele- 
ment generated into three-dimensional ring element for axisymmetric geometry; 
and (d) three-dimensional elements. 
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(b) 


Figure9.1.3 Quadratic elements. (a) Quadratic elements with straight edges. 
(b) Quadratic elements with curved edges. 


must match the number of terms in the polynomials, and must be symmetrically ar- 
ranged. They must also be as complete as possible so that all possible degrees of freedom 
are allowed to be present within the highest polynomial degrees chosen. 

Types of finite elements may be distinguished by: (1) geometries (one-, two-, and 
three dimensional); (2) choices of interpolation functions (polynomials, Lagrange or 
Hermite polynomials), etc.; (3) choices of element coordinates (cartesian or natural co- 
ordinates); and (4) choices of specified variables and gradients of the variables at nodes 
(Lagrange family with variables alone or Hermite families with gradients included). 
Earlier developments of finite element interpolation functions include Argyris [1963] 
and Zienkiewicz and Cheung [1965], among many others. These and other topics will 
be presented in the following sections. 


9.2 ONE-DIMENSIONAL ELEMENTS 


9.2.1 CONVENTIONAL ELEMENTS 


The polynomial expansion for a variable u to be approximated in a one-dimensional 
element may be written as 


и = о + оох +.03x7 + ax? 4 --- (9.2.1) 


For a linear variation of u, we need a two-node system with one node at each 


"әдпәләдАц [euorsuouirp-oo1q] (p) 'одаполода у 
[euorsuourp-oAT, (ә) 'полроцелој [eoseq (q) Bue [eoseq (в) 81йәшәүә auy ш suorsuedxo үїшой од ф' [6 езпби 
(ч) (v) 
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AN Я 


а dratic (9 пой е) Cubic (10 nodes 
осе аса ш ( ) (f) Quartic (15 nodes) 


(g) Cubic (16 nodes) (h) Quintic (21 nodes) 


Figure9.1.5 Various combinations between the number of nodes and degrees of poly- 
nomials for two-dimensional triangular geometries. 


end. The interpolation functions for this case were derived in Section 1.3, based on 
Figure 1.3.1. An alternative method, perhaps the more general approach, is to use the 
natural (nondimensional) coordinate, £, with the origin set as in Figure 9.2.1a ( = x/h) 
or Figure 9.2.1b (ë = х/(А/2)). Then (9.2.1) becomes 


и = о + oo£ + oa£? + o£? + --- (9.2.2) 
For a linear element (two-node system), we have 
и = o4 + oot (9.2.3) 


Writing (9.2.3) at each node, solving for the constants, and substituting them into (9.2.3) 
for an element, we obtain u [и in element (e)]: 


ио = DOO + 69 = фи, (м=1,2) 
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(a) Linear (4 nodes) (b) Quadratic (8 nodes) (c) Cubic (13 nodes) (d) Cubic (16 nodes) 


Figure 9.1.6 Various combinations between the number of nodes and degrees of polynomials for 
two-dimensional rectangular or quadrilateral geometries. 


where the interpolation functions are 


9 =1_£, Ф =E for Figure 9.2.1а (9.2.4a) 
1 1 
oV = 501-8), oV = 5(1+8) for Figure 92.1b (9.2.4b) 


(c) (d) 


Figure 9.2.1 One-dimensional element. (a) Origin at end node (linear variation). (b) Origin at 
center (linear variation). (c) Origin at center node (quadratic variation). (d) Quadratic variation. 
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Likewise, for quadratic approximations in which we require an additional node, 
preferably at the midside (Figure 9.2.1c), we have 


и = ay + оё + озё? (9.2.5) 
and writing (9.2.5) at each node yields 

ил =a, — oo + o3, из =Q], из = оу + a2 + аз (9.2.6) 
Evaluating the constants, we obtain 

ио = Ф000 + 90,0 + OU = 90,0. (N= 1,2,3) (9.2.7) 


where the interpolation functions are (see Figure 9.2.1d) 
1 à 1 
p° = 55 - D. e=1-#, V= zE +1) (9.2.8) 


It is easily seen that the limits of integration of the interpolation functions should 
be changed such that 


h/2 1 дх ћ 1 
Foo | лога - | ret (929) 


where x = (1/2). If the interpolation functions аге derived ір terms of nondimension- 
alized spatial variables, then such a normalized system is called a natural coordinate. 
Note that the basic properties of interpolation functions as given by (8.2.12) are satisfied 
for both (9.2.4) and (9.2.8). 


9.2.2 LAGRANGE POLYNOMIAL ELEMENTS 


To avoid the inversion of the coefficient matrix for higher order approximations, we 
may use the Lagrange interpolation function Ly, which can be obtained as follows. Let 
u(x) be given by (Figure 9.2.2) 


u(x) = Ly(x)uy + Го(х)и +--+ Ln (xun 


1 2 3 NM N N+ n-1 n 


oeo o —e——e——e- ——e— o o 


(a) 

1 2 1 2 
О = o—_¥§—_*—_o————* 
E=0 $-1 §=-1 5=0 $-I 

(b) (c) 


Figure 9.2.2 Lagrange element with natural coordinates. (a) Lagrange element of the n-1th degree ap- 
proximation. (b) Linear approximation with origin at the left node. (c) Linear variation with origin at the 
center. 
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where Ly(x) is chosen such that 
Гм(хм) = бум 
Ly(x) may be expanded in the form 


Ly(x) = см(х — xi)(x — x2) + (x — хм-1)(Х — xw): (x — Xn) 


where 
0 MAN 
Ly(xm) = 1= см П (ху — Хм) М= № 
M=1,M4N 


Solving for the coefficient су and substituting it to the expression for Ly(x), we 
obtain 
a= мод = [| = (9.2.10) 
M=1,M4N ÝN T ХМ 
о GO) = еа) еы) QC X4) 
(ху = х1)(хм — 22) -+ + (ху — XN-1)(XN — XN): (XN ха) 


with the symbol [ | denoting a product of binomials over the range M = 1,2,..., n (see 
Figure 9.2.2). Here the element is divided into equal length segments by the n = m+ 1 
nodes, with m and n equal to the order of approximations and the number of nodes 
in an element, respectively. Let us consider a first order approximation of a variable u 
such that 


и = Ly (М=1,2) 


with 


= Peta 


ine (9.2.11) 
M=1,M4N En ём 
апа 
&- 5 £—& 
ТА = —1- Я = У 
|l &-& £ Е &-& £ 


If the origin is taken as shown, at the center of the element (Figure 9.2.2c) using the 
natural coordinate system, we note that 
1 


1 
Ц = ;0- 8. 12 = 4 +8) 
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These functions are the same as in (9.2.4b). 
For quadratic approximations, we have п = m+ 1 = 3 and 


_ {5= 6506 =) __ 1 
= (& — &)(@ —&) – д: је 0 
Еб) _ 
"(&-&(b-&) 46-1) 


Е 50(6=: E) - _1 
з= = се? ;) 


Lo 


For the natural coordinate system with the origin at the center, we obtain 


1 1 
L = 56 —1), Iped—-B. L = 45€ +1) 


which are identical to (9.2.8), the results one would expect to obtain. 
The interpolation functions derived using the natural coordinates are convenient to 


generate multidimensional element interpolation functions by means of tensor products 
as shown in Section 9.3.2. 


9.2.3 HERMITE POLYNOMIAL ELEMENTS 


If continuity of the derivative of a variable at common nodes is desired, one efficient 
way of assuring this continuity is to use the Hermite polynomials. For a one-dimensional 
element with two end nodes, the development of Hermite polynomials for a variable u 
begins with 

и = ay + оё + os£? + ou£? 


We write the nodal equations for u(é) and du(&é)/dé at two end nodes and evaluate the 
constants to obtain 


uO(E) = НЕ ји + no (N=1,2) (9.2.12a) 
or 

u® (E) = Ф0 0, (r=1,2,3,4) (9.2.12b) 
where the Hermite polynomials have the properties [see Hildebrand, 1956] 


Н? (&м) = бум, ниб) = бум 


Here H? (¢) апа H} (£), which are now used as the finite element interpolation functions, 
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E] 
dg 1x=0 Н! х= В 
E=0 E=1 
Figure 9.2.3 Hermite interpolation functions. 
are the cubic polynomials of the form (see Figure 9.2.3) 
pO = HO =1— 3674263 О =и 
ФО = НО =3Е2 — 2Е3 Ф =u? 
дио) 
O =H =E- Q= (52) (9.2.13) 
1 
9u V? 
ФО = Hi =Е3 — Е2 a= (22) 
д5 /2 


with Е = x/h, h being the length of the element. Note that Ф and Ф must be multi- 
plied by A, if the nodal values of derivatives are given by du/dx. 

If the second as well as the first derivative is to be specified at the end nodes, we 
require a fifth degree Hermite polynomial such that 


(e) 2,,N (6 
v^) = нуди + HO) + mo (es) (92.14) 
9E) y IZ) y 


with 
Ф = НО = 1 — 103 +152465 О =u 


& =H? к= 10£? uu 15£^ ЕЗ 6&5 о = 


(е) 
DOH = — 663 4844-35 Q= (=) 


(e) 
6 =H! = —4¢3 4. 74 = ЗЕ5 О, = (52) 
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24N © 
ад mae -38 436-8) 0: (5) 


ae), 
e 1 32 (e) 
00 =M=- +8) о.- (22), 


Note that 6, Ф, and ФО, Фо must be multiplied by h and h’, respectively, if the 
nodal values of derivatives are given by ди/дх, and д2и/дх?. 

Additional discussions of Hermite polynomials can be found in Birkoff, Schultz, and 
Varga [1968]. 


9.3 TWO-DIMENSIONAL ELEMENTS 


Among the two-dimensional elements, the triangular element was the first investigated 
in the early days of development. In recent years, however, the four-sided isoparametric 
element has become equally popular, or more convenient in some applications. Various 
features of these elements are described below. 


9.3.1 TRIANGULAR ELEMENTS 


As noted in the one-dimensional element, we may use the standard rectangular cartesian 
coordinates or the natural coordinates (nondimensionalized) to obtain the interpolation 
functions. It will be seen that the choice of a particular coordinate system influences the 
amount of algebra required in the formulation of finite element equations. For higher 
order approximations (with higher order polynomials), an evaluation of constants is 
particularly easy if natural coordinates are used. 


Cartesian Coordinate Triangular Elements 
In this element, the properties of the element are determined in terms of the local 


rectangular cartesian coordinates (x;) with their origin at the centroid of the triangle 
(Figure 9.3.1). 


х+х-+х=0 and у+у»-+у;=0 


Figure 9.3.1 Cartesian coordinate triangular 
element. 
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or 


3 
У ње=е (N=1,2,3,i=1,2) 
N=1 
with хм = xy and xm = yw. If this triangle is identified from the global rectangular 
cartesian coordinates (X;) with their origin outside the triangle, we note that the fol- 
lowing relationships hold: 


| 
x = Xi — (А+ 20 + X) 


1 
о = № – 308 + 20 + X3) 


1 
y=%-3%+h+t ¥) 


Or, combining these equations, we write 


1. 3 
хм = Xu – = Xni (N= 1,2,3, = 1,2) (9.3.1) 
3 а 
Now consider the polynomial expansion of a variable u(? in the form 
uo = 04 + 00Х + озу (9.3.2) 


This represents a linear variation of и in both x апа у directions within the triangular 
element. To evaluate the three constants о, a2, and оз, we must provide three equations 
in terms of the known values of u, x, and y at each of the three nodes. 


(e) 


иу = о + орх + озу 
© = од + 
2 = 04 + 0222 + ову; 
Gu 
из = Q + 0023 + 03 V3 


Writing in a matrix form, we obtain 


(e) 

ui 1 X1 у a 

и? |=|1 x р || о (9.3.3) 
ио 1 x3 уз a3 


Solving for the constants and substituting them into (9.3.2) gives 


1 x y ри 
ид=[1 x у]|1 » » uj 
1 Xa а (е) 

3 Уз и 


= (ai + bix + cry)u + (ay + box + соу)и + (аз + bsx + сзу)и? 


= Фо ut? + Фи + Ey 
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or 
и = ФОШО (N=1,2,3) 


where the interpolation function pO is given by 


pO = ay + Рух + сму 


(9.3.4) 


1 1 1 
ay = ——(хоуз — xay?) d, = — (x3 yı — хуз) аз = — (xy — хоу) (9.3.4а) 
| D| | D| |D| 


b = 5o -») b= LIC -у) b= LIC =») (9.3.4b) 
1 1 1 
Cy in? X2) 2 in 3) 3 in? — м) (9.3.4c) 
with 
1x y 
|D|2det| 1 љ y | = 2А 
1 x3 y 


where A denotes the area of triangle. 


Note that the node numbers 1, 2, 3, are assigned counterclockwise in Figure 9.3.1. 
If assigned clockwise, however, it is seen that the determinant |D] yields —2A, twice 
the negative area. Observe that the fundamental requirements of the interpolation 


functions for one dimension, 


3 
У Фб=1, 0<00<1, — eU)-*5 
М=1 


are also established in this case in two dimensions. 
In view of (9.3.1) and (9.3.4a), we note that 


1 
а = эд 2% — хау2) 


Similarly, we may prove that a; = а; = аз = 1/3. 


If the variable и is assumed to vary quadratically or cubically, then we require ad- 
ditional nodes along the sides and possibly at the interior. The evaluation of constants 
would require an inversion of a matrix of the size corresponding to the total number of 
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(a) (b) 
Figure 9.3.2 Integration over the triangular element using cartesian coordinates. (a) Integration with 
origin at centroid; (b) Integration with x-axis along one side of triangle. 
nodes. An explicit inversion of a large size matrix in terms of nodal coordinate values 
is difficult, but such complications are avoided if natural coordinates are used. 
With the interpolation functions constructed for various degrees of approximations, 
one generally encounters integration over the spatial domain of the form 


S| t(e9)axay = || res asy 


If the functions f(x, y) are of higher order, the explicit integration becomes extremely 
cumbersome. Let us consider an integral 


P, = / || x y dxdy 


The limits of this integral must be calculated from the slope of each side of the triangle 
oriented from the reference cartesian coordinates. The final form of the integral consists 
of the sum of the integrals performed along all three sides of the triangle. With the 
origin of the cartesian coordinates at the centroid (Figure 9.3.2a), the following results 
are obtained: 


n=r +s 


п=1 P, = || xaxdy = [| yazdy =0 


n=2 к= кнд 
n=3 Frm se ы?) 


п=4 Pa = (уй tay ext) 


(9.3.5) 


2A 
n=5 Р. = Di +50 +) 


Triangular Element with Origin on One Side 
Integration formulas for г 4- s > 5 are difficult to obtain for the triangular element 
with the origin at the centroid. An easier, more compact integration formula can be 
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derived from a triangle with the origin on the side between nodes 1 and 2 designated 
as the x-axis with the y-axis passing through node 3 as shown in Figure 9.3.2b. In this 
triangle, we obtain the integration formula as follows: 


[у= [LL х'у*ахау 
– 8 (с— у) 


1 Z(c—y) А 
x S 
| КИЕ | Ё b(c— y dy 


1 q^ и —by +1 С 3 | 
“FFI E | ‚с. 
ris! : 
= пр [art — (=b) t] с“! (9.3.6) 


The triangular element characterized by (9.3.6) is effective in the solution of fourth 
order differential equations [Cowper, et al., 1969]. 


Example 9.3.1 Local Element Stiffness Matrix 


Given: Consider the local element stiffness matrix which arises from the two- 
dimensional Laplace equation V?u = 0 in the form 


©) 5 (e) (e) (e) 
0o, IDy ОФ, 0Ф 
= | | MA. | dxdy 
ду ду 


Required: Determine the explicit form of ће above expression in a linear triangular 
element using the interpolation functions given by (9.3.4). 


Solution: Using the formula given by (9.3.3), we obtain 


ОФУ a? pau 99s © gg) 
= š = CNC 
Ox Ox ne ETE ду. и 
Since the area of the triangle is given by 
| ахау = A 


the local element stiffness matrix becomes 
b«c ЫЬ +сіс Ба + cics 
ке), = E А(БуБм + CNCM) = A | bb, +ос bj + gs Боба + сос» 
Бабу + сасу Бзр + cec 5 + с5 
where by and cy are explicitly shown by (9.3.4b) and (9.3.4c), respectively. The cartesian 
coordinate triangular element is simple to use as long as the interpolation function is 
linear. It is cumbersome for nonlinear interpolation functions with n =r +s > 5 in 


(9.3.5). Notice that the element characterized by the integration formula (9.3.6) is free 
from this restriction. 
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X 
Figure9.3.3 Natural coordinate triangular element (linear variation). 


Natural Coordinate Triangular Element 

Consider a triangle with the natural coordinates Ly whose values are zero along 
the sides and unity on the vertices with a linear variation in between, as shown in 
Figure 9.3.3. These coordinates are defined as 


_ А 
че 


Неге L = АЈА [2 = ЉЈА, and Lz = Æ/A with А, А, and Æ being the areas ob- 
tained by connecting the three vertices from any point within the triangle such that the 
total area Ais 


А= А+А+ А (9.3.7) 
1— Li + 15 Ls (9.3.8) 


with A; = area (P23), Æ = area (P31), and Аз = area (P12). It is now possible to es- 
tablish a relationship between the cartesian coordinates x and the natural coordinates 
Ly in the form 


x = шх + Lax + 14% (9.3.9а) 
у = Ly + Ly + Lys (9.3.9b) 


Writing (9.3.8) and (9.3.9) in matrix form, we obtain 


1 1 1 1 Lı 
x|2|x x x L (9.3.10) 
y у У: y Ia 


We note that the 3 x 3 matrix on the right-hand side of (9.3.10) is the transpose of the 
matrix appearing on the right-hand side of (9.3.3). Solving for the natural coordinates, 
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we obtain the interesting result 
ц=Ф9 1=Ф09 L=0V orly=o0 (9.3.11) 


with ФУ identical to (9.3.4). 
The natural coordinates as used here for the triangular element are often called the 
area coordinates or triangular coordinates. Any variable u may now be written as 


u = хи? 

It is possible to write (9.3.9a) in the form 

x = од lı +% l + аз 15 (9.3.12) 
Writing for each node, we obtain 

мл = 0, X) = 00, X3 = 03 


Substituting these into (9.3.12) yields the same expression as (9.3.9a). 

Advantages of the natural coordinates can be demonstrated for higher order ele- 
ments. Notice that, if cartesian coordinates are used for quadratic elements, we require 
an inversion of the 6 x 6 matrix corresponding to the three corner nodes plus three side 
nodes. This difficulty can be avoided in the natural coordinate system. For example, for 
quadratic approximations, we may write 


x = q L4 + 0215 + 0313 + o4 L4 Lo + 0512 L3 + as L3 Li (9.3.13) 


Referring to Figure 9.3.4 with three additional nodes installed at midsides of the 
triangle, we may write (9.3.13) at each corner and midside node, 


y= 0 0 = 0 X3 = 03 


1 1 1 1 1 1 1 1 1 
Ха = 501 + 50 +-о Х5 = 50 + 5203 + 705 = z701 + 503 +7% 


2 2 4 2 2 4 2 2 4 
Solving for the constants and substituting them into (9.3.13) yields 
x= Ox, (r=1,2,...,6) (9.3.14) 


Figure 9.34 Natural coordinate triangular ele- 
ment (quadratic variation). 
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with 
e?-Qn-n)n Ф =(2 © = 
0 = (21 – 1 Ф0 = (21-10). Ф = (214 –1)15 ка 
ФО = 411, Ф = 4015 ФӘ = 41311 
Similarly, we write 
у= Oy, 
and consequently, for any variable u 


uo = Фи 


Using the index notations for a cubic variation, we may proceed similarly as follows 
(see Figure 9.3.5): 


x = ay Ly + bymLy Ly + cx ug Lu Lu Lg (9.3.16) 
with N, M, О = 1, 2, Запа bym = 0 for N= M and сумо = 0 for N = M = О. Writing 
(9.3.16) for the three corner nodes, six side nodes (equally spaced), and the interior 
node, we evaluate the ten constants. Returning to (9.3.16) with these constants, we can 
now write 


x=0°x, (r=1,2,...,10) (9.3.17) 


Here, for corner nodes: 


1 
e = 5GLn – 0(31у– 2)1у (N=1,2,3) 


12 
3» 
) 
be 21 Figure 9.3.5 Natural coordinate triangular 
1 (0, 3 y element (cubic variation). 


(10,0) 
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for side nodes: 
9 9 
oP = 5l LL, – 1) Фу) = lala - 1) 


9 9 
93 = = 112(312 - 1) Ф = 5 1514(315 – 1) 


9 9 


Фе) = 51214(312 - 1) Фу) = 51214(314 - 1) 
for interior node: 
ФОО = 27L 1515 (9.3.18) 


It has been shown that the determination of the interpolation functions for the 
natural coordinate triangular element can be accomplished quite easily by noting the 
special geometrical features that make it possible to avoid the inversion. 

An additional feature, which should be noted, is the fact that the Lagrange inter- 
polation formula can be used to generalize the procedure. Consider the higher or- 
der elements as depicted in Figure 9.3.6. The Lagrange interpolation formula may be 


IP =0 


5) 
me 


(5) _ 
Ly’ = 


(4) 


Figure 9.3.6 High order natural coordinate elements. (a) Quadratic 
(m = 2); (b) cubic (m = 3); (c) quartric (m = 4); (d) quintic (m = 5). 
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transformed to natural coordinates by 


s=d 


, -(mLy — 1) ford>1 
BO(Ly) = П а ва el) dorus. (9.3.19) 
1 ford = 0 
with а= mL, Here m denotes the degree of approximations and 1 (№ = 1, 2, 3, 
r=1,2,...,n,n = total number of nodes) represents the values of area coordinates at 
each node. The interpolation functions are given by 
DO = BO(L)BO(L)BO(L) (9.3.20) 


To determine pp we write (for m — 2) 


gO = BY (L) ВО (Ly) BY (Га) 


1 
ВО (1) = (24 -1- 1)5QL -2+1) 


B®(L)=1 
BO(15)-1 
Thus, 


ФО = (214-1) 


The interpolation functions corresponding to other nodes may be obtained similarly, and 
we note that the results are identical to those derived from the polynomial expansions. 

The finite element application of the triangular natural coordinates involves inte- 
gration of a typical form 


ra fla; L, 15)4А (9.3.21) 
A 


Referring to Figure 9.3.7, the differential area dA is given by 
(dh)(dH) _ (hdL-)(HdLi) 


dA= - - 
sin a sina 


= АДГ ЙТ 


The limits of integration for L4 and /» are 0 to 1 and 0 to 1 — L4, respectively. Thus, 


1 pl-L 
f= 2a | | (lig а л (9.322) 
о Jo 
where the function f may occur in the form 
Ка Tn, I) = ПУШТА (9.3.23) 
with т, n, p being the arbitrary powers. In view of (9.3.22) and (9.3.23), we have 
1 pl-L 
о Jo 
ог 


1 
1=2А | пап» (9.3.24) 
0 
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са. Р 08 


Figure 9.3.7 Geometry for area coordinate integration. 


where 
1-Һ 1-14 
л= | иза | а-у (9.3.25) 


Integrating (9.3.25) by parts gives 


" pe 1-14 1-4 pi" T 
17 [2 ,a-n-nuy| «f p (1 Ia – па ап 


1-14 
= [цата 
—1 1—14 
= у Z0- L- dl 


or 


_ орт! (i5 mp, pin Ш)" 


Substituting (9.3.26) into (9.3.24) and integrating by parts again, we obtain 


2Am!p!n! 


“Gini pial о. 


For example, if т = 2, n = 0, and р = 3, we obtain 


2A(2!)(0!)(3!) A 


273 кышлы лы ле. ee, 
IT (2+0+3+2)1 210 


It is clear that the advantage of this element is that higher order elements аге gener- 
ated easily and a simple integration formula is available without limitation to the order 
of polynomial degrees. 
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9.3.2 RECTANGULAR ELEMENTS 


If the entire domain of study is rectangular, it is more efficient to use rectangular el- 
ements rather than triangular elements. Consider a domain with a rectangular mesh. 
The mesh can also be generated using triangular elements with sides forming diago- 
nals passed through each rectangle. This, of course, results in twice as many elements. 
That such a system of refined meshes with triangles does not necessarily provide more 
accurate results is well known. A simple explanation is that the additional node in 
the rectangular element leads to additional degrees of freedom or constants that may 
be specified at all nodes of an element, which contributes to more precise or adequate 
representation of a variable across the element than in the triangular element having 
an area equal to the rectangular element. 


Cartesian Coordinate Elements 
To construct interpolation functions for a rectangular element, one might be tempted 
to use a polynomial expansion in terms of the standard cartesian coordinates. 


u = од +x + озу + ouxy +... (9.3.28) 


The necessary terms of polynomials corresponding to the side and interior nodes, as 
well as the corner nodes as related to the degrees of approximations of a variable, must 
be chosen wisely. Polynomials are often incomplete for the desired inclusion of side and 
interior nodes. Furthermore, the inverses of coefficient matrices may not exist in some 
cases. The natural coordinates, on the other hand, usually provide an efficient means 
of obtaining acceptable forms of the interpolation functions. Lagrange and Hermite 
polynomials, as discussed in the one-dimensional case, are also frequently used for the 
rectangular elements. A special element popularly known as an isoparametric element 
is perhaps the most widely adopted. Among the many desirable features of the isopara- 
metric element is the fact that it may be used not only for the rectangular geometry but 
also for irregular quadrilateral geometries. 


Lagrange and Hermite Elements 

The advantage of using Lagrange or Hermite elements for a rectangular element is 
that desired interpolation functions are constructed simply by a tensor product of the 
one-dimensional counterparts for the x and y directions, respectively. 

Consider the Lagrange interpolations in two dimensions, as shown in Figure 9.3.8. 
For a linear variation of u (Figure 9.3.8a), we write 


и = ФОО (N=1,2,3,4) (9.3.29) 
with 
09 = 1910. ФӘ IOI0, ФӘ = 1) and 0 = LL” 
where 
х) 1 ») 1 1 
LY = 50-8), = 50+). 17 = 50-а), 


1 2х 2 
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БЕН 


| | (с) 


Figure 9.3.8 Lagrange interpolation functions: (a) linear, (b) quadratic, 
(c) cubic (variations of functions along the line through A). 


Interpolations of quadratic and cubic variations can be constructed in the same way 
(see Figure 9.3.8 b,c). 

The Hermite polynomials may be applied similarly to the rectangular element as 
the Lagrange polynomials. For bicubic Hermite polynomials, we have (Figure 9.3.9): 


u® = Ф000, (r—1,2,...16) (9.3.30a) 
with 
(е) _ (е) _ (е) _ (е) _ 
Фу = НН Фу = ЮН Sr = Ну — 95 = HH 
(е) 1 (е) 1 (е) 1 (е) 1 
Ф = Ноу Фе = НУН Фр = Hj Hy Фу = н, Hy) 
(е) _ (е) _ (е) _ (е) _ 
Фу = Hwy Фу = ЊоЊу Фп = Нуу 15 = Be boy 
(е) 1 1 (е) 1 1 (е) 1 1 (е) 1 1 
Ф, = Ноу Ну) Ф = Hy Ну) Ф = Hy Hy Ф16 = Нн, Hy) 
(9.3.30b) 
о; = и? 
Qu = (ди 0g Du 
0,5 = (дијдт) P 
Q, = Об = (дгијдедт) 


О, = (ди/д& y" 
О, = (ди/дп)\° 
Q, = (д"ијдедту P 


Figure 9.3.9 Hermite bicubic rectangular element. 
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О = ut Qs = и) Q = ut Оз = ut 
au\ © au\ © 
zT Од =|= 
3E /3 д&/4 
) о N 
— 15 = { — 
3 an) 4 


92и | " ( 92и y 
дтдё /, Латс / 


Zu \® Zu \® 
о = (zc), о, = (zc), бше 


(9.3.30с) 
Ну = 1—3&° +2 у = 1 = 31р +2 
Нуу = 3€ — 26° Нуу = m — 21 — 
H! cB p ні 2 — 212 ++ (9.3. ) 
1o) = ip - е sem 
Hy = 8 -E Hy = т 


Note that, because of the combinations of the Hermite polynomials for both x and y 
directions, the mixed second derivatives must be included as nodal generalized 
coordinates. Higher order Hermite polynomials may be constructed similarly using 
(9.2.14). 

A similar approach can be used to generate three-dimensional elements Фү (ө = 
Б? ЫЎ? 1, etc. for Lagrange elements and similarly for Hermite elements. However. 
it should be noted that for nonorthogonal elements (arbitrary quadrilateral and hexa- 
hedral), appropriate coordinate transformation (geometrical Jacobian) will be required 
as discussed in the following section. 


9.3.3 QUADRILATERAL ISOPARAMETRIC ELEMENTS 


The isoparametric element was first studied by Zienkiewicz and his associates [see 
Zienkiewicz, 1971]. The name “isoparametric” derives from the fact that the “same” 
parametric function which describes the geometry may be used for interpolating 
spatial variations of a variable within an element. The isoparametric element utilizes 
a nondimensionalized coordinate and therefore is one of the natural coordinate 
elements. 

Consider an arbitrarily shaped quadrilateral element as shown in Figure 9.3.10. The 
isoparametric coordinates (£, n) whose values range from 0 to + 1 are established at the 
centroid of the element. The reference cartesian coordinates (x, y) are related to 


X, y = о + ооё + ову + оёт (9.3.31) 


for the two-dimensional linear element in Figure 9.3.10. A linear variation of a variable 
u may also be written as 


u € = o4 + aë + asn + oum (9.3.32) 
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Figure 9.3.10 Quadrilateral isoparametric 
element (linear variation). 


Writing (9.3.31) in terms of nodal values yields 
xı = ay + 02(—1) + оз(—1) + о4(—1)(—1) 
хә = ay + 02(1) + оз(—1) + o4(1)(—1) (9.3.33a) 
хз = ay + 02(1) + оз(1) + о4(1)(1) 
X4 = о + 00(—1) + оз(1) + 04(—1)(1) 


In a matrix form, we may rewrite (9.3.33a) as 


[x] = [С][«] (9.3.33b) 
Here the coefficient matrix [C] is given by 
[ =i =1 1 
L T —L <1 
i a i1 i 1 d 
Loeb 1 =] 
Thus, 
[e] = [СТ [x] (9.3.34) 
with 
1 1 1 1 
1|-1 11 -1 
-1_ = 
из = 4|—1 -1 1 1 
1 =f 1) =i 


Substituting (9.3.34) into (9.3.31) yields 
x; = OO xy; (9.3.35) 


Here Фе) is called the isoparametric function and has the form 


Фу = 14 1+ ёмё)(1 + ëmë) (9.3.36) 
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Substituting the nodal values of £y; and ëm into (9.3.36) gives, with £j = €,& = m. 
1 
of? -i0-80-m 


e 1 
oP - 0t - 7) 
(9.3.37) 


1 
OP = 201+ 0) +1) 
-=la 
= 701-8) +n) 
It is interesting to note that the interpolation functions derived in (9.3.37) сап be ob- 
tained by tensor products of the Lagrange polynomials with the origin at the centroid 
from (9.3.29) for the case in Figure (9.3.8a). 


The quadratic element requires midside nodes as shown in Figure 9.3.11. Thus, we 
may approximate x or y in the form (see Figure 9.1.6) 


х,у = о +ë + om оцёт + as? + agri + o£? n + овЁтр (9.3.38) 
A similar procedure as in the linear element may be used to determine [С] and 


[C] |. and we obtain 
at corner nodes: 


PE) = FA --En&) (1 + bob ма +& оё – 1) (9.3.39) 


at midside nodes: 


е 1 
ONE) = 5(1—&)(0 + 505) for Em =0 
(9.3.40) 


е 1 
ФУ) = 5(1--En&)(1- 8) for&o =0 


(1,0 


(1,0) 


C1, -1) 
(a) (b) 


Figure 9.3.11 Quadrilateral isoparametric element (quadratic variation): 
(a) straight edges, (b) curved edges. 
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(a) (b) 


Figure 9.3.12 Quadrilateral isoparametric element (cubic variation): (a) straight edges; 
(b) curved edges. 


For a cubic element as shown in Figure 9.3.12, we have (see Figure 9.1.6) 


х,у = оу + op£ + an + оцёт + ast? + ag + aë? n agén? + ae? 
++ олот + олут + ang (9.3.41) 


where we notice that the x?y?(£^w? here) term is omitted from the complete cubic 
expansion (Figure 9.1.6) in order to match the number of nodes chosen here (12 terms 
instead of 13 terms) 

at corner nodes: 


DPE) = SU +&м&)@1 + Emb)? +) – 10] (93422) 


at side nodes: 


OPE) = 01+ EMEDI- E) +9606) for Et = +1 and ëv = +4 
(9.3.42b) 


ef) Z + ву -EA + У) forn = +1 and би =+} 


It should be remarked that for higher order isoparametric elements, Lagrange polyno- 
mials can still be used without interior nodes but with side constraints imposed. 

In engineering applications, we are concerned witha derivative and the integration of 
quantity associated with a variable with respect to the cartesian reference coordinates. 
Since the variable is represented in terms of the nondimensionalized isoparametric 
coordinates, we require a transformation between the two coordinate systems. Consider 
a quantity given by 


|| | == f(g, тахду (93.43) 
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with € = ё, n = &, x = x1, and y = x2. From the chain rule of calculus, we write 


of _ дјох — of dy 
dé ax dE Ay dE 


(9.3.44) 
of _ дјох „дјду 
dy дхдт dy dan 
or in a matrix form 
af ax ду of 
дЕ a— o£ || Ox 
af | [әх ay || af 
дт ond ду 
Thus, 
ој of 
ax _1| 9€ 
ap | = УГ | ар (9.3.45) 
ду дт 
where J is called the Jacobian given by 
Ox ду 
д5 95 
[J] = óc y (9.3.46) 
ðm ðn 


Here the derivatives əf/ðx ог 0f/dy are determined from the inverse of the Jacobian 
and the derivatives ð f/ðt and д// дт. The integration over the domain referenced to the 
cartesian coordinates must be changed to the domain now referenced to the isopara- 
metric coordinates 


[еа = f NT (9.3.47) 


To prove (9.3.47), we consider the two coordinate systems shown in Figure 9.3.13. 
The directions of the cartesian coordinates and the arbitrary nonorthogonal (possibly 
curvilinear) isoparametric coordinates are given by the unit vectorsi;,i», and the tangent 
vectors 81, g2, respectively, related by 


ui a 
81 = JE 1 JE 2 
Ox, „ду, 
езшш 


The differential area (shaded) is 


ц 12 13 
дх ду 0 
ахі x дуђ —dxdyis = gid£ x gdn = |9& дё аёат 
д д 
= Y 8 


9.3 TWO-DIMENSIONAL ELEMENTS 291 


y £2 


Figure 9.3.13 Coordinate transformation. 
gi 
iz 5 


ог 
ахау із = |J |d&dmis 
with 


= 


Thus, we obtain the relations 


ахау = Лаа (9.3.48) 


па 
f[ ia- |, f. (ли e£) лава f. f. слап 


(9.3.49) 


| H ахау = L f. ur ~ – Tnx) |J |dEdyn = f. f. gy(&,m)d&dn 


(9.3.50) 


where Л, Го, 721, and Jn are the components of the inverted Jacobian matrix (9.3.46). 
The integration (9.3.49) may be performed most efficiently by means of the Gaussian 
quadrature [see Hildebrand, 1956]. For a one-dimensional case, we may write 


1 n 
f лов - Dw fe) 
ЈЕ = 
ог, when extended to a tensor product in two dimensions, we write 
1 pl n n 
|| | | FE madd = ) У wwe то 


јака 


where ш; and wy are the weight coefficients, and (ёх) and f(£;, n) denote the abscis- 
sae representing the values of the functions f(€) and (ё, m) corresponding to the п 
Gaussian points. The weight coefficients and abscissae for the first ten Gaussian points 
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Table 9.3.1  Abscissae and Weight Coefficients 
of the Gaussian Quadrature Formula 


Weight Coefficient 


Abscissae 


Wy 

1.00000 00000 
0.55555 55555 
0.88888 88888 
0.34785 48451 
0.65214 51548 
0.23692 68850 
0.47862 86704 
0.56888 88888 
0.17132 44923 
0.36076 15730 
0.46791 39345 
0.12948 49661 
0.27970 53914 
0.38183 00505 
0.41795 91836 
0.10122 85362 
0.22238 10344 
0.31370 66458 
0.36268 37833 
0.08127 43883 
0.18064 81606 
0.26061 06964 
0.31234 70770 
0.33023 93550 
0.06667 13443 
0.14945 13491 
0.21908 63625 
0.26926 67193 
0.29552 42247 


E, = ту 
0.57735 02691 


0.77459 66692 
0.00000 00000 
0.86113 63115 
0.33998 10435 
0.90617 98459 
0.53846 93101 
0.00000 00000 
0.93246 95142 
0.66120 93864 
0.23861 91860 
0.94910 79123 
0.74153 11855 
0.40584 51513 
0.00000 00000 
0.96028 98564 
0.79666 64774 
0.52553 24099 
0.18343 46424 
0.96816 02395 
0.83603 11073 
0.61336 14327 
0.32425 34234 
0.00000 00000 
0.97390 65285 
0.86506 33666 
0.67940 95682 
0.43339 53941 
0.14887 43389 


are shown in Table 9.3.1. In general, accuracy of integration increases with an increase 
of Gaussian points, but it can be shown that only a very few Gaussian points may 
lead to an acceptable accuracy. The basic idea of Gaussian quadrature is shown in 
Appendix B. 

The Gaussian quadrature numerical integration may be easily extended to the three- 
dimensional element. Extension of the Gaussian quadrature integration to the triangu- 
lar or tetrahedral elements are also possible with some modification of the procedure. 


Example 9.3.2 Stiffness Matrix of ап Isoparametric Element 


(e) (e) (e) (e) 
0o, дФ у ОФА; oo 
=] / Us. M + LN M |ахау 
ду ду 


Given: 
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Figure E9.3.2 Geometry for Example 9.3.2. 


Required: Work out the detailed algebra necessary for computer integration 
using the Gaussian quadrature. Compute the integral with 3, 4, 5 Gaussian points 
(Figure E9.3.2). 


Solution: 
Ko. = - (| (225 90 эон | Фу 291) а 
390 ad ao oe 
-f [ (= + лаат 
ду 
1 1 
= f f метака 
n n 
= >» |» wj WykwM(Ej, m) 
јака 
where 
= 369 _ a6©\ (_ ae _ 300 
k =|{[7 7 " Jon — 
мм(, т) || п ЭЕ + Јр—— Эт 11——— ЭЕ + Ј 12 m 
_ 360 _ офоу/_ ae? _ 390 
1 N Је 11g. —M |J], —M 7 
«(nS erst a- 072738 || 
with 
> _ 1ду J,-..l19 > _ lax > 1 ox 
"Sm C ag? an gs 
дхду дудх 


7 дё дт DE AH 
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with 


with 


where 


o = а + ёмё)( + ёр) 
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1 
х= Ф xy; = z“ + biči + city + а) 


Aj = Хи Хр + Хур + Xai, bi = 


Ci = —X1i — X2i + X3i + Хаг, 
Em zi 1,52 89v 1 
Sib) Lo Uno 

d& 871 


Ар == X22 — X42, 
Án = X32 — X12, 
{ву = X42 — X22, 
Ад = X12 — X32, 
Ар = X41 — X21, 
Án = X11 — X31, 
Ag2 = X21 — X41, 
Ар = X31 — Хи, 


0X1 0X2 


PL 


0X2 əx 


AD se 
By, =Xa2 — X2, 
В} = — 

5] = X32 — X42, 
Bl, 2xj5— 

з1 = X12 — X22; 
В! =x» — 

41 = Х22 — X12, 
Bl, 2x4 — 

4o — 43 X41, 
BL = ха — 

22 — ^41 X31, 
BL = — 

32 = X21 — X11, 


1 
Bp =Х1 — X21, 


дё 95 


dE 95 


d; = Xii — Ху + Xz; = 


—Х + Хр + Хар — Хі 


Xai 


Bj = Xo — X» 
Bj = x12 — Ха 
By, = xo — xi 
Bj = X22 — X» 
В], = X21 — X31 
В, = ха — Xu 
By = ху — ха 


2 
Вр = Хз\ — X21 


1 
= 5 (oo + oj £j + оё) 


ao = (ха — Хр) (Хаг — x32) — (хи — Ха1) (Хаг — X22) 


o = (X31 — X41) (X12 — X22) — (хи — ^әц)(Хз2 — X42) 


az = (X41 — X11) (X22 — X32) — (x21 — X31) (X42 — x12) 


X22 — X42 = у — 
ao — 1 EN 
əx ~ 87| 


Y4, 


Ам + В\ё&) = 


Хи = ха = а = X5, etc. 


См, 


ao) 1 E 
~ 8| 


0X2 


If we chose п = 3, then from Table 9.3.1 we have 
w1 = 0.55555555, 


(61, т) = —0.77459666, 


(Ам + Вб), (К=1,2) 


А + Binér) = 


W2 = 0.88888888, ууз = 0.55555555 


We are now prepared to calculate 


KO = Y У шгшуКум(&, mj) 


where 


i=1 j=1 


Кум(&,ту) = (См См + См См2)17] 


(62, тр) = 0.0, 


(£3, тз) = 0.77459666 


Су 
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Thus, 
0.5449 —0.2773 —0.1035 —0.1640 
KO — —0.2773 0.8771 0.1380 —0.7377 
УМ | —0.1035 0.1380 0.6378 —0.6723 
—0.1640 —0.7377 —0.6723 1.5740 
Similarly, 
for n = 4 
0.5457 —0.2776 —0.1026 —0.1655 
ко — —0.2776 0.8771 04377 —0.7372 
NM" | —0.1026 0.1377 0.6390 —0.6741 
—0.1655 —0.7372 —0.6741 1.5768 
forn=5 
0.5457 —0.2776 —0.1025 —0.1656 
(е) —0.2776 0.8771 0.1376 —0.7372 
Kyu = 


—0.1025 0.1376 0.6391 —0.6742 
—0.1656 —0.7372 —0.6742 1.5770 


We notice that an asymptotic convergence is evident as the Gaussian integration point 
n increases from 3 to 5. 


Example 9.3.3 Transition from Linear to Quadratic Element 


Figure E9.3.3 presents irregular elements with transition from a linear element to a 
quadratic element. In this case, side (1-5-2) is quadratic for the element (e = 1). Element 2 
is fully quadratic, whereas element 1 is partially linear and partially quadratic. Interpo- 
lation functions for element 1 can be derived by constructing tensor products as follows: 


ef) = LL) = 1566 – DO а) 
oP- (8) 0а) = EE + 00 –) 
0 = пен = 10 +) +) 
0 = ПОЕН (ту 10 – e) 


0 = POL = 20 - £)0 -9 


where the superscripts (1) and (2) for Lagrange polynomials denote linear and quadratic 
functions, respectively. 


Example 9.3.4 Irregular Elements with an Irregular Node 


Consider the irregular elements that may occur in the process of refinements as seen 
in Figure E9.3.4. All elements are to be approximated linearly. Interpolation functions 
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5 
|__-> 


Partially linear and 
partially quadratic 


Fully quadratic 


oo? (е) 
! Фу Фе 


oo? , 
4 Фоо 
Figure E9.3.3 Five-node quadrilateral element, transition from linear to 
quadratic element. 


are as follows: 


jü0-8ü-9 n>- 


) 
of = | ER T 
0 n= -1, 0<Е<1 
11 + 04 –"т) т> –1 
Ф = ЈЕ q2-1 0<Е<1 


© 


2 1 
of) = 201+ 001+) 


a 1 
Фу = 11 – 90 +9) 
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5 
Qf? Фе Фе 
of © 


Figure E9.3.4 Irregular elements with irregular node which may occur in 
the refinement process, all elements are linear. 


1 
(к= (= &>0 
oO = 


1 
5 * 90-7 &£ <0 
Here Фе for the midside node (hanging node) may be eliminated by readjusting the 


corner node functions, as is usually the case in adaptive mesh refinement methods (see 
Chapter 19). 


Example 9.3.5 Collapse of Quadrilateral to Triangle 


A quadrilateral element may be collapsed into a triangle by combining two of the 
quadrilateral nodes into one (Figure E9.3.5), as follows: 


u® = Фе + Oy) + ФО н? + oy”) 
Equating ut = и) we have for the triangle 


u®) = ФОО + Фи + (Ф? + oup = OF yl? + Фи + oup 
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1 2 1 2 


Figure Е9.3.5 Collapsing a quadrilateral element into a triangle. Gaussian 
quadrature integration can be performed on the triangle as modified from the 
quadrilateral. 


in which the modified interpolation for node 3 of the triangle is given by 


e) 1 1 у 
Фу = Ф + OP = 11 + 900 + +10 – 90 0) 
Thus 
1 
Фу = 501+) 


Gaussian quadrature integration may be used for this triangle in accordance with 
Table 9.3.1 with appropriate abscissae values. 


9.4 THREE-DIMENSIONAL ELEMENTS 


Three-dimensional elements are required when one- or two-dimensional idealization 
is not possible. Basic ingredients for three-dimensional elements have already been 
presented in earlier sections and no special conceptual developments are required. The 
three-dimensional elements may be constructed quite easily by direct extension of the 
ideas used for two-dimensional elements. 


941 TETRAHEDRAL ELEMENTS 


Consider the tetrahedral elements as shown in Figure 9.4.1. For linear variation of a 
variable (Figure 9.4.1a), we write 


џи = ag + ox + ony + 032 (9.4.1) 


It is a simple matter to write the above equation at each node, which yields a total of 
four equations. Evaluating the constants from these equations, we obtain 


и = Ф910 (М =1,2,3,4) (9.42) 


9.4 THREE-DIMENSIONAL ELEMENTS 


(a) 


Figure 9.4.1 Tetrahedral element (cartesian coordinate): (a) linear variation, 
(b) quadratic variation, (с) cubic variation. 


where 
Фе = ам + Бух + сму + dyz 


For N = 1, the coefficients a1, b1, сі, dı are of the form 


с y 2 1 1 уу 2 1 
а = |хз ys Z3 ЭЛ ћ=— |1 уз зз 201 
X4 Y4 4 1 Y4 Z4 
1 X2 Z2 1 1 X2 y 1 
= 1 ED d = — 1 —— 
ав ар | ^s жу 
lx z 1 ха y 
1 xu xp Xs Га у а 
1 x x» x 1 о у 2 
ID = | 1 X2» 03| _ | 26V 
Хз1 X32 X33 Зз ys 33 
1 ха хр Xa 1 x4 y» zu 


(9.4.3) 


(9.4.4) 


(9.4.5) 


where V is the volume of the tetrahedron. The rest of the coefficients can be determined 


similarly. 
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18 


(1,0,0,0) (0,0,1,0) 


О 
2 (0,1,0,0) 
(а) 


Figure 9.4.2 Tetrahedral element (natural volume, or tetrahedral coordinates): 
(a) linear variation; (b) quadratic variation; (c) cubic variation. 


For higher order approximations, the coefficient matrix becomes very large in size 
and a resort to natural coordinates is inevitable. The most suitable choice is the volume 
coordinate system extended from the area coordinates for a two-dimensional triangular 
element. 

If the three-dimensional natural coordinates (tetrahedral or volume coordinates) 
are used, a node having the coordinate of one decreases to zero as it moves to the 
opposite triangular surface formed by the rest of the nodes (Figure 9.4.2). For the linear 
element (Figure 9.4.2a), the interpolation functions are 


ФО = ју (N=1,2,3,4) (9.4.6) 
For higher order interpolations (Figure 9.4.2b,c), we invoke а formula similar to (9.3.20), 
Фе) = BO(r,) B® (Ly) BO (143) BO (14) (9.4.7) 
where B) (Ly) is given by (9.3.19). This provides the following results: 
For quadratic variation (Figure 9.4.2b): 


at corner nodes: 


PO = (Lu -1)Ly 


9.4 THREE-DIMENSIONAL ELEMENTS 301 


at midside nodes: 
ФО = 4113, Ф = 41414, etc. 


For cubic variation (Figure 9.4.2c): 
at corner nodes: 


o9 = „л = їл 2з 
at side nodes: 

o = 212144318 -1, = 218146313 — 1), etc. 
at midside nodes: 

$ = 27141513, | =27Ьь1314‚ etc. 


The spatial integration of the tetrahedral coordinates may be derived similarly as in 
the triangular coordinates. This results in 


1= | пицца 
v 
or 
ГА 6Vm!n! р!а! 
_ (m+n+p+q+3)! 


We may use а hexahedral element to generate five tetrahedral elements as shown in 
Figure 9.4.3. This approach is desirable in some applications where both hexahedral 


8 8 
6 
4 3 3 
1 8 7 1 


NN 


РА 


Figure 9.4.3 Five tetrahedral elements subdivided from a hexahedral element. 


(9.4.8) 
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and tetrahedral elements are used. It is also convenient for the structured automatic 
grid generation. 


9.4.2 TRIANGULAR PRISM ELEMENTS 


It is possible to extend the tetrahedral element into triangular prism elements as shown 
in Figure 9.4.4. Note that triangular shapes may be completely arbitrary with the curvilin- 
ear coordinates £, n, б being distorted. Interpolation functions for linear and quadratic 
approximations are given as follows: 


Linear (6 nodes) 
> LA L LO 
Фе Li +1) ь© _ Lf +) oo _ 180 +) 


i. 2 2 2 3 5 (9.4.9a,b,c) 
Ls | [e La- 
a = 1( w oO = 1 т) a? = 3(1 — т) (9.4.9d.e.f) 
2 2 2 
Quadratic (15 nodes) 
Corner nodes 
1 
e? = 2LQL – wv 1) 
ao – 17 (2L, –1) 1) 
д 0 2 2 2. т(т| + 
1 
Ф@ = 5 15015 – nn 1) (9.4.10a,b,c) 
Фе) = 1 QL – Dn — 1) 
4 => 1 1 NN 
1 
Фо = 2 1221, – 1mm- 1) 
1 
DP = = 14015 – 1mm- 1) (9.4.10d,e,f) 
а 1 
E: | 
Бал) L,(-1,1,0) 
а) 
И L i 0) 
(-1,-1, 
a | 
Е < L(.-L-1) 
(а) (b) 


Figure 9.4.4 Triangular prism elements: (a) linear (6 nodes), (b) quadratic (15 nodes). 
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Midsides of Triangle 
$0 =2141»т(т + 1), Фе) =2Ьь1зт(т++1), Фе 2L Lyw(q--1)  (9.4.11a,b,c) 


Ф(9 -2L от – 1), Ф090 =2 0 Лот – 1), 9(2-2LLw(m-1) (9.4.11d,e,f) 


Midsides of Quadrilateral 
ФӘ = да – 79, e=L0-7), P =L(0-7) (9.4.12a,b,c) 


9.4.3 HEXAHEDRAL ISOPARAMETRIC ELEMENTS 


The four-sided two-dimensional elements may be extended to three-dimensional el- 
ements (Figure 9.4.5). The rectangular and arbitrary quadrilateral elements are de- 
veloped into a regular hexahedron (brick) and irregular hexahedron. For a regular 
hexahedron, we may use either the Lagrange or Hermite element, but this becomes 
cumbersome as higher order approximations must include interior and surface nodes 
as well as corner and side nodes. Besides, neither may be applicable for irregular hex- 
ahedrons. An element which is free from these disadvantages is the isoparametric 
element. 

In the isoparametric element for a linear variation of the geometry and variable, we 
write (see Figure 9.4.5a) 

X, y, z = о + OE + asn + out + о5ёт + оёт + amé + ов&6 (9.4.13) 


Using the same procedure as in the two-dimensional element, we obtain 


А 1 
Фу = ric + &мё)(1 + Сл) (1 + ёмзёз) (9414) 
For a quadratic variation (Figure 9.4.4b), we have 


X, y, z = Q + OE + azn + 046 + о5ёт + оёт + oz mb + asét 
+ o£? + опот + oui? + anë nN + anën + ouam + олт? 
+a t + oa;&C? + osé ns + anin s + anéng? (9.4.15) 


The interpolation functions are: 
at corner nodes : 


©? = EA H E) + 55) + Бобић + боб + Боб —2) — (94.162) 
at midside nodes : 

ef = 1(1-&@ Eel) + Enst) (9416) 
for 


ём = 0, ём = +1, ёмз = 1, etc. 
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ELD 


(1, -1, -1) 


(a) 


(b) 


Straight edges Curved edges 
(c) 


Figure 9.4.5 Hexahedral isoparametric element: (a) linear variation (8 nodes); 
(b) quadratic variation (20 nodes); (c) cubic variation (32 nodes). 


Once again, Lagrange polynomials may be used to determine three-dimensional 
interpolation functions without interior nodes, but with side node constraint conditions. 
We now require integration of the form 


I IG n, č )\dxdydz (9.4.17) 
х 


with £ = ё, n= ӧ, б =ё, x = x1, y = хо, and z = хз. Proceeding similarly as in the 


9.5 AXISYMMETRIC RING ELEMENTS 


two-dimensional case, we obtain 


ЈИ 27 ахау: = | f. | (Tu x + 72 A + Jis 22 ride 


Doai d 
= | | [ se ован (9.4.18) 
where J11, Јо, and 713 are the first row of the 3 x 3 inverted Jacobian matrix 
Ox ду Oz 
JE д& 06 
Ox ду Oz 
[/] = 
дт Om дт 
Ox ду Oz 
or or a 


We may carry out differentiations of f with respect to y and z similarly, and write the 
general form of integration as follows: 


1 1 1 п п п 
J | | se m Оаа УУ У опера ms to (9.4.19) 


i=1 ј=1 k=1 


The weight coefficients w;, wj, wx, and the abscissae g(&, nj, Ср) are obtained from 
Table 9.3.1 as a tensor product in three directions. A procedure similar to Example 9.3.1 
may be followed for three dimensions to perform Gaussian quadrature integrations. 


9.5 AXISYMMETRIC RING ELEMENTS 


If the three-dimensional domain of study is axisymmetric, then any two-dimensional 
element may be used with the spatial integral replaced by 


[|| te». дазауа:= f 7 [| re дгавагаг (9.5.1) 


where dx = dr, dy = rd0, апа dz = dz (see Figure 9.5.1). For quadrilateral isoparamet- 
ric elements, we have 


Fr f. Кечуа ват = 2 f f. f (E, туг (&, ту) Лава 


or 


1 1 n n 
т] f дааа 2 УУ алав) (9.52) 
—1#—1 j=l к=1 
This represents a three-dimensional ring element generated by a two-dimensional 
element. 

Note that the applications arise in the flowfields of missiles and rockets at zero angle 
of attack. For a nonzero angle of attack, the flowfields become asymmetric. In this case, 
the axisymmetric ring element can no longer be used and three-dimensional elements 
must be invoked instead. Another alternative is to keep the ring element and use Fourier 
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Quadrilateral Triangular 
or rectangular element 


NTT TT Уу 
FATT TT TT | VY VY 
SEE cH 


| 


М 


(а) 


Figure 9.5.1 Axisymmetric ring elements. (а) Discretized geometry of a 
cylinder. (b) Triangular ring. (c) Quadrilateral ring. 


series expansions around the circumference in order to accommodate nonaxisymmetric 
flowfields at every few degrees apart. This may result in a process just as expensive as 
three-dimensional elements. 


9.6 LAGRANGE AND HERMITE FAMILIES AND CONVERGENCE CRITERIA 


All finite elements, regardless of their geometrical shapes, may be grouped into two 
categories: Lagrange and Hermite families. The Lagrange family consists of finite el- 
ements in which the values of a variable are specified at nodes, whereas the Hermite 
family includes derivatives of the variable as well as its values defined at nodes. 

Both Lagrange and Hermite families may be represented by polynomials derived 
from the Pascal triangle (Figure 9.1.4a) and Pascal tetrahedron (Figure 9.1.4b), or 
from two-dimensional hypercube (Figure 9.1.4c) and three-dimensional hypercube (Fig- 
ure 9.1.4d). 

In the Lagrange family, the polynomial terms contained in the circles represent the 
corresponding number of nodes required. However, in general, interior nodes lead to 
cumbersome bookkeeping and subsequent removal of some of the polynomial terms, 
resulting in an incomplete polynomial. 

For a Hermite family, the number of nodes and polynomial terms required increases 
since derivatives in addition to the variable itself are to be specified. However, a rea- 
sonable compromise can be met by eliminating the values of a variable and specifying 
only the normal derivatives at side nodes. Let us consider twenty-one terms of a quintic 
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из,(и,)з,(и,)5 


(и Ја (И Ја (И )а 


Q (и, )- 
из (и, ) (и) 


(и), (и Ју (иу) 


и,,(и,),.(и,), 


Figure 9.6.1 Hermite triangle, 21 constants to be determined. 


polynomial for a triangular element given by 
и = 0 
+ ох + озу 
+оцх? + asxy + ag y? 
+ ogx? + agx’ y + аху? + ооу? (9.6.1) 
+ axt + anx y + ax? y? + ацхуз + ojsxy* 
4-оцух? + oq7x^ y + agx y? + aox y? + оооху* + оду? 
The nodal values of и and derivatives of и to be specified are shown in Figure 9.6.1. 
Notice that we can write only eighteen equations with six equations at each node. We 
require three more equations which are furnished by writing normal derivatives at 
midsides. In this way, all twenty-one constants can be evaluated. 


The 2mth order differential equations associated with many of the engineering prob- 
lems are in the form 


Vu- f (m=1) (9.6.2) 
У%и= f (m=2) (9.6.3) 


Thus, the weak derivatives that appear in the Galerkin finite element formulations have 
m = 1 for (9.6.2) and m = 2 for (9.6.3). The choice of interpolation functions must ensure 
the convergence of solutions of the given differential equations. Toward this end, the 
following criteria should be satisfied. 


(1) Smooth within the interior domain 
(2) Continuity across each element 
(3) Completeness 


To satisfy (1), the degree of polynomial, p, should be p > mso that the integrand of the 
finite element equation does not vanish (remaining at least a constant). For the stiffness 
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integrands with derivatives of order m, we require C" continuity within the domain (©) 
and С"! continuity across the boundary (Г) in order to satisfy the convergence criteria 
of (1) and (2), respectively. 

Interpolation functions associated only with the variable(s) of the differential equa- 
tion such as in Lagrange polynomials are known as the C° element, whereas those 
with derivatives т are called the C" elements. The Hermite polynomial interpolation 
functions of (9.2.12a) are referred to as the C! element. 

The elements that satisfy both criteria (1) and (2) are known as conforming (com- 
patible) elements. If these criteria are not satisfied, they are called nonconforming 
(incompatible) elements. Nonconforming elements, however, are useful in fourth order 
differential equations in which normal derivatives along the boundaries of C! triangle 
are specified. 

The criterion (3) implies that complete polynomials as shown in Figures 9.1.4 through 
9.1.6 be used, which cannot be met in many cases as the number of nodes to be provided 
does not match the number of complete polynomials of a given degree. As long as the 
symmetry of the polynomials is maintained, however, the convergence is, in general, 
not affected. 


9.7 SUMMARY 


Although the standard textbooks on finite elements provide information presented in 
this chapter, it was intended that a complete summary of finite element interpolation 
functions serve as a counterpart of Chapter3, Derivation of Finite Difference Equations, 
as well as this text being self-contained and adequately balanced between FEM and 
FDM. 

It is clear now that, instead of writing finite difference approximations using as many 
nodal points as necessary for desired order accuracy in FDM, we achieve similar ob- 
jectives in FEM through interpolation functions. Instead of Taylor series expansions or 
Pade approximations used in finite difference equations, we resort to polynomial ex- 
pansion in finite element interpolation functions. Although not covered in this chapter, 
special functions such as Chebyshev polynomials, Legendre polynomials, or Laguerre 
polynomials have been used in association with spectral elements. This subject will be 
discussed in Section 14.1. 


REFERENCES 


Argyris, J. H. [1963]. Recent Advances in Matrix Methods of Structural Analysis by Finite Elements. 
Elmsford, NY: Pergamon Press. 

Birkhoff, G., Schultz, M. H., and Varga, R. [1968]. Piecewise Hermite interpolation in one and 
two variables with applications to partial differential equations. Num. Math., 11, 232—56. 

Cowper, G., Kosko, E., Lindberg, G., and Olson, M. [1969]. Static and dynamic applications of a 
high precision triangular plate bending element, АТАА J., 7, 1957—65. 

Hildebrand, F. B. [1956]. Introduction to Numerical Analysis, New York: McGraw-Hill. 

Zienkiewicz, O. C. [1971]. The Finite Element Method in Engineering Science, 2nd. ed. New York: 
McGraw-Hill. 

Zienkiewicz, O. C. and Cheung, Y. K. [1965]. The Finite Element Method in Engineering Science. 
New York: McGraw-Hill. 


CHAPTER ТЕМ 


Linear Problems 


In this chapter, we discuss procedures for obtaining finite element equations and their so- 
lutions in linear two-dimensional boundary value problems. Implementations of bound- 
ary conditions are detailed and example problems for steady and unsteady cases are 
presented. Multivariable simultaneous partial differential equations and simple Stokes 
flow problems are also included. 


10.1 STEADY-STATE PROBLEMS — STANDARD GALERKIN METHODS 


10.1.1 TWO-DIMENSIONAL ELLIPTIC EQUATIONS 


We have illustrated procedures for constructing finite element equations for one- 
dimensional problems in Chapters 1 and 8. Extension to two-dimensional cases fol- 
lows the same general guidelines. The only difference is the appropriate interpolation 
functions for two-dimensional geometries, specification of Neumann boundary condi- 
tions, integration over the domain, and directional variables. 

Consider the second order elliptic partial differential equation of the form, 


R=Vu+ f(x,y)=0 та (10.1.1) 


As shown in Chapters 1 and 8, the Standard Galerkin Method (SGM) for (10.1.1) is the 
inner product of the residual with the test function ®, 


(Фа, К) = || Ф. [и + f(x, у)јаа = 0 (10.1.2) 
о 
Assuming that the variable и is approximated in the form 


и = $us (10.1.3) 


and integrating (10.1.2) by parts we obtain 
| Dau таг = (/ 9 ив + | Фа FO, y)dQ =0 
r а а 


Кир = Fa + ба (10.1.4) 


or 
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where 
Stiffness matrix Kag =). Dy Фр idQ (10.1.5a) 
Q 
Source vector Ву = || Pa f(x, уја (10.1.5b) 
Q 
Neumann boundary vector Gy = || Фиш таг (10.1.5с) 
r 


As we noted in the one-dimensional problem, the interpolation function originally de- 
fined in the domain is now a function of boundary coordinate Г in the boundary integral 
Ga, with Фа indicating the dependency оп Г, not оп Q. It represents the interpolation 
function describing the way the Neumann data итп; varies along the boundaries. Thus, 
a suitable form for Фе(Г) would ђе the one-dimensional linear interpolation function. 

The global forms (10.1.5) can be obtained by the assembly of local forms similarly 
as in the one-dimensional problems, 


E 
Kal [КУА АЧ, (10.1.ба) 
е=1 
E FG AG (10.1.6b) 
е=1 
Е 
Сб |) GVA, (10.1.6c) 
e=1 
where 
ке), = || ФО o0 qo (10.1.72) 
FY = || DO f(x, ydQ (10.1.7b) 
Q 
GO = f Фи таг (10.1.7c) 
O = | Фи и; 1. 
р 


The source term f(x, у) and the Neumann data (Г) = ип; can be interpolated as 
follows: 


F(x, у) = Фа(х, y) ја, Ј = [fx у]а (10.1.8a) 
g) = Ф.(Г)ва — ва = (ит (10.1.8b) 


These approximations allow the corresponding source term f(x, y) and the Neumann 
data и гп; to be entered directly to the particular node under consideration. Substituting 
(10.1.8a) and (10.1.8b) into (10.1.5b) and (10.1.5c), respectively, we obtain 


lu (/ Ф ао) fa = Cop fe = U CAA FO A 
е=1 


Е 
= ЈЕ Ay, -U FORO (10.1.9) 


е=1 
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and similarly, 


or (/ Ф.Ф аг) дас йк U GO AQ (10.1.10) 
r е=1 
where 
FO = CO, r9 (10.1.11) 
со = Сб £0 (10.1.12) 
with 
се = | oo qo (10.1.13a) 
Q 
CO = | o Фаг (10.1.13Ь) 
r 


For linear variations of и ;n; for a boundary element of length /, ФӘ = (1 —r/LT/I 
the integration of (10.1. 13b) gives the result, 


х (е) _ 1 2 1 

CNM о 6 | А 
It is clear that, regardless of the choice of the local finite elements for the domain, 
whether triangular or quadrilateral, the boundary integral (10.1.13b) can remain 
independent. 


* 
As shown in Section 8.2, the Neumann boundary data interpolation functions Фе) 
and Ф « are given by 


T x(e e Ж 
500-50). BOE) =m 
оаа). Еа (10.1.14) 


implying that ФО = 1 if the Neumann boundary condition is applied at the boundary 


node N and zero, otherwise. This applies also to Ф а. 

The significance and importance of (10.1.14) cannot be overemphasized. Re- 
examine (10.1.5c), (10.1.6c), (10.1.7c), and (10.1.8b) in conjuction with (10.1.14). The 
process through these relations indicates that the local Neumann data are passed along 
across the local adjacent elements normal to the boundary surfaces to ensure the con- 
tinuity of gradients or *energy balance" (incoming and outgoing normal gradients are 
cancelled at element boundaries) until the domain edge boundaries are reached, where 
the Neumann boundary conditions are applied and where the Neumann boundary 
condition interpolation functions Фе) апа Da assume the value of unity if applied, 
zero otherwise. Notice that this logic is established easily and clearly by having cons- 
tructed the finite element equations in a global form from the beginning, called the 
“global approach,” and by seeking the local element contributions in terms of the 
Boolean matrix algebra afterward. This is contrary to the traditional approach to the 
finite element formulations, from local to global, called the “/ocal approach,” in which 
the passage of Neumann data through element boundary surfaces cannot be defined 
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(a) 


Figure 10.1.1 Finite element discretization. (a) Global nodes; (b) Local nodes. 


easily and automatically. The global approach presented here is in contrast to the finite 
volume methods in which algebraic equations are generated by physically enforcing the 
normal gradients across the local element boundary surfaces. The consequences of oper- 
ations involved in both FEM and FVM, however, are analogous, with the conservation 
properties maintained in both methods. 

The assembly of local elements into a global form follows the same procedure as 
in the one-dimensional case. To obtain the global matrices Kag and Fy, let us consider 
the two triangular elements in Figure 10.1.1. Although the expansion (10.1.6a) can be 
performed by summing the repeated indices, we may show such operations by matrix 
multiplications as follows: 

First, we prepare the nodal correspondence table (Table 10.1.1) which indicates the 
correspondence of the local node with the global node for all elements. 


=| Ky (e) ) AQ. A. 


е=1 
a 1 1 
OO 1) | ey коко аео 
100 kt» KO ко о 01 0 
0 10 22 23 ЖЕК 
о о of LK? ко ке 
2 (2) 2 
: | о RD Ку Ky 0 0 1 0 
(2) (2) (2) 
tji 9 (|| Ka Кор К» ; А : | 
00 ИДЕ 4 < , 
ог 
(1) (1) (1) 
Би den Ke Би 1 "s " pO "i 0) P 
Ка Ку К» Кз Ка|_|Ку Ky + Ky К + Ky К» 
oe = (1) D (2) юу (2) (2) 
x : - x. Ка Ку +K? Ку + Ky К; 
а Ky Ка Ка 0 код ко ко 


(10.1.15a) 
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Table 10.1.1 Мода! Correspondence Table 


e 1 
н} 


* Entries indicate global node numbers corres- 
ponding to the local nodes (see Figure 10.1.1) 


or 
pO 
= ©. Q) 
1 2 
Pa = MCA (10.1.15b) 
F, Р, + Е; 
4 po 
3 


The procedure of assembly implied here requiring determination of Boolean ma- 
trices for all elements is quite cumbersome. They are useful and convenient in deriving 
finite element equations, but are useless in actual performance of assembly operations. 
Thus, we should avoid Boolean matrices and implement a scheme that can handle com- 
plex geometries with a simple algorithm. An intuitive and more convenient approach 
is schematically shown below. 


® (©) (0) © © © 

1 2 3 1 2 3 
© 1 (1) а) а) © 1 (2) (2) (2) 
Kj Ку Ki Kj Ko Ка 
qd) _ а) @) а) с) — (2) (2) (2) 
Кам = 9 21К, | К | К» Към 79 2 Ky | Ку К 
а) а) a) (2) (2) (2) 
© з | Ку | К;| Ку, © 3 | Ky | Ку Ка 


коко у Фк} 
ко KUSKE KY IEP КО 
ко KD+KO ко+ке KD 
о KP к к 


‚= (10.1.15с) 


~ 
| 
© о о о 
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Similarly, 
Fo 1 © 
F? = Е? 20 
F”| 3 0 


FY © 
Eo +Е? © (10.1.15d) 
R =| oa 2) 
E’ +F [© 
Е? ® 


Here, the node number with а circle indicates global node. It is seen that the as- 
sembled global matrix is obtained by finding the appropriate entries from the local 
matrices with the local node пи replaced by the corresponding incident global 
node numbers. For example, Ki, of the first element goes to the second row and second 
column in the global matrix because the local node 1 is incident with the global node 2. 
Similarly, KY enters in the second row and third column of the global matrix since 
the global node number 2 is incident with the global node 3. All entries in the same 
rows and columns are algebraically added together as we move to the second element. 
The same procedure applies in order to obtain F,. In this way, we avoid the need to 
construct the Boolean matrices, and the entire assembly procedure can be programmed 
very efficiently. 

The global load vector may be obtained more conveniently in the form 


Е, = op fp 


in which only Сав is assembled from the local contributions with fg evaluated at global 
nodes. This will be shown in Example 10.1.2. The assembly of the Neumann boundary 
data С, and the method of implementation will be discussed in Section 10.1.2. 


Example 10.1.1 Assembly of Two Triangular Elements 


Given: 


(e) (e) (e) (e) 
дФу дФ у na ОФ 
КУ = ПЕ ^ a | dxdy 
ду oy 


Required: Calculate Kag = U ба КАА by assembling two local linear trian- 
gular elements (Figure E10.1.1) to a global form and compare the results with a single 
isoparametric element of Example 9.3.2. for n = 4 and n = 5. 


Solution: 


(e) (e) (e) (e) 

0o, дФ у "n. o. ОФ 

=] NS ^ м | dxdy = A(byby + сусм) 
ду ду 
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Figure E10.1.1 Assembly of two triangular elements. 


where by and cy are given in Example 9.3.1 and Ais the triangle area. 


1) 1) (1) 
кї ко 0 Ка 

1) 2) 2) 1) 2) 

ка = KS T К. KS Kj T Kis 
Kj) K 

sym Ky) + Ко) 


0.6304 —0.3043 0 —0.3261 
0.8856 0.1053 —0.6865 
0.7632 —0.8684 

sym 1.8810 


This compares somewhat differently with the single isoparametric element of 
Example 9.3.2, although diagonal and off-diagonal values are, respectively, about 10% 
larger and 20% smaller than those for the single quadrilateral isoparametric element 
(Example 9.3.2). This may influence undoubtedly the solution of differential equa- 
tions (see Example 10.2.1). It will be shown that the larger diagonal and smaller off- 
diagonal values in the stiffness matrix result in smaller responses to given boundary 
input data in general. It is concluded that the triangular element is “stiffer” than the 
quadrilateral element, as demonstrated in Example 10.2.1. The reason for this be- 
havior is that triangular elements possess only three data points, whereas quadrilat- 
eral elements provide four data points allowing an additional degree of freedom and 
“flexibility.” 


10.1.2 BOUNDARY CONDITIONS IN TWO DIMENSIONS 


(a) Standard Approach 
Dirichlet Boundary Conditions. Dirichlet boundary conditions for multidimensional 
problems can be treated exactly the same as in the case of one-dimensional problems. 


LINEAR PROBLEMS 


(a) (b) 


Figure 10.1.2 Boundary conditions. (a) Dirichlet boundary conditions (uj = из = из = 2, 
ид = ug = ит = ug = ијр = иу = uj? = 0). (b) Neumann boundary conditions. 


That is, the global finite element equations are modified, reflecting the specified Dirichlet 
data. For example, let us consider that the global finite element equations using either 
triangular elements or quadrilateral elements have been obtained in the form 


Кир = Е, + Ga (10.1.16) 


where we set G, = 0 because Neumann boundary conditions are not to be specified in 
this case. Only Dirichlet data are furnished as shown in Figure 10.1.2a. We begin with 
the assembled global equations, 


Ку Кр >>- Kn uy F 
Ку К» + + + Ор u2 h 

| 4 ||. (10.1.17а) 
Ку Кол > © + Кор и12 Fi; 


Now, if we apply the Dirichlet boundary conditions in (10.1.17a) as given in Figure 
10.1.2a, we obtain 


1000 0 00 0 0000 ш 0 2 
0100 0 00 0 0000 и» 0 2 
0010 0 00 0 0000 из 0 2 
0001 0 00 0 00 0 0 ид 0 0 
0 0 0 0 Ks 0 0 Ksg О 0 0 0 Us Fs — Ds 
0000 0 10 0 0 0 0 0 ug | |0 0 
0000 0 01 0 0000 из | | 0 i 0 
0 0 0 0 Kgs 0 0 Kgg 0000 из Fy = Ds 
0000 0 00 0 1000 ug 0 0 
0000 0 00 0 01 0 0 “10 0 0 
0000 0 00 0 00 1 0 ип 0 0 
0000 0 00 0 00 0 1 ир 0 0 


(10.1.17b) 
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with Ds = Ks (2) + Ks2(2) + Ks; (2) and Ds = Kg (2) + К»(2) + Ка (2). It is seen that 
the rows and columns corresponding to the Dirichlet nodes are zero with unity at the 
diagonal position. The influence of Dirichlet boundary conditions, as imposed here, is 
reflected in the Dirichlet boundary vector Юу, so that 


Кевив = Fa + D, (10.1.18) 


where D, is given by the second column on the right-hand side with Kag as modified in 
(10.1.17) from the given Dirichlet boundary conditions. It is obvious that, if there are 
so many Dirichlet boundary nodes, then it is convenient to modify the above matrix 
equations in the form 


Kss Кај | us Fs | | —Ds | 
— + 10.1.19 
E | М Б — Ds ( ) 


in which all rows and columns corresponding to Dirichlet boundary nodes are elimi- 
nated. 


Neumann Boundary Conditions. Neumann boundary conditions are implemented using 
the integral form of (10.1.5c) with the local contributions coming from adjacent elements 
to the node at which Neumann data ee are prescribed in the form (10.1.8b), 


д д 
e = (ит)м = E cos 0 4- m sin ЈЕ (10.1.20) 


as shown in Figure 10.1.2b with the normal angle 0 measured counterclockwise from 
the axis. 

Often in boundary value problems, there are instances in which the Dirichlet and 
Neumann boundary conditions are combined at the same location. For example, con- 
sider a heat conduction equation 


kv?^T 20 
Here, for a resistance layer on the boundary, we specify 
kTin; + a(T — T) = —q (10.1.21) 


where T, T', a, and q denote the surface temperature, ambient temperature, heat trans- 
fer coefficient, and surface heat flux, respectively. This is referred to as the Cauchy or 
Robin boundary condition and can be handled by substitution: 


kTjni = -Q— aT 
with 

Q-q-aT 
Thus, we write 


Led ani (10.1.22) 
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with 

A x 7 ale) (е) A(e) * (е) 

C=- | ог = LJ eva. Gy =- | èQ oar 

r E r 
* * * 
Са = || & Фа Фраг = (£f. ARAS. dre =} «ФУ Фаг 
r 

This process then modifies (10.1.4) in the form 


(Kap + Coa) Ts = Fa + 6, (10.1.23) 


It should be noted that Сов is activated only if the convection or Cauchy boundary 
conditions are present. That is, if a global node does not coincide with the boundary 
node at which the Neumann boundary conditions are prescribed, then Сав is empty from 
the definition, Da (Zg) = бв. It is cautioned that the local boundary surface matrix is 
(2 x 2), which is simply added to the local triangular element stiffness matrix (3 x 3) in 
correspondence with the nodal incidence along the boundaries. 


(b) Lagrange Multipliers Approach 
Any boundary condition prescribed at a boundary node may be imposed through 
Lagrange multipliers. Consider the boundary conditions of the form 


u =0 (10.1.24a) 
из =a (10.1.24b) 
из — ид = Ь (10.1.24с) 


Obviously, if b = 0, then the second expression implies из = ид. Otherwise, it represents 
Neumann boundary conditions (du/dx) cos Ө or (du/dy) sin Ө, prescribed at the global 
node 23 connected to the adjacent boundary node Z4. For example, if du/dx = c at Za 
and the boundary line of length / between Z and 24 is inclined an angle of 0 from the 
x axis, then we write 

du | из— ид 


— = = 10.1.25 
ах l cos 0 c ( ) 


or 
из —u4 = Б with b = cl cos0 


Equation (10.1.24) can be written in the form 


u 
100 0 0... uz 0 
010 0 deas т T (10.1.26) 
001—1 0 4 b 
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which may be rearranged as 


drata = Е, (10.1.27) 
with r=1,...,m (total number of boundary conditions, т = 3 in this case) and 
а = 1,...,n (total number of global nodes). Here, qra is called the boundary condi- 


tion matrix. Let us now introduce quantities \,, referred to as Lagrange multipliers, and 
regarded as constraints or forces required to maintain the boundary conditions. Then, 
the product of (10.1.27) with the Lagrange multiplier 1, 


N (Gralla — E) = 0 (10.1.28) 


may be considered as an invariant or energy required to maintain such boundary соп- 
ditions. 

At this point, we transform the global finite element equation (10.1.16) into a vari- 
ational energy, 


61 = (Кавив — H,)óu, = 0 (10.1.29) 
or 
1 
61 = Б — на.) = 0 (10.1.30) 
for which the stationary condition is given by 


1 
I= 5 ogg — Наи. (10.1.31) 


This may be considered as the actual energy contained in the domain. To this we may 
add (10.1.28), 


1 
1= 5 Кевие«ив — Haus + (Gralla — E) (10.1.32) 


The expression (10.1.32) refers to the total variational energy in equilibrium with the 
imposed boundary conditions. The variation of (10.1.32) with respect to every u, and 
^, will lead to the stationary condition 


DÀ =0 (10.1.33) 


Since ua and №, are arbitrary, it is necessary that д//ди„ and 9//9X, vanish. These 
conditions yield 


Kaga + №, а = Н, 
arala = Е, 


Writing these two equations іп matrix form, we obtain 


E M _ | (10.1.34) 
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which may be expanded with the boundary conditions of (10.1.26) in the form 


Ку K2 > > К 0 


1 0 
Ky K E 4$ 6 H 
21 22 * У : $ 2n 
и 
à . : . 00 1 E M 
из . 
0 0 -1 
uA $ 
| A ele (10.1.35) 
Ka Ко Kan 0 0 0 Un B 
Y 1 
1 0 0 0 0 0 00 0 М E, 
0 1o 0 4 0 00 0 % E 
0 0 1-10 0 00 0 ? 3 


The solution to these equations provides the values of Lagrange multipliers №, as well as 
the unknowns иу. Here ,, interpreted as the boundary forces, assisted in imposing the 
boundary conditions. Note that the left-hand side matrix (10.1.35) is still symmetric, but 
matrix rearrangements are required to avoid zeros on the diagonal before a standard 
equation solver is applied. 


Remarks: 'The Lagrange multiplier approach for implementing boundary conditions 
is useful if the finite element formulations are performed by means of methods of least 
squares, moments, or collocation in which the Neumann boundary conditions do not 
arise naturally since integration by parts is not involved in these methods. 


10.1.3 SOLUTION PROCEDURE 


In order to illustrate the solution procedure and implementation of both Dirichlet and 
Neumann boundary conditions, we present the following examples. 


Example 10.1.2 Solution of Poisson Equation by Triangular Elements 
Given: 
Uii = f (i = iN 2) 


with f = 4(x? + y?), exact solution: и = 2x?y?. 
Consider the geometry (Figure E10.1.2) with Dirichlet boundary conditions: 


(1) и = из = ug = uo = uj; = 0 
(2) и11 = 1, 458 
(3) ил = 0, ид = 450, ил = 3, 528, u10 = 5; 832 


Neumann boundary conditions along nodes 1, 4, 7, and 10: 


ð 
(4) (=) =0, (=) = 300, (=) = 1,176, (=) = 1,296, 
0X /4 0X /4 ax}, дх / 49 
(=) =0 (=) = 180 (=) = 1008 (=) = 1,944 
ду /\ ду /4 ду /4 ду / io 


10.1 STEADY-STATE PROBLEMS — STANDARD GALERKIN METHODS 321 


1 h =1,1, = 3.162, 1; = 3.605, 1, =3.162, 1, =3. 


(b) Neumann boundary elements 
Figure E10.1.2 Two-dimensional problem with linear triangular 


elements. 


Required: Using the linear triangular elements, solve the differential equation with 
the boundary conditions: 


(a) - (1), (2), and (3) 
(b) - (1), (2), and (4) 
Solution: 
Кевив = К + Да 
Е 
Ка = |] KEMANA ie 
e=1 
Ko = f ФО 60 dQ = Abybu + смем) 
Q 
" e) ale) A (e) 
U CLARAM fe 


е=1 


к,=- | Ф,јаа = - | Ф,Фраој = -Ce f =- 
Q Q 
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or 
POONG 
е е е 
FK = –Сађћ, Св = ЈСпмАажмАме А = МОРУ], 


The co, may be determined using (9.3.5) or (9.3.27). 
From (9.3.5), we have 


B = || (ам + Бух + сму)(ам + бих + cuy)dxdy 


е 1 1 
со = LUE + ту (bia + 2bieiB + zul 


g 1 

бе = ©] +{ 9 їн + (bicz + bci) + aen]] 
e afl 

c9 = = A AN eas Ра + (bica + b3c1)B + С1С3 | 

(|| 2 

ud = А 9 + 15 5 (03 a + 2Ь›с›В + czy) 
E 1 

со = = Als + = Роа + (boca + b3c2)B + сезү 
E 1 1 

ceo = 4°[5+3 + = 5 (55e + 2b3¢3B + zl 


with 
а = Хр + +, В=му+юу озу, y =y +y 05 
After some algebra, it сап be shown that 
2 1 1 
mil 
This result can be obtained easily from (9.3.11 and 9.3.27) using the natural coordi- 
nate triangular element. 


Kh, Wl, Lila 
CO = |: ФОФ Одо = Hi L lL 1512 L L} dxdy = 
La I4 La La La La 


AO 
12 


2.1 1 
t 2 1 
L T 2 


Thus, the global load vector is calculated from the assembly of Co matrices for each 
element into a global form Cag to be multiplied by the global nonhomogeneous data fg 
determined at each global node. 

The Neumann boundary vector G, can be calculated as follows: 


Ga = | Фан таг = E Фа Фв@Гев = U CO, AQ в = -0 САМ 
r 
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where 


2 
Thus 
а [р 
82 gy + 
where ФО vanishes everywhere except at Neumann boundary nodes. Recall that 


oO (2м) = бум and thus, Ф@ = 


data prescribed, and oo = 
prescribed. 


1 
E J 81) -+| 0 | 
N = = (1) 
610 2 gi) 6 28; 


with oy = 0, because the Neumann data are not prescribed at the local node 1 for the 
boundary element 1. 


0 if the boundary node N does not have the Neumann 
1 if the boundary node N has the Neumann boundary data 


2 2 

co JE 11| 87 hkh 280 + 
У 6 | 6 2 2 
611211,0 | 6 "M 
(3) (3) (3) 
GO sp ца | 5 +8; 
Eli 2]|„®| 6 + 2g 


6 |1 
5 
ce T 0]| e | [ов T 
© Е 
610 011916 o 


| 

|> =: | 
КЕШЕ: 
[elel 


with Ф "d — 0 and 


а) (1) 
(1) ди ди ди 
= | — соѕ0 + — sin0 = | — —1)=0 
£5 (5 cos 0 + 3y sin ), (55). (—1) 


Q) _ (по) (—0.316) + (=) 0 948) — 0 
& = \ ax ду | Е 


eee cosi (20) (0.948) 


— (300)(—0.316) 4- (180)(0.948) — 75.84 
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Similarly, 


Э = 16.74, 20) = 185.97, g =1,328.2, gi? = 2,254.4, 


ди 
80 = (2) (1) = 1,296 


6128 ) 4 (280) + gP) 


А, 00.2220) в) RR 
gal aj i оба +282 )+ 6088 +в) | _ | 172.03 

G; 6 b (g @ 1249) + Ag + gh”) 2,802.05 

B 4,372.02 


ба (g +2?) + €s(2g°) 


with Ga = 0 elsewhere. The sum of Fa + Ga is given by 


113.50 40.00 
134.00 0.00 
27.00 0.00 
629.00 172.03 
609.50 0.00 
216.00 0.00 
Fa + Ga = —| 1673.50 | + | 2802.05 
2008.00 0.00 
648.00 0.00 
613.50 4372.02 
1652.00 0.00 
810.00 0.00 


Note that G, is obtained by an assembly of local data ge ) However for Fy, it is preferable 
to construct the Сав matrix independent of local data pr and use the global data fa 
instead. 

The solution is carried out, and the results are shown in Table E10.1.1. It is seen 
that the solution for the Neumann data is less accurate than for the Dirichlet data. It 
can be shown that accuracy improves with mesh refinements. This is demonstrated in 
Section 10.4.1 for isoparametric elements. 


10.1.4 STOKES FLOW PROBLEMS 


Stokes flows or creeping flows occur in highly viscous, slowly moving fluids and are char- 
acterized by the conservation of mass and momentum. For a steady state, the governing 
equations take the form 


у= 0 (10.1.3ба) 
-u 29+ р-рЕ= 0 (10.1.36b) 


Although these equations are still linear (note that convective terms are absent), their 
solutions may not be easy to obtain because the enforcement of incompressibility 
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Table E10.1.1 Computed Results for Example 10.1.2 


(a) Dirichlet Problem with the Boundary Conditions (1), (2), and (3) 


Node Exact Solution FEM Solution % Error 


- 


0.00 0.00 0.00 
0.00 0.00 0.00 
0.00 0.00 0.00 
450.00 450.00 0.00 
162.00 110.72 —31.66 
0.00 0.00 0.00 
3528.00 3528.00 0.00 
648.00 508.92 —21.46 
0.00 0.00 0.00 
5832.00 5832.00 0.00 
1458.00 1458.00 0.00 
0.00 0.00 0.00 


Фоме тыч ы 


pà pb = 
Ne е 


(b) Neumann Problem with the Boundary Conditions (1), (2), and (4) 


Node Exact Solution FEM Solution % Error 


- 


0.00 0.00 0.00 
0.00 0.00 0.00 
0.00 0.00 0.00 
450.00 392.33 —12.82 
162.00 79.57 —50.88 
0.00 0.00 0.00 
3528.00 3264.54 —7.47 
648.00 458.15 —29.30 
0.00 0.00 0.00 
5832.00 5031.26 —13.73 
1458.00 1458.00 0.00 
0.00 0.00 0.00 


Фо меё Ui ь ш ~> 


= ж = 
Ne е 


conditions (conservation of mass) is difficult. As a result, the computed pressure, р, 
may be spurious and oscillatory, known as checkerboard type oscillations. 

To cope with these difficulties, many methods have been reported in the literature 
[Carey and Oden, 1986; Zienkiewicz and Taylor, 1991]. Among them are the mixed 
methods and penalty methods, which are presented below. 


Mixed Methods 

The momentum equation has the second derivative of velocity (v = Н?) and first 
derivative of pressure (p € H!). In order to enforce the mass conservation (incompress- 
ibility condition) we must use an appropriate function for the pressure consistent with 
the functional space for the velocity. This is known as the “consistency condition" or 
“LBB condition" after Ladyzhenskaya [1969], Babuska [1973], and Brezzi [1974]. This 
condition requires that the trial function for pressure in the momentum equation and 
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AAAA 
шои 


Linear velocity Constant pressure Quadratic velocity Linear pressure 
(a) (b) 


Figure 10.1.3 Mixed methods with triangles and quadrilaterals. (a) Mixed interpolation with 
constant pressure. (b) Mixed interpolation with linear pressure. 


the test function for the continuity equation be chosen one order lower than the test 
function for the momentum equation and trial function for the velocity in the continuity 
equation, respectively. 

Based on these requirements, the SGM equations of (10.1.36a,b) are of the form 


Gama baad ne 
Борк 0 Pp 0 0 

If pressure is interpolated as constant (pressure node at the center of an element) 
and velocity as a linear function (velocity defined at corner nodes), then such ele- 
ment becomes over-constrained (known as “locking element”) (Figure 10.1.3a). To 
avoid this situation, we may use linear pressure and quadratic velocity interpolations 
(Figure 10.1.3b). However, experience has shown that further improvements are needed 


in order to expedite convergence toward acceptable solutions. This subject will be elab- 
orated in Chapter 12. 


Penalty Methods 

Penalty methods are designed such that the continuity equation which actually repre- 
sents a constraint condition can be eliminated from the solution process. This is achieved 
by setting 


p=- v (10.1.38) 


where Х is the penalty parameter, equivalent to the Lagrange multiplier. The idea is to 
set А equal to a large number (А — оо) in the hope that -v ~ 0 as seen from 


-v+ z =0 (10.1.39) 
Substituting (10.1.38) into (10.1.36b), we obtain 
—p ?у—\ ( -v)—pF=0 (10.1.40) 
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Here А is seen to act as dilatational viscosity. It is now clear that pressure is elimi- 
nated from the solution of (10.1.40) in which the mass conservation is enforced through 
(10.1.39). Once the velocity components are calculated from (10.1.40), then pressure is 
calculated by means of (10.3.38). 

Unfortunately, however, the solution of (10.1.40) is difficult because the penalty 
term dominates as А becomes large, which is analogous to the over-constraint in the 
mixed methods. In other words, the consistency condition is violated. To cope with 
this difficulty, the finite element equation integral term involving the penalty function 
(pressure term) is given a special treatment by means of “reduced” Gaussian quadrature 
numerical integration. Specifically, we under-integrate the penalty term one point less 
than the shear viscosity term. For example, one point Gaussian quadrature rule for the 
penalty term is performed against the two-point rule for the shear viscosity term of a 
linear element. Similarly, a two-point rule for the penalty term against a three-point 
rule for the shear viscosity term of a quadratic element is recommended, and so on. 

Once again, the mixed methods and penalty methods represent relatively earlier 
developments. They are being replaced by more efficient and advanced techniques to 
be discussed in Chapter 12 for incompressible viscous flows. 
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10.2.1 PARABOLIC EQUATIONS 


To describe the time-dependent behavior, we may use either the continuous space-time 
(CST) method or the discontinuous space-time (DST) method. In the CST method, 
continuous interpolation functions in both space and time are used so that 


u(x, t) = Pa (X, t)u, (10.2.1) 


Alternatively, the DST method allows separation of variables between the spatial and 
temporal domains, 


u(x, t) = Фа (Х)и (1) (10.2.2) 


This requires interpolations of Ф, (х) in the spatial domain and the nodal values и, (і) 
for the temporal domain. 

The disadvantage of the CST method is the increase in computational dimension 
requiring the finite element in time. For this reason, our discussions in the sequel will 
be limited to the DST method, in which a time marching procedure is followed. 

Consider a parabolic equation or the time-dependent differential equation in the 
form 


R= ди(х, t) _ 
at 


Let the nondimensional temporal variable be given by 


Зи(х, t) — f(x, t) = 0 (10.2.3) 


&€=t/At (10.2.4) 


where t and At denote time and a small time step, respectively. 
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In the past, the so-called semidiscrete method was used, in which the SGM equation 
for (10.2.3) is written as 


(Фа, К) = | e (a = hi = raa =0 
о дї 


where the time derivative of и is approximated by finite differences. Instead, our ap- 
proach in DST is to seek a temporal test function independently and discontinuously 
from the spatial test function. 

The DST method consists of first constructing the inner product of the residual 
(10.2.3) with the spatial test function ®,(x) over the spatial domain and, subsequently, 
constructing another inner product of the resulting residual with the temporal weighting 
function or test function Wé) over the temporal domain. These steps lead to 


(WE), (Фа, Ку) = | | vof [ ЛЕ "T rea ш -0 (102.5) 


which represents the SGM with DST approximations. The double projections of the 
residual onto the subspaces spanned by spatial and temporal test functions are referred 
toasthe generalized Galerkin Method (СОМ) as opposed to SGM. As noted in (8.2.41), 
the temporal weighting function W(&) is independent of and discontinuous from the 
spatial approximations. 

Substituting (10.2.2) into (10.2.5) yields 


at. t 
| ie) Ae TA) © + Keua(t)- Ha Jat =0 (10.2.6) 
0 
where we may define 
Mass Matrix 


Age | Фа Pgd (10.2.7) 
Q 


Stiffness Matrix 
Ei | Paip dQ (10.2.8) 
Q 
hah d, (10.2.9) 
with 


Source Vector k= | Pa јад 
[9] 


* 
Neumann Boundary Vector Ga = || Фаи таг. 
T* 


If linear variations of и, (1) are assumed within a small time step, we may write 
ualt) = bm(E)u" (т=1,2) (10.2.10) 


where the temporal trial functions may be derived from the standard one-dimensional 
configuration, 
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Thus, 
ualt) = (1 — Ju” + £u? (10.2.11) 


in which т = 1 and т = 2 are replaced by the time steps п and n + 1, respectively. 
Differentiating (10.2.11) with respect to time, we obtain 


дие (t) = ди. (ё) дЕ = 1 (ил! и!) 
at дЕ or Аг“ > 


(10.2.12) 


which is identical to the forward finite difference of du(t)/dt. Substituting (10.2.12) into 
(10.2.6) yields 
[Aap + тА Kop] ug ^. = [Аав — (1 п) At Кај] иң + ACH, (10.2.13) 


where H, may be regarded as the forcing function. If Н, is time dependent, then it may 
be expanded in a manner similar to ua given in (10.2.11). 


Н, = (1—&)Н + ЕН 


Temporal Parameter 
We define «as the temporal parameter, 


1 ^ 
| W(&)&dt 
0 (102.14) 


N 1 К 
| W(&)d 


Evaluation of the temporal parameter requires an explicit form for the temporal test 
function W(£) as introduced in Zienkiewicz and Taylor [1991]. Some ofthe examples for 
W(&) and the corresponding temporal parameters are shown in Table 10.2.1. A glance 
at the temporal parameters suggested above reveals that they remain in the range 


О<т<1 
Equation (10.2.13) may be written in the form 


Бани = Ол (10.2.15) 


Table 10.2.1 Temporal Parameters Тог 
Parabolic Equations 


W (8) 
ТЕ 


ES 

1 

(6—0) 
(€ — 1/2) 
S- 1) 
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with 
Dag = Aag + "At Kag 
Ох = [Aag — (1 — т)АгКовји + At Ha 


Notice that, to solve (10.2.15), we must first apply the boundary conditions in a manner 
similar to that used in the steady-state problems. Initial ан can be specified in О". 
Initially, п = 0, and yu for the first step is calculated pom о? . Then us for the second 
time step will be calculated from uc? substituted into о? , thus continuously marching 
in time until the desired time has been reached. An adequate choice of the temporal 
parameter т and the time step At is regarded as crucial to the success of the analysis. 
To this end, we examine the two cases in which т = 0 and т Z 0, corresponding to the 
explicit scheme and the implicit scheme, respectively. Notice that т = 1/2 corresponds 
to the so-called Crank-Nicolson scheme (Section 4.3.2). 


Explicit Scheme 
The explicit scheme refers to the case тү = 0. Rewrite (10.2.13) in the form 
unt! = А [(Аја — AtKyg)ug + ALH,] (10.2.16) 


and assume that errors are generated each time step, giving £” and ="! corresponding 
to и" and и"+!, respectively, such that 


unt) EL = AJ [(Ayg — AtKyg)(ug фер) + ACH,] (10.2.17) 
Subtracting (10.2.16) from (10.2.17) yields 
er = puer (10.2.18) 
where gay is the amplification matrix 
Bay = Say — А1 Kay At (10.2.19) 


For stable solutions, we must assure that errors at the nth step do not grow toward the 
(n 4- 1)th step; that is, 
+1 
lez" | < les] 


This requirement can be met when 


[gay] = l&y — А5 KysAt| < || = 1 (10.2.20) 
Thus, in view of (10.2.19) and (10.2.20), and setting 

ері = Me (102.21) 
we write 

(Say — Абаујеу = 0 (10.2.22) 


The stability of the solution of (10.2.16) can be assured if each and every eigenvalue №, 
of the amplification matrix gay is made smaller than unity, 


I| 1 
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The largest eigenvalue, called the spectral radius, governs the stability. Since there exists 
a bound for Ат outside of which stability can no longer be maintained, the explicit 
scheme is said to be conditionally stable. 


Implicit Scheme 

The implicit scheme arises for т 4 0 in (10.2.13). Solving for u/*!, we obtain 

unt? = (Aay + NAtKay)'{[Ayp — (1 — n)AtKyg]ug + ACH] (10.2.23) 
The amplification matrix becomes 

Бов = Ej, Рув 
with 

Ey, = Aay + NAt Keay 

Dyg = Аув — (1— At Кув 


For all values of Аг, it is seen that we have gag < Sag, and the implicit scheme is 
unconditionally stable. 

То study the stability behavior of (10.2.23) let us examine one-dimensional linear 
finite element approximation of (10.2.23) with three nodes, 


1 Ме? п п п 
GIUM, + AAu + Aut) + nD(-u*1 + 247 — un) 
= - р(-и! , + 2u! — w^) (10.2.24) 


with ли! = и! = и", h = Ax, and D being the nondimensional convergence para- 
meter. 


At 
D = v— 
Ax? 
The combined spatial and temporal response of the amplitude u” may be written as 
из = el kx eot = el Ki Ax gcknt = eki Ax gn (10.2.25) 


where g = е^ is the amplification factor, with k and c being the wave number and 


wave velocity, respectively. Thus, 
Аи"! = eiM (р — Тр" (10.2.26) 
Substituting (10.2.25) апа (10.2.26) into (10.2.24) leads to 


еїМАхөп fe- 1) E +4+ 29) + 4D(—e 79-2 — e) «oce +2-e)| =0 


with 
0 = kAx 
ог 
2Dsin? (5) 
2 
g=1+ 1 


= — $ cos 0 + nD(cos 0 — 1) 
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For Ө — 0, the amplification factor takes the form 
g=1- De? 
It is seen that stability is maintained for g < 1 or 
ре? > 0 
which shows that the stability is proportional to the square of the phase angle. 


10.2.2 HYPERBOLIC EQUATIONS 


Consider the hyperbolic equation in the form 
9?u 
R= gg "7 f(x, у) =0 (10.2.27) 
in which the time dependent term is of the second order. Proceeding in a manner similar 
to the parabolic equation, we write the DST/GGM equations as 


(ИЕ), (Фа, R)) = | W(E)(Aagiig + Кавив — H,)dé = 0 (102.28) 


In order to handle the second order derivative of u with respect to time, we must provide 
at least quadratic trial functions for ta, 


Uy = Bou (m = 1,2,3) 


Here, $,, may be defined in 0 < ë < 1 ог —1 < ё < 1 as follows: 


For0<é <1 For—1<é<1 
У 1 "E! 
&-xi-;)e-D Ф=@-1) 
Ê, = —A4£(£ — 1) Ф =1- 22 

> 1 "E 

$ = (6-5) Фа = 58 +1) 


Using the interval —1 < & < 1,since this interval is more convenient for integration, we 
obtain 


. 9. Atty дё DU (DE\> 1 
a = йо = = = =I eye 10.2.29 
a= ud * JE BE” ae OE (2) agus ee ( ) 


which is identical to the finite difference form for the second derivative of uy. 
Defining the temporal parameters папа ¢ in the form 


1 ^ 
ј "(e +) 
+ (10.2.30) 
Wdé 
== 


I f*z 
3] анов 


1 
| Wdé 
-1 
the recursive finite element equation takes the form 


1 
(Лав + ти Кав)ир = ЕД = (5 — 21+ JM ив 


C= 


2 


1 
" Е + (5 F= Dag Keg us ACH, (10.2.31) 
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Table 10.2.2 Temporal Parameters for 
Hyperbolic Equations 


W (8) 


SE +1) 
aE — 0) 
aE — 1) 


10<é<1 
1+é,-1<é& <0 
1–Е,—1<Е<0 
= 0<Е<1 

5 

1-2 
(1/2)(1+ &) 


Once again, т = 0 апа у = 1 lead to the explicit and implicit schemes, respectively. 
Various values for W, and the corresponding temporal parameters папа С, are presented 
in Table 10.2.2. 

For highly oscillatory motions, quadratic approximations may be inadequate and 
cubic approximations are required for acceptable accuracy. Cubic variations can be 
formulated using the Lagrange polynomials for —1 < & < 1 so that ua and й, take the 
forms 


==—6(ё+3)(#-3)@- t? e (6 – 4 ЈЕ – бит 


– бб + (6 еа e (+ D(c- 3)" 


апа 


p 1 9 n—2 27 2 п—1 27 2 п п+1 
Па = az|- 1 —-2ur*- T (s 3r c + 3r + пе + 2)unt | 


Substituting the above into (10.2.28), we arrive at 
9 1 1 
o8 zz (6y +2) + At – =y — = | Kog | ид 
[А TE ) + (n 9" 5) IE 
2 527 1 1 
a бу — = |+ Att —|-n-z = | Kag | ив 
T * = 2 b io) ЈЕ 


227 1 1 п— 


9 1 1 
a 6y +2) ЕАР— | = 24e Бар | 
А y+2)+ n Ad oy 5) ‚| ug 


— At (Fy + Ga) = 0 (10.2.32) 


+ 
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with 


1. 1. M 
f WEE dE || We'd | Wd 
= E : (= =1 , == = 


|, i y |, 
| Wdé | Wdé | Wdé 
= —1 -1 
Appropriate choices of W(&) will lead to a variety of integration formulas. 


Using the Newton backward difference (Chung, 1975), it can be shown that the cubic 
approximations may also be given as 


[11 Aag + 6At(1 — Ө)Кв]у + [—18 Ав + 6A£0 Каву 
+ Ала (975 — 275 7) – 6At Hg =0 (10.2.33) 


where 0 « 0 « 1. 


10.2.3 MULTIVARIABLE PROBLEMS 


The finite element formulation of multivariable problems which occur in two- or three- 
dimensional problems may be best handled using tensors. Let us consider a differential 
equation of the form 


д 
М – "^. ( .y-f-0 (10.2.34a) 
Or 
OV; 
R= a жу f=0 (10.2.34b) 
where the variables v; may be approximated spatially as 
Vi = Фау: (i = 1,2) for 2-D (10.2.35) 


Note that v,; implies v; at the global node a. The GGM equations for (10.2.34b) become 


WE). (GRY) = [ WE о. vij Үр ва ја =о (10.2.36) 


which yields 
[WOOL Awd ve + (Kone + KO. бик) Vex = Кы = Gai |а =0 
& 
where 


E E 
Аф = |. ФФеа9 = | J || оде аоло AO. =| ЈАВА AQ. 
е=1 


е=1 


Е; Е 
1 1 
кој = | ouam =U | 0, dA ли =U Kit А 
е=1 е=1 


Е Е 

(2) (e) (6) (e) 4 (е) (2)(е) A (e) д (e) 

Коюу 3 [ Pa, Фр, jdQ n Uf Фу Фу IQA у А mp = U KN; uj Ауа А мв 
е=1 


е=1 


10.2 TRANSIENT PROBLEMS — GENERALIZED GALERKIN METHODS 


Кы = [о Фра об fax = Славији = |)С А? А@ ЖИГ 
е=1 


URSI eo do 
Q 
* = (e) 4 (e) 
e 
бы = [ $m vi mor (оАо 
Г е=1 


For the case of Figure Е10.1.2, we have 


E 
* * е 
G9 =U [ 9 ага etia. =U вк а 
е=1 “Г 


e=1 
(e) (e) 
201 01[81 261 + 8a 
| :1[02 01||82 | 7285 * 82 
oL D S pr 9i apr 
0102 (e) (е) 1 9000) 
822 812 + 2822 


уућеге 


gO = (211 + V2.2) + Vi2N2 


B= = угап + (ул + 2V2,2)N2 


With linear temporal approximations, the global finite element equations take the form 


[Авёк + nA (Kio + КО) би) Vat! = [Аев®к — (1 — At Ky + Корвин) vie 


+ At( Fai + Gai) (10.2.37) 


The solution of (10.2.37) will proceed similarly as a single variable problem except that 
the multivariables vg; are to be solved simultaneously. 


10.2.4 AXISYMMETRIC TRANSIENT HEAT CONDUCTION 


Consider the transient heat conduction, without convection, in an axisymmetric geo- 
metry, 


2 2 
oT (+= Г У =0 (10.2.38) 


Pcp at дг? T 0:2 Or 


where p, Ср, T, К, and r are the density, specific heat at constant pressure, temperature, 
coefficient of thermal conductivity, and radius of a cylindrical geometry, respectively. 
The generalized Galerkin finite element formulation of (10.2.38) leads to 


m 927 ƏT 198T 
[ мој] || • л m Ц are 92 то ) LL в: 


(10.2.39) 
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Here, the partial integration of the term containing д2 T/9r? in (10.2.39) becomes 


27 ӘТ * OT дФ, 0T 
©, —-rd6drdz = 2 „ға аға 
/ | ar” iod "( fè or ^4 | or бр 
_ J| ir 
or 


Thus, after canceling out the д 7/д7 terms, we have 


1 
[| WCE) Aap Та + Kop T5 — Ga)dé = 0 (10.2.40) 
0 


where, for isoparametric quadrilateral elements, with r = Фугу, we obtain 


1 pl 
Aag = 2n f | pcpO. bg. r,|J| аат 
-14-1 


Here, dé refers to the isoparametric coordinates rather than the nondimensional time, 


1 1 
дФа дФа Dy IGE 
Кв = 2 k Ф аёа 
8 ALL, ( дг or т 07 =] WI 5 | 


Gq = 20 || Фа КТуттаГ =2т || — é.a(T — Т)ғаг 
D r 


= zi -a Фа Фр rdr Th + || sé rear = Kap To + Ġa 
r г 
where we set 


—kT ini = «(Т = T) 


with « and 7” being defined as the heat transfer coefficient and ambient temperature, 
respectively. Here, K gg is the convection boundary stiffness matrix representing the 
contribution of ambient temperature toward the boundary surface: 


* * * * 
Ks -2« f Ф. Фр Py гуаг 
г 
ж ж ж 
Ga =2n | Та Dy Фу ry dT 
r 


* 
where K ag should be combined with Kag but its contribution is restricted only to the 
convection boundary nodes along the surface of convection boundaries as shown in 
(10.1.23). Thus, 


T Я ж ж 
| W(E)(Aog Тв + (Кав + Kop) Tp — С„)аё = 0 (10.2.41) 
0 


This ordinary differential equation will then be integrated over the temporal domain 
as in Section 10.2.1. 
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10.3 SOLUTIONS OF FINITE ELEMENT EQUATIONS 


Solutions of simultaneous algebraic equations are carried out by using either direct or 
iterative methods. The direct methods yield answers in a finite number of operations 
(Section 4.2.7). They include Gauss elimination, Thomas algorithm, etc., which are 
suitable for linear equations. The iterative methods [Saad, 1996] include Gauss-Seidel 
methods, relaxation methods, conjugate gradient methods (CGM), and generalized 
minimal residual (GMRES) methods, among others. Here, solutions are obtained 
through a number of iterative steps, accuracy being increased with an increase of 
iterations. These methods are suitable for nonlinear as well as linear equations. 

For a large system of equations, it is expected that the assembly of element stiffness 
matrices into a global form would take a prohibitive amount of computer time. This 
can be avoided by the so-called element-by-element (EBE) solution scheme [Hughes, 
Levit, and Winget, 1983; Carey and Jiang, 1986; Wathen, 1989, etc.]. In this approach, 
we replace the matrix assembly process by vector operations. This will be presented in 
Section 10.3.2. 

The coverage of solution methods for algebraic equations in general is beyond the 
scope of this book. However, we select the conjugate gradient method (ССМ) as one 
of the most popular schemes in CFD and present its brief description, followed by the 
EBE approach for finite element equations. 


10.3.1 CONJUGATE GRADIENT METHODS (CGM) 


Let us consider the global system of finite element equations in the form 
Ка Ов = Fa (10.3.1) 


The iterative solution by the conjugate gradient methods (CGM) can be obtained, using 
the following steps: 


(1) Assume initial values US” 
(2) Determine the residual Ee 


EO = Е, – Ka UD (10.3.2) 
(3) Define the auxiliary variables po? 
РО) - E 
(4) Compute rth iteration residual 
E? = Ky pi? (10.3.3) 
(5) Compute the correction factor a“? 
EO p? 
aO = о (10.3.4) 
Eg Fg 


(6) Compute the solution USH” 
Ue) = 00 ад РО (10.3.5) 
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(7) Compute the residual mn 
Efr*D = EO — aO EO (10.3.6) 
(8) Compute the correction factor bU 
(r+1) p(r--1) 
Es ES 
gen. В (10.3.7) 
Ер Eg 


(9) Define the auxiliary variables РУ? 


PEHD = EET) + pet) pe) (10.3.8) 
(10) Return to Step 4 and repeat the process until convergence. 


If the matrix Kag is nonsymmetric, then it is possible to symmetrize Ков by multi- 
plying the transpose of the stiffness matrix in (10.3.1) as follows: 


[Kl [K][U] = [К] [F] 
Or 
Kya KygUg = Kyo Fy 
This can be written in the form 
Aag Ug = Fy (10.3.9) 


with 


Aog = KyaKyp, Fa = Kya Fy 


The same procedure as given in Steps 1 through 10 above can be applied to (10.3.9). 
However, this will require extremely large operations and we may avoid them by con- 
structing the product of the transpose of the stiffness matrix and the auxiliary variables 
as follows: 


(1) Start with the initial guess U\” 
(2) К? = Kya(Fy — Кб) 
(9) РО = КО 
(4) Е. = Ку. Kyg В) 
(т) plr) 
$a - ER 
О Р) 
B B 
(6) ue) = uo u а® po 
(7) Eu = Еб) = aE” 
(r+1) p(r-1) 
(8) prt) ® Fa 
Ep po 
в В 
(9) Рот) Z Een 4: bO р) 
(10) Return to step (4) and repeat the process until convergence. 


10.3 SOLUTIONS OF FINITE ELEMENT EQUATIONS 


Example 10.3.1 


Given: Consider a system of algebraic equations of the form, 


1 -1 0 Ui 0 
-1 2 -2 № |=| —1 
0 -2 1 U3 —1 
Required: Solve using the CGM algorithm and compare with the exact solution: 


Л =1, = 1, U3=1. 


Solution: 


0 
(1) Assume UO) = H 
0 1 = 0 
Q)ES-|-i[-|-1 2 => 
-1 Q => d 
0 
(3) Рі? = | -1 
= 


Е 3 0 1 
Grea) 2 a» |p lela 
o -2 1 ]|[-1 1 
0+1+1 
5) a = = –2 
Ores = red 
0 


| 

(6) ug = H "E El 
ШЕ 
0x11 | 

| 


2 0 
(9) PY) = | -1 | + (3) | -1 
1 = 


|| 
г ычг a ГЕ р — 
= Ко 


| 1 -1 0 2 
dx == 2 | bes 
б =2 d bes 


(ity a = 3154-2 . 6 
12-84 —12 24 


0 2 0.5 
(12) 09 = | 2 | + (0.25) | -4| = | 1 
2 -2 1.5 


339 


340 


LINEAR PROBLEMS 


Repeating another cycle of iteration, we obtain 


1.0002 
0 =| 1 
0.9998 


The next step (7) shows the residual Eo to be zero and the exact answers, U; = Љ = 
(А = 1, are obtained. 

If the stiffness matrix Kag is nonsymmetric or nonlinear, then the procedure for 
(10.3.9) can be used. It is expected that convergence toward the exact solution will 
be much slower. The GMRES methods suitable for CFD equations will be covered in 
Section 11.5.2. 


10.3.2 ELEMENT-BY-ELEMENT (ЕВЕ) SOLUTIONS OF FEM EQUATIONS 


A large system of equations is encountered when the number of finite element nodes 
increases in order to improve accuracy. The assembly of element stiffness matrices into a 
global form and solutions may occupy a large portion of computing time. To avoid this 
inconvenience, we shall examine the so-called element-by-element (EBE) approach 
[Hughes et al., 1983; Carey and Jiang, 1986; Wathen, 1989, etc.], in which the assembly 
of entire stiffness matrices is eliminated. The EBE methods using the Jacobi-iteration 
and conjugate gradient methods are described below. 
Let us consider the global finite element equations of the form, 


K.gUg = Е, (10.3.10) 


The global stiffness matrix K,g can be split into the diagonal components D,g and the 
off-diagonal matrix Nog as follows: 


Kap = Dag + Nog (10.3.11) 
leading to 

(Dap + Nag)Ug = Fa (10.3.12) 
or 

Рази“) = FO — Ng UP (10.3.13) 


where the diagonal matrix and off-diagonal matrix are allowed to be associated with 


the iteration steps of Ug at (r + 1) and (r), respectively. Subtracting Dag UP from the 
left- and right-hand sides of (10.3.13), we obtain 


Dag (Ug *? — UY?) = КО — (Nag + Ра у (10.3.14) 
or 


r ГА —1 (r) (r) 
UCHD = UVP) — DaF – Fs ) (10.3.15) 


10.3 SOLUTIONS OF FINITE ELEMENT EQUATIONS 
with the diagonal matrix playing the role of the preconditioning matrix and 
—(r) я Р E 
Fy = (Мв + Dag)US? = Kag  =| ЈЕЛО 
е=1 


FO = Ke о (103.16) 


It is clearly seen that the assembly of the stiffness matrix has been replaced by the 
element-by-element basis as a column vector, identical to the assembly of the source 
vector ЕХ) such as in (10.1.15b). Thus, the solution of (10.3.10) is obtained as 


U2 _ | U2 _ | (Fo — F3)/ Da 


(10.3.17) 


In order to increase convergence and accuracy, it is necessary to implement a standard 
relaxation process in the form 


U= UCHD + (1 = JUO 


with 0<ё<1 or preferably ё = 0.8. The procedure described above resembles the 
Jacobi iteration method and, thus, this scheme is called the EBE Jacobi method [Hughes 
et al., 1983]. 

The EBE scheme may be incorporated into any high-accuracy iterative equation 
solver. For example, let us consider the conjugate gradient method. Here, we may 
adopt the following step-by-step procedure. 


(1) Assume initial values p 
(2) Compute the residual E? 
EO = Е, – Ка = Fa — Fa (10.3.18) 
with 
~ (e) 4 (e) 
E o) ple e 
Fa = U FN AN, 
е=1 
Fle) (е) (А 
FS = КМШ 
(3) Set the residual as the auxiliary variables po 
PO = po (10.3.19) 


(4) Determine the rth iteration residual ED as 
E 
EO = Кы Р?) = U HO AQ (10.3.20) 
е=1 


with 
нў = күрү 
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(5) Determine the correction factor а) 


(7) plr) 
Ea Ву 
a) _ EC (10321) 
Е? po? 
B 
(6) Solve Ut *? 
UCHD = UO + а ОРО (10.3.22) 
(7) Determine the residual ЕТ! 
ECD = КО — а E? (10.3.23) 
(8) Compute the correction factor bU 
(r-+1) p(r+1) 
Ey Eà 
poen Ба а — (103.24) 
(ғ) рт) 
Es Es 


(9) Determine the auxiliary variables P1 ^? 
pire) = Ere ae perth) РО (10.3.25) 


(10) Return to (4) and repeat until convergence. 


For time-dependent and nonlinear problems, procedures similar to those above can 
be used. In order to expedite the convergence, however, appropriate preconditioning 
processes are important. These and other topics on the equation solvers such as GMRES 
and the EBE algorithms will be presented in Section 11.5. 


10.4 EXAMPLE PROBLEMS 


10.4.1 SOLUTION OF POISSON EQUATION WITH ISOPARAMETRIC ELEMENTS 


In this example, we repeat Example 10.1.2 using 6 and 24 bilinear (4 node) isoparametric 
elements by removing the diagonals (Figure 10.4.1.1). Use the three-point Gaussian 


ечи 


(а) (b) 


Figure 10411 Meshes for Example 10.4.1.1. (a) Six bilinear isoparametric element system. (b) Twenty-four 
bilinear isoparametric element system. 
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quadrature integration. The solution procedure is as follows: 


E 
(e) е) 
Кав = U KAA 


е=1 


п п 
к= | обоа = Y онук) 
p=1 q=1 


E E n n 
Ра = Cop fp = U С мА Ane з = U Р У. WpWqenm(Ep, vi NA fp 


e=1 е=1 Lp=1 q=1 


It is obvious that no local evaluation of the load vector is necessary and it is convenient 
to leave fg = [4(x? + y’)]g in the global form, unlike the Neumann boundary vector 
which was evaluated in the local level and assembled into a global form. 

The Neumann boundary vector remains the same as in the case of triangular ele- 
ments, and is independent of the Gaussian quadrature integration. If desired, however, 
the Neumann boundary vector may be rederived from the one-dimensional isopara- 
metric (natural) coordinate. The results would be the same. 

The Neumann boundary vector G, for the six-element problem is the same as in 
Example 10.1.2, although the load vector F, is different due to the different integration 
scheme. The summary of results is given in Table E10.4.1.1. 

The following conclusions are drawn from Examples 10.1.2 and 10.1.3. 


(1) The six isoparametric elements provide higher accuracy than twelve triangular 
elements. At interior nodes (5 and 8), triangular elements give answers smaller 
than the exact solutions, whereas the isoparametric elements lead to larger 
values, indicating that triangular elements are stiffer than the isoparametric 
elements as seen in Examples 10.1.2 and 10.1.3. 

(2) In the coarse grid system, the Neumann problem is not as accurate as in the 
Dirichlet problem. 


10.4.2 PARABOLIC PARTIAL DIFFERENTIAL EQUATION IN TWO DIMENSIONS 


Consider the two-dimensional linear partial differential equation of the form 


ди (25 ==) f,-0 
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Table E10.4.1.1 Computed Results for Example 10.4.1.1 


(a) Dirichlet Data (6 elements) (b) Neumann Data (6 elements) 


Node Exact Solution FEM Solution % Error Node Exact Solution FEM Solution % Error 


0.00 0.00 0.00 0.00 —28.99 0.00 
0.00 0.00 0.00 0.00 0.00 0.00 
0.00 0.00 0.00 0.00 0.00 0.00 
450.00 450.00 0.00 450.00 339.18 24.63 
162.00 197.05 21.64 162.00 130.63 19.36 
0.00 0.00 0.00 0.00 0.00 0.00 
3528.00 3528.00 0.00 3528.00 3221.45 8.69 
648.00 667.45 3.00 648.00 601.47 7.18 
0.00 0.00 0.00 0.00 0.00 0.00 
5832.00 5832.00 0.00 5832.00 5697.71 2.30 
1458.00 1458.00 0.00 1458.00 1458.00 0.00 
0.00 0.00 0.00 0.00 0.00 0.00 
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(c) Dirichlet Data (24 elements) (d) Neumann Data (24 elements) 


Node Exact Solution FEM Solution % Error Node Exact Solution FEM Solution % Error 


0.00 0.00 0.00 
0.00 0.00 0.00 
0.00 0.00 0.00 
0.00 0.00 0.00 
0.00 0.00 0.00 
91.13 9113 0.00 
63.28 65.68 3.79 
40.50 44.09 8.86 
10.13 12.10 19.47 
0.00 0.00 0.00 
450.00 450.00 0.00 
288.00 287.79 07 
162.00 170.18 5.05 
40.50 44.51 9.90 
0.00 0.00 0.00 
1458.00 1458.00 0.00 
820.13 830.87 1.31 
364.50 379.19 4.03 
91.13 94.76 3.99 
0.00 0.00 0.00 
3528.00 3528.00 0.00 
1800.00 1812.86 71 
648.00 648.80 12 
162.00 163.41 87 
0.00 0.00 0.00 
4753.13 4753.13 0.00 
2538.28 2530.26 32 
1012.50 1005.26 71 
253.13 252.50 25 
0.00 0.00 
5832.00 5832.00 
3280.50 3280.50 
1458.00 1458.00 
364.50 364.50 
0.00 0.00 


T 
= 


0.00 —3.69 
0.00 0.00 0.00 
0.00 0.00 0.00 
0.00 0.00 0.00 
0.00 0.00 0.00 
91.12 70.60 22.52 
63.28 49.13 22.36 
40.50 31.82 21.43 
10.12 6.51 35.67 
0.00 0.00 0.00 
450.00 409.87 8.92 
288.00 257.40 10.63 
162.00 148.10 8.58 
40.50 34.16 15.65 
0.00 0.00 0.00 
1458.00 1392.81 4.47 
820.12 781.97 4.65 
364.50 349.83 4.02 
91.12 81.24 10.84 
0.00 0.00 0.00 
3528.00 3381.90 4.14 
1800.00 1746.66 2.96 
648.00 615.65 4.99 
162.00 150.18 7.30 
0.00 0.00 0.00 
4753.12 4659.78 1.96 
2538.28 2449.15 3.51 
1012.50 983.92 2.82 
253.12 244.03 3.59 
0.00 0.00 0.00 
5832.00 5586.42 4.21 
3280.50 3280.50 0.00 
1458.00 1458.00 0.00 
364.50 364.50 0.00 
0.00 0.00 0.00 
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10.4 EXAMPLE PROBLEMS 


5 
4 
3 
2 
1 


Figure 10.4.2.1 Geometry and discretization for Section 10.4.2 with N repre- 
senting the Neumann boundary conditions. Dirichlet and Neumann boundary 
conditions are prescribed from the exact solution. 


Exact Solution: 


Required: Solve the above partial differential equations using GGM for the coarse, 
intermediate, and fine meshes with the Dirichlet and Neumann boundary data as shown 
in Figure 10.4.2.1. Set v = 1, At = 1075, = 1/2 Set и = v = 0 initially at all interior 
nodes and observe convergence behavior. 


Solution: The steady state is reached at t = 0.25 and 0.4 for и and v, respectively, at 
x = 4.5 and у = 0.75 to the almost exact steady-state values as shown in Figure 10.4.2.2. 
In Section 11.6.4, the results with nonlinear convection terms will be presented, demon- 
strating the solution convergence as a function of grid refinements. 


/ Usteady=!5.18 (exact) 
пр 15.19 (computed) 


8.0 12.0 


4.0 


Veteady=2-93 (exact) 
Vi-10972.54 (computed) 


0.0 


0.0 0.2 0.4 0.6 0.8 1.0 


TIME 


Figure 10.4.2.2 Convergence history of u and v(v — 1.0, At — 0.01, 
x — 4.5 and у= 0.75). 
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10.5 SUMMARY 


In this chapter, we have shown the basic computational procedures involved in finite 
element calculations for linear partial differential equations, using the standard Galerkin 
methods (SGM). Assembly of multidimensional finite element equations into a global 
form and various approaches to implementations of both Dirichlet and Neumann 
boundary conditions are demonstrated. Furthermore, we have described the mixed 
methods and penalty methods in order to satisfy the incompressibility condition in- 
volved in the Stokes flow. 

In dealing with time-dependent problems, formulations with the generalized 
Galerkin methods (GGM) for parabolic and hyperbolic partial differential equations 
are presented. In particular, it was shown that temporal approximations can be provided 
independently and discontinuously from spatial approximations. 

Solution procedures of finite element equations in general and solution approaches 
using element-by-element assembly techniques in particular are also elaborated. It is 
shown that, by means of the element-by-element (EBE) vector operations, the formu- 
lation of entire stiffness matrix array can be avoided. 

Note that convective or nonlinear terms are not included in this chapter, which 
constitute one of the most important aspects of fluid dynamics, both physically and 
numerically. This is the subject of the next chapter. 
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CHAPTER ELEVEN 


Nonlinear Problems/Convection-Dominated Flows 


For fluid dynamics associated with nonlinearity and discontinuity, there have been sig- 
nificant developments in the last two decades both in finite difference methods (FDM) 
and finite element methods (FEM). Concurrent with upwind schemes in space and 
Taylor series expansion of variables in time for FDM formulations with various or- 
ders of accuracy, numerous achievements have been made in FEM applications since 
the publication of an earlier text [Chung, 1978]. These new developments include gen- 
eralized Galerkin methods (GGM), Taylor-Galerkin methods (TGM) [Donea, 1984], 
and the streamline upwind Petrov-Galerkin (SUPG) methods [Heinrich et al., 1977; 
Hughes and Brooks, 1982], alternatively referred to as the streamline diffusion method 
(SDM) [Johnson, 1987], and Galerkin/least squares (GLS) methods [Hughes and his 
co-workers, 1988-1998]. In the sections that follow, it will be shown that computational 
strategies such as SUPG or SDM and other similar methods can be grouped under the 
heading of generalized Petrov-Galerkin (GPG) methods. Recent developments include 
unstructured adaptive methods [Oden et al., 1986; Lóhner, Morgan, and Zienkiewicz, 
1985], characteristic Galerkin methods (CGM) [Zienkiewicz and his co-workers, 1994— 
1998], discontinuous Galerkin methods (ОСМ) [Oden and his co-workers, 1996—1998], 
and flowfield-dependent variation (ЕРУ) methods [Chung and his coworkers, 1995- 
1999], among others. On the other hand, the concepts of FDM and FEM have been 
utilized in developing finite volume methods in conjunction with unstructured grids 
[Jameson, Baker, and Weatherill, 1986]. It appears that FDM and FEM continue to 
co-exist and develop into a mature technology, mutually benefitting from each other. 
We begin in this chapter with the general discussion of boundary conditions for the 
nonlinear momentum equations, followed by Taylor-Galerkin methods (ТОМ) and gen- 
eralized Petrov-Galerkin (GPG) methods as applied to Burgers' equations. Some spe- 
cial topics such as Newton-Raphson methods and artificial viscosity are also discussed 
in this chapter. Applications to the Navier-Stokes system of equations characterizing in- 
compressible and compressible flows are presented in Chapters 12 and 13, respectively. 


11.1 BOUNDARY AND INITIAL CONDITIONS 


Detailed treatments of boundary conditions with reference to FDM were presented in 
Section 6.7. In FEM formulations, Neumann boundary conditions arise from the partial 
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integration of the inner product governing equations. This is an important aspect unique 
and advantageous in FEM, not available in FDM. 

In general, precise definitions and implementations of boundary and initial con- 
ditions play decisive roles in obtaining acceptable and accurate solutions in fluid me- 
chanics and heat transfer. As seen in Chapters 1 and 2, Neumann boundary condi- 
tions are derived from the inner product of the partial differential equation with test 
functions and by means of partial integrations of this inner product down to the mth 
order from the 2mth order derivatives of the governing partial differential equations. 
Neumann boundary conditions arise “naturally” in this process with derivatives of 
order 2m — 1,2m —2, ...m (weak derivatives). Derivatives of order below m (m — 1, 
m —2, ...0) are referred to as Dirichlet boundary conditions. These definitions as given 
in Chapters 1 and 2 for linear problems are applied to the nonlinear convective flows 
in this section. 

Specification of boundary conditions depends on the types of partial differential 
equations (elliptic, parabolic, or hyperbolic) and types of flows (incompressible, com- 
pressible, vortical, irrotational, laminar, turbulent, chemically reacting, thermal radi- 
ation, surface tension, etc.). We shall limit our discussions of boundary and initial 
conditions to simpler and general topics of incompressible and compressible flows in 
this section. More complicated and specific subjects will be treated in their respective 
chapters and sections, Part Five, Applications. 


11.1.1 INCOMPRESSIBLE FLOWS 


For simplicity, let us first examine the steady-state incompressible flow governed by 
the conservation of mass and momentum. In order to obtain the correct forms for the 
boundary conditions, the governing equations must be written in conservation form. 
This is because the conservation form allows the partial integration to be carried out 
correctly. Thus, we write 


Continuity 
Vii = 0 (11.1.1а) 
Мотетит 


1 


where oj; is the total stress tensor, 
оу = —рёу + ту = рду + (Уу + Vj) 


To determine the existence of Neumann (natural) boundary conditions, we construct 
an inner product of the residual of the governing partial differential equation with an 
appropriate variable which leads to a weak form. Since the primary variable is the 
velocity for the momentum equation, we write the energy due to the momentum as 


д 
J= Cr R= f v| E ovv + py = у) - er lao (11.1.2a) 


11.1 BOUNDARY AND INITIAL CONDITIONS 
Integrating (11.1.2a) by parts, we obtain 


J = [муу + рау mar — [Пруџму via 
= (УУ, + VjiVji) + реј У јао (11.1.2b) 


Mathematically, the boundary integral in (11.1.2b) denotes the Neumann boundary 
conditions. Physically, it represents the energy required on the boundaries to be in 
balance with that available in the domain. Here, the boundary forces per unit normal 
surface area are identified as 


руу + Pd ут — тут = £t — 50 оп Гу (11.1.3) 


1 Si : 
where 59) and S® indicate the normal surface convective stress and normal surface 
viscous stress (traction), respectively. 


pu(un; + vn) + pn, 
SP = рујујт + рбут = | (i, j =1,2) (11.1.4) 
ру(ит + vn) + pm 


298 + a a 
е дх ду ax ы 


$ = тут = (vi +Уы)т = (, j =1,2) 
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with v; =u, У; = v. A glance at (11.1.4) indicates that = = рп} for a solid wall 
(vin; = 0), as defined in Figure 11.1.1 where the pressure is to be specified as a 
Neumann boundary condition. The normal surface traction sp is contributed by viscous 
stress normal to the surface. For example, consider the vertical surface where Ө = 0° on 
the right side (outlet) and 0 — 180? on the left side (inlet). Let us examine the outlet 
face where n; = cos(0°) = 1 and m = sin(0°) = 0. For horizontal (x-axis) and vertical 


(11.1.5) 


Figure 11.1.1 Definitions of direct cosines in two- 
dimensional flows. 


349 


350 


NONLINEAR PROBLEMS/CONVECTION-DOMINATED FLOWS 


(y-axis) directions, we have, respectively, 


SO = an; = „ү 61=12) (11.1.6) 


(i,j 23.2) (11.1.7) 


Similarly, for the top and bottom horizontal surfaces, respectively, with Ө = 90° and 


Ө = 270° 
ди " ду 
i Oy | Ox 


50 = | (,] =1,2) (11.1.8) 
(55) 
dy 


and 


(2) . PN 
sP = (i, 7 =1,2) (11.1.9) 


This completes the discussion of Neumann boundary conditions for the momentum 
equation. The continuity equation (11.1.1a) is a constraint condition for incompress- 
ibility or conservation of mass and is incapable of producing the Neumann boundary 
conditions. The Dirichlet (essential) boundary conditions arise from further integration 
by parts of the domain integral terms of (11.1.2b). Intuitively, we identify them as 


У; = Vi on Гр (11.1.10) 


Dirichlet boundary conditions may be implemented wherever available in addi- 
tion to commonly assumed no-slip conditions along the solid walls. In principle, either 
Dirichlet or Neumann boundary conditions, not both, must be specified everywhere 
along the boundary surfaces for elliptic equations. 

It is important to realize that the surface pressure is identified as a part of the 
Neumann boundary conditions in (11.1.4). For inclined surfaces, nı = 0, n2 == 0, both 
components 5S; and $› contain the nonzero surface pressure and velocity gradients in 
both directions. Since no further integration by parts can be performed on the second 
term of the domain integral in (11.1.2b), the Dirichlet boundary condition does not 
arise. The reason for this is that we have m= 1 for pj, Oth order (2m — 1 = 0) for 
the Neumann boundary condition and —(5)th order (т—1= –1) for the Dirichlet 
boundary condition, implying that the pressure may be specified either as Neumann 
boundary conditions or as Dirichlet boundary conditions. 


11.1 BOUNDARY AND INITIAL CONDITIONS 


In view of these basic rules, any deviation arbitrarily chosen by practitioners may 
lead to incorrect solutions. Moreover, it is cautioned that any boundary nodes with- 
out specification of either Dirichlet or Neumann data are automatically construed as 
having enforced s = 89 = 0, because the finite element analog of the Neumann 
boundary vector in (11.1.2b) vanishes if either Dirichlet or Neumann data are not 
provided. 

The numerical analysis involved in incompressible flows often requires the solution 
of Poisson equation for pressure in order to maintain the mass conservation and obtain 
accurate solutions of momentum equations. The pressure Poisson equation is obtained 
by constructing the divergence of the momentum equation. For incompressible flows, 
this operation leads to 


Pii (pvijvj); = 0 (11.1.11) 
The inner product of (11.1.11) with p becomes 


J= К + (pvi.jvj);]d = 0 


ог 
J= + pvijvjni) dT — || (pipi * ppivi ЈУ]) d (11.1.12) 
It follows that Neumann boundary conditions are 
50) = pini = oP cos 0 + oP sin Ө (11.1.13a) 
Ox ду 


д д д д 
SO = p(vinj) Nie o( cos 0 + sint ut (2: cos 0 + учив) 
i дх дх ду ду 


(11.1.13b) 


Here 50) represents the normal surface pressure gradients. These data should be pro- 
vided along the boundaries wherever the Dirichlet boundary conditions are not avail- 
able. Notice that 59) vanishes if vin; = 0 along the boundary nodes. In this case, of 
course, the pressure must be specified as Dirichlet boundary conditions alone, contrary 
to the case in the momentum equation, where pressure is treated as Neumann boundary 
conditions. 

For transient problems, the momentum equation is written as 


ду; д 
р => 4 T (ругу; — оу) — pF; = 0 (11.1.14) 


In this case, the initial conditions consist of the initial data at t = 0 along the boundaries 
and the domain. For the velocity-pressure solutions of (11.1.1), the required initial 
conditions are 


vi(x;,0) =v? то=оог (11.1.15a) 
vinj(x;,0) = vn; опг (11.1.15b) 


In addition to these initial data, the Neumann boundary conditions of (11.1.4) and 


(11.1.5) at t = 0 should also be satisfied. Incompressibility conditions, v?;(x;, 0) = 0 in 
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Y 
| Y= (x, y, t) 


Figure 11.1.2 Free surface flow boundary conditions with variable temperatures 
as well as velocity and pressure between liquid and gas. 


Q are difficult to enforce at t = 0. We require that the mass conservation be satisfied 
for t > 0 through an adequate numerical control such as the pressure Poisson equation 
to be discussed in Chapter 12. 

The momentum equation (11.1.14), which is characterized as an elliptic-parabolic 
equation, tends toward parabolic if time dependency dominates and toward elliptic 
if spatial dependency dominates. Boundary conditions must be specified everywhere 
along the boundaries for elliptic equations, but not specified at the outlet surface for 
parabolic equations, as dicussed in Section 2.4. 

Boundary conditions involved in two-phase flows or free surfaces of variable den- 
sities require additional information. As shown in Figure 11.1.2, the free surface is the 
boundary between liquid and gas, 


У = (x, у, t) 
oe mu -1 R=! 
P(tiquid) = P(gas) — о (К; + Ry!) 


m _ Du ду дт дт 
Vii) = View) = py = а "ах + ду 


Gij(liquid) = Ci j(gas) 
aT 


dy(liquid) = у(ваз), dy = =; 


where ø is the surface tension, Ry апа Ry are the curvatures, 


0 

3. 9 Jan any” | (an)? | 7 
3——4–-14 == мы. 
R; дх af + (22) + (5 


11.1 BOUNDARY AND INITIAL CONDITIONS 


For simplified free-surface conditions between liquid and air, we may assume that 


an ə 
P(liquid) = P(gas) — © (s рй =) 


an 
ot 
ду oT 


~ ~ 


Viliquid) = 


ду (liquid) ni ду (паша) i 
P(liquid) = P(atm) 
In addition, we specify the velocity, pressure, and temperature at the inlet and outlet 


as well as the no-slip condition (v = 0) at the wall. More detailed treatments of boundary 
conditions associated with surface tension will be given in Chapter 25, Multiphase Flows. 


11.1.2 COMPRESSIBLE FLOWS 


Compressible flows are characterized by additional terms for dilatation in the stress 
tensor and temporal and spatial variations of density. 


à ð 
34) + gu vivi рду — ту) — pF; = 0 (11.1.16a) 
ð 
=> + (руд =0 (11.1.16b) 
with 


2 
"ij = (Уру + Vji) — ania; 


For compressible flows, the normal surface convective stress, к, remains the same 
as in (11.1.4), but the normal surface traction, Se is modified as 


ди + ди + ди 4 ду 2{ди + ду 
п п п п п 
к ax | ду Tax | Ox > З\дх ду : 


50) = (j =1,2) 
А ду 4:23 498 Le x) 
n n n n n 
Р] эх у ду ду“ 3З\дх ay) ^ 
(11.1.17) 
Thus, equations (11.1.6)-(11.1.9) are written as follows: 
For Ө = 0° 
(5 ди 2 ~) 
rT (pa о а 
3ax 39 
о) _ UU те) (11118) 
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For 0 = 180° 
(5 ди 52) 
u 
30x 30 
50 = жож; (11.1.19) 
] (> " 5.) 
i Ox ду 
For 0 = 90° 
E " x) 
Oy | Ox 
Q) | 
= =1,2 11.1.20 
| 40v 2ди Q ) ( ) 
Зду 30x 
For 0 = 270° 
ди ду 
(s ш > 
(2) ; 
SU = =1,2 11.1.21 
: 4ду 20u G 
ENS dy 30x 


For compressible flows, combined solutions of the pressure Poisson equation are not 
required as the enforcement of the incompressibility condition is not necessary. Thus, 
the pressure will not be used as Dirichlet boundary conditions. It is still a part of the 
Neumann boundary conditions as specified in (11.1.4). 

Dirichlet boundary conditions and initial conditions for compressible flows are the 
same as the incompressible flows. Enforcement of incompressibility conditions as initial 
conditions, however, is no longer necessary. 

The elliptic-parabolic nature of (11.1.14) tends toward a hyperbolic type in high- 
speed flows if the viscosity effect is negligible, resulting in the Euler equation. In this 
case, the outflow boundary conditions are not to be specified but, rather, should be 
determined by the calculated upstream flows since the downstream effect toward up- 
stream is not allowed. Details were discussed in Section 6.7 and will be covered also in 
Section 13.6.6 for compressible flows. 


m CONCLUDING REMARKS 


In identifying the Neumann boundary conditions, the conservation form of the mo- 
mentum equations is used, in general, where convective terms as well as diffusion terms 
are integrated by parts. If the convective terms are not written in conservation form, 
however, no integration by parts is performed for the convective terms. In this case, 
the Neumann boundary conditions do not arise from the convective terms. This is 
the case for incompressible flows. In contrast, the conservation form is more conve- 
nient for compressible flows, and integration by parts for the convective term is carried 
out, resulting in the Neumann boundary conditions for compressible flows. This rule 
does not apply if a special test function (i.e., numerical diffusion test function) is used 
to induce artificial dissipation for the convective term as discussed in Section 11.3. 


11.2 GENERALIZED GALERKIN METHODS AND TAYLOR-GALERKIN METHODS 


Specification of boundary conditions required for the Navier-Stokes system of equa- 
tions is considerably more complicated, and will be discussed in Chapter 13. 


11.2 GENERALIZED GALERKIN METHODS AND TAYLOR-GALERKIN METHODS 
11.2.1 LINEARIZED BURGERS’ EQUATIONS 


To demonstrate the basic concept of generalized Galerkin methods (GGM), we consider 
the linearized Burgers’ equations in the form, 


avi _ | 
R= * +ӯму = fi-0 6=1,2,3) (112.1) 


where v; is temporarily held constant in the time-marching steps and/or iteration cy- 
cles but updated in the following steps and/or iteration cycles. The standard finite ele- 
ment formulation of (11.2.1) with DST approximations was introduced as the GGM in 
Section 10.2. This requires the successive inner products of the form 


(WEE), B) = (WE). Ds). RD = [ WE) || еокаа ја =0 (11.22) 
Q 
in which W,(x) and W(&) denote the spatial and temporal test functions, respectively. 
Furthermore, the trial functions for nodal values of variables are related as follows: 
Vi = PalXi)Vai (11.2.3) 
Vai = Фа (E)v™ (11.2.4) 


where ®,(x) and Ф,„(&) denote spatial and temporal trial functions, respectively, 
€ = АГ, а = global spatial nodes, and т = local temporal station (п + 1, n, n — 1, etc.). 

Setting the spatial test function W, equal to the spatial trial function ®, and inte- 
grating (11.2.2) by parts in the spatial domain, we obtain 


|| W(E)LAsgVgi + (Ва + Kag)Vgi — Fai — Сы]йё = 0 (112.5) 
E 
with 


Aag = Ф.Фва9, Bog 3 PD. Pg, ју; dQ 
Q Q 


Ка = | уФ, Фр 49 ба = | va bedr sp Би - | ФоФва fp 
о Г Q 


Notice here that all matrices are the same as in Chapter 10 except for Вв, which is 
called the convection matrix. Choosing a linear variation of a variable in the temporal 
domain 


Vai = (1 — viv 
we obtain from (11.2.5) 


[Aag + nAr( Bop + Kop) ]vgi = [Aag — At(1 — m) (Вв + Kag)]vg; + At(Fai + Gai) 
(11.2.6) 
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where the temporal parameter nis defined as 


1 ^ 
| WEE dé 
n= =r 
[| ИЕ) dé 


For W(&) = 6(€ — 1/2) or W(&) = 1 with 0 < & < 1, the temporal parameter becomes 
n = 1/2. Thus, 


At At 
Е + > (Bo + ку = [Ае — = (Ва + Ka) [vi + At(Fai + Сы) 


(11.2.7) 
We may rearrange (11.2.7) in the form 
Аг vo и ve, 

Е + 5 (Bog + Kg)| | E At E ) = (Bag + Keg) Vg; + Ба + Gai (11.2.8) 


This is identical to the special case of the Taylor-Galerkin Methods (TGM) reported 
by Donea [1984]. If v; in (11.2.1) is no longer held constant, then the temporal trial 
functions $,(£) or temporal test functions w(ë), or both, may be chosen as higher 
order polynomials, which would introduce additional temporal stations as shown in 
Section 10.2. Note that the scheme as given by (11.2.8) is implicit and resembles the 
Crank-Nicholson scheme. In contrast to (11.2.7) in which n= 1/2 is fixed, we may 
choose 0 < т < 1. Such choice is general and the expression given by (11.2.6) is known 
as the generalized Galerkin method (GGM) for the linearized convection-diffusion 
equation. 

To prove that (11.2.8) is the same as the TGM of Donea [1984], we proceed as 
follows: Expanding у"! in Taylor series about v”, we write 


i 
ðv? AP av! AP ove 


УГ! = у” + At - J 2 52 ES : 25 + O(At*) (11.2.9) 


Taking a time derivative of (11.2.1) for the time step n and substituting the result into 
the above leads to 


урн ул T 92 "n RAM 92 \ ду” 
= ; v Е ; v 
At ‘ax;  xjxjj' 2 ‘ax; _ Oxjüx;) ðt 


= (vs — — — E у, 
BP (уу, vy, ij | 
6 V!  axjàx, lóx;üx,0xy, Әх;дх;дхұдхұ) дї 


(11.2.10a) 


with 
дур ур i 
ot At 


Although the third order time derivative in (11.2.9) may be useful for the convection 
dominated flows without the viscous terms, we shall choose to neglect it for our purpose 
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here to establish the analogy between GGM and TGM. Rearranging (11.2.10a) leads 


to 
T Е А 92 үү — ул p а 27 af 
А v = : m І ; 
2 "ax; дх;дх; At "Ax; дх;дх; : 


(11.2.10b) 
The Galerkin finite element analog for (11.2.10b) yields 
At à 9: ү] Фв(ув = vg 
Ls [rene 
Q 2 дх; дх;дх; At 
+ (У Е NE Deve; — Фр fg; t 48 = 0 (11.2.10c) 
у НИЦУ v . — i == ole 
"Ox; OX; OX; вв: ee 
Integrating the above equation by parts, we obtain the result identical to (11.2.8): 
At (vai — ур) if 
Aag + 5 (Bos + Kag) A = (Вав + К.в) Vg; + Е; + Gai  (112.11a) 


which can then be rearranged in the form shown in (11.2.7), 


At At 
Е + 5 Ge + Ка) Var” = Е = 5 Ge + Kg) |v + At (Fai F Gai) 
(11.2.11b) 


. Ithas been shown that the GGM approach with the temporal test function given by 
W(&) = $(&£ — 1/2) or W(£) = 1 is identical to TGM proposed by Donea [1984] without 
the effect of the third order time derivative in the Taylor series expansion. This analogy 
of СОМ to ТОМ does not hold true for the nonlinear Burgers’ equations (у; 4 V;) as 
will be demonstrated in Section 11.2.5 in which an explicit numerical diffusion arises in 
TGM, contributing to both stability and accuracy for the solution of nonlinear equations 
in general. The presence of the third order time derivative in the Taylor series expansion 
as originally proposed by Donea [1984] will be discussed in Section 11.2.3 in relation 
with the Euler method, leap-frog method, and Crank-Nicolson method. 


Numerical Diffusion 

In general, for convection dominated flows, numerical diffusion is required to sta- 
bilize the solution process. To see whether the algorithm of GGM or TGM as given 
by (11.2.8) or (11.2.11a) does provide such a numerical diffusion, we may trace from 
(11.2.11b) back to (11.2.10a) with Лг? terms neglected. 


| e (S ФУ j — ру Лаз = -f P Фи, j(i — wi — fi)dQ 
Q ot о 2 

in which the difference equation has been converted to the differential equation, 
with boundary integrals neglected upon integration by parts in the right-hand side. 
Note also that integration by parts was performed only for the convective terms. The 
viscous terms and body forces on the right-hand side may be neglected. The GGM 
formulation can then be applied to the left-hand side. It is clear that the first term on 
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the right-hand side, 
At 
Cag = 7 Vj Pak Pp, dO = || Vij Фа, xg, jd (11.2.12а) 
Q Q 


represents the numerical diffusion matrix with vj; = 5 v;v; being the artificial viscosity 
for convection. The numerical diffusion matrix Сав should be added to the convection 
matrix Bog in (11.2.8) particularly for high-speed convection-dominated flows. 


Bog = DaDa јао | Tipp јао (11.2.12b) 
Q Q 


We shall further discuss this issue for the nonlinear Burgers’ equations in Section 11.2.5. 
Note that a variety of approximations in GGM for the temporal test function W(é) 
and the temporal trial functions in (11.2.4) may lead to different forms of numerical 
diffusion. Similar consequences arise for TGM if the third order time derivative in the 
Taylor series expansion in (11.2.9) is retained. 


Remarks: In general, we may consider TGM to be a special case of GGM with 
1 = 1/2 being chosen in (11.2.6). This is not true in some special cases of ТОМ as 
derived by Donea [1984]. 


11.2.2 TWO-STEP EXPLICIT SCHEME 


Nonlinear problems can be solved explicitly by splitting the equation into two parts 
within a time step. Equation (11.2.7) or (11.2.8) may be rewritten in the form 


Step 1 
Ag Хи) = — (Bug + Коју + Fai + ба (11.2.13а) 
Step 2 
At 
А = — (Ва + Kap) Хр (112.13b) 
where 
(1) (2) (1) 
а) _ VB с) Ав АУЫ (11.2.14a,b) 
B At ' E At 


Note that substitution of (11.2.14) into (11.2.13b) recovers (11.2.11) if the following 
assumption is made upon convergence: 


2 1 п п 
Av® — Ave? = vat! — үй, (11.2.15) 
A glance at (11.2.13a) and (11.2.13b) suggests that the solution of (11.2.13a) for 


x ) (Step 1) can be substituted into the right-hand side of (11.2.13b) to determine Pd 
(Step 2). At convergence, it is seen that 

лу? , дуб) " Лур! Е УЙ. —У n i 

At At At Мо 
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and that (11.2.11b) arises by combining (11.2.13a) with (11.2.13b). This process is known 
as the two-step scheme, similar to the Lax- Wendroff scheme, contributing to an increase 
in accuracy and/or convergence. 

It follows from (11.2.14) and (11.2.15) that the unknowns val can be computed 
from 


vn =“, + Ar(XÉD + x) (11.2.16) 


which will then be substituted back into Step 1 (11.2.13a) for the next time step, thus 
continuously marching in time until steady-state is reached. 

In (11.2.13a) and (11.2.13b) the inverse of the mass matrix Agg would be simple if 
we chose to use the so-called lumped mass matrix as follows: Let AY be the lumped 
mass matrix, AS the consistent mass matrix as defined by Aag in (11.2.13). 

The lumped mass matrix is diagonal with entries from the tributary areas (sum of 
the row contributions). For example, the lumped mass matrix, AD. for a triangular 
element may be obtained from the consistent mass matrix, АС), as follows: 


2 1 1 
А 
ANM = 5 { 24 
1 1 2 
(1) 
| D о 0 
(L) _ (C) AD . (L) 
ANM T, хром = Any = 0 22) 0 (11.2.17) 
p=1 (1) 
0 0 33) 


with 


(i) мера жеђ AO. 44 
п) = А) + Зао + 13) > 77 


(бе. AO) у HO 4 40. ^4 
2) = Ар) + Ао) + 803) = 12 


(L) (O , с , «o _ 44 
33) — 31) Т 32) t 33) — 12 


Notice here that the index within the parentheses is not associated with summing. Thus 
we obtain 


A 
Ами =3 


oor 


0 0 
1 0 
0 1 
Write (11.2.13a) or (11.2.13b) in the form 
C) 
AS Үз; = Wai 


or 


(C) (L) (L) 
(А в + Ав = А) № = Иш 
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which may be rewritten as 


А = Wai — Ag Ypi + Ар Ypi 


[1 


Let the left-hand side and the right-hand side be the r + 1 iterative cycle and the r 
iterative cycle, respectively: 


Б , С 
ААН = Wy — Ау (11.2.18) 
where 
r+1 __ yr+1 r 
Ау = Үз; = Ја; 


The iterations implied by (11.2.18) may be applied to Step 1 (11.2.13a) and then to 
Step 2 (11.2.13b) until each step acquires a satisfactory convergence. It has been shown 
that, in many instances, the lumped mass approach often leads to excellent results. 

For two-dimensional problems, the АФ, matrix must be expanded so that both 
x- and y-direction components of у; can be accommodated. As noted earlier, this may 
be achieved by means of the Kronecker delta. This will expand (11.2.18) into a 6 x 6 
matrix for triangular elements and an 8 x 8 matrix for quadrilateral elements when 
coupled with Aag- 

To transform the generalized finite element equations given by (11.2.7) to the two- 
step solution scheme, we may establish the following procedure. Consider the matrix 
form of (11.2.7) written as 


Ру"! = Ev" + МН (11.2.19) 
where 
D=A+B+C, E=A-B-C (11.2.20) 


(a) Rearrange (11.2.19) in the form 
үп+1 — y” y” 


——=FL+H (11.2.21) 
with F = E— D 
(b) Define 
Av ду =y" un (11.2.22) 
Av) 
yo (11.2.23a) 
At 
AvO — Ay) 
xð пик (11.2.23b) 
(c) Write Step 1 
АХО = РУ +H (11224) 
At 


(d) Write Step 2 
АХО = (А– р) ХО (11.2.25) 
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It can be shown that substitution of (11.2.24) into (11.2.25) together with (11.2.22) 
and (11.2.23) recovers (11.2.21) and subsequently (11.2.19). 
If quadratic approximations are used for the temporal domain, then we write 


Dy"! = Ev" + Gv! + АН (11.2.26) 


The two-step scheme becomes 


Step 1 "E 
V ү" 
АХ та шщ (11.2.27) 
Step 2 
AX?) = (A— D X® (11.2.28) 


The data for Gv’! are saved from the previous time station and used as additional 
source terms. A similar approach can be used for all higher approximations which will 
contain the terms of v”~2, v, etc. 

If f; is time dependent, and if v; in (11.2.1) is treated as a variable, and not held 
constant even during the discrete time step, then the second derivative in the Taylor 
series expansion would carry additional terms. In this case, v; on the left-hand side of 
(11.2.10b) becomes v^, and v; on the right-hand side of (11.2.10b) takes the form with 
a fractional step (i.e., n 4- 1/2), 


рў? = Lr (11.2.29) 
and 
nil n  Дгођ 
fi-f, 7 = fF + 2 (11.2.30) 


which would require the three-step solution scheme. 


Step 1 
1 
Аав XO = – (Bag + Кљвјув + Ры + Сы (11.2.31) 
with 
+5 
Vo: ©“ — Vh. 
X Bi Bi 
At 
Step 2 
1 nil 
А X = —BopV  — Кву + For? + Сы (11.2.32) 
Step3 
1 
Ap X = – (Ва + Kg) At ХР (11.2.33) 
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The GGM analog for the three-step scheme requires the use of quadratic functions 
in the temporal trial functions Ф,„, which will involve Аг? and three time steps, including 
a fractional time step. 


11.2.3 RELATIONSHIP BETWEEN FEM AND FDM 


It is interesting to note that ће СОМ formulations lead to finite difference results such 
as Euler Method, Leapfrog Method, Crank-Nicolson Method, etc. We will examine 
these results below. 


Euler Method 
Consider the convection equation 
ду _ 
at + VjVi,j = 0 (11.2.34) 
Taking a time derivative of (11.2.34) gives 
д?у; = OV; 9?vj === 
ET ВУ; (2), => Эр — УЈУКУ К = 0 (11.2.35) 
A further differentiation of (11.2.35) yields 
9?vj OV; 
Www, 49 (11.2.36) 
ats at Jag 
Expanding у”?! in Taylor series about v” to the third order derivative, we obtain 


дуп At? av? AP abv? 
n+l _ „п i i i 
ур =v + At Т. + 21 ag + 31 98 (11.2.37) 


Rearranging (11.2.37) to determine the first derivative of v’ gives 


vH ул дул д; аул AD On 
: Lol : : 11.2.38 
At 0r 2 07 6 а ( ) 
Substituting (11.2.34) through (11.2.36) into (11.2.38) leads to 
vith _ ул EIC NU" At?__ (avi 
EE c = =V] Vii + “2 УЈУКУ Еј + NS). (11.2.39) 
with 
avp у уп 
ð At 
Equation (11.2.39) may be written as 
А?__ 9? А „о M 
(1 g vive io) X mU + ERE (11.2.40) 
where Ду! = y — yn 


i 1% 
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We construct the Galerkin finite element integral for (11.2.40) in the form 


At лу}! At At 
Ay Ka = By — Ky n+ — Gai 11.2.41 
( et ;) re ( Bt LEE i ( ) 


where 

Ав = | Dy og dQ, Ba = | Dy Фа, jVjdQ, 
Q а 

Ка = | чуо, „Фа, 
Q 

* * "MIS 

Са = | Pa ФваГау, ggi = (У УМ ту) 

г 


It should be noted that (11.2.41) is equivalent to the Generalized Galerkin finite element 
equations, 


At? Р At? y AP 
The two-step solution scheme for (11.2.41) becomes 
а) _ At? Я At 
Aap Хр; = -(ва + = Ke) Ур: + > ба (11.2.43) 
Go. AP ый) 
Avg Ху; = -y Кав (11.2.44) 


with xL ) and xD defined as in (11.2.14). Notice that, in dealing with the advection 
equation with diffusion, we have included the third order time derivative [see (11.2.37)] 
which resulted in the numerical (artificial) diffusion characterized by the second order 
spatial derivative in (11.2.40) or the matrix Kag in (11.2.41). The presence of these terms 
is responsible for the stability of numerical solution. 


Leapfrog Method 
The leapfrog method is obtained by writing the Taylor series of у?! about v” to the 
third order, 


дур APV” AP oov? 


п—1 
n- — y” ДІ 11.2.45 
Y c и 21 9P — 3! ә а 
Subtracting (11.2.45) from (11.2.37) and rearranging, we obtain 
Аг? 92 Avitl 
1 УУ _—=—У;у;, 11.2.46 
( 6 Rios) 2At у) ( ) 
with Дул = ү! — v^. The finite element analog of (11.2.46) becomes 
At? Ау! 
Ay Ky = —Bag V; 11.2.47 
( B F 6 ;) 2At p gi ( ) 


The corresponding Generalized Galerkin finite element equations, neglecting the 
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Neumann boundary conditions, are given by 


At? п+1 п At? п—1 
Aag + s Ke Ур = —2At Bag Vgi + | Aag + G Кав Ур: (11.2.48) 
The two-step solution scheme consists of 
1 An ХО) = —At шул (11.2.49) 
Ри а ваш MI С 
At? 
(2 1 

AX = -—є Kap Xi (11.2.50) 


By definition for the leapfrog method, the variables x are calculated as 
1 -1 (1) (2) 
Ум = Vg; +2А (Ху + Ху) (11.2.51) 
Thus, initially both v”, and v"; аге assumed to be known and, for the next time step, 
у", becomes у; '. 


The leapfrog scheme may be revised to involve v”, instead of у"! (11.2.51) in the 
incremental form. This will alter the process as follows: 


At? ЛУШ! 1 л? 
(Ae + Ка) 2 ( 2At Bog > Aag > = Ke) Ур: 


6 Аг At 6 
At? E 
+ (ла + = ка) Уй | (112.52) 


The two-step solution scheme is now in the form 


(1) 1 At? " л? = 
Aap Xs; = a |(—?^'Ве = Aag = G Ков Ур: + Aag + G Коё Và; 1 


(11.2,53) 
2 At? 1 
Аа = -y Kap Xi. (11.2.54) 
This will then allow the variables v”*! to be calculated as 
ул! = vi, AG + ХР) (11.2.55) 


Crank-Nicolson Method 
The Crank-Nicolson method is obtained by writing the Taylor series of v? about 
v?*! to the third order: 


ду Аг? ду“ AP py" 


n nal i 
ny! At 11.2.56 
= и 21 д? 31 ә ) 
Making use of the relation 
1 ду avi yt — yn 
- = — : 11.2.57 
;( at at ) At ( ) 
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and in view of (11.2.35) and (11.2.36), and subtracting (11.2.56) from (11.2.37), we 
arrive at 


-A gyn 9 а __# av? | avin 
ViVk = 
6 DETAI At 2 \дх; 0x; 


At 92yn gH 
МУ, | 1 11.2.58 
+ МЕ [s дхудхк ( ) 


А? Аї | А? Аї | 
(л = qq Коё + ва) уй = (ла + Fy Kos – + ва) va; (11.2.59) 


This is the implicit Crank-Nicolson scheme. However, we may convert (11.2.59) into а 
two-step explicit scheme as follows: 


(a) Rewrite the finite element equation in the time-step difference form 


л? At va : 
(ла јр Ке + 5 Ва) = = –Веч (11.2.60) 
(b) The two-step explicit form is written using the procedure described earlier, 
Ав Х = — Вар, (11.2.61) 
2 
(2) At At (1) 
Ав Xe; = | —— Keg — — Bap | Xe; 11.2.62 


Remarks: Appropriate choices of the finite element test functions for Wy, Фа, фы, 
and W(é) enable the finite element analogs of Euler (11.2.42), leapfrog (11.2.48), and 
Crank-Nicolson (11.2.59) to be generated without the Taylor series expansion. Other 
forms of finite difference schemes may be generated by adding discontinuous functions 
to Wa, which we shall elaborate in Section 11.3. 


11.2.4 CONVERSION OF IMPLICIT SCHEME INTO EXPLICIT SCHEME 


It follows from the approaches discussed in previous sections for the explicit schemes 
that it is possible to convert all implicit schemes into explicit schemes. Consider the 
generalized temporal-spatial finite element equations written in matrix form. 


(A+ By?" = (A+ Cy? + (A+ Dv + (A+ E)N"? +---—AtH (11.2.63) 


where B = + В+ ---,„С=С +Оо+--:,Рр= № + +-- ,„Е= ЕЈ + Е +, 
etc. Note that various forms of (11.2.63) result from unlimited choices of functions in 
Фа, Ê, and W(&£) in Section 11.2. 

The conversion process consists of the following steps: 


(a) Write (11.2.63) in an incremental form, 


(A+ BS. = (А+С) (А+ BY + (At D = 
At At At 
п—2 
+(А+ H mE (11.2.64) 
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where 
Ayi = у” yn (11.2.65) 
(b) Step 1 is constructed by rewriting (11.2.64) with all terms other than the mass 


matrix A removed from the left-hand side of (11.2.64) and designating Av”+! 
as Луд), called the first increment, 


АХО = (А C) - (A в) ЕЕЗ 0)—— а ^ (112,66) 
where 
Ay“) 
At 


xO = 


(c) Step 2 is constructed by setting the product of the mass matrix and the second 
increment ХО), which is equated to the variant of the first increment, 


АХО) = [A— (A+ B)]X (11.2.67) 
where 

Лу"! л (1) 

OLAN TA (11.2.68) 
At 

(d) The variable v"*! is given by 
y”+1 = y” ТЕ Ac(xO + xe) (11.2.69) 
A glance at (11.2.69) reveals that, for a steady-state condition, t > oo, and v = у"! = 

v” = у = y”? =... we obtain 

(B+C+D+E+-.v=H (11.2.70) 


Thus, it is expected that a steady-state solution would result as recursive calculations 
are carried out consecutively. 


11.2.5 TAYLOR-GALERKIN METHODS FOR NONLINEAR BURGERS’ EQUATIONS 


Let us consider the nonlinear Burgers’ equations of the form 


OV; 
dr + Vjvij — VVijj = f: (11.2.71) 
The Taylor series expansion of (11.2.71) as given in (11.2.9) without the third order 


derivative term becomes 


At? д 
Aye == —А (ууу, ј = урур fi + 2 | T (ViVi j VV; jj fi) 


2 


of; n 
-(VkVi,k — УУркк — fi) + 2 


t №, (Уку — УМЕ Ру) – v dx Ox, zm 
(11.2.72) 
from which the original differential equation can be recovered in the form, 
дү; 
Ш + VjVi,j — УМ — fi = 5; (11.2.73) 


ot 
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where 


д 
S; = | x (УУ; VVi, jj | (11.2.74) 
k 


with higher order derivative terms and products of the gradients in (11.2.72) being 
neglected. It is clear that the right-hand side of (11.2.74) appears as numerical diffusion. 

Applying the Galerkin integral to the right-hand side of (11.2.74) and integrating 
by parts, we obtain 


At 
| Фа S; dQ = -= | VkV j Фа Og, jd vg; (11.2.75) 
Q Q 


where all terms other than the convective terms are negligible in practical applications. 
Thus, the numerical diffusion matrix is identified as 


Cop = || 77] Dy Op. ;dQ (11.2.76) 
Q 
with the numerical viscosity, 


At 
ij = Hi (11.2.77) 
It is interesting to note that, using an entirely different approach, the numerical 
diffusion similar to (11.2.76) and (11.2.77) arises in the generalized Petrov-Galerkin 
(GPG) methods to be presented in Sections 11.3 and 11.4. More general treatments of 
TGM will be covered in Section 13.2. 


11.3 NUMERICAL DIFFUSION TEST FUNCTIONS 


In GGM described in Section 11.2, various degrees of polynomials (linear, quadratic, 
cubic, etc.) may be adopted for desired accuracy of solution. However, in convection- 
dominated problems, an adequate amount of numerical diffusion or artificial viscosity 
is required for numerical stability. To this end, the so-called streamline-upwind Petrov- 
Galerkin (SUPG) method [Heinrich et al., 1977; Hughes and Brooks, 1982] has been 
successfully used. In this case, the local finite element test functions consist of standard 
Galerkin test functions plus numerical diffusion test functions. There are many forms 
of numerical diffusion test functions as reported by Hughes and his co-workers during 
the 1980s. A similar approach is referred to as the streamline diffusion method (SDM) 
by Johnson [1987]. 

Computational stability is provided effectively through various forms of SUPG, 
SDM, or other similar strategies. All of these approaches are nonstandard Galerkin 
methods and, for simplicity, they may be combined into a single name “General- 
ized Petrov-Galerkin (GPG) methods. The concept of GPG for the one-dimensional 
Burgers' equation will be introduced first in order to identify a one-dimensional numer- 
ical diffusion test function which provides the numerical stability, followed by multi- 
dimensional numerical diffusion test functions representing the streamline diffusion 
and discontinuity-capturing schemes. 
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11.3.1 DERIVATION OF NUMERICAL DIFFUSION TEST FUNCTIONS 


The concept of streamline diffusion began with the backward (often called upwinding) 
finite difference scheme for the convection-diffusion equation first given by Spalding 
[1972]. The idea is to introduce the numerical diffusion in the direction of flow or along 
the streamline parallel to the velocity in order to obtain stable solutions. In the following, 
we use the convection-diffusion equation to demonstrate the concept of streamline 
upwinding or streamline diffusion. Our objective here is to prove that numerical stability 
can be achieved by test functions written in the form, 


we? = Фе) += yo (11.3.1) 


where we ) represents the generalized Petrov-Galerkin test functions which аге the sum 
of the standard Galerkin test function Фе) and the numerical diffusion test function we, 
The numerical diffusion test function wo in (11.3.1) is intended for adding numerical 
diffusion practiced in the finite difference literature. However, in the sequel, it will 
be shown that the derivation of numerical diffusion test functions involves significant 
physical aspects of convection-dominated flows. 

To elucidate the argument involved in this approach, we look at the unsteady con- 
vection equation of the form 


=0 (11.3.2) 


Substituting (11.3.2) into Taylor series of the type (11.2.9), we obtain 


ди" AP 92 п 
ut м a E (« i ) (11.3.3) 


ax 2 дх2 


If и"! = и" at steady-state, we may set aAt = CAx, where C is the nondimensional 
artificial viscosity (equal to Courant number for a = u, or C = uAt/Ax), and rewrite 
(11.3.3) in the form 


ди | CAx д?и 
шы ү =) 11.3.4 

(a 2 =) ( ) 
in which the second term of the left-hand side of (11.3.4) represents the numerical 
diffusion, equivalent to the artificial viscosity. Denoting a = C/2 and h= Ax as the 


nondimensional numerical diffusion parameter and the mesh parameter, respectively, 
we may construct the following inner product: 


2 
| ©ўа(с= = T dx=0 (11.3.5) 


Integrating (11.3.5) by parts, we obtain 


(e) 
(e) дФ ди * ди 


where the integral on the left-hand side is known as the Petrov-Galerkin integral. For 
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x 
Wf? =—+0 
h 


Figure 11.3.1 Linear generalized test functions for one-dimensional element we) 
with vo = ah(a@) /ax) constant within the element, discontinuous at boundaries. 


Dirichlet problems Фе = 0, we have 


9 
|| wes) dx =0 (11.3.6) 
x 
with 
WY = ФО 4 vO (11.3.7) 
Фу = (1– > ^ (11.3.8) 


(11.3.9) 


The foregoing process indicates that the numerical diffusion may be applied to the 
convective term in (11.3.2) through (11.3.6), with the explicit form given by (11.3.9) 
representing the numerical diffusion test function. This is a variational weak form as 
constructed by the inner product of the numerical diffusion test function and the con- 
vection term. 

Substituting (11.3.8) into (11.3.9), we arrive at 


wo –[-а, ај (1.310) 


which indicates that the numerical test function is constant within an element, equal 
to one-half of the Courant number, but discontinuous at boundaries, as shown in 
Figure 11.3.1. It will be shown that one-dimensional numerical diffusion test functions 
given in (11.3.9) arise from the two-dimensional numerical diffusion test functions to 
be discussed in Section 11.3.2. 


11.3.2 STABILITY AND ACCURACY OF NUMERICAL DIFFUSION TEST FUNCTIONS 


Let us examine the convection-diffusion equation, 


„ди 3? 
m AI (11.3.11) 
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with Ё being the Reynolds number (per unit length) Ё = рил = u/d, where d is the 
kinematic viscosity (but will be referred to as diffusivity in the following). Notice that 
Ё = рс pu/kis regarded as the Peclet number if uis taken as temperature. Then d = k/pcp 
becomes the thermal diffusivity. We write the local element Petrov-Galerkin integral 
for (11.3.11) as 


h 2 h 2 
ef „ди 8и | (е) (е) „ди ðu 
W К— – —)dx = Ф ф Ё— – —— |ах= 0 11.3.12 
| °( ax =) imd ^ ( am 3 de О) ( ) 


Apply integration by parts only to the product with the standard Galerkin test function 
pO which will then produce a boundary term, whereas the integration of the product 


term with the numerical diffusion test function wo is to be performed only over the 
interior domain, not involving the boundaries. 


h (e) (e) (e) (e) (e) (e) 42g, (€) 
А ОФ ОФ, 0o aD,’ aD ОФ, a~® ? 
| Ё po M +ah N M + N M ah N M |dx ue 
0 дх ax əx ax Ox дх дх? 


h 


(11.3.13a) 


If linear trial functions are used, then the second derivative term vanishes, so that we 
have 


(By + Cia) им + Кумим = Gy (113.136) 
where 
BO. = f Ro PM 09) dx 
NM й Jx 
is the standard convection matrix and 
h (e) (e) 
cO, = | Ra Фу dx 


represents the numerical diffusion matrix арлар the numerical diffusion arising from 
the convection term. The last integral term Ko NM 1s identified as the physical diffusion 
matrix. 


h 4aY( op) 
ko =) дФу Фу dx 
NM o Ox Ox 


Evaluating these integrals, we obtain 


S mars med 


€) | де _ R 
Вум + Сим = > |_1 _2а 1+2@ 


© _1[1 -~i 
Кум = р Е 1 
Consider a two-element system with nodes at i — 1,1, andi + 1 and the global form 
of (11.3.13). Expanding the global equation corresponding to the node ati and assuming 
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that the Neumann boundary conditions are unspecified (o9 — 0), we obtain 
R R 
| + > (20 + D] и — (2 + 2Ra) u; + | + > (20 — D] ил = 0 (11.3.14) 


where R is the local Reynolds number, R = ЁЛ. Equation (11.3.14) represents the 
forward, central, and backward finite difference equations for a = —1/2, a = 0, and 
a = 1/2, respectively. The backward difference form (a = 1/2) given by 


peT" Min- 2uj + uii 
h h? 

can be modified by transforming the convection term into the central difference form 

to identify the numerical diffusion with the coefficient КЛ/2, 


5 ( ixi — Ui-1 Ёһ uj — 20 + Uj-1\ _ 
R( эр, ) ( 5 + 1)( p ) = 0 (11.3.15b) 


This is equivalent to the differential equation 


„ди „u Pu 
Raz aa э? l (11.3.16) 


with â = Rh/2 being the coefficient of numerical viscosity and &(д?и/дх?) representing 
the effect of numerical diffusion. We say that the effect of numerical diffusion is built into 
this equation if the backward difference is used. We may consider & as being equivalent 
to the artificial viscosity. 

To obtain the condition for stability (11.3.14), we proceed as follows: Let G = 1 + Ra 
and H = R/2. Rewrite (11.3.14) in the form 


=0 (11.3.15а) 


(G— Н)иш+1 — 2Guj + (а + Нуи; 1 =0 (11.3.17) 
where we assume the relations at the nodes i + 1, i, and i — 1 as 
и; = cdi, uj44 = cH, и; 1 = cd! (11.3.18a,b,c) 


Substituting the above into (11.3.17) yields 
(G— H)4/*! 2G! +(G+ H)! =0 

For i = 1, we obtain the quadratic equation 
(G- Н)ф? -2G$ --(G-- Н) 20 


Solving for ф, we arrive at two values of ф 


1 
p=; G+H 
G-H 


These results call for two constants in (11.3.18). 
Now we revise the relation in (11.3.18a) in the form 


R i 
= c1 + C | | 


lp (11.3.19) 
= R 


и; = СІ +е( 
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For stability, the denominator of the су term must be positive, 


G—H>0 
or 
R 
1+ > (20 –1)>0 (11.3.20a) 
which provides the stability criteria 
a=0 if R<2 
1 (11.3.20b,c) 
a> --— ifR>2 
2 
It is clear that the forward difference with a = —1/2 (11.3.20a) becomes uncon- 


ditionally unstable for R > 1, whereas the central difference (a = 0) is conditionally 
stable and the backward difference (a = 1/2) provides an unconditional stability. For 
accuracy, we set the exact solution as 


и = Сі + се“ 


which, for x = hi, becomes 
ui = сү + се“ (113.21) 
Setting (11.3.21) equal to (11.3.19), we obtain the relationship 
R i 
1+ —(2а + 1) 
Bo uS =е 


R 


Taking a natural logarithm of the above leads to 


G+ Н _ [CG Е (1 + Ra Е 
In ZF) = 200 (5) = 2оом ( RD LE 


from which we obtain 


R 2 
За = coth| — | — = 11.3.22 
а = со (5) Ђ ( ) 
with 
1 1. 
а = 5С = 50 (11.3.23) 


This is the criterion for accuracy. Here, the one-dimensional numerical diffusion pa- 
rameter a, which assures the accuracy, is found to be a function of the local Reynolds 
number. It should be noted that the value of a is one-half of that in Heinrich et al. [1977], 
and а = C, called the effective numerical diffusion parameter, is indeed the Courant 
number. 
Substituting (11.3.23) into (11.3.22) leads to 
1 


a = coth H — — 11.3.24 
а = со H ( ) 
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— Doubly asymptotic (11.3.25) 


ee Optimal (11.3.24) 


0 5 10 15 20 25 


Figure 11.3.2 Effective numerical diffusivity a. 


It can be shown that, expanding coth Н in infinite series and retaining terms of fourth 
order accuracy in H (doubly asymptotic approximation) results in 


= Н/З, #-3<H<3 (11.3.25а) 
a=senH, И|Н|>3 (11.3.25Ь) 


The values of а determined by (11.3.20), (11.3.24), and (11.3.25) аге referred to as 
the critical value, optimal value, and higher order value, respectively (Figure 11.3.2) 
[Heinrich et al., 1977; Brooks and Hughes, 1982]. It is seen that the doubly asymptotic 
approximation (11.3.25) is the simpler and practical approach. 

It follows from these observations that, for two-dimensional isoparametric elements, 
the numerical diffusion parameters a; and a, are defined as (Figure 11.3.3) 


е 


1 

0 = 5% (11.3.26a) 
= 

On = 5001 (11.3.26b) 


with the two-dimensional effective numerical diffusion parameters, a; and о, defined 
as 


2 
о = coth (>) – — (11.3.27a) 
2 R 
= R 2 
ага = coth (>) — R, (11.3.27b) 
where the local Reynolds numbers in the € and т directions are of the form 
vehe va 
fec жс 


For multidimensional convection-dominated problems, the directional properties of 
velocity are expected to play a key role. The numerical diffusion must be provided in 
the direction of flow or along the streamlines parallel to the velocity in both steady and 
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Figure 11.3.3 Four node isoparametric element; е; and e, аге the unit vec- 
tors along the € and n axes, respectively. 


time-dependent problems as well. First of all, the gradient of the standard test function 
in (11.3.9) is of a vector quantity. This will require that the dot product of the gradient of 
the standard test function Фе) with another vector quantity such as the velocity vector 
along the streamlines be formed such that a scalar function arises at each local node N, 


v-VoO =v,o0, (i—1,2) (11.3.28) 


Thus, the quantity ah in (11.3.9) for the one-dimensional case must be altered to ac- 
commodate the appropriate dimensional properties in (11.3.28) which call for a scalar, 
say 7, such that 


WO = 1v, (11.3.29) 


with 7 being the numerical diffusion factor having dimensions of time (often called the 
intrinsic time scale), 


1 1 1 
T= 3 (achieve + олау) /5 = у( Юч haya) /S = (анам + ohava)/S 
(11.3.30) 


where S = у · v, and az; = cotA( R;/2) — 2/К;, etc. The coefficient 1 /^ 16 for the numer- 
ical diffusion factor т in (11.3.30) disagrees with an arbitrary value of 1//15 adopted 
by Raymond and Garder [1976], and subsequently Brooks and Hughes [1982] as deter- 
mined from the numerical experimentation for unsteady flows. The derivation demon- 
strated here, however, is based on the definition of Courant number and the criterion 
for accuracy which leads to 1/4/16 instead of 1/4/15. For the purpose of generality, the 
solution schemes employing the numerical diffusion test function given by (11.3.29) 
are termed “generalized Petrov-Galerkin (GPG)” instead of SUPG. The unfortunate 
choice of the term “SUPG” for various reasons was discussed in Hughes [1987]. The 
SUPG methods as referred to today imply far beyond the classical upwind methods 
[Spalding, 1972] or classical Petrov-Galerkin methods [Mikhlin, 1964] so that more 
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general identification appears to be in order. Thus, it is suggested that the term “gener- 
alized Petrov-Galerkin (GPG)” may be a reasonable compromise. 

For two-dimensional elements with isoparametric coordinates (Figure 11.3.3), we 
express the velocity components as 


Ve = V- €g, Vn = У: en 


where the isoparametric unit vectors е; and e, are given by 


: 1 Әх. : 1 Әх. j (y. (2) j (2) + (2) 
SS as = Sj її, = pus pod , = ү AL 
+ XH E n VI, Әт E= (ag ag} nT am an 


It follows from (11.3.27) that the two-dimensional numerical diffusion test function 
reduces to that of one dimension given by (11.3.9): 


=ah 


11.3.31 
Ox Ox ( ) 


(е) (е) 
WO =туФ@, = (Eze Ma 
which establishes the complete link between the one- and two-dimensional aspects of 
the numerical diffusion test functions. It is interesting to note that, in due course of 
derivation of the one-dimensional numerical diffusion test function (11.3.9), the notion 
of time scale for the numerical diffusion factor t did not arise, but is now taken into 
account as the numerical diffusion must be applied in the direction of flow with velocity 
specified in multidimensional cases. 

Due to the fact that the gradient vo? is included in we it is clear that the use of 
the generalized test functions (11.3.1) brings the numerical diffusion automatically into 
the formulation. This is equivalent to the retention of artificial viscosity terms in FDM. 

Using the similar procedure, the test functions for 3-D problems (with isoparametric 
coordinates £, т, and £) can be obtained. The three-dimensional test function may still 
be written in the general form (11.3.29). 


yo E vv; (i —1,2,3) (11.3.32) 
where 
1 
т= g hv + ЙУ + о Аму )/ 8 (11.3.33) 
2 ћ 
a, = ои (2) - 2, = И gave и 
2 К; а 
Thus 
(e) (e) (е) 
(e) дФ дФ дФ 
уу = (и 2c EN 2 du 


Once again, it should be emphasized that the numerical diffusion is activated along 
the stream line direction, which provides numerical stability. However, it has been 
Observed that, as the convection domination becomes significant, it is not possible to 
eliminate entirely some numerical oscillations. We require additional measures in order 
to resolve numerical stability, known as the discontinuity-capturing scheme, which is 
discussed next. 
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11.3.3 DISCONTINUITY-CAPTURING SCHEME 


In the presence of very high gradients of a variable such as in shock waves, one may 
apply numerical diffusion parallel to the direction of velocity gradients in addition to 
the streamline direction. Hughes et al. [1986] and Johnson [1987] investigated the so- 
called “discontinuity-capturing scheme” (DCS) and demonstrated improvements over 
the case of a numerical diffusion function applied only along the streamline direction. 
To be consistent with the present notations adopted in this book, a slightly modified 
version of DCS is presented below. 

The basic idea is that the numerical acon 1 is applied not only in the direction 
of velocity along the streamline, v? = vo , but also along the direction, v; — v. par- 
allel to the velocity gradients directed toward acceleration as shown in Figure 11.3.4. 
Note that vj is the projection of v? and thus the effect of the discontinuity-capturing 
will be significant if the angle Ө becomes small, which represents very sharp surface 
discontinuities such as in shock waves. 

To implement this scheme, we consider that the numerical diffusion test functions 
consist of the sum of the streamline numerical diffusion test function, Vy м > and the 
gradient numerical diffusion test function, ye N^ 


vO = чи) Ly (11.3.34) 
with 
Vv — veo =y.  forstreamline diffusion (11.3.35a) 
N TY; "wj = TON: =“ 
чи) = ту ОФ, = 79 a9, for discontinuity-capturing (11.3.35b) 
where v — vj, and v is the projection of vo parallel to velocity gradients directed 
toward acceleration per unit mass, Aj, 
Aj = VikVk (1 1.3.36) 
v® = v cosg = viv; Aj/y (11.3.37) 
т) = ту jAj/y, discontinuity-capturing factor (11.3.38) 


with y = |v;||A;|. Thus, it is seen that the discontinuity-capturing scheme is simply to 
add an extra numerical diffusion test function applied parallel to the velocity gradients 
directed toward acceleration. For distorted elements, we may encounter 7) — т to be 


en 11.34 Discontinuity capturing scheme, X? = 


b 
v(P =v соѕе = viv; Aj/lvjll Al 


(a) 
Vi 
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negative. In this case we choose 
10) — rt = тах (0, 1 —4) (11.3.39) 


so that 7°) — т always remains positive. Further details are found in Hughes et al. [1986]. 


11.4 GENERALIZED PETROV-GALERKIN (GPG) METHODS 
11.4.1 GENERALIZED PETROV-GALERKIN METHODS FOR UNSTEADY PROBLEMS 


For illustration, let us consider the Burgers’ equation in the form, 
OV; 
№; = Fa + Муу — VVi,jj — fi = 0 


The finite element formulation of the generalized Petrov-Galerkin (GPG) methods 
using the numerical diffusion test functions projected on the discontinuous temporal 
test function or DST as given in (8.2.41) or (10.2.5) is written in the form. 


[wo | W,R;dQd£& = 0 (11.4.1) 
é Q 


Here, the temporal test functions W(&) were discussed in Section 10.2.1, whereas the 
Petrov-Galerkin test functions W, are the global form of the local test functions as the 
sum of the standard Galerkin test functions and the numerical diffusion test function 
for streamline diffusion. 


Wa = Ф, + v? (114.2) 


If the discontinuity-capturing scheme is desired, this can be added to (11.4.1) by 
constructing the product of у) and the convection term of the residual, leading to the 
GPG equations of the form, 


OV; 
[vol (С «+ WO) (= T Јур — Ру — fi) + vvv, апае =0 
(11.43) 


Note that ће integration by parts is to be performed only with respect to the Galerkin 
test functions, which will lead to the Neumann boundary conditions, whereas those terms 
of the residual associated with numerical diffusion test functions will not be integrated 
by parts since they should be contained within the elements as a measure of numerical 
diffusion. Thus, the GPG da takes the form, known as the variational equation, 


[vel | (e052 
-/ a [ra onl + vj Og. ЈУ 


— vg, jj Vpi = f. )dads + [же TOV EV; Da Фр. ју 4924ё =() (11.4.4) 
Е а 


ЈУ + vo, j; Pg, iVBi = $7.) dQ 


The first integral indicates the Galerkin integral, with the second representing 
the streamline diffusion, and the third integral indicates the discontinuity-capturing. 
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Assume that the trial function is linear, independent of time, with the numerical diffusion 
due to the source term being negligible. Furthermore, if the temporal test function, 
W(é) = 8(€ — 1/2) or W(£) = 1 is used and the variation of nodal values of the variables 
у; is linear, then we obtain [see (10.2.13) or (11.2.6)] 


[Aap + nAt(Bop + Сов + Kag)] Vai = [Aap — (1 — 0) At( Bag + Сов + Kop) v; 
+ At(Fai + Сы) (114.5) 


where the definitions of all terms are shown in Section 11.2 except that various forms 
of the numerical diffusion matrix, Сав, are given below. 


Cop = || 1 V&V Фа i Dg, 42 (11.4.62) 
Q 
for streamline diffusion, and 
базы f (т +2) vv jPa Фр, dQ (1146) 
Q 


for combined streamline diffusion and discontinuity-capturing. It is seen that the nu- 
merical difffusion factor т огт + + in GPG corresponds to At/2 in (11.2.76) for ТОМ, 
but is much more complicated and actually flowfield-dependent. Note also that effects 
of numerical diffusion associated with terms other than convection are neglected in 
(11.4.5). The complexity of the numerical diffusion factor increases significantly for the 
case of the Navier-Stokes system of equations as discussed in Section 13.3. 

Various options for temporal approximations or higher order accuracy may be se- 
lected as discussed in Section 10.2. For the case of streamline diffusion (11.4.6a) with the 
temporal parameter, т = 1, and linear trial and test functions of finite elements, the ex- 
pression given by (11.4.5) is identical to equation 25 of Shakib and Hughes [1991] for the 
constant-in-time approximations of the space-time Galerkin/least squares (GLS) in one- 
dimensional problems. The GLS formulation will be described in the following section. 


11.4.2 SPACE-TIME GALERKIN/LEAST SQUARES METHODS 


The formal discussion of the least squares methods (LSM) of obtaining the FEM equa- 
tions will be presented in the later chapters. However, in order to understand the 
Galerkin/least squares (GLS) methods reported by Hughes and his co-workers, we ex- 
amine briefly a basic procedure for the least squares formulation. First, let us introduce 
the least squares variational function, 


1 
П = | = Rj RjdQ 
2 
Q 
which is then to be minimized with respect to the nodal variables v,;. In this process, 
we multiply П by the numerical diffusion factor, т. 


_ дтп 
Е OVai 


oll 


öva; = 0 (11.4.7) 


or 


п R; 
аре rf OR: као =0 (11.4.8) 
дУш Q OV ei 
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Performing the differentiation in (11.4.8) and applying the temporal approximations, 
we obtain 


[wef СРЕ: uu РЕ o NE fi \dQdé = 0 
А P a NEG — EWhjg — Ji = 
E Q ot Fox, OX,OX, ot J ‘tJ JJ 


(11.4.9) 
which may be written as 
[же | 1(Lo,)(Lv; — fi) dQdé = 0 (11.4.10) 
Е Q 
where Lis the differential operator, 
д д 92 
ђ= | 11.4.11 
ot TUS У аде ( ) 


At this point, we add the least squares integral (11.4.10) and the discontinuity-capturing 
term as developed in Section 11.3.3 to the standard Galerkin integral. If we choose 
only the convective term in (11.4.11), then, these steps lead to the form identical to the 
generalized Petrov-Galerkin scheme given by (11.4.4). The sum of the standard Galerkin 
integral, the discontinuity capturing term, and the least squares integral represented by 
(11.4.10) is referred to as the space-time Galerkin/least squares (GLS) methods [Hauke 
and Hughes, 1998]. Note that the contributions from additional terms other than the 
convective terms in (11.4.11) are negligible. 

The space-time GLS formulation is another form of generalized Petrov-Galerkin 
(GPG) methods in which the only difference from the GPG methods of Section 11.4.1 
is the numerical diffusion test functions for streamline diffusion, 


ф@ = 4 ТФи (11.4.12) 


where the numerical diffusion factor t can be constructed by introducing the local 
curvilinear coordinate contravariant metric tensor [Shakib and Hughes, 1991], 


T OX, | 
ij 9Xk 11.4.13 
У (е дё) ( ) 


With some algebra, it can be shown that one possible option for 7 is of the form 


= + (а) Qs) | d 


where Л; denotes the average element size in local coordinates. Note that if only the 
convective term is chosen in (11.4.9), then the GLS formulation becomes identical to the 
GPG formulation given by (11.4.4). The standard least squares methods will be discussed 
in Section 12.1.8 for incompressible flows and in Section 14.2 for compressible flows. 

Applications of GPG to the Navier-Stokes system of equations require some mod- 
ifications for the numerical diffusion test functions in which entropy variables can be 
employed to advantage. This subject will be discussed in Section 13.4. 


Remarks: 'The temporal integral with the temporal test function W(&) first intro- 
duced in (10.2.5) plays the role identical to the process referred to as the discontinuous 
space-time integral [Shakib and Hughes, 1991; Tezduyar, 1997]. Many possible options 
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of this temporal test function can be chosen (Tables 10.2.1 and 10.2.2). Explicit forms of 
integrals (11.4.4) plus the least squares integrals (11.4.9) as applied to the Navier-Stokes 
system of equations are shown in (13.3.19). 


11.5 SOLUTIONS OF NONLINEAR AND TIME-DEPENDENT EQUATIONS 
AND ELEMENT-BY-ELEMENT APPROACH 


As was shown in Section 10.3.2, the global assembly of local stiffness matrices can 
be avoided via the element-by-element (EBE) scheme. In dealing with nonlinear and 
time-dependent equations, however, some modifications are required. We discuss in this 
section the Newton-Raphson methods of solving nonlinear time-dependent equations, 
followed by the generalized minimal residual (GMRES) equation solver and EBE 
scheme. 


11.5.1 NEWTON-RAPHSON METHODS 


Recall that in Section 11.2.1 we held v; constant in v;v; ;, which was meant to be updated 
in each step of calculations. Otherwise, GGM or GPG, methods described in the previous 
sections, must be modified in order to solve nonlinear equations. For example, we may 
write (11.2.6) of the GGM formulation in the form where V; is no longer held constant. 


Еш = Acp¥pi + mAt(Bogj V4} Vai + Kappi) — Aas Ypi 
+ (1 — А Ва У У + Kopvgi) — At(Fai + би) = 0 (11.5.1) 


with 
Bus = | 9.9.5.4 (11.5.2) 


This form is based on the assumption that the squares and products of velocity compo- 
nents vary linearly within the time step as in (11.2.6), 


vitlyntl — (1 — уул үл, + vetva! (1153) 


One of the most efficient approaches to solve nonlinear equations is the Newton- 


Raphson method developed from the Taylor series expansion of the residual of the type 
in (11.5.1). 


n+1,r 


дЕ 
n-l.-l __ pn+l,r оі n+1,r+1 _ 
ЕД = BE т Avg eo 0 (11.5.4) 
Bj 


which implies that the residual at a given time station и + 1 as incremented to the 
r + 1 iteration cycle from the previous cycle r should vanish if (11.5.1) is to be satisfied. 
Retaining only up to and including the first order term in (11.5.4), we obtain 


Ла AW UT LR (11.5.5) 


where 


ПАР] — _ ПУН] n+1,r 
Лур; = Vg; — Vg; (11.5.6) 
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д" 


апа is the Jacobian, 


apij 
1 
ју — ӘК ' 
оВіј = ду 
Bj 
or 


+1,r n+1,r n+1,r ncl.r 
av" ду“ ду” ove 
ntl __ ni yk п+1,г п+1,г ^ «i ni 
Тори] = Ал +1,r + nAt Banky gy” tir Ут + Vyk H1,r + Kan gvithr 
Bj Bj 


PT 
дур; 


= Ay; + тд Вл, (урду Му ~ ЊУ бовбу) + Кард] 


= Aij + nAt[ В, ву" + Bagig SiV” + K,g$;; | (11.5.7) 


i 
with 


B.gjy = | о.о, 49, Воз = | о.о, 49 


The Newton-Raphson procedure described above тау be simplified by revising the 

Jacobian matrix and the right-hand side residual as follows: 
| At 

Jj = Acgdij + 5 (Вар) + Kopi) 
with 

Bop = | Фо Фа, jVjdQ 
and (11.5.1) being replaced by 

71 r ү At I n At n 
Еш” = Аавур + 5 (Bag + Ков)уу — Aapvpi + 5 (Bog + Ков)Ур; 


М ; 
= At( Foi + Gai) = Адаму T + 5 Вав + Kg) Aves” = At( Fai + Сы) 


The Newton-Raphson iterations are performed using (11.5.5) within each time step 
until convergence which requires that Лур! ~ 0 in (11.5.5) before proceeding to 


the next time step in (11.5.7). 


11.5.2 ELEMENT-BY-ELEMENT SOLUTION SCHEME FOR NONLINEAR TIME 
DEPENDENT FEM EQUATIONS 


The linear and nonlinear simultaneous algebraic equations arising from the entire as- 
sembled global system of FEM formulations may be solved using direct or iterative 
methods. For a very large system, iterative methods are preferable to direct methods. 
Furthermore, it is often necessary to devise special techniques such as the frontal meth- 
ods [Irons, 1970; Hood, 1976] or element-by-element (EBE) solution methods [Fox and 
Stanton, 1968; Irons, 1970]. In these methods, the standard assembly process of local 
stiffness matrices is not necessary. Instead, the product of a matrix by a vector can be ob- 
tained by assembling the product of local element matrices and the corresponding part 
of the vector, thus reducing the cost of computer time and storage. Initial contributions 
of the EBE concept to a large system of equations include Ortiz, Pinsky, and Taylor 
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[1983], Hughes, Frencz, and Hallquist [1987], Nour-Omid [1984], and Nour-Omid and 
Parlett [1985], among others. 

Recall that we discussed the EBE algorithm for the linear equations in Section 10.3. 
For nonlinear stiffness matrices and time dependent problems, the procedure for EBE 
must be modified. These topics are elaborated below. 

If the system of equations is nonlinear, then we may replace the preconditioner Dag 
(see Section 10.3.2) by the Newton-Raphson Jacobian matrix. The global FEM nodal 
error can be written as 


E, = KegUg — Fa (11.5.8) 


Applying the Newton-Raphson scheme as shown in Section 11.5.1, we may rewrite 
(10.3.15) in the form 

Unt! = Ut — Ја (Ра — Њу (11.5.9) 
where the ЕВЕ scheme is applied to the stiffness matrix as presented in Section 10.3.2 
and the Jacobian matrix Jog is given by 


ES 
EFI 


Jag (11.5.10) 
which is considered as the preconditioning matrix. Here, as shown in (10.3.17), we may 
replace Jag in (11.5.9) by the main diagonal of Jag so that 


D eg ed mm (11.5.11) 


The solution is obtained similarly as in (10.3.17) except that J(..) and Fa are nonlinear 
and must be updated at each iteration. Note that F, is converted from the EBE-based 
stiffness matrices. 

In order to improve the solution accuracy, we may use the preconditioned conjugate 
gradient (PCG) method or the method known as the Lanczos/ORTHORES solver 
[Jea and Young, 1983]. In this method, begin with a starting value U? and compute 


U;" a (EH DLE UD) + - a); — 
with 
DE 
pa (Paki) 10.1... 
(D; Ksg Db) 
1 r=0 


r+1 — r+1 r gr —1 
= + DE 1 
a | | : a) | ped 
b (р; E )а 


Е, — Kg U8 r= 
Ез = |, =i "gr-2 
a’ (—b" Kg De + Бг!) + (1 а")Е2 r=1,2,... 
D = О Ер ro (11.5.13) 


where Qag is the Jacobi preconditioner, 


Ов = dia( Кор) (11.5.14) 


11.5 SOLUTIONS OF NONLINEAR AND TIME-DEPENDENT EQUATIONS AND ELEMENT-BY-ELEMENT APPROACH 


Thus, the inverse of Qag is the reciprocal of the diagonal of Kag which can be partitioned 
for EBE computations. 

The preconditioner may be constructed from the square root of the main diagonal 
of the stiffness matrix. To this end, we write (11.5.11) in the form 


E, = Е, – K.gU. (11.5.15) 
with 
1 1 1 
Kop = Way Ку. Ив Ug = Wey Uy 


_ E cn = 1 
n-Üme 0 = whine 


е=1 
wo = фа(кућ) 


For known initial solution vector Uf, compute 


Eg = Fa — Kag Ug (11.5.16) 
Subsequent steps are the same as in (11.5.15). The final solution is obtained as 
=o = 
Ua = Wee Up = dia(Kag)”?Up (11.5.17) 


The Lanczos/ORTHOMIN solver [Jea and Young, 1983] may be used. In this scheme, 
the preconditioning processes (11.5.15) through (11.5.16) are used together with the 
following steps: 


Step 1 

Fo = Fy — Keg? 

Py ES 

De = Pe = Е; 

yy _ (DE?) 
(D$ Къв Dg) 


U, = Ug + b° P; 
Step 2 

(Di Ei) 
(D$ Kap D$) 
Р = Е +b Pr} 
РБ = +БЕ 
y _ (ЮЕ) 

(X R7) 

Е = EL —b Кару 
DU = D} — Б' КавРр 


E 


а 


Ug! = UL + ЫР; 
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Iterative solutions through the above steps lead to the final converged solution as 


Us = W Ug = dia( Kap) Us (11.5.18) 


For time-dependent problems, we may consider the main diagonal of the mass matrix 
as the preconditioner. For example, the matrix equation 


(Mog + 0At Keg) Ug = [Mag + (1 — 0)At Kog]Ug + At Fa (11.5.19) 
can be written as 
EN iy 1 T n 
(Sep + 0At May Ky My )Ug = [&в— (1—6)лг м Ky Mag |О + AF. 


(11.5.20) 


= 1 = at | 
where U, = M;,Ug and Fa = M,g Fg. Note that the eigenvalues of (11.5.22) are the 
same as those of (11.5.20) such that 


1 
2 


1 1 = 
[Sap + OAL May Kag] = |Ma? (Syn + 0At м Kes Min) Mag | (11.5.21) 
Rewriting (11.5.15) in the form 
Е, = AgUs — Бай, — АЕ, (11.5.22) 


itis now possible to apply steps 1 and 2 of the steady-state case with initial and boundary 
conditions applied to (11.5.22). 


11.5.3 GENERALIZED MINIMAL RESIDUAL ALGORITHM 


The conjugate gradient method discussed in Section 10.3.1 is accurate and efficient 
for linear symmetric matrix equations. However, for problems in CFD where nonsym- 
metric nonlinear, indefinite matrices are involved, the Generalized Minimal Residual 
(GMRES) algorithm has been proved to be efficient [Saad and Schultz, 1986; Saad, 
1996]. This method is based on the property of minimizing the norm of the residual 
vector over a Krylov space. The Krylov space is a general concept based on the simple 
observation that in any sequence of iterates there will be a smallest set of consecutive 
iterates which are linearly dependent, and that the coefficients of a vanishing combina- 
tion are the coefficients of a divisor to the characteristic polynomial. See Householder 
[1964] for a detailed discussion of the Krylov space. 

For the purpose of our discussion, let us consider the global form of the finite element 
equations in the form, 


K.pUp = Ва (11.5.23) 


in which preconditioning through the EBE scheme is to be implemented as in Sec- 
tion 11.5.2. 

One of the most effective iteration methods for solving large sparse asymmetric lin- 
ear and nonlinear systems of equations is a combination of the CGM with preconditions 
in minimizing the norm of residual vector over a Krylov space 


KO = span|Uo, KUo, K^Uo ..., K°~ Up] (11.5.24) 
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This algorithm is a generalization of the MINRES [Paige and Saunders, 1975] for solving 
nonsymmetric linear systems and Arnoldi process [Arnoldi, 1951] which is an analogue 
of the Lanczos algorithm for nonsymmetric matrices [Lanczos, 1950]. In the GMRES 
scheme, we determine as + Ug where u” is the initial guess and Ug is a member of 
the Krylov space K of dimension r such that the Lz norm error 


|| Eall = || Fa — Kap (US? + Ug) | (11.5.25) 


is minimized. Here, we use a smaller value for r and restarting the algorithm after every 
r step; thereby, the amount of storage required can be minimized. 

The step-by-step GMRES scheme is as follows: 

First, let us define: 


Ef? = total error vector 

Е. = error coefficient vector 

| EC? | = normed error 

EU? = adjusted error 

| Eg | = normed adjusted error 


а? = normed error coefficient 


уб ) 2 minimizer error vector 


(1) Choose и апа сотрше 


Е 
Е =F, = Кату =Fa- РО, Т„=| у Ane 


е=1 


"РО (е) ( 0)(е) 
ИГ, 
B = E f| E? | (Gram-Schmidt orthogonalization) 
(2) Iterate fori = 1,2,...r 
ath) = HDE) = Кав ва. ло 
ЁО = Kg Eg — Y aH ED) 
jal 
юы = ВОЛЕО] 


(3) Approximate solution: 
Let us consider a matrix consisting of the columns of residuals in the form 


EP EP 2. к? 


BY) = (11.5.26) 


БР EP... BP 
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Then, it can be shown that 


(rr) _ (r.r--1) r+1,r) 
Kop Bgg = Bon н 


(11.5.27) 
where i. is the upper Hessenberg matrix of the form 
qt) aD 8 at) 
| EY || 1039... а02) 
He =| o JEJ- аб (11.5.28) 
о о e | 
Here, the idea is to find a vector y; which will minimize the residual error as 
follows: 
min| Fa — Kag(Ug” + Ep) | = min| EC? — Kap Biz ye | 
= | Ee e, - HE») 
= [e – Be y xo (11.5.29) 
with 
2. = [| ED ||, 0, ...0}7 (11.5.30) 
= He, 
е" (11.5.31) 


The minimization process above does not provide the approximate solution explic- 
itly at each step. Thus, it is difficult to determine when to stop. This may be simplified 
using the so-called Q-R algorithm as suggested by Saad and Schultz [1986]. In this 
approach, we utilize the Givens-Householder rotation matrix, Ry», such that 

Hag = Rae (11.5.32) 


where 


Rog = Б, В... „Ел 


Ron = i (11.5.33) 


1 


with c? + 52 = 1 and the size of the matrix being (т + 1) x (m x 1) for m steps of the 
GMRES iterations. The scalars c, and s, of the rth rotation R,, being orthogonal, 
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are defined as 


Н+ Н, Т 
БЕ = Hs (11.5.34) 


(Ayr)? + Hrs ү (Air? T H iy) 


For example, let us assume r steps of the GMRES iterations so that (11.5.28) is written 
as 


Je. — HEE ye = [Rae (Ea — у) = lea — Ee (11.535) 
leading to the minimization, 
min|e, — Н у: = [6 | (11.5.36) 
and yz satisfies 
Ha + + Mpa Њу yı € 
0 А А : . 
0 0 | : =!” (11.5.37) 
0 0 0 Н,—1\›-1 Н, 1 Yr-1 €r-1 
0 00 0 Н+» у, e, 


in which the back substitution provides the inverse required in (11.5.31). 
To obtain the Hessenberg matrix in (11.5.37), we proceed as follows. If т = 5, 
then we have 


hı Ар Юз Ра Mts 
ha hn Роз од ds 
a h32 h33 h34 hs 


H; = 11.5.38 
5 Ju. йш. Tas ce) 
һәд hss 
hes 
dos gh) 
№1 || 
0 0 
(1) — = 
h о || + (11.5.39) 
0 0 
0 0 


1/2 
ri = (Л + 157) № а= ут, s = ут 


The first column of H; becomes 


ЋО = RAO = RW” = Врба RAO 


ч» Ж ч ЫШ че Ж ж» ШШ =] 


Similarly, 


2) = Re, е") R,R, 4... Ње 
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This process leads to the tridiagonalized form, 
(5) 76) 76) 76) 706) 
hy hy hg hg №5 
Њу Њу Њу Њу 
5 (5) (5 
nS ns D» 
5) 165 
hs, ћу 


но = (11.5.40) 


which is then inserted in (11.5.37) to determine y;, required in (11.5.31). 
(4) Calculate the error residuals uU. 
E®) = Ear = yr 


(5) The converged solution is obtained as 
U, = U? + ED 
Example 11.5.1 


Solve the following equations with an unsymmetric stiffness matrix using the GMRES 
algorithm. Compare with the exact solution: U; = 1, (5 = 2, U; = 3. 


3 2 -2][U 1 
—4 -1 1 U | =| -3 
5 —2 -1 (А —2 
Solution: 


Note that the EBE process is omitted here for simplicity. (The global matrix equation 
is used instead of the EBE column vector.) The EBE process must be used for a large 
system of equations. See Section 11.5.4 for EBE implementations. 


3 
1. Choose p = |2 | (This is a deliberate choice to be much different from the 
1 


exact solution.) 
2. Compute 


EO = Fy - Ка = | 10 | | EO | = 4344 = 18.5472 
2 


(0) —0.5392 
= E 
(== = | 0539 
|5 || | -0.6470 
3. Iterate fori = 1,2,...,r 
(a) i = 1: 
0.7543 
РТ) _ TO _ TN ;. 
Ex = КЁ = 0.9705 For j =1,..., i: 


—3.1272 
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at) = KOE = 2.1395 


1.9084 
EO = КО — а УК = | 0.1831 
—1.7429 
| ZO || = 2.5910 
PES 0.7366 
ы mr | -0.0707 
| | | —0.6727 
(b) i = 2: 
| 3.4137 
EO = KE, = | —3.5482 
4.4968 
For j = 1,2 Do 
je 
а®® = FYE = 6.6630 
—0.1788 
ЁО) EO аде EÜ =| 0.0442 
0.1858 
j = 2: 
а®® = EDEP = —0.2598 
0.0126 
ЁО) = EO — aC DEP = | 0.0259 
0.0111 
| EO | = 0.0308 
- 0.4084 
Бо 
Во = 5 0.8392 
| Ee n 0.3590 
(c) i23: 
| 2.1856 
EO) = КЕ = —2.1138 
0.0045 
For ј = 1,... 300 
јет 
aD = EOE = —2.3209 
0.9342 
EO = EG — а УБ = | —0.8624 


—1.4972 
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390 
ј==2: 
a6? = EVE” = –1.7561 
—0.3593 
EO = EO — aCD EP = | 0.7383 
—0.3159 
j=3: 
a63 = ЕОУБО = 0.8798 
0 
EO = EO 469 EO) ~ | 0 
0 
| Z| =0 
4) _ EQ —0 
ИШ: | 
4. Construct Hessenberg matrix 
441) 42) ge) {б a 
EY aed a [| [IU 
p: (Q2) = 
о [| аә ә) | о 
o о [22| 
2.1395 —6.6630 —2.3210] [ y? 18.5472 
2.5910 —02598 1.7561 | | у? | = 0 
0 0.0308 —0.8798 | | у®) 0 


5. Apply Givens rotation to reduce matrix for tridiagonalization. 
(a) First rotation: 


h; hus; 
s MT 2 PEL 2 2 
c= == Bee 3 = үй + Аа] 

j 


r) 
(1,1) (1) 
ees = —0.6367 sı = Ба =0.7711 
V (ас) (| EP] V (ac^ (| EP] 
at) 400 40.0 
jg] ae» аә [a] [e s 12| 
Ed jeep ao» |= | e Off о 
ppp == ка 
= —4.4429 —0.1237 yı 11.8097 
4.9723 2.9079 у | = | —14.3014 
0.0308 | —0.8798 уз 0 


(5) Second rotation: 
0 O] [3.3602 —4.4429 —0.1237 | | yı 
0 4.9723 2.9079 | | у 
0 0.0308 —0.8798 | | уз 
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1 0 0 11.8097 
=|0 c s —14.3014 
0 -s c 0 


c2 = 0.9999 s2 = 0.0062 
3.3602 —4.4429 —0.1237 yı 11.8097 
0 4.9724 2.9024 y2 | = | —14.3012 
0 0 —0.8798 | | уз 0.0886 
y® —0.2157 
y® | = | —2.8185 
уб) —0.0988 
6. Compute residual 
+) p p8) 
E, Е E, yi EO 
ЕЎ? Е? Е? || у | = | 
= 22 = (r) 
E? о O| Е 


EP E: 


0.7366 0.4084] [ —0.2157 =2 
ЕО | = | 0.5392 —0.0707 0.8392 | | —2.8185] = | 0 
pO —0.6470 —0.6727 0.3590 | | —0.0987 2 
3 
7. Update Ug 
uy U| |2 | p 
Ф |= | uO} +] BP | = |2 
U3 09 ЕО) 3 


Note that the exact solution has been obtained. 


11.5.4 COMBINED GPG-EBE-GMRES PROCESS 


We consider the solution by generalized Petrov-Galerkin (GPG) method using EBE- 
GMRES solver. The global GPG equation (11.4.5) may be written in a local form. 


[48 nec (аб, + с, oon 


= [A — (1 – Ar (Ву + Cha + KN) | ia + At (FR + GG") (1541) 
or 


RO уде обо" 


NM Ум — Ум (11.5.42) 


For illustration, let us consider the global and local configurations as given in Figure 
11.5.4.1. 
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3 P : 12 
e-2 | e-4 e-6 aes 3 2 ЙИР 5 
2 11 в Е 
е=1 5| е=38| е=5 2 1 4 
1 10 
4 7 
(а) (b) (с) 


Figure 11.5.4.1 Global and local configurations. (а) Global system. (b) Local. (c) Global. 


Using the four-node isoparametric element on the left-hand side of (11.5.42) for 
e — 1, we have 


DRO = Ry vP (11.5.43) 
or 


0040+0 (1) (1) (1) (1) a)3 +D) 
D R 0 R 0 R 0 R? 0 vi 


р!) o m? o m? o m о к 
pi ко o m) o m o g o |0 
00| fo m? o m) о g о ghe 
p m о 0 ү, 0 (D 0 | 0 v(? 
р!) o m? o m) o m о к 
р!) RU o к о R) o ж olhe 
р! око к o кф о кој 


with the local element node numbers being replaced by the global node numbers for 
global assembly. 
The assembled column vector D,; takes the form 


E E 
Du=U DOA = о Ru AP (11.5.44) 


This operation is identical to the summing process, as shown in Table 11.5.1. 
with 


(1) _ RO 0) (1) | (1) (1) (1) (1) (1) 
Diy = Ry vij + Rig var + Ris vs; + Кр уд 
(0. RO 0) (1) (1) (1) (1) (1) (1) 
Diz = Куур + Rig уд + К vs; + Кр vy, 
еїс. 
For illustration let us consider the geometry given in Figure 11.5.4.1с. It represents 


189 x 2 = 378 equations given by the column vector Dai, which is assembled from 8 x 8 
local stiffness matrices multiplied by the 8 x 1 local variable unknown column vectors. 
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Table 11.5.1 Global Summing Procedure 


Node Бы (sum) 


1 


We follow the procedure similar to the one given in Example 11.5.1 except that we 
use the ЕВЕ process here. Thus, instead of global matrix Kag (378 x 378) we now have 
a column vector D,;(378 x 1). 


1. Specify initial and boundary conditions on all boundary nodes and assume values 
for all interior nodes (009) = 0, for example) 


2. Compute the error coefficient vector EO 
0 
EY = Ош = Dy, 
with Ош = ОЁ, ОХ) AO and Dai as determined from (11.5.44). 


= (Gram-Schmidt process) 
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3. Iterate fori = 1,2, 3,...r,sayr = 4 
For this example calculate the adjusted error vector EO, the normed error 


coefficient 40-1), and a new error coefficient vector ED. 
(a) i = 1: 
EO = ő go»AO — E RO FO AO 

| — О Ву Ам = Ч Кум Рм Ама 


j=l: 
a) = ROR 
EQ = EO — ари) 
;0 Ё) 
E o 


(b) i = 2: (Calculate, similarly, new adjusted error vector, normed error coeffi- 
cients, and error coefficient vector.) 


„(2 _ Е peo (е) E ple) FOR), 
Ес zm EN; Ana =U, Кум Ем: ANa 


jk 

пад = EE 

ЕО = РО _ aC EU 
j £2: 

иэ = ETE 

FO = Eo aC DE 

zü EL 

"o Ml 


(c) i — 3, similarly, 


E E E = 
BD = 0 ВОНА = URE AM. 
e=1 е=1 
j=l: 
авва 
ЁЗ) = Bos aC DE E 
ј=2: 
82 _ ро о 


po ЕЎ _ ag 


3,3 =(3)-Е(3) 
а83) = КОРЕ 
(3) (3) 3,3) BO) 
КО = ES) ag 
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(d) i = 4: Again similarly, 


Е Е Е —(e 
во = б BROAR = 0 ни 
j=l: 
a^ Ty. = EO E 
ED = E) – a6 ED 
EE. 
452) = = Eo EO 
E = ED a4 ED 
ј== 
ава = POTO 
EO = E - aE 
j=4: 
а%® = = Fo E 
E) = ED – аб ED ~O 
5) ЕО К 
МЕ 
4. Construct Hessenberg matrix to calculate the minimizer vector у, (r = 4 in this 
case) 
(1.1) Q.1) (3,1) (4.1) 0 
er a a a у || EO | 
| Es; || a 2) 432) а 52) У | _ 0 
| Eo | аб 3) а 4» ys V 0 
[ЁШ a) | Ly 0 


where || Ё@ || = 0 is assumed. 

5. Apply Givens rotations to reduce Hessenberg matrix to an upper triangular 
form in order to find the minimizer error vector y, as shown in step 5 of Example 
11.5.1 

6. Compute residuals (for the case of Figure 11.6.3.1a) 


Eo ЕО Е? Eo Е? 
Еі 1) ro E E в 
yi 
У | _ 
Уз 
| | Уд 
(1) Q) (3) (4) (г) 
Ez Ево Esg E378 Езв 


(378 х 4) (4x1) (378 x 1) 
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7. Update Ug; 
T yo Eo 
i „(0 EO 
= + 
(0) (r) 
V378 V378 Ey 


у ~ | 5 
If the adjusted error vector EO and the error coefficient vector EC are not 
approximately zero, then further iterations will be required. 


11.5.5 PRECONDITIONING FOR EBE-GMRES 


Although Krylov subspace methods such as the GMRES method are well founded 
theoretically, they are likely to suffer from slow convergence for fluid dynamics ap- 
plications, especially in the problems involving high Mach numbers and high Reynolds 
numbers. Preconditioning is a key ingredient in the success of Krylov subspace methods 
in these applications. In creating a preconditioner for the EBE equations, the first step 
is to normalize each element matrix using a scaling transformation that can be viewed 
as an initial level of preconditioning, often called “pre-preconditioning” [Saad, 1996; 
Shakib et al. 1991]. Typically, a diagonal, or a block diagonal, scaling is first applied to 
the element matrices to obtain scaled element matrices. 


Step 1: Pre-preconditioning 
Consider the local finite element equations given by 


AN аб (11.5.45) 


The left-hand side may be written as 


CO = ко p Aue (11.5.46) 
The EBE process provides 
он U Co ка (11.5.47) 
with 
ort! = (е) o 
-U DU AY (11.5.48) 


Construct the diagonal scaling matrix Dagrs in the form 


Dagrs m -U RD. МА 


11.5 SOLUTIONS OF NONLINEAR AND TIME-DEPENDENT EQUATIONS AND ELEMENT-BY-ELEMENT APPROACH 


Note that since the off-diagonal terms of Dogs are zero, Dagrs can be stored as a 
vector. 

Performing the preconditioning operations on the unassembled element equations 
requires three steps: 


(1) Gather, or localize, the components of the global diagonal vector into local 
element vectors. Let Ds denote the local diagonal matrix for element (e). 

(2) Perform the preconditioning operations on the element level. Equation (11.5.48) 
is transformed into 


При AU = On (11.5.49) 
where 
Ко = On Dy 
AUS, = (Dup)? AUG) 
м = (Рур 109 
with 


(е) z(e) (e) 
См = Кум A Uy 
(3) Scatter, or globalize, the components of the local element vectors into the global 
vectors as follows: 


E E 
с = Је A. Calo ТА (11.5.50) 
е=1 


е=1 


Step 2: Main preconditioning by upper and lower triangular matrices 

The second step in defining an EBE preconditioner is to regularize the transformed 
element matrices from step 1. Using Winget regularization, the diagonal of each co- 
efficient matrix is forced to be the identity matrix. In other words, the regularized 
matrix is defined as 


Кума = Res — diag Ris, ) + Inmrs (11.5.51) 


Finally, the factorization must be chosen for the preconditioning matrix. We choose 
the LU factorization for the regularized matrix RS us to produce the preconditioning 
matrix GO. of the form 


Gs, = „шй 


Nprt ~ pMts (11.5.52) 


where 19 мапа и ж are obtained by factoring the regularized matrix Rs into a 


unit lower and an upper triangular matrix. In other words, 
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1 0 0 0... Го Up Uns -© (Ам 
bi 1 б 9 0 О; Оз Од >- Um 
а ја 15 1 0 0 0 Оз Ua --- Uy 
Lyu La 0 | ' Was 
: "EET . 0 : ч ; 0 : 
Lu dam wee 33% ae d 0 0 «++ +++ 0 Umm 


where the indices rt and ts | а dd simplicity. 


Notice that in practice, 19 мапа Ut Р m can be stored together. 
We premultiply the left-hand and right-hand sides of (11.5.49) by the inverse of the 
preconditioned local element matrices as follows: 


e › еј“! 
CO Rin Ае SEG. Ок (11.5.53) 


However, in practice we do not actually calculate the inverse of the preconditioning 
matrix. Instead, consider writing the right-hand side of (11.5.53) as 


^ 1 
ду = Du Uis Фе), ог Du Uis OW = ду (11.5.54) 


Consider rewriting (11.5.54) as 
1, „29 = 00 (115.55) 


r 
where ze = US. Qo . Since E. is lower triangular, Equation (11.5.55) can be 
solved for Zir using forward reduction. Then, the equation U) 2 = zo can be 


solved for О? Ns» Which is the right-hand side of (11.5.53), by back substitution. A similar 
operation is performed to evaluate the left-hand side of (11.5.53). The element values 
are then mapped to the global column vector as shown below. 


E 
A| ) У ^ А( ( ) 
= = бы Run AU. Са = Е j е) AT. 


A 1 Ёё A 
ду = Gis Oio да = U Ont AN 

The pre-conditioned GMRES process begins with 
EO = Q0 – CO 


and 
(0) 
a) _ E 
а mT (0) 
| E 


Step 2 of the GMRES procedure described in Section 11.5.3 is rewritten as follows: 
GMRES iteration: For i — 2 2,3,...,r Do 


41) _ до m) (e) RO о (е) 
Bo = а Кув Egs = баши Кур Ер s А ма 


The rest follows identically as in step 2 through step 6. 


11.6 EXAMPLE PROBLEMS 


11.6 EXAMPLE PROBLEMS 


11.6.1 NONLINEAR WAVE EQUATION (CONVECTION EQUATION) 


Consider the first order nonlinear wave equation of the form used in Section 4.7.5. 


д д 
= и б O<x<4 
ot Ox 


u(x,0)=1 0<х<2 
u(x,0)=0 2<x<4 
Required: Solve with GPG using the numerical diffusion given by (11.3.32). 
Solution: The GPG formulation begins with 
È 
ди ди ди 
W al — — ја Чаш-—ах |а =0 
| ој] E eus) rtf ET J s 
with 
(e) 
(e) дФу 
Va —Tu——— 
а 
where т is the numerical diffusion factor (intrinsic time scale), 
Ch 


2u 
with C being the CFL number, 


1 
C === coth H= — 
a = со H 


which is characterized by the numerical diffusion as shown in Figure 11.3.2 defining the 


accuracy and stability for the solution of the nonlinear convection equation. 


As a result, it is seen that dispersion or dissipation errors decrease with mesh refine- 
ments, as shown in Figure 11.6.1. Accuracies deteriorate significantly with inadequate 


numerical diffusivity constants outside the stability and accuracy criteria. 


11.6.2 PURE CONVECTION IN TWO DIMENSIONS 


The two-dimensional pure convection equation for a concentration cone placed in a 


rotating velocity field, as shown in Figure 11.6.2a is given by 


TEOL 
ot OX; 
where 


A; = (acos0,asin0) witha = 1/2 
Initial Data: 

1 1 
5 + cos 4pm) p< 2 


ио = 
0 otherwise 
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e=urdt/dx, 5-0, dt/dx-0.5 e=urdt/dx, 5-0, dt/dx=0.5 


1.5} 1.5 
1.0 1.0 Е 
ет 1=0.0 
© 1=0.5 
0 5-t-1.0 sec ~ 0.5rt-1.0 
| E t=1.5 
a t=2.0 


0.0 0.0 
-0.5 -0.5 
0 1 2 3 4 0 1 2 3 4 
x x 
(a) GPG (80 elements) (b) GPG (150 elements) 


c=urdt/dx, 5-0, dt/dx=0.5 e=urdt/dx, 7=0, dt/dx=0.5 


1.57 1.57 
1.01 em 
t-0.5 E 

0.5 |+=1.0 = 

| 4=1.5 = 

[t=2.0 F 
0.07 

-0.5 
0 1 2 3 4 0 1 2 3 4 
x x 
(с) GPG (200 elements) (4) GPG (400 elements) 


Figure 11.6.1 GPG solutions for nonlinear convection shock wave propagation (lumped mass matrix). 


where 
p? = (x — 0f + (у + 0.5? 


Required: Solve using the СТС and GPG methods with lumped and consistent mass 
matrices. Carry out until 1 revolution is reached. 


Solution: For the computation, a 32 x 32 grid mesh in a 2.0 x 2.0 domain is chosen, 
and initial cosine hill with unit magnitude is centered at (0.0, —0.5) whose base radius 
spans eight elements in Figure 11.6.2b. Use a constant time step, At = 21/400. The 
total number of nodes is 1089, and all boundary conditions are Dirichlet type, и = 0, a 
complete rotation is accomplished in 400 time steps. The Courant number at the peak 
of the cone is approximately 1/4. 

For the GTG method with the lumped mass, the solution with one iteration 
(Figure 11.6.2c) has wiggles and reduced cone height more than those with three itera- 
tions (Figure 11.6.2d); an improved solution is obtained for the case of consistent mass 
(Figure 11.6.2e) for t = 7/4 as compared with that for lumped mass. The results of the 
GPG method at t = 7/4 are shown in (Figure 11.6.2f) (1), (2), (3), and (4) corresponding 
to the numerical diffusivity of a = 107^, 1072, 1, and 102, respectively. In Figure 11.6.2g, 


гуд су 'sseur 309351000) (8) ‘HLH 'sseur рәйашп (J) OLO ‘SSEW }09]515000) (ә) SUOLI 9014) 8ш 
LL aanbid 


poduinq (p) 'uorjeoj1 ouo веш podum T (ә) `0 = 1°с`0— = 4 ‘0 = x 3e Ч oursoo errur рир (q) 'euoo SULJO ХАдошоог) (в) Ty oursoo ім ouoo durejow Z'9 


(8) 


(q) (v) 
— dhi p 


Q-n 


=n 
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(1) and (2), the GPG methods show oscillatory behavior at а = 107^ and 1072, which 
disappears at x = 1 and 10? in Figure 11.6.2g, (3) and (4). Although the GPG methods 
provide numerical diffusion in the direction of the flow for stability, the methods may 
be restricted within the low Reynolds numbers unlike the GTG methods. 


11.6.3 SOLUTION OF 2-D BURGERS’ EQUATION 


The purpose of this section is to show the effectiveness of GPG for the solution of the 
Burgers’ equations with convection terms and its solution convergence as a function 
of the grid refinements. We use the geometry as shown in Figure 11.6.3.1, the same 
geometry as in Section 10.4.2. 


Given: The Burgers’ equations with the nonlinear convection terms are given by 


ди " ди т ди (5 " ==) PE 
u v v = 
at ax ду əx? дуг 
ду " ду m (25 " ==) f,-0 
и v = 
дї дх ду əx? дуг 4 
with 
1 x? + Ixy 3 
х= + + Зх” = 2v 
h--üxg* 0-48 remm 
1 y? + 2ху 3.2 
= 3y'x^—2 
fy Ema (42) + Зух vx 
Exact Solution: 
1 m. 
u = — +x 
ер ~ 
1 en 
= — +x 
та" 


Required: Solve the Burgers’ equations using GPG for the coarse, intermediate, 
and fine meshes as shown in Figure 11.6.3.1. Neumann boundary conditions are to be 
specified at nodes marked by N and all other boundary nodes are Dirichlet. They are 
computed by the exact solution as given above. Use bilinear isoparametric elements 
with v = 1, At = 107^, and у = 1/2. Begin with the initial conditions и = 0 and v = 0 
specified everywhere. 


Solution: Shown in Figure 11.6.3.2 are the solutions at x = 2 and у = 1 for the coarse, 
intermediate, and fine meshes. It is seen that, although the initial conditions as given 
are и = 0 and у = 0, they quickly rise toward the exact solution. For the coarse grid, 
however, the solution overshoots considerably. The convergence to the exact solution 
is evident for the intermediate grid and significantly for the fine grid. 


11.7 SUMMARY 


The generalized Galerkin methods (GGM) introduced in Chapter 10 have been 
extended to the Taylor Galerkin methods (TGM) and to the generalized Petrov-Galerkin 
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NN 
х 
~ 
= 


E 
ШЕШ ИЕ den ep Ts 
PET ee tT te tt Tt | a 
(с) 
Figure 11.6.3.1 Geometries for Section 11.6.3, N representing Neumann 
boundary conditions, Dirichlet and Neumann boundary conditions are 
prescribed from the exact solution. (a) Coarse grid. (b) Intermediate grid 
(halved from the coarse grid). (c) Fine grid (halved from the intermediate 
grid). 


= кю ш RAD ч оо 


и— exact 


0 0.5 1.0 15 2.0 0 05 1.0 1.5 2.0 


Time Time 
(a) (b) (c) 
Figure 11.6.3.2 Solution of 2-D Burgers’ equations, x = 2, y = 1 (v = 1). (a) Coarse grid. (b) Intermediate 
grid. (c) Fine grid. 
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(GPG) methods in order to cope with convection-dominated flows. It was shown 
that the basic idea of TGM is to provide numerical diffusivity. In GPG, more rigo- 
rous approaches to treat convection-dominated flows are employed through SUPG, 
discontinuity-capturing scheme, and space-time Galerkin/least squares. The significant 
features available in GPG are to explicitly provide numerical diffusion in the direction 
of streamline and toward velocity gradients or acceleration. Furthermore, the concept 
of least squares is applied to reinforce the numerical diffusivity. 

In this chapter, we also examined numerical solution of nonlinear equations using 
the Newton-Raphson methods. The element-by-element methods in which the assem- 
bly of total stiffness matrices is replaced by the element-by-element vector operation 
introduced in Section 10.3.2 are extended to the nonlinear equations. Furthermore, we 
reviewed GMRES which is regarded as the most rigorous equation solver for nonlinear, 
nonsymmetric matrices. 

Major applications in CFD are the solutions of the Navier-Stokes system of equations 
for incompressible and compressible flows. These are the topics to be discussed in the 
next two chapters. 
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CHAPTER TWELVE 


Incompressible Viscous Flows 
via Finite Element Methods 


As noted in Chapter 5, the condition of incompressibility for incompressible flows is 
difficult to satisfy. The consequence of this difficulty results in a checkerboard type 
pressure oscillation which occurs when the primitive variables (pressure and velocity) 
are calculated directly from the governing equations of continuity and momentum. 
Various methods are used to overcome this difficulty. Among them are: mixed methods, 
penalty methods, pressure correction methods, generalized Petrov-Galerkin (GPG) 
methods, operator splitting (fractional) methods, and semi-implicit pressure correction 
methods. Another approach is to use the vortex methods in which stream functions 
and vorticity are calculated, thus avoiding the pressure term. Some of the earlier and 
recent contributions to the finite element analyses of incompressible flows are found in 
[Hughes, Liu, and Brooks, 1979; Carey and Oden, 1986; Zienkiewicz and Taylor, 1991; 
Gunzburger and Nicholaides, 1993; Gresho and Sani, 1999], among many others. 

Instead of being limited to incompressible flows, we may begin with the conserva- 
tion form of the Navier-Stokes system of equations for compressible flows, in which 
special steps can be devised to obtain solutions near incompressible limits (Mæ = 0). 
This allows us to use a single formulation to handle both compressible and incompress- 
ible flows. We shall address this subject in Section 13.6. For this reason, treatments of 
incompressible flows in this chapter will be brief. 


12.1 PRIMITIVE VARIABLE METHODS 


1211 MIXED METHODS 


Consider the governing equations of continuity and momentum for incompressible flow 
in the form: 


Continuity 

vii =0 (12.1.1a) 
Momentum 

pvi;jVj + Di — иу = 0 (12.1.1b) 


It is well known that the standard Galerkin formulation of the simultaneous system 
of equations for continuity and momentum (12.1.1a,b) becomes ill-conditioned, known 
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as the LBB condition [Ladyszhenskaya, 1969; Babuska, 1973; Brezzi, 1974] as pointed 
out in Section 10.1.4. In order to circumvent the numerical instability, trial functions 
for pressure are chosen one order lower than those for the velocity, defined as shown 
in Figure 10.1.3. We may write the standard Galerkin integrals in nondimensional form 
as follows: 


1 
bal viv; pj — —v |49 20 12.1.2 
[ +P zY) ( a) 
| Фау; ад = 0 (12.1.2b) 
Q 


where the pressure approximation is of one order lower than the velocity approximation 
so that the incompressibility condition may be satisfied as discussed in Section 10.1.4. 
Combining (12.1.2a,b) yields 


Рр; Ср | | Уру _ Са (12.13) 
Cag; 0 Pp 0 
with 


1 
Dogij = | (КО; + gc Pot adh; an 
о Ке 
Са = | Фе Фа, 5:49, Cui = | $,6, jadh, 
Q Q 
1 x 
бы = | сфт 


where the test function Êa for continuity is the same as the pressure trial function. 

As mentioned in Section 10.1.4, if pressure is interpolated as constant (pressure node 
at the center of an element) and velocity as a linear function (velocity defined at corner 
node, Figure 10.1.3a), then such element becomes overconstrained (known as locking 
element). This situation can be alleviated by using linear pressure and quadratic velocity 
approximations (Figure 10.1.3b). In this process of unequal order approximations for 
pressure, we seek to achieve the computational stability. Many other available options 
are discussed below. 


12.1.2 PENALTY METHODS 


As seen in Section 10.1.4, the incompressibility condition can be satisfied by means of 
the penalty function Х such that 
p--—Nii (12.1.4a) 
рі = =}, јі (12.1.4) 
which is designed to replace the pressure gradient term іп (12.1.2а). The reduced 


Gaussian quadrature integration for the penalty term is still required to avoid being 
over-constrained, as discussed in Section 10.1.4. In this way, we obtain the solution of 


12.1 PRIMITIVE VARIABLE METHODS 


(12.1.2a) without (12.1.2b), but the mass conservation is maintained through the penalty 
constraint. 

Another approach is to combine the penalty formulation with the mixed method of 
(12.1.2a,b). This can be achieved by replacing the continuity equation with the Galerkin 
integral of (12.1.4a), 


1 o. (vs + 2 ја =0 (12.1.5) 
2 ТА 
This will then revise (12.1.3) іп the form 
Dy ij Сы i j Сы 
a ой Е | = (12.1.6) 
Саву Eog Pg 0 
with 


1 
Ба = | — Oy Фвао 
Х 
Q 


which provides an additional computational stability in comparison with (12.1.3). 


12.1.3 PRESSURE CORRECTION METHODS 


The basic idea of the pressure correction methods is to split the pressure and velocity 
in the form [Patankar and Spalding, 1972] 


р"! = p"™+p’ (12.1.7a) 
yor = viv (1217) 


where v* denotes the intermediate step velocity. Using (12.1.7) in (12.1.1b) we obtain, 
for the case of unsteady flow, 


ду; | дү; © 1 * * үп п / 
3t + эг) Ne ёл an (pi)" — (ри) 


which may be split into 


OV; в 1 РА 

(=) = Re uv) МЫ СУЛЕ) 
av; ү 

( 2: ) = (р; (12.1.8b) 


where the asterisk and prime indicate intermediate and correction values. The solution 
of (12.1.8a) is not expected, in general, to satisfy the conservation of mass. In order to 
rectify this situation, we take a divergence of (12.1.8b) and write 


д ; 
^. — —— (у; 12.1.9 
Ри== (мш) (12.1.9а) 
which may be recast in a difference form 
1 
P'a = (vii — vii) (12.1.9Ь) 
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п+1 


Here we intend to force у,; to vanish for mass conservation so that 


1 * 
"= (vi. 12.1.10 
P ii At (Vi; ( ) 
Thus, the solution procedure consists of 


(1) Solve (12.1.8a) for v? with initial and boundary conditions and assumed pressure. 
(2) Solve (12.1.10) for pressure corrections, p', with the boundary conditions p' = 0 
on P p and рт on Гу. 
(3) Determine v; from (12.1.8b). 
(4) Determine 
р"? = р" a p 


vtl у vi 


(5) Repeat steps (1) through (4) until convergence has been achieved. 


The generalized Galerkin formulations may be used for (12.1.8а), (12.1.10), and 
(12.1.8b). Mixed interpolations (between velocity and pressure) аге not required. Al- 
though the mass conservation is achieved through the pressure correction methods, the 
convective terms may still contribute to nonconvergence if convection dominates the 
flowfield. Toward this end, the generalized Galerkin formulation can be replaced by 
GPG methods. 


12.1.4 GENERALIZED PETROV-GALERKIN METHODS 


The mixed method may be modified so that both pressure and velocity can be inter- 
polated in a same order. The convection and pressure gradient terms are treated with 
generalized Petrov-Galerkin (GPG), and the pressure is updated using the standard 
pressure Poisson equation. 


i ду; 1 
| W(é) || СЕ TVvijVj — aus] + Ҹо (м ууу + Ро јаз | =0 


(12.1.11) 
|| ®,[ Di + (vi.jVj);]d 20 (12.1.12) 
Q 
Integrating (12.1.11) by parts leads to 
At At 
Е + 5 (Bo + Cop + Keg) og = | Ace = 5 (Bs + Cag + Ka) и 
+ At (Fai + Gai) (12.1.13) 
where 
Fai = -f ту Фа Фр „а рр (12.1.14) 
а 


with all other quantities being the same as in (11.4.5) except for the Reynolds number. 


12.1 PRIMITIVE VARIABLE METHODS 


The nodal pressure pg will be updated from (12.1.12), which assumes the form 


Eag pg = Н, + Qa (12.1.15) 


with 

m= Фе Фр idQ 
Q 

maj o, (v; jv;);dQ 
Q 

* 

Q. = | Фраат 

r 


Note that pressure oscillations are suppressed not only from (12.1.15) but also the 
damping effect built into (12.1.14). 


Remarks: We note that GPG methods can be applied to the incompressible Navier- 
Stokes system of equations in which the special treatment for pressure is no longer 
required. In this case, the conservation form of the Navier-Stokes system of equations 
can be utilized and it is possible to formulate various schemes which can handle both 
compressible and incompressible flows. Furthermore, the conservation variables can 
be transformed into primitive variables in order to accommodate the incompressible 
nature of the flow. In this case, details of derivations of GPG schemes for incompressible 
flows are the same as in the case of compressible flows, which will be presented in 
Section 13.3. 


12.1.5 OPERATOR SPLITTING METHODS 


The pressure correction methods may be solved with fractional steps, often called oper- 
ator splitting methods or fractional step methods [Yanenko, 1971], such that equations 
of hyperbolic, parabolic, and elliptic types are solved separately [Chorin, 1967]. To this 
end, we consider the standard Galerkin finite element equations of momentum and 
continuity in the form 


AopV pi + оруу Vgi Му] — Capi Pp + KajgjVgi = Gy = 0 (12.1.16) 
Cog Vpi =0 (12.1.17) 


(1) Hyperbolic Fractional Step Operator for Convective Terms 

Aog Vgi = — Popjy VpiVyj + Gai (12.1.18) 
where 

Expiy = Вавју + Соруу 


with Cagjy indicating the term constructed from the numerical diffusion test functions. 
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The solution of (12.1.18) is obtained from the GPG formulation, 


At At 
(ла + A Бө јад = Aapygi — = Барију + At бы (12.1.19) 


(2) Parabolic Fractional Step Operator for Dissipation Term 


Appi = — КоувуУр: (12.1.20) 
Vj = Vi опГр 
Vi, jj = 81 оп Гу 


We solve (12.1.20) with ТОМ formulation so that 


At | "NES 
(ле + A Eo; Jg = Ав? — 5 Кавур + At Gai (12.1.21) 


(3) Elliptic Fractional Step Operator for Pressure Term 
vit = gut 
Ag Bi 7 Bi agi р! (12.1.22) 


CopVpi = 0 (12.1.23) 


р = ро оп Гр 
Dini = 8: опГу 


Here the enforcement of incompressibility is achieved by substituting the first term 
on the right-hand side of (12.1.22) by (12.1.23). 


1 
Dagi pg = – у Совуви (12.1.24) 
where 
Dagi = Cay A;a Ciei (12.1.25) 


We calculate Pi from (12.1.25) and determine the final velocity from (12.1.22), 


у =! + АА CET (12.1.26) 


Note that the fractional step methods are similar to the pressure correction methods, 
although there are two distinctly different aspects: 


(1) The solution involved in (12.1.8a) is split into two steps: hyperbolic step and 
parabolic step. 

(2) The processes (12.1.8b) and (12.1.10) of pressure correction methods are com- 
bined into an elliptic step of the fractional step methods. The pressure Poisson 
equation is not used here. 


It should be noted that (12.1.22) may be differentiated spatially to obtain the pressure 
Poisson equation as in the pressure correction method, expediting convergence to a 
certain extent. 


12.1 PRIMITIVE VARIABLE METHODS 


12.1.6 SEMI-IMPLICIT PRESSURE CORRECTION 


In this scheme, the GPG method is used for convection dominated flows, but we resort 
to the pressure correction method to maintain conservation of mass and to suppress 
pressure oscillations. 

With the continuity equation written in the form 


1 др 


iar Jor 12.1.27 
aar ТРИ» ( ) 


we obtain the finite element equations as follows: 


Continuity 

Dap Pp + CagiVgi = 0 (12.1.28) 
Momentum 

АовУр: + (Bagjj + Каву) Vgi + Copi Pp = 0 (12.1.29) 


where Bagjj contains the GPG terms. 
Denote the following: 


Apa = pitt — p, (12.1.30) 
Ау", = yttl — үл, = ду — дуо) (12.1.31) 


p=(1—6)p"+ 0p"! 


= (p! — р") + p" (12.1.32) 
= Ө(Ар") + p" 

vi = (1 — 0)у + дуг! 
= е (луг — avi) + vr (12.1.33) 
= Ө6(ЛУ/) + v 


Substituting (12.1.32) into (12.1.29) and taking a temporal approximation, we obtain 
Лур; = = А: (Ввјј + Kajpj) (0 Лур; + ү) + Copi (0 Ар + Ps) | (12.1.34) 


Combining (12.1.32) into (12.1.34) and separating the resulting equation into two parts 
leads to 


[At0( Bogjj + Kaos Ave? = At [(Byg; + Kyjj) vp; + Cypi Ру] (12.1.35a) 
[Aag + AtO(Bagjj + Ковач = At0 C. oi Ару (12.1.35b) 


Substituting (12.1.32) into (12.1.28) and using (12.1.33) and (12.1.35), we obtain 


(Сен OF} Сым) Ар = -Capi At (Vl + OAS?) (12.1.36) 
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where 
1 М? 
Dg = | 59.9.42 - [ 59.9. Оов = Aug + At0( Bog; + Куру) 
(12.1.37) 
For incompressible flows, we have Dag = 0. This gives 
At?0?Caryi Qi Capi Ар" = Capi At (vii: + Дује )) (12.1.38) 


The von Neumann analysis shows that, for stable solutions, At must be limited by 


h [1 1 
At < М RS се et (12.1.39) 


Upon solution of the pressure equation (12.1.38), we return to (12.1.34) for the corrected 
velocity components. 
A simplified version of the previous approach arises in the absence of viscosity terms: 


1 др 
— + у = 12.1.40 
а? дї к ( ) 
OV; 
= 12.1.41 
àt t Pi ( ) 
Rewriting (12.1.40) and (12.1.41) yields 
1 n n 
— Ap" + Мур + А — өлү ©), —0 (12.1.42) 
а ; 
Avi + @AtAp" =0 (12.1.43) 
Substituting (12.1.43) into (12.1.42), we obtain 
1 п п n(1 n 
= Ар" + At (у + өлу), – (0At) Др", = 0 (12.1.44) 
With the finite element approximation, 
у; = GO. Vai, р= Фара 
we have 
(Dag == At?0? Enigi) Ар == opi At (Avg; + оду") (12.1.45) 


The pressure correction as obtained from (12.1.45) can ђе used to solve (12.1.44) in 
which the viscosity term is now restored. 


12.2 VORTEX METHODS 


Recall that the vortex methods as examined in Section 5.4 utilize the vortex transport 
equation in which the terms with pressure gradients vanish upon satisfaction of the 
conservation of mass. Thus, the pressure oscillation is not expected to occur in the 
solution of the vortex transport equation. 


12.2 VORTEX METHODS 


In many engineering problems, it is not feasible to make two-dimensional simpli- 
fications because the flowfield is physically three-dimensional, such as in high-speed 
rotational flows and high-Reynolds number turbulent flows. Thus, we begin with three- 
dimensional formulations and demonstrate that the two-dimensional analysis can be 
derived easily as a simplification of the three-dimensional process if permitted by the 
special physical situations. 


12.2.1 THREE-DIMENSIONAL ANALYSIS 


Three-Dimensional Vorticity Transport Equations 
The system of three-dimensional vorticity transport equation takes the form 


до 


Эр + (у: Ује – (о: V) v = У: (1221) 
with 

о= Уху (12.2.2) 

у2р= pV - [(v- V) v] (12.2.3) 


The above system provides seven unknowns (o, v, p) and seven equations in three 
dimensions. We may use GGM , ТОМ, ог GPG to solve the system of equations (12.2.1— 
12.2.3). 


Three-Dimensional Biharmonic Equation with Stream Function 
Itis also possible to write (12.2.1) in terms of the stream function vector V as defined 
in (5.4.15), 


д 

2107 9) + (У х Ф. УЈУ у — (Ур. УУ x V) = уу (12.2.4a) 
or 

д 

тЫ + £j Wy, j Vi тт — £isk Wy, jj кз = VWVi, jjkk (12.2.4b) 
with 


о = V(V - Y) – У = -V^y 
To obtain the TGM equation for (12.2.4b), we proceed as follows: 
s д 
] мо f o (5,00) + £y jk Vk, j Ч тт = Eisk Yr, jj Yk,sr = "Vna dQdé =0 
(12.2.5) 


Integrate (12.2.5) twice to obtain 


OV; 
Аарау m — Bog, V gk Wi + CapyimkYgmYyk + Кавд Чај = — Gai (12.2.6) 
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with 
Ag = [ Фа Фр к dQ 
Вевук = | Епјк Фа Pp, Фу тт dQ 
Саут = Í £i Da Dg, jj. s dQ 
Kp = [ vó, kk Pp mm dQ 
Gu = [ уфа jn dT — [ уфак jj dT 


Here, there are nine variables (Ф, V», V3, V 2, V, 5, Yo1, V5 5, Чл, and V5) to be 
specified and calculated at each of the eight nodes of the 3-D cubic isoparametric 
element. To this end, we require thirty-two constants to be determined with four of 
them (WV, V; ;, V; », V; 3) at each of the eight nodes as follows (Figure 12.2.1): 


1, E, m C, £n, EL, пе, Eng, E^, тр, 67, Em, EL, WE, WE, CE, Cm, EnG, Ent, Eng’, ЕЗ, 
тр, C, £n EG mE WC, CE Ст, EC En C, End? 


The TGM Newton-Raphson formulation of (12.2.6) takes the form 


(r) (n+1)(r+1) +1)(r) 
ПАО И) ша -RDC (12.2.7) 


7. 


Figure 12.2.1 Hexahedral element for 3-D vortex transport 
analysis. 


12.2 VORTEX METHODS 


where 
At 


RICO = Абу + 2 


1 1 1 1 
(Жы и) д Yet ашын 


| At 
— Ka bj) — Aagi чију + (Ву 0) — Copri Yn We 


Bj 2 pm * yk 
– Kapj YY) — Агбы (122.8) 
(n--1)r) 
o) _ ЗКа At 
Јаву = эф) Асвду + -5 (Bagy; Vyi + Ввук®уЧук — 2Copyiik yk — Корё) 
Bj 
(12.2.9) 


First of all, the local element interpolation functions must be polynomials of at 
least third degree which will allow the stream function to be linear. The total number 
of element unknowns are thirty-two with four at each node (Figure 12.2.1). Explicit 
interpolation functions have been described in Elshabka and Chung [1999]. 

Typical Neumann and Dirichlet boundary conditions associated with the 3-D stream 
function vector components are shown in Figure 12.2.2. The Newton-Raphson solution 
of (12.2.7) is expected to be free of numerical oscillations because of the Jacobian matrix 
which is well-conditioned. 

Computations of (12.2.7) based on the definition of the three-dimensional stream 
function vector components as given in (5.4.15) have been carried out in Elshabka 
[1995]. Some of the highlights are given in Section 12.3. 


The Curl of Three-Dimensional Vorticity Transport Equations 

The vorticity transport equations (12.2.1) are derived by taking a curl of the momen- 
tum equations. In this process, the pressure gradient terms of the momentum equations 
are eliminated, resulting in computationally more stable formulations. However, both 
vorticity and velocity are coupled together in the vorticity transport equations. The 
vorticity transport equations are written in a modified form, 


до; 

Эр + £ijk Sij — рог jj = 0 (12.2.10) 
with 

Si = (му)).) 

To arrive at a single variable, say velocity alone, we take a curl of (12.2.10) and obtain 

д 

з 5i jj = (Sj), ji — VVi. jjkk = 0 (12.2.11) 
ог 

д 

Fri + (угу) уу = (Vj Vk), igi — УМ, jjkk = 0 (12.2.12) 


This will allow calculations of velocity by solving (12.2.12) alone. Other options 
include solving (12.2.10) and (12.2.11) simultaneously with o = V x v. 
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y, =0 у, =0 y, =0 
уз =0 y,=0 у, =0 


Figure 12.2.2 Three-dimensional boundary conditions. 


12.2.2 TWO-DIMENSIONAL ANALYSIS 


The two-dimensional vorticity transport equation is simplified to 


a 
E +(v-V)o= уу2 (12.2.13a) 
with 
ду Әд 
E = Е = (12.2.13b) 
х ду 

əv a 

Yp% (12.2.13с) 


12.2 VORTEX METHODS 


Here, there are three unknowns (и, v, o) in the system of three equations (12.2.13a,b,c). 
The pressure is then calculated from the Poisson equation. 


dud ду д 
Еа ар А (12.2.14) 
дх ду дх ду 
We may rewrite (12.2.13a) in terms of a scalar stream function, y, 
д 
3200.0) + ёар кй jj; — VY iij; = 0 (12.2.15) 
The ТОМ equation for (12.2.15) becomes 
д 
Asp + Вруџрфу = Кор\ур = Са (12.2.16) 
where 


Aag =f Pai Pp idQ 
Q 

Bagy = | ex. py, ундо 
Q 

Kag = | 9.505,40 
Q 


* * 
Сы = ] vba шулуаг | vs атат 
r г 


Here, there are three variables (V, V |, V з) which аге to be specified and calculated at 
each of the four nodes of the 2-D isoparametric element. To this end, we require twelve 
constants to be determined, with three of them (Y, \ |, V?) at each of the four nodes: 


1, £, т £v, £^, тр, £^, E, 23, тр, Ew, £^ 


The 2-D TGM Newton-Raphson formulation of (12.2.16) can be constructed simi- 
larly as in (12.2.7) for the 3-D case with the boundary conditions reduced to the two- 
dimensional geometry from Figure 12.2.2 and Table 12.2.1. 


12.2.3 PHYSICAL INSTABILITY IN TWO-DIMENSIONAL INCOMPRESSIBLE FLOWS 


Unstable motions occur during the transition from laminar to turbulent flows. To exam- 
ine such motions, the so-called Orr-Sommerfeld equation is solved. Here we may begin 
with the 2-D velocity and vorticity as a sum of the mean and fluctuation components, 


к=з vt (021,2) (12.2.17a) 
e;—9 et (= 3) (12.2.17b) 


where (^) and (*) denote mean and fluctuation quantities, respectively. 
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Table 12.2.1 Boundary Conditions (3-D cavity) 


At x = 0,1 1 = 4 


At y=0 


At y 21 


For two-dimensional flows with v; (i = 1, 2), о; (i = 3), the vorticity transport equa- 
tion takes the form 


(Wi) FEV У] + Буар — ФУ] Фур — gc (nas — фу) =0 
(12.2.18) 
where we have used the following relationship: 
Ф = ЕУ; 
O” = EikVk = ве = рй; 
Denote 
Va y, t) = q(x, yu" = (ye пе“ (12.2.19а) 
В= В +80 (12.2.19b) 


where B® is the circular frequency and B® is the amplification factor, related as 
B=ke, coc ic? (12.2.20) 


with k = wave number and c is the velocity of propagation, (А) and (Т) indicating the 
real and imaginary parts, respectively. In view of (12.2.18) and (12.2.19) and neglecting 
higher order terms (ес У У], ЧЁ ЧҮ, and £;kVk ijj), we obtain 


– Вала + €ixVkij£jrd. + QiijVj — Edi =0 (12.2.21) 
We further denote that 

У = О(у) and у›=0 (12.2.22a) 
and 


q(x, у) = Q) (12.2.22b) 


12.3 EXAMPLE PROBLEMS 


Combine (12.2.22) with (12.2.21) to obtain 
— iBQGk) — iB 2 + 200) + 000) + UQ (ik) 


= 91022 + Q(ik)* – 20 ky] = 0 (12.2.23) 


Dividing (12.2.23) by ik, we arrive at the Orr-Sommerfeld equation 


c(K O- О») – 00» -K QU+UQn + Oa +kKQ-2Q»)=0 
(12.224) 


or 


Ше, U i (dO PO. uo 
(U 2055 eo) Ор? = cc e 2 dj +К 9) =0 (12.2.25) 


Since (12.2.25) represents variations only in the lateral direction у, the trial functions 
are constructed in one dimension. The finite element formulations of (12.2.25) can be 
carried out in a standard manner, resulting in the form, 


(Kag — c Mag) Qg = 0 (12.2.26) 
with the boundary conditions 

О, —0 and 00,/ду=0 (12.2.27) 
The expression (12.2.26) is a standard eigenvalue problem, 

[Кав — c Mag| Og = 0 (12.2.28) 


Eigenvalues are the phase velocity (c) with real and imaginary parts as defined in 
(16.6.20), 


c®<0 stable (12.2.29a) 
c®=0 neutral stability (12.2.29b) 
c®>0 unstable (12.2.29с) 


Eigenvectors Qg represent fluctuation parts of stream function, which provide fluctua- 
tion parts of velocity v; = 2:70“. The eigenvalue problem involved in a complex number 
may be solved using the so-called OR algorithm [Wilkinson, 1965]. 


12.3 EXAMPLE PROBLEMS 


Three-Dimensional Vorticity Transport Equations 

A convenient benchmark problem is the lid-driven cubic cavity flow as shown in 
Figure 12.3.1. The corresponding boundary conditions are shown in Table 12.2.1. 

In Figure 12.3.2, we show comparisons between the TGM solution of the 3-D vortic- 
ity transport equations (12.2.4) and the results of other approaches reported by Takami 
and Kuwahara [1974] with the 20 x 10 x 20 FDM velocity-pressure formulation, Goda 
[1979] with the 20 x 10 x 20 FDM velocity-pressure formulation, and Mahallati and 
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„ ашин ининин 


Symmetry plane 
z=05 


Figure 12.3.1 Geometry of the cubic cavity flow. 


Militzer [1993] with the 21 x 11 x 21 vorticity vector potential formulation using the 
finite analytic method (FAM). 

In Figure 12.3.3, the x-velocity profiles for Re = 100 at different x-planes are shown. 
Note that the effect of boundary layers is clearly evident in the y—z-planes, indicating 
that the velocity profiles in planes closer to the wall are less developed due to the 
boundary layer effects than in the symmetry planes. 

The 3-D cavity streamline distributions for Re = 10 and Re = 100 at different planes 
are as shown in Figure 12.3.4. It is noted that, for higher Reynolds number (Re — 100), 
the vortex center moves toward downstream. 


—— Alshabka and Chung [1999] 
A А Takami & Kawahara [1974] 
X X Goda [1979] 

+ + Mahallati & Militzer [1993] 


Y[m] 


-04 -02 00 02 оз 06 08 10 
U[m/s] 
Figure 12.3.2 Velocity profiles on vertical centerline of the 3-D cavity 
for Re — 100. 
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(b) 


Figure 12.3.3 Profiles of the x-component of the velocity of the 3-D cavity flow at Re = 100. (a) The 
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Figure 12.3.4 The 3-D cavity streamlines 


(V3). (a) The symmetry plane (z= 0.5) 


0.2 plane for 


for Re = 10. (b) The symmetry plane (z = 0.5) for Re = 100. (c) The 7 


Re = 10. (d) The 7 


— 100. 


0.2 plane for Re 


424 


Y [m 


INCOMPRESSIBLE VISCOUS FLOWS VIA FINITE ELEMENT METHODS 


0.50 


— 3-D Ке=100 
ње 3-1) Ке=10 


0.25 


3-D Ке=100 
3-р Re=10 


У [m/s] 
о 
о 
о 


-0.25 


0.2 Q.4 0.6 0.8 1.0 0.00 0.25 0.50 0.75 1.00 
U(m/s] X[m] 


(a) (b) 
Figure 12.3.5 Velocity profile on the 3-D cavity. (a) Vertical centerline. (b) X-horizontal centerline. 


Figure 12.3.5 shows the velocity profiles along the vertical and horizontal centerlines 
of the symmetry plane of the 3-D cavity. It is seen in Figure 12.3.5a that an increase 
in Reynolds number tends to reduce negative x-velocity in the region around y — 0.6, 
with the point of maximum negative x-velocity moving downward. At ће same time, the 
y-velocity becomes less positive upstream and more negative downstream as the 
Reynolds number increases, with the position of zero velocity shifted toward down- 
stream as shown in Figure 12.3.5b. 

Overall, the fourth order partial differential equations of vorticity transport in terms 
of the three dimensional stream function vector components lead to an accurate solu- 
tion, in which the pressure oscillations are eliminated from the governing equations. 


12.4 SUMMARY 


Difficulties involved in the satisfaction of mass conservation and prevention of pressure 
oscillations discussed in Chapter 5 for FDM are the focus of attention also in this chapter 
for FEM. Traditional approaches in FEM include mixed methods, penalty methods, 
pressure correction methods, operator splitting methods, and vortex methods. These 
methods can be formulated by finite elements using GGM, TGM, or GPG. 

Although the incompressible flows occur in many engineering problems and their 
accurate solution methods are important, recent trends appear to be an emphasis in 
developing computational schemes capable of treating all speed regimes for both in- 
compressible and compressible flows and, in particular, interactions between incom- 
pressible and compressible flows. Recall that this was the case for the incompressible 
flows using FDM. Toward this end, two approaches were introduced: the precondi- 
tioning of compressible flow equations and the FDV methods. Similar treatments are 
available for FEM applications. These and other topics will be discussed in the next 
chapter on compressible flows. 
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CHAPTER THIRTEEN 


Compressible Flows via Finite Element Methods 


In this chapter, finite element analyses of both inviscid and viscous compressible flows 
are examined. Traditionally, computational schemes for compressible inviscid flow are 
developed separately from compressible viscous flows, governed by Euler equations 
and Navier-Stokes system of equations, respectively. However, it is our desire in this 
chapter to study numerical schemes capable of treating a compressible flow with or 
without the effect of viscosity or diffusion. Furthermore, it would be desirable to de- 
velop a scheme that can handle all speed regimes — not only the compressible flow, but 
the incompressible flow as well. To accomplish this goal, the most suitable governing 
equations to use are the Navier-Stokes system of equations written in conservation 
form in terms of conservation variables. Advantages of transforming the conservation 
variables into entropy variables and primitive variables will be explored. One of the 
most prominent features in compressible flow calculations is the ability of numerical 
schemes to resolve shock waves or discontinuities in high-speed flows. Furthermore, 
compressible viscous flows at high Mach numbers and high Reynolds numbers lead 
to significant numerical difficulties. We shall address these and other issues in this 
chapter. 

To this end, we begin with the general description of the governing equations in 
Section 13.1, followed by the Taylor-Galerkin methods (TGM), generalized Galerkin 
methods (GGM), generalized Petrov-Galerkin (GPG) methods, characteristic Galerkin 
methods (CGM), and discontinuous Galerkin methods (DGM) in Sections 13.2 through 
13.4. Finally, the flowfield-dependent variation (FDV) methods introduced in FDM and 
discussed earlier in Section 6.5 will be presented for FEM applications (Section 13.6). 
This subject will be treated again in Chapter 16, where many of the methods in both 
FDM and FEM can be shown to be the special cases of FDV methods. 


13.1 GOVERNING EQUATIONS 


So far in the previous chapters, we have dealt with Stokes flows (no convection terms, 
Section 10.1.4), Burgers' equations (with convective terms but without pressure gradi- 
ents, Chapter 11), and incompressible flows (with continuity and momentum equations, 
Chapter 12). More general types of flows include compressibility or density variations 
as a function of space and time and in nonisothermal environments, which are charac- 
terized by the Navier-Stokes system of equations for conservation of mass, momentum, 


13.1 GOVERNING EQUATIONS 


and energy. Although we discussed these equations in Chapters 2 and 6, we shall repeat 
them here for convenience. 


Continuity Equation 


д 
5 + (руг): = 0 (13.1.1а) 


Мотетит Едиапоп 
дү; 
Bu + pvjiVi + Pj — "iji — pF; = 0 (13.1.1b) 
Energy Equation 
де 


Раг 


+ регу; + pvii — ту; + di; = 0 (13.1 1с) 
where т;; =, апа д; denote viscous stress tensor, internal energy, and heat flux, respec- 
tively. 

Stress Tensor 


2 
Tij =H (v; күле qal) 


Internal Energy 


езе Sqr 
р 


Heat Flux 
qi = —kT; 


where the dynamic viscosity р and thermal conductivity k are given by Sutherland's 
law [(2.2.7) and (2.2.8)], respectively; and cp and c, represent specific heats at constant 
pressure and volume, respectively. 

These equations may be combined into a conservation form 


dU OF; ӘС; 
+ 


=B 13.1.2 
ot T OX; OX; ( ) 


where U, F;, G;, and B are the conservation variables, convection flux, diffusion flux, 
and body force vector, respectively. 


р ру: 0 0 
О=ру/ |, Е = | руу; + р; |, G = —"ij , B-| pF; 
pE pEvi + ру; —"ijVj t di pFjvj 


with E being the total energy, 


1 
Е=еЕе+ БАМ (13.1.3) 
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and the pressure p given by the equation of state, 


p=pRT (13.1.4a) 
1 
p-Q-1p (z- p) (13.1.4b) 
1 1 
T- (e — zvm) (13.1.4c) 


where R is the specific gas constant which may be related to the specific heats as follows: 


E ср(у — H " Ср 
y Cy 
The equation of state plays the role of a constraint for the Navier-Stokes system of 
equations. 
For the purpose of generality, we shall keep the source terms B so that numerical 
formulations can be accommodated for the reacting flows as discussed in Chapter 22. 


R 


Nondimensional Form of Navier-Stokes System of Equations 

The numerical solution of the Navier-Stokes system of equations in dimensional 
form typically involves operations between terms that vary by several orders of magni- 
tude. This leads to a situation in which the numerical solution fails or becomes unstable 
as the computer floating point limits are exceeded. For this reason, the governing equa- 
tions are often put into nondimensional form. Placing the flow variables in dimension- 
less form insures that variations are maintained within certain prescribed limits between 
0 and 1. Additionally, writing the Navier-Stokes system of equations in dimensionless 
form facilitates generalization to embody a large range of problems. Also, the dimen- 
sionless form has the advantage that characteristic parameters such as Mach number, 
Reynolds number. Prandtl number, etc., can be regulated independently. Toward this 
end, we introduce the nondimensional variables 


3 t i E 
{= 2, = , poi v=, E-— 
у у у 
n = - us (13.1.5) 
Р =——-, Se ес diet 
PooVoo То Шоо VEL 


where an asterisk denotes nondimensional variables, infinity represents freestream 
conditions, and Lis the reference length used in the Reynolds number 
PooVoo L 

Moo 


Re (13.1.6) 
With the nondimensional variables above, the dimensionless form of Navier-Stokes 
system of equations in conservation form (13.1.2) becomes 
dU* дЕ? 0G 
: = B* 13.1.7 
де“ | ax* Әх? (13.1.7) 


1 


where the conservation flow variable vector, the convection flux vector, the diffusion 


13.1 GOVERNING EQUATIONS 


flux vector, and the source vector in nondimensional form are defined by 


p* pv; r 0 
*y* * * —т^ 
U= |ру |, Е = |р" + pð; |, Gl Rc | i Е; 
p* E* p'E'vi + pv; CAUCA 
0 
ү 136; 1 Әб, 
= HEB Е-е 


A i= Re aU’? — 7 везу, 
pw 


Here the nondimensional stagnation energy, the viscous stress tensor, and the thermal 
conductivity are 


р" 1 
Е* = Суу? 13.1.8 
q-De 27 | 
к це ve yt. 2а 13.1.9 
т — M Mag? Vji S Vien ij (13.1.9) 
3 k 
= E = (13.1.10) 
(у = 1)М2 Рг po V2/T 
with Sutherland’s law in the nondimensional form, 
1+ So/T oo 3 
"= ——____(T*)? 13.1.11 
W= ey) (13.1.11) 
and the freestream Mach number, 
V. 
м» = ———— (13.1.12) 
У y (у == ђе, Т» 
The nondimensional equations of state (13.1.4b,c) become 
р = (y — 1)p* | Е* – Lys Ест = _ 2200 (13.1.13) 
2117 "o y0-0M$ ü 
Or 
T= (= - 5777) (13.1.14) 
where the nondimensional specific heat at constant volume, 
1 с 1 
cf = ——___, s = (13.1.15) 
ИЕ ” у] SI, 
An alternative form of the nondimensional state equations is expressed by 
р“ =р R*T* (13.1.16) 
with 
R= ! (13.1.17) 
"EE 1, 
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For convenience, the asterisks will now be omitted, but we continue to work with the 
dimensionless form of the governing equations in all or the following discussions. 


13.2 TAYLOR-GALERKIN METHODS AND GENERALIZED GALERKIN METHODS 


In Chapter 11, the Taylor Galerkin methods (TGM) were formulated by expanding 
the variables into Taylor series. It was also shown that similar results can be obtained 
from the generalized Galerkin methods (GGM) using the double projections of the 
residual onto the spatial and temporal test functions for the linearized Burgers’ equa- 
tions in which the numerical diffusion is absent. For the nonlinear Burgers’ equations 
(Section 11.2.5), however, it was shown that TGM was capable of explicitly providing 
the numerical diffusion. In this section, we examine TGM as applied to the Navier- 
Stokes system of equations with the convection and diffusion fluxes transformed to the 
conservation variables through Jacobians. It will be shown that the numerical diffusion 
arises in much more complicated form than it does for the nonlinear Burgers’ equations. 
We then discuss GGM, which is simpler but not as effective as TGM associated with 
convection-dominated flows or discontinuities. In Chapter 11 dealing with the Burgers 
equations, TGM was identified as a special case of GGM. This is no longer the case in 
this chapter working with the Navier-Stokes system of equations. This is because many 
different forms of TGM result from various approximations in Taylor series expansion 
of the conservation variables. We elaborate these and other topics below. 


13.2.1 TAYLOR-GALERKIN METHODS 


One of the well-known schemes in FEM as introduced in Chapter 11 is the Taylor- 
Galerkin methods (ТОМ) as applied to the Navier-Stokes system of equations. In deal- 
ing with the Navier-Stokes system of equations, unlike the Burgers' equations discussed 
in Chapter 11, it is convenient to work with conservation variables transformed from 
the convection and diffusion fluxes as follows [Hassan, Morgan, and Peraire, 1991]: 


дЕ; aU 

= а; — 13.2.1 
да а] 
эб; әй 90, 

= b; ii—— 13.2.2 
at b at "Seg at ( ) 


with the convection Jacobian a;, diffusion Jacobian b;, and diffusion gradient Jacobian 
cj; being defined as in (6.3.8). 
Let us consider the Taylor series expansion of U"t! in the form, 
90" Аг? 920"+! 


О = U” + At T + О(АР) (13.2.3) 


in which the second derivative is set at the implicit form (n + 1). Substituting (13.1.2) 
into (13.2.3) gives 


А А п 2 Я 
aut = (98 ӘС; s) At? a ( dF; 96 


. п+1 
= ‘+B O(AP 
OX; OX; 2 ot " ) T ( ) 


OX; OX; 
(13.2.4) 
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Using the definitions of convection, diffusion, and diffusion gradient Jacobians, the 
temporal rates of change of convection and diffusion variables may be written as follows: 


дЕ" aU V" 8Е; 8G; " 
= | а; — = |а == = = + В 
ot ot OX; дх; 


дЕ"! = а; дЕ аб! + pr 
at A Ox; дх; 
д п п дЕ; С"! п 
-4|( c UL з << 3) а 
Ј Ј Ј 
ace aU n+1 д 90 nal 
='(ђ— pud (ca earn Петен 
ot ot ot дх; 
or 
9G" дс Y AU" a AU H 
i =(b; Jg ij 13.2.6 
ot ( mi) At ш 0X; (s Jj ( ) 


Substituting (13.2.5) and (13.2.6) into (13.2.4) yields 


F; i n 
AU" = a(i 66 +в) 


OX; OX; 
AC [( a gaunt! aF; 3G? о, 
а; а; +B 
2 Ox; OX; дх; OX; 
дс) Aut! 9В"+! 
| 1327 
(e = => Ат || эг Зи 
with 
е b; = де; 
OX; 


Neglecting the spatial and temporal derivatives of B, we rewrite (13.2.7) in the form 


At де At? д Cc; ð 
1 га; 1] AU" 
| T 2 OX; 2 dx; (а Е. a) OX; | 


za oF _ ig "Ae 8 (а 9F;V 
OX; OX; 2 OX; E 


Here the second derivatives of G; are neglected and all Jacobians are assumed to remain 
constant within an incremental time step, but updated at subsequent time steps. 
We now introduce the trial functions for the various variables in the form, 


U = Ф,0,, F; = Ф.Е, С; = Ф.С, B = Ф.В, 
Substituting the above into (13.2.8) leads to an implicit scheme, 

(Асрби + Bags) AU gt! = Н" + Nat + NG, (13.2.8) 
where 


Avg = | ФаФрад 
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At AP Cijrs 
Bagrs = 5 емо ^ |, (аа = A J ais, de 


п п п At n 
Н". == м f estu + Ср) + Pa Dg Вр, — Паф Ф.К, |а 


Af Cijrs Y * 
1 urs 1 
Nae = = | С = АТ )ё.а05 таг 


чүп = n n At? * Я 

Ny = -[ |^ Фа (2; + Gi) — z dins фр] таг 
where the indices a, (8 denote the global node, r, s represent the equation number listed 
in (13.1.2), and i, j indicate spatial coordinates. Note also that all quantities with r, s 
are lightfaced, indicating that they are no longer vector quantities. 

It should be recognized that the integral 

At? 


= | AjrgAjsq Pai Pp, 42 -| Vijrs Pai bg, jd (13.2.9) 
а а 


contained in B,g,, represents the numerical diffusion, corresponding to that given in 
(11.2.76) for the Burgers' equations. We note that the velocity components for the 
Burgers' equations are simply replaced by the convection Jacobian components for the 
Navier-Stokes system of equations. 

Instead of simulating the second order time derivatives implicitly, we may leave 
them in an explicit form so that the standard Taylor series can be used. 


aU" AP 920" 


Ut =U" + At — О(А? 13.2.10 
t ді 2 of? TENA) ( ) 
where 
д0 дЕ; 96; 0 96; 
= В = –а — — B 13.2.11 
a on oe "c de ( ) 
U 0 a ôU 2 Gi» 
at2 д "OX; OX; 
or 
20 ә д0 д д6; д 3B 
= га; : 8) 13.2.12 
0 ду (а 2j 2) + Эх; (а x) jx; B) 9; ( ) 


Substituting (13.2.11) and (13.2.12) into (13.2.10), we obtain 


дЕ; 96; At! д aU 
au"! = arf +В + [5 (aa ) 
xj 


OX; OX; 2 à / ax; 
n =т=! 2 SaB) a = | (13.2.13) 
Or 
aute (8 +B) e [аш tu) 
ш " а (a;B) + BE | (13214) 
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Rearranging (13.2.14) gives 


At? д i д 
1 ага; С J AU! 
2 dx; At дх; 


дЕ; 0G; "А? ð дЕ; Y" 
= At( -— – —+B — — | а, — 132.15 
Е OX; OX; T ) к 2 OX; (а =) ( ) 


where the second derivatives of G; are assumed to be negligible and B is constant in 
space and time. We then arrive at an implicit finite element scheme, 


(Акада + Bags) АО! = Н" + М! + М, (13.2.16) 
where 


Ав = f Pa bg dQ 
Q 
At? es 
Бору = 2 ? (аа ~~ 2 0:09, dQ 
Hm м | [еек + Ср) + Pa Pg Bg, — 
Q 


At? C 
Е E EN ИСТЕ и), AU; n аг 


Аї 
2 — irs o, ; Pe, jfi, de dQ 


Ly * " " А? 

Ns er К Pal Fi + С.) – — din Ф afi | таг 

It is interesting to note that both (13.2.8) and (13. 2.16) are identical if the first integral 
of B,g,, in (13.2.8) is negligible or e; = b; — = = 0, in which the role of the diffu- 
sion Jacobian b; no longer exists. However, in other formulations such as in FDV (see 
Section 6.5 and Section 13.6), the diffusion Jacobian is shown to be important in mod- 
eling convection-diffusion interactions. 


13.2.2 TAYLOR-GALERKIN METHODS WITH OPERATOR SPLITTING 


If the source term B contains time scales widely disparate in comparison with fluid 
convection time scales such as occur in chemical reactions, then it is advantageous to 
split the Navier-Stokes system of equations into two parts so that the flow can be treated 
explicitly whereas the source terms are accommodated implicitly, a scheme known as 
the point implicit method. To this end, we may split the governing equations (13.1.7) 
into two parts: 


00 OF; 96; 
ot Ox; ш 0X; =: 

Е | (13.2.17a,b) 
aU 
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where (13.2.17) is identified as the fluid operator written in two-step Taylor-Galerkin 


method. 
Step 1 
| At (OF; 0G; 5 п 
МУ рн y” = ; (5 +5 ) , AapòsUp 00. (13.2.18a) 
Xi Xi 
Step 2 
| дЕ; 3G; п+1/2 
AU" = E + 3 ) , Асвдих Ust = ge (13.2.18b) 
Xi Xi 


with the right-hand side of (13.2.18a,b) consisting of domain and boundary integrals as 
usual. 

The source term operator is provided with the intermediate iterative increment 
m+ 1 апа m between n + 1 and n so that 


90+! 


m = В"! (13.2.19) 
where 
au! unl — U” Aum! AU™ 
E 2 == + А (13.2.20а) 
m+1 _ рт дв m+1 
B" = B” + — AU (13.2.20b) 
oU 
with 


AU" = 0+1 _ U” AU” — U” = U" 
Substituting (13.2.20a,b) into (13.2.19) yields 
Step 3 


9B 
(1 = м) AU"'H = —AU™ + AtB” (13.2.21) 


То implement these three steps, we must first obtain the finite element analogs 
(13.2.18a,b) using the standard approach. The Galerkin finite element formulation of 


(13.2.21) gives 

(Арда; — At Bagrs) AUR = – Аовб AUS, + At Aog, Ba, (13.2.22) 
with 
Aag =] Pa Pg dQ (13.2.23a) 
а 

Bagrs x ја S. og dQ (13.2.23b) 

Q 

9B,. 
f. 0 (13.2.236) 
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Here, AU” is set equal to AU"*! with the final solution being AU", The solu- 
tion will begin with the initial and boundary conditions, followed by steps 1, 2, and 
3 being repeated until convergence. Applications of this scheme are demonstrated in 
Section 22.6.1. 


13.2.3 GENERALIZED GALERKIN METHODS 


Recall that, in Section 11.2, TGM is shown to be a special case of generalized Galerkin 
methods (ССМ) in dealing with the linearized Burgers’ equations. Such is not the case 
for the Navier-Stokes system of equations, as demonstrated by the nonlinear Burgers’ 
equations in Section 11.2.5. 

Constructing the double projections of the residual of the Navier-Stokes system of 
equations in terms of Jacobians onto the spatial and temporal test functions, we obtain 


^ > dU 90 dU 970 
(WE). c. m = [we | e( и i че B) dot =0 
é Q ot OX; OX; OXjOX j 
(13.2.24) 
or without the Jacobians, 
> x д0 OF; 0G; 
(W(é), (®a, R)) = | we f e + + B acd =0 (13.2.25) 
E Q ot OX; OX; 


Using the various forms of the temporal test functions W(é) and temporal parameters 
1| as given in Chapter 10, we obtain numerous options for the finite element equations 
from (13.2.24) or from (13.2.25). 

For simplicity, let us examine (13.2.24), using the temporal test function, W(£) — 
elé — 1) or W(é) = 1 with linear variations of nodal values of the conservation variables. 
The generalized Galerkin finite element equations are of the form 


At 
(Awd. + y Сви: + Ks) АШ! = Н" + №, (13.2.26) 
уућеге 


Aog = | Pa Pgd Bagrs = -f (airs F birs)®a i Фра 
о Q 
Kogrs = | Cijrs Pai Pp, jd X Ae == af Pa Фа Bg, 42 
о Q 


М, = м | Фа (F5 + С") таг 
r 
Similarly, for (13.2.25), we obtain 
At 
Аад AUR = S EEG (FR, + Gh,)] + (Н + Му) (13227) 


2 
where 


Ei EL o, i Pp dQ 
Q 


with all other notations being the same as in (13.2.26). 
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For the solution of (13.2.27), we may begin with the fractional step n + 1/2 in an 
explicit scheme, which is updated in the following step, n + 1. 


Step 1 
Абе AU = о [Eus Fi + G5,)] +2(Н + Nt.) (13.2.28) 
Step 2 
Apn AUS = A [Ee (куз + Gpr) | +2( Hat? + м) (13.2.29) 


The nodal values, D » Gan! р апа HE ? at step 1, are estimated or determined 
from the boundary conditions, and Ра", Gg?! , and Hz! at step 2 are calculated from 
p of step 1. 

As was demonstrated in (11.2.12), it is necessary to add the numerical diffusion inte- 
gral (13.2.9) to the convection matrix in (13.2.26) for high-speed convection-dominated 
flows. 


13.3 GENERALIZED PETROV-GALERKIN METHODS 


13.3.1 NAVIER-STOKES SYSTEM OF EQUATIONS IN VARIOUS VARIABLE FORMS 


In Chapter 11, we studied the generalized Petrov-Galerkin (GPG) methods, also known 
as the streamline upwind Petrov-Galerkin (SUPG) methods, streamline diffusion meth- 
ods (SDM), or Galerkin/least squares (GLS) as discussed in Sections 11.2 and 11.3. They 
were originally developed for incompressible flows, and subsequently extended to com- 
pressible flows governed by the Navier-Stokes system of equations. These methods were 
explored extensively by Hughes and others and are now considered as some of the most 
robust computational schemes that deal with discontinuities such as in shock waves. In 
Sections 11.3 and 11.4, it was suggested that SUPG, SDM, and GLS be called GPG for 
the sake of uniformity and convenience. This is because all of these methods provide nu- 
merical diffusion test functions of various forms in addition to the standard Galerkin test 
functions, leading to the Petrov-Galerkin methods. The concept of space/time approx- 
imations suggests and lends itself to the generalized Petrov-Galerkin (GPG) methods. 

As demonstrated in Sections 11.3 and 114, the basic idea is to apply numerical 
diffusion in the direction of the streamline parallel to the velocity as in (11.3.29). Sharp 
discontinuities require additional numerical diffusion parallel to the velocity gradients 
directed toward the acceleration as in (11.3.35b), known as the discontinuity-capturing 
scheme. These treatments were developed for Burgers' equations where the velocity 
can be identified as a single variable. 

In dealing with multivariables such as in the Navier-Stokes system of equations, 
however, numerical diffusion test functions are modified accordingly. To this end, let us 
consider the conservation form of the Navier-Stokes system of equations, 


QU  àF; ӘС; 
= + 


R 
ot T OX; OX; 


B=0 (13.3.1a) 
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or 
UL. ou 
Xi E 0x;0xj 


Е = a + (a; + b;) | B=0 (13.3.1b) 
ot д 

where a;, b;, and ¢;; denote the Jacobians of convection, diffusion, and diffusion gradi- 
ents, respectively, as shown in Section 13.2. It should be noted that, in some applications 
in CFD, the diffusion Jacobian b; is neglected, but it is important where inviscid-viscous 
interactions are taken into account such as in FDV to be discussed in Section 13.6. 

Although the governing equations given by either (13.3.1a) ог (13.3.1b) may be 
solved using the GPG methods, it is possible that improved solutions are obtained if the 
conservation variables are transformed into entropy variables in which the Clausius- 
Duhem inequality is satisfied, contributing to numerical stability [Harten, 1983; Tadmor, 
1984; Hughes, Franca, and Mallet, 1986; Hauke and Hughes, 1998]. 

The relationship between conservation variables U and entropy variables V can be 
established using the following definitions: 


Conservation Variables 


=V 
Ui А | 
V3 
U2 pv, V 
U= | U3] =] ру | = pe у, (13.3.2) 
U4 рУз А i 2 2 
Us pE 1 V2 t Và * VÀ 
2Vs 
Entropy Variables 
Vi —Us+pe(y +1—5) а а = 
V. U j 
2 2 
1 il Vi 
V= У: | == Из = (13.3.3) 
pt СТ v2 
V4 U4 V3 
Vs —U, —1 


where Н is the enthalpy and s is the dimensionless entropy 


s =y — Vi (Vi + Ví + V4) /2Vs (13.3.42) 
with 
pe = Us — (05 + 05 + U2)/2U, (13.3.4b) 


Substituting (13.3.2) and (13.3.3) into (13.3.1) leads to 


QE NE У 
ot OX; У дхдх 


B=0 (13.3.5) 


where the entropy variable Jacobians are defined as 


_ au 


С av C= (a; + Ь;)С, Су = c; C (13.3.6a,b,c) 
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with the explicit form of the entropy variable Jacobian C being given in terms of the 
entropy variables as follows [Shakib, Hughes, and Johan, 1991]: 

-V2 €1 е? ез Vs(1 = kı) 
C1 dı а Үю 


a = Vka (13.3.7) 
y Vs 
C3 Vak 
symm. = 
with 
y —y-1 c; —yVs – V2 е = V3Vs 
1 — 
к= 5(Vi Vi Va) [Vs с = ТУ — V} © = V3Vs 
ез = У V 
kn = ky — сз = му — V2 3 4*5 
в = 0 Pn +y di = —V2V3 
dz = —V2V. 
КА = ko — ү 2 24 
d3 = —V3V4 


= 6 – (К + ko) 


It should be noted that all coefficient matrices, С, C;, and С,, are symmetric, and the 
eigenvalues associated with the convective terms are well conditioned. 


Primitive Variables 

For calculations involving both compressible and incompressible flows, the formula- 
tions based on conservation variables may lead to difficulties when the incompressible 
limit (М. = 0) is approached. In this case, convergence toward a steady state can be 
very slow. To circumvent such difficulties, the concept of preconditioning is introduced 
as in FDM [Choi and Merkle, 1993] and also as in FEM [Hauke and Hughes, 1998] by 
means of the primitive variable Jacobian, 


90 


= — 13.3.8 
IW (13.3.8) 


where W represents the primitive variables, 


У = |у (13.3.9) 


Introducing (13.3.8) and (13.3.9) into (13.3.1), we obtain 


oW oW БА 
R=D р; Di; B=0 13.3.10 
ді Y OX; T ! дх;дх; ( ) 
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with 
D; = (a; + b;)D (13.3.11) 
Di; = c;;D (13.3.12) 


where the explicit form of the primitive variable Jacobian D is given below, 
1 0 о 0 0 
м p 0 0 0 

D=/v 0 p 0 0 (13.3.13) 
v 0 0 p 0 


€ руу pvo руз рс 


: 1 
&£—c,T- ЛАХ — со Т(у — 1) 
The governing equations given by (13.3.10) are well behaved as the eigenvalues of the 


convective terms are well conditioned even when the incompressible limit is reached. 


13.3.2 THE GPG WITH CONSERVATION VARIABLES 


Following the procedure presented in Section 11.4, let us now consider the GPG for- 
mulations of the Navier-Stokes system of equations in terms of conservation variables 
given by (13.3.1). 


2 
[rofle e we (Tee bos ID B) 
j 


+ Wa, 5 T 25 [mat = =0 (13.3.14) 


As shown earlier in Section 11.4, the integration by parts is to be performed only to those 
terms associated with the Galerkin test function ®,. With assumptions made similarly 
as in the case of the Burgers equation for those terms associated with the numerical 
diffusion test function for streamline diffusion, we obtain 


[wel / fo (S -8) — (Ф, (а; + b;)U + Феу.) fan 


+f Da (F; + бржа [de +/[#®/ [ал О, ; + c;;jU, ji) 
ЈЕ & Q 


+ Фаг, „јада = 0 (13.3.15) 
where the numerical diffusion test functions are given by 

yo = та o, i, streamline diffusion in GPG (13.3.16a) 

yo =TL®,, streamline diffusion in GLS (13.3.16b) 


wv = та Фа, discontinuity-capturing (13.3.17) 
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The differential operator L in (13.3.16b) is written as 
д д д? 
Г = і ij 
ot ш. OX; T S BE; 
With the trial functions applied to the conservation variables, together with linear tem- 
poral test functions (Section 10.2), we arrive at 


[А авг: + ПА (Сав + Dagrs 7 Бору 7 Корн Оре At 
Е [Acgrs == Сви + Ров — Bogrs — Kogrs)] Ов 


(13.3.18) 


+ ACH? + №) (133.19) 
with 

Ашу = | ò, Da bodQ (13.3.20a) 
Cors = |. (таша jis + 99;;9,,) o; Pp, AQ (13.3.20Ь) 
Keogrs = [| «»®ы®ьдо (13.3.20с) 
Bagrs = [ (dirs + Б) Фо: PgdQ (13.3.20d) 
Dagrs = ГЕСС (13.3.20е) 
Н", = |. ©, B,dQ (13.3.20f) 
№", = | È al Fir + Gir nid (13.3.20g) 


where the intrinsic time scale 7 and the discontinuity-capturing factor v constitute the 
equivalent artificial diffusivity, 


T = (g" esu.) 7 (13.3.21) 
v = max(0, v4 — Vs) (13.3.22) 
with 
1 

v= Сайка jus Uri Uy, j ) Í 

| C,,,g"" Uv mU wn 
x TAirtA jst Uri Us, j 

dj Cw U, Ок 


where С, is the entropy variable Jacobian (13.3.5) and g"" is the contravariant metric 
tensor in the curvilinear isoparametric coordinates (Figure 11.3.3), 


mn 985 06, 
дхр OX p 


Here, the indicies i, j, К, m,n, prefer to the spatial coordinates (1,2,3) andr, s, t, v, v, w 
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denote the equation number (1,2,3,4,5) in the Navier-Stokes system of equations. It 
should be noted that the criterion used in (13.3.21) is motivated by the fact that the 
gradients of all variables are involved in determining the dimensionally equivalent ar- 
tificial diffusivity rather than artificial time scale associated with only the velocity and 
velocity gradients. This is in contrast to the case of the numerical diffusion test functions 
developed for the Burgers’ equations as given by (11.3.35b) and (11.3.38). Note also 
that another criterion in (13.3.22) is to ensure positive numerical diffusion for highly 
distorted elements. 

There are other versions of numerical diffusion factors, as proposed in Hauke and 
Hughes [1998], Aliabadi and Tezduyar [1993], and other related references for the past 
decade. The basic idea is to apply the numerical diffusion in the direction of velocity 
for streamline diffusion and in the direction of gradients for discontinuity-capturing, as 
described in Section 11.3. 

Instead of using the linear temporal variations, we may enhance temporal approxi- 
mations with a second order accuracy of the form 


90 E ay" — 4U" + U”! 


= 13.3.23 
at 2At ( ) 
together with quadratic variations of Ug between nodes, 
5 п+1 3 п 3 n—1 
Ов = gUs + дв = gus (13.3.24) 


These approximations lead to 


5 Е 3 
[ + д (Сов — =) Ug c = [адь — 5 At (Burs E Peers) Ug, 


3 
= ЕЎ = ght (ors = њо) UL 
+At( H}, + №",) (13.3.25) 


Other possibilities for temporal approximations such as discussed in Section 10.2 may 
be considered for applications to various physical problems as required for higher order 
accuracy. 


13.3.3 THE GPG WITH ENTROPY VARIABLES 


The GPG formulations in terms of entropy variables can be carried out similarly as in 
(13.3.14) using (13.3.5), 


ду oV о 
wo) i " B 
|| we f K ч (е ot oe qu ТТУ ) 


+ wares Jugag =0 (13.3.26) 
Xi 


which leads to 
[ А в, F ПА (Сов, T Deprs ~ Pers ~ Koprs)] Vis 
= [Aaprs (1 — At(Caprs + Daprs — Вуз — Katrs)] Vis 
М AUD, п м") (13.3.27) 
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where 


Ав» = | Crs Pp bgdQ 

Caprs = [ (таа jst + У) Pa i Pp, 349 
Ков, = [ су С. Фа Pp, jdQ 

Bagrs = [ dirt Са Фа Фваод 


Берг = | Farcij СФ Фуа 
Q 


with 
т = (а Cin С C 1) (13.3.28) 
Vrs = max(0, Va — Vs Си (13.3.29) 


_ Ce Citr C ius Vii Vaj : 
СОВУ Уа 

ВЕ TCirtC jst Vri Vs,j 

Е Crs Ик Vsk 


е 
= 


The criterion given in (13.3.29) is to ensure that the discontinuity-capturing diffusivity 
is larger than the streamline diffusivity, which may not be true for highly distorted 
elements. As in the case of conservation variables, temporal approximations may be 
enhanced with a second order accuracy as in (13.3.22). Further details of the GPG with 
entropy variables are found in Hughes et al. [1986], Shakib et al. [1991], and Hauke and 
Hughes [1998]. 


13.3.4 THE GPG WITH PRIMITIVE VARIABLES 


The projections of the residuals of the governing equations in terms of primitive vari- 
ables (13.3.10) onto the various test functions are given by 


7 aw aw a?W 
W Ф, +¥)(D р; р B 
| e [ т. ( ot T дх; m ! üx;óx; ) 


д 
+ Мар“ [пой =0 (13.3.30) 
Xi 
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The resulting algebraic equations are of the form 
[Аав  nAt(Cagrs — Kagrs)] Was 
= [Ass — (1 = )At(Boprs + О.р) Ир, At (Hor + NS) (13.3.31) 
where 


Aogrs = || D,,o.ogdQ 

Сав = [ (таша jis + Vrs9ij) Dai Pp, jAQ 
Кору» = | ораде 

Вор» = | „а.да 

Degrs = | талона рад 
Н". = || Pa B,dQ 


М, = -f ® al Fir + Gi, nial 
r 


with | 
T= (g! D Djs Dy) | (13.3.32) 
о; = max(0,v4 — Vs) Dj (13.3.33) 


l 

== бити) 

1 = 

| Пура W, a Win 
T Dirt Di W. iW, j 

Dw Wa КУ 

Once again, the transformation of the conservation variable into primitive variables ге- 
sults in appropriate modifications of the parameters involved in the numerical diffusion 
test functions. 


U; = 


13.4 CHARACTERISTIC GALERKIN METHODS 


The characteristic Galerkin methods (CGM) are based on the concept of trajectories 
or characteristics [Zienkiewicz and Codina, 1995; Zienkiewicz et al., 1998; Codina, 
Vazquez, and Zienkiewicz, 1998] with 

a? = xt! Агу" (13.4.1) 
Differentiating (13.4.1) with respect to time, we have 
ду? 


— „n+l n i 
v =v — Atv; T (13.4.2) 
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Combining (13.4.1) and (13.4.2) leads to 


| At? ду" 
aD - xt = Atv} – —_y" 1 (13.4.3) 
2 J OX j 


The main idea of CGM is to write the governing equations along the characteristics 
so that the Navier-Stokes system of equations may be recast in the form similar to 
(13.4.3). 

2 
At^ |, dR" 


AU"! = ДЕ — —a 
2 J Ox; 


(13.4.4) 


where а” is the convection Jacobian, with R” is the residual defined as 


дЕ," ӘС̧" 
R" — ( + 1 в”) 


OX; OX; 


Instead of solving (13.4.4) directly, the fractional step approach may be used for 
convenience. Here, the momentum equations are solved first without pressure, followed 
by the continuity equation to compute the pressure. With these results, we return to 
the momentum equations again to update the flowfield, before the energy equation is 
solved. 


Momentum (initially): 


= AU әй" 
Ару = At R? — —— Vy — (13.4.5) 
2 OXK 
with 
п д 
К = 73x; OM —ту)+р8 
n д ui 
Њу = Кр = 
OX; 
Continuity: 
a _ а? р'+% 
Ap" = —At— (pv? + Ару?) + 6: AP (13.4.6) 
OX; OX; 0X; 
with 
0< 61,0. <1 
Momentum (updated): 
Е a n4-05 
Ару? = Ару; — At (13.4.7) 
OX; 
Energy: 
А? aR" 
Ap E" = At R” — —v, (13.4.8) 


2 дхк 
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with 
д oT 
R" = | (pE + рум — k— тру; 
Эх, L t р)у; Эх, "ij ] 


The standard Galerkin approximations can now be applied to these equations ѕер- 
arately and the solution proceeds as follows: 


(1) Solve the momentum equations (13.4.5). 

(2) Solve the continuity equation (13.4.6), using the mass flux obtained from step 1 
to calculate the pressure. 

(3) Update the mass flux with (13.4.7), using the pressure from step 2. 

(4) Solve the energy equation (13.4.8) to obtain the total energy or temperature 
using the results obtained from step 3. 

(5) Repeat the steps 1 through 4 until the steady state is reached. 


To explore the physical significance of the CGM procedure, let us substitute (13.4.5) 
into (13.4.7) to obtain 


д 
a; ФУ + (руу); + р — Tiji — pfi = Sm) (13.4.9) 
with 
At 
Si(m) = 5 Wl(pviv;).; + р;—туј— pfd] (13.4.10) 


Similarly, the continuity equation (13.4.6) and energy equation (13.4.8) are rewritten, 
respectively, as 


» + (рм): = S(c) (13.4.11) 
with 
At 
S(c) = 75 (ФУУ) = Tij) ji + Ра — (pfi).] (13.4.12) 


by setting 0; = 1/2 and 05 = 0 in (13.4.6), and 


др E 
zgr ПРЕ Dvi - KT; – тууу] = S(e) (13.4.13) 
with 
At 
S(e) — УУ) [(p.Ev; + pv; — kT i — vixvx);] ,j (13.4.14) 


The consequence of the CGM process is that additional terms S(m), S(c), and S(e) 
on the right-hand side of momentum, continuity, and energy equations, respectively, 
have been generated as numerical diffusion. It is remarkable that the combination of 
all equations, (13.4.5) through (13.4.8), which represents (13.4.4) can be identified in the 
TGM equations. The similar results arise in TGM with the right-hand side of (13.2.14) 
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revised by substituting 


ПАС SAN 
j = 


OX j 0X; 


The advantage of the fractional step approach is the fact that the continuity equation 
can be written in the form given by (13.4.11) in which the spatial second derivatives of 
pressure arise explicitly, acting as numerical diffusion. Of course, this effect is present, 
implicitly embedded, when the entire equations are solved simultaneously in TGM. 
An important conclusion here is that the CGM concept is found to be identical to 
TGM. It will be shown in Section 13.6.3 that these results arise as a special case of the 
flowfield-dependent variation methods. 

Direct assessments of the fractional step approach can be made by applying the 
Galerkin formulation of (13.4.9) and (13.4.11) separately and combining the results in 
a matrix form: 


E» ка M " n (13415) 
Dag; Вав | LPB Fa 

where it can be shown that the presence of Bag is due to the numerical diffusion terms 
characterized by S; (m) and S(c) in (13.4.9) and (13.4.11), respectively. Otherwise, Bag 
would have been zero, resulting in numerical instability. In this case, the so-called LBB 
restriction requires a special treatment in incompressible flow as discussed in Chapter 12. 
Itisreminded that the simultaneous solution of all equationsin terms ofthe conservation 


variables have the advantage of versatility and simplicity with all numerical diffusion 
terms appearing on the left-hand side rather than on the right-hand side. 


13.5 DISCONTINUOUS GALERKIN METHODS OR COMBINED FEM/FDM/FVM METHODS 


The basic idea of discontinuous Galerkin methods (ОСМ) is to combine FDM schemes 
with upwind finite differences into the FEM formulation such as standard Galerkin 
methods or Taylor-Galerkin methods. In this process, integration by parts in the FEM 
equations provides the boundary terms in which the convection numerical flux terms 
are discretized using the upwind FDM schemes via finite volume approximations. Thus, 
in DGM, all currently available CFD schemes are combined together, alternatively re- 
ferred to as the combined FEM/FDM/FVM methods. Various authors have contributed 
to РОМ. Among them are La Saint and Raviart [1974], Johnson and Pitkäranta [1986], 
Cockburn, Hou, and Shu [1990, 1997], and Oden, Babuska, and Baumann [1998]. 
In the DGM approach, we begin with the standard Galerkin integral, 


| e (m +Е + Gi; — B)ag =0 (13.5.1) 
2 


or 


aU 
| [эт + (а; 0); + (b;U + c;;U,;).; — Jm =0 (13.5.2) 
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Integrating (13.5.1) or (13.5.2) by parts, we obtain 


f ota- | ФЕ +6 )d2- | oBd2+ | $ aFinar 
о ot 2 2 г 


+ | Ф (6; + Gi)ndr =0 (13.5.3) 
р 
with 
F; = a,U, G; = b;U, G; = c;;U ; (13.5.4) 
In a compact notation, we write (13.5.3) in the form 
(Aag + Bop) AUS! = Fa + Ga + Ha (13.5.5) 
with 
Aog = [ Pa Pgd (13.5.6a) 
В.в = Лі Í ((ai + Ь)(Ф.:Фв — Cij Pai Dg, ;))dQ (13.5.6b) 
F, = at | ®,BdQ (13.5.6c) 
Q 
ба = —At | Фа Еетаг (13.5.6d) 
р 
Ha = -x | Da (С; + С)таг (13.5.бе) 
р 


Instead of using the standard Galerkin formulation of (13.5.1–13.5.3), we may utilize 
the Taylor-Galerkin methods (TGM) as described in Section 13.2. In this case, the 
expression given by (13.2.15) is used instead of (13.5.3). 


At? д | д 
|| Фа 1 ага; TH AU'"tgqo 
о 2 OX; At 0x; 


дЕ; 9G; ^ AP д f ӘЕ;\" 
= | aj Atl — — B — — | a; — dQ 135. 
| | ( OX; OX; + ) i 2 OX; i дх; ( Hu 
Note that the first integral on the right-hand side of (13.5.5), upon integration by parts, 
becomes identical to the form given in (13.5.3), resulting in the same boundary integrals. 


АП quantities resulting from (13.5.5) are identical to those given in (13.5.6) except for 
(13.5.6b,c), 


At? Gin 
Bag = EN а (C == 23 Paie) dQ (13.5.8a) 
Е: м | ®,BdQ — м | Фа i (Fi + G;) dQ (13.5.8b) 
Q Q 


Here, the boundary integrals (13.5.6d) for convection represent possible discontinuities 
characterized by the eigenvalues and eigenvectors of the convection Jacobian a; in the 
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spirit of flux vector splitting. Similarly, the flux variables F; may be reconstructed using 
the various FDM second order upwind schemes [Godunov, 1959; Harten, 1984; Roe, 
1984; Osher, 1984; van Leer, 1979; etc.] or flux-corrected transport (FCT) [Boris and 
Book, 1976; Zalesak, 1979]. Recall that FDM schemes were presented in Chapter 6. The 
idea of DGM is to combine FDM into FEM. Some examples of various FDM schemes 
which may be combined to DGM are the flux vector splitting for the convection Jacobian 
and various second order upwind schemes as detailed in Section 6.2. 

Some numerical applications of (13.5.5) have been reported by Baumann and Oden 
[1999] for the hp adaptive first order upwind scheme and by Atkins and Shu [1998] for 
the second order TVD upwind scheme, among others. 


13.6 FLOWFIELD-DEPENDENT VARIATION METHODS 


Recall that the flowfield-dependent variation (FDV) theory was developed in Sec- 
tion 6.5, in which the FDV equations were solved using FDM. The basic theory of 
FDV will not be repeated here. Thus, the reader should review the process of devel- 
opment presented in Section 6.5 thoroughly. In this section, some additional items of 
interest such as the source terms of gravity, surface tension, and chemical species reac- 
tion rate are included. These and other aspects of the FDV theory to be emphasized 
are presented next. 


13.6.1 BASIC FORMULATION 


As stated in Section 6.5, the FDV theory was devised in response to the need to charac- 
terize the complex physics of shock wave turbulent boundary layers in which transitions 
between, and interactions of, inviscid/viscous, incompressible/compressible, and lami- 
nar/turbulent flows constitute the most complex physical phenomena in fluid dynamics 
[Chung and his co-workers, 1996-1999]. The complexities of physics, in general, lead 
directly to computational difficulties. This is where the very low velocity in the vicin- 
ity of the wall and very high velocity far away from the wall coexist within a domain 
of study. Transitions from one type of flow to another and interactions between two 
distinctly different flows have been studied for many years, both experimentally and 
numerically. Incompressible flows were analyzed using the pressure-based formulation 
with the primitive variables for the implicit solution of the Navier-Stokes system of 
equations together with the pressure Poisson equation. On the other hand, compress- 
ible flows were analyzed using the density-based formulation with the conservation 
variables for the explicit solution of the Navier-Stokes system of equations. 

In a given domain, however, dealing with all speed flows of various physical prop- 
erties, we encounter different equations of state for compressible and incompressible 
flows, transitions between laminar and turbulent flows, dilatational dissipation due to 
compressibility as well as difficulties of satisfying the mass conservation or incompress- 
ibility condition. To cope with this situation, we must provide very special and powerful 
numerical treatments. The FDV scheme has been devised toward resolving these issues. 

For most of the CFD methods, the numerical formulation begins with a particu- 
lar physical phenomenon. Thus, if the physics is changed, then the numerics must be 
accordingly changed. Our goal in FDV, instead, is to derive a scheme in which all pos- 
sible physical aspects are already taken into account in the final form of the governing 
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equations so that FDM or FEM is reduced to an option of how to discretize between 
nodal points or elements. Thus, the formulation of FDV procedure in terms of FEM is 
identical to that of FDM. 

To this end, we shall consider the most general form of Navier-Stokes system of 
equations in conservation form, including the chemically reacting species equations 
and source terms for the body force, surface tension, and chemical reaction rates, which 
will be useful for applications of FDV to problems in Part Five. 


00 OF; об; 
+ 


=B 13.6.1 
ðt Әх OX; ( ) 


where U, F;, G;, апа B denote the conservation flow variables, convection flux variables, 
diffusion flux variables, and source terms, respectively, 
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where f; =), m Y; fj is the body force, Y; is the chemical species, H? is the zero-point 
enthalpy, o is the reaction rate, and Ор, is the binary diffusivity. Additional equations 
for vibrational and electronic energies may be included in (13.6.1) for hypersonics 
(see Section 22.5). 

Using the Taylor series expansion of U"*! in terms of ће ЕРУ parameters, following 
the process given by (6.5.2) through (6.5.13a,b) together with the source terms, the 
residual of the Navier-Stokes system of equations can be written as 


ƏF? 0G? n  OAF' | 9AG;" 
+В” —5| 53 
Xi OX; OX; Xi 


At? ый „ш. в"\_а( 96 yy 
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dAG™! 9AG' 
x (s Я 156 две") a(s; 3 MEN вав") + O(AC) 
Xj i 


R = АН м| + 55 две | 


(13.6.2a) 


with the convection, diffusion, and diffusion gradient Jacobians (а;, bi, с) being defined 
in (6.3.9) for 2-D and Appendix A for 3-D. The source term Jacobian is given by 


_ ов 


d= — 
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Now, rearranging and expressing the remaining terms associated with the variation 
parameters in terms of the Jacobians, we have 


9 ; AU db; А0"! 92 uU AU" 
Au"! + Ars (27 | +s, ERR ssdAU"*! 
д i OX; OX; OX; 


At? 0? (aja; + bja;)AU"*! 0a; AU"! 9? (a;b; + bib; )AU"*! 
$2 d + 54 


2 дх;дх; OX; OX; OX; 
ab; AU"! 92 AU д i b; AU”+! 
a( jm ) "ви, d? AU"! 
OX; OXj 0x; Ox; 
oF” ӘС" AC[ ә дЕ" 967 
Аг| — В" i +b;)( — + — – В" 
" ( OX; + OX; ) 2 E а из ( дх; id OX; 
oF’ dG? 
d| — + —+ - B” | | + О(А 3) = 0 (13.6.25) 
OX; Ox; 
with 
п+1 дВ п+1 п+1 
АВ" = XC AU"! = dAU (13.6.3) 


Here, the product of the diffusion gradient Jacobian with third order spatial derivatives 
is neglected and all Jacobians а;, bi, с;;, and d are assumed to remain constant spatially 
within each time step and to be updated at subsequent time steps. The FDV parameters 
51,52,53, 54 are defined in Section 6.5.1 and Figures 6.5.1 through 6.5.3. Additional 
parameters for source terms 55, 56 are defined in a similar manner: 


Sa AB => ssAB 
(13.6.4) 
Sp AB => sgAB 


where the source term FDV parameters ss (first order source term FDV parameter) 
and 56 second order source term FDV parameter) are evaluated as 


min(r, 1) r>a, «20.01 


55 = 0 r<a, Ра > 0 (13.6.5а) 
1 Damin = 0 
1 
56 = > (1 + 32). 0.05 < n < 0.2 (13.6.5b) 
with 


r = 4 Da24, — раф | Dai (13.6.5c) 


where the Damkóhler number Da can be defined in five different ways as shown in 
Table 22.2.1. 
For simplicity, we may rearrange (13.6.2b) in a compact form, 
92 
T (E;; AU"*!) + 0" + O(AP), (13.6.6) 
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or, lagging E; and Е;; one time step behind, 


д 92 
ATE! +E” AU"t! = —Q" (13.6.7) 
OX; ! üxj0xj 
with 
At? 
A =1— At ssd — —-56 d (13.6.8a) 
AP n 
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n At? 
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д Ar AP 
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9? [AP At? 
E ЕС + b;)(F? + су - (a + sa)" (13.6.8d) 
pU 


An alternative scheme is to allow the source term in the left-hand side of (13.6.7) to lag 
from n 4- 1 to n so that (13.6.7) may be written as 


à 92 
I Е" E”. AU"! = _ 0" 13.6.9 
( TET exc) Q ( ) 
9 л? А? 92 
n At — d Е” с; а MÀ bi B" 2n 
Q Al ШЕ y CHE y АРНО | дхгдх; 


At? "P AP Р Bj" Y. 
x (ai + b)(F; + С?) = | Atss + —sed |dAU"- | At + —-d JB 


(13.6.10) 


13.6.2 INTERPRETATION OF FDV PARAMETERS ASSOCIATED WITH JACOBIANS 


The flowfield-dependent FDV parameters as defined earlier are capable of allowing var- 
ious numerical schemes to be automatically generated as summarized in Section 6.5.4. 
For the purpose of completeness and emphasis, they are repeated here along with ad- 
ditional features associated with FEM and the source terms. 

The first order ЕРУ parameters sı and 53 control all high-gradient phenomena such 
as shock waves and turbulence. These parameters as calculated from the changes of 
local Mach numbers, and Reynolds (or Peclet) numbers between adjacent nodes are 
indicative of the actual local element flowfields. The contours of these parameters closely 
resemble the flowfields themselves, with both s; and s3 being large (close to unity) in 
regions of high gradients, but small (close to zero) in regions where the gradients are 
small (see Figures 6.5.1 through 6.5.3). 

The second order ЕРУ parameters s? and s4 are also flowfield dependent, exponen- 
tially proportional to the first order FDV parameters. However, their primary role is 
to provide adequate computational stability (artificial viscosity) as they were originally 
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introduced into the second order time derivative term of the Taylor series expansion of 
the conservation flow variables U”+!. 

The s, terms represent convection. This implies that if sı = 0, then the effect of 
convection is small. The computational scheme is automatically altered to take this ef- 
fect into account, with the governing equations being predominantly parabolic-elliptic. 
The s3 terms are associated with diffusion. Thus, with s3 = 0, the effect of viscosity or 
diffusion is small and the computational scheme is automatically switched to that of 
Euler equations where the governing equations are predominantly hyperbolic. If the 
first order variation parameters 51 and s3 are nonzero, this indicates a typical situation 
for the mixed hyperbolic, parabolic, and elliptic nature of the Navier-Stokes system of 
equations, with convection and diffusion being equally important. This is the case for 
incompressible flows at low speeds. 

The unique property of the FDV scheme is its capability to control pressure oscilla- 
tions adequately without resorting to the separate hyperbolic-elliptic pressure equation 
for pressure corrections. The capability of the FDV scheme to handle incompressible 
flows is achieved by a delicate balance between sı and s3 as determined by the local 
Mach numbers and Reynolds (or Peclet) numbers. If the flow is completely incompress- 
ible (M = 0), the criteria given by (13.6.9) leads to s; = 1, whereas the FDV parameter 
s3 is to be determined according to the criteria given in (13.6.11). Make a note of the 
presence of the convection-diffusion interaction terms given by the product of bja; in 
the s; terms and a;b; in the s4 terms. These terms allow interactions between convection 
and diffusion in the viscous incompressible and/or viscous compressible flows. 

If temperature gradients rather than velocity gradients dominate the flowfield, then 
53 18 governed by the Peclet number rather than by the Reynolds number. Such cases 
arise in high-speed, high-temperature compressible flows close to the wall. 

The transition to turbulence is a natural flow process as the Reynolds number in- 
creases, causing the gradients of any or all flow variables to increase. This phenomenon 
is a physical instability and is detected by the increase of з if the flow is incompressible, 
but by both 53 and s; if the flow is compressible. Such physical instability is likely to 
trigger the numerical instability, but will be countered by the second order variation 
parameters 5; and/or 54 to ensure numerical stability automatically. In this process, 
these flowfield dependent variation parameters are capable of capturing relaminariza- 
tion, compressibility effect or dilatational turbulent energy dissipation, and turbulent 
unsteady fluctuations. These physical phenomena are originated from transitions and 
interactions between inviscid and viscous flows. They are characterized by the product 
of s3 and the fluctuation stress tensor (537,)) in which the stresses consist of mean and 
fluctuation parts. As a consequence, AU"*! in (13.6.3) or (13.6.5) may not uniformly 
vanish, indicating that some regions of the domain (such as in the boundary layers) re- 
main unsteady if the flow is turbulent. However, if turbulent microscales (Kolmogorov 
microscale) are to be resolved, then we must allow mesh refinements normally required 
for the direct numerical simulation (DNS). 

A unique feature in finite element applications of the FDV theory is the FDV pa- 
rameters, which can be used as error indicators for adaptive meshing. The source terms 
such as those contributing to the finite rate chemistry were not included in Section 6.5. 
These topics are elaborated next. 
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FDV Parameters Used as Error Indicators for Adaptive Mesh. An important contribution 
of the first and second order FDV parameters is the fact that they can be used as error 
indicators for adaptive mesh generations (see Figure 19.2.5, Section 19.2.1). That is, the 
larger the FDV parameters, the higher the gradients of any flow variables. Whichever 
governs (largest first or second order variation parameters) will indicate the need for 
mesh refinements. In this case, all variables (density, velocity, pressure, temperature, 
species mass fraction) participate in resolving the adaptive mesh, contrary to the con- 
ventional definitions of the error indicators. 


Finite Rate Chemistry. In the case of reacting flows, the source term B contains the 
reaction rates which are functions of the flowfield variables. With widely disparate time 
and length scales involved in the fast and slow chemical reaction rates of various chemi- 
cal species as characterized by Damkohler numbers, the first order source term variation 
parameter 55 is instrumental in dealing with the stiffness of the resulting equations to 
obtain convergence to accurate solutions. On the other hand, the second order source 
term ЕРУ parameter 56 contributes to the stability of solutions. It is seen that the criteria 
given by (13.6.5) will adjust the reaction rate terms in accordance with the ratio of the 
diffusion time to the reaction time in finite rate chemistry so as to assure the accurate 
solutions in dealing with stiffness and computational stability. 


Influence of FDV Parameters on Jacobians. Physically, the FDV parameters will influence 
the magnitudes of Jacobians. The diffusion variation parameters s3 and s4 as calculated 
from Reynolds number and Peclet number can be applied to the Jacobians (ai, bj, cij), 
corresponding to the momentum equations and energy equation, respectively. Further- 
more, two different definitions of Peclet number (Реј, Реп) (see Table 22.2.1) would 
require the s3 and s4 as calculated from the energy and species equations to be applied 
to the corresponding terms of the Jacobians. Similar applications for the source term 
variation parameters 55 and 56 should be followed for the source term Jacobian d, based 
on the various definitions of Damkóhler number (Daz, Ра, Раи, Рау, Day) as 
shown in Table 22.2.1. In this way, high temperature gradients arising from the momen- 
tum and energy equations and the finite rate chemistry governed by the energy and 
species equations can be resolved accordingly. 


13.6.3 NUMERICAL DIFFUSION 


Note that the numerical diffusion is implicitly embedded in the FDV equations. This 
can be demonstrated by writing (13.6.2a) separately for the equations of momentum, 
continuity, and energy. Combining the momentum and continuity equations and recon- 
structing the original differential equations, we identify the numerical diffusion terms 
which are produced for all governing equations as a consequence of FDV formula- 
tions. We summarize the reconstructed equations of momentum, continuity, and en- 
ergy without the source terms from (6.5.25), (6.5.28), (6.5.31). It is interesting to note 
that if we neglect all incremental (fluctuation) terms, we arrive at the results identical 
or analogous to many of the recent developments in FEM for the treatment of con- 
vection dominated flows, including the generalized Petrov-Galerkin (GPG) methods, 
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characteristic Galerkin methods (CGM), etc., presented in the previous chapters. To 
demonstrate this analogy, let us neglect all incremental and higher order terms, but 
retain only the second order derivative terms, with 51 = 1/2, so that we may arrive at 
the form more easily recognizable. Here, all components of convection and diffusion 
Jacobians can be shown to be the velocity components, at" ") = a = a = = v;. These 
arrangements lead to 


Momentum 

2 (руу) + (oy), pet msn) (13.6.11) 
with 

Sj(m) = SI (pvivj + pàij — Ti) i] x (13.6.12) 

Continuity 

T + (руг), = S(c) (13.6.13) 
with 

S(c) = Slew) + руу = Туру + (vi(pvj),j)ul (13.6.14) 

Energy 

208) + [(pE + р)у; — kT i — тууу] = S(e) (13.6.15) 
with 

S(e) = S Е + р)м): = = (туун к (13.6.16) 


iu. the right-hand side terms for all equations, they are identified as nu- 
merical diffusions which arise from GPG or CGM formulations. It is seen that second 
derivatives of pressure arise on the right-hand side explicitly. Direct comparisons can 
be made with reference to CGM through (13.4.9) through (13.4.14). 


13.6.4 TRANSITIONS AND INTERACTIONS BETWEEN COMPRESSIBLE AND 
INCOMPRESSIBLE FLOWS AND BETWEEN LAMINAR AND TURBULENT FLOWS 


In order to understand how the FDV scheme handles computations involving both 
compressible and incompressible flows, fundamental definitions of pressure as involved 
in compressible and incompressible flows must be recognized, as pointed out in 
Section 6.5.6. In view of (6.5.33) through (6.5.36), we note that, if p, as given by (6.5.36) 
remains a constant, equivalent to a stagnation (total) pressure, then the compressible 
flow as assumed in the conservation form of the Navier-Stokes system of equations 
has now been turned into an incompressible flow, which is expected to occur when 
the flow velocity is sufficiently reduced (approximately 0.1 « M < 0.3 for air). Thus, 
(6.6.36) serves as an equivalent equation of state for an incompressible flow. This can 
be identified nodal point by nodal point or element by element for the entire domain. 
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When inviscid flow becomes viscous, we may expect that the flow may become lami- 
nar or turbulent through inviscid/viscous interactions across the boundary layer. Below 
the laminar boundary layer, if viscous actions are significant, then the fluid particles are 
unstable, causing the changes of Mach number and Reynolds number between adja- 
cent nodal points (assuming they are closely spaced) to be irregular, the phenomenon 
known as transition instability prior to the state of full turbulence. Fluctuations due to 
turbulence are characterized by the presence of the terms such as in (6.5.37). Physically, 
this quantity represents the fluctuations of total stresses (physical viscous stresses plus 
Reynolds stresses) controlled by the Reynolds number changes between the local adja- 
cent nodal points. Thus, the FDV solution contains the sum of the mean flow variables 
and the fluctuation parts of the variables. Once the solution of the Navier-Stokes system 
of equations is carried out and all flow variables are determined, then we compute the 
fluctuation part, f’ of any variable f, as given in (6.5.38). Unsteady turbulence statis- 
tics (turbulent kinetic energy, Reynolds stresses, and various energy spectra) can be 
calculated once the fluctuation quantities of all variables are determined. Although the 
solutions of the Navier-Stokes system of equations using FDV are assumed to contain 
the fluctuation parts as well as the mean quantities, it will be unlikely that such infor- 
mation is reliable when the Reynolds number is very high and if mesh refinements are 
not adequate to resolve Kolmogorov microscales. In this case, it is necessary to invoke 
the level of mesh refinements as required for DNS. 

Unsteadiness in turbulent fluctuations may prevail in the vicinity of the wall, al- 
though a steady-state may have been reached far away from the wall. This situation can 
easily be verified by noting that AU"*! will vanish only in the region far away from the 
wall, but remain fluctuating in the vicinity of the wall, as dictated by the changes of Mach 
number in the variation parameter s3 between the nodal points and fluctuations of the 
stresses due to both physical and turbulent viscosities іп At;; characterized by (6.5.37). 


13.6.5 FINITE ELEMENT FORMULATION OF FDV EQUATIONS 


We recall that all the provisions and numerical aspects for the physical phenomena such 
as discontinuities and fluctuations of flow variables have already been incorporated in 
the FDV equations. The standard Galerkin integral formulations of the FDV equations 
are all that will be necessary. Thus, we begin by expressing the conservation and flux 
variables and source terms as a linear combination of trial functions ®, with the nodal 
values of these variables in the form, 


U(x, t) = Фасо (а), F(x, t) = Ф. ()Е, (0) 
G; (x, t) = Ф. (x)Goi (ї), В(х, t) = o, (х)В, (2) 


Applying the standard Galerkin approximations to (13.6.7), we obtain 
|| ®,R(U, F;, Gi, B) dQ = 0 (13.6.17) 
а 
ог 


(Acatrs + Boprs) AUS = Н, + №, (13.6.18) 
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where 


At? 
Aag = | Dy Pg dQ, пр = Srs + At s drs + 586 drm dms (13.6.19) 
Q 


AP 
Бору = | | = [arsan + 53 birs) = 79-18200 + 560,1 (aits = bits) = sah Bu) 


AP 
x Фа Фр — Гага = => [Бојана js + birta jts) + sa(airibjis + Dirt jts 


л? 
m 30) i PaPa | а9 + || Е + 83 bis) + —5 [ова аи 
r 


*o ож At? 
+ 564; (dits + bits) + sabi) Pa Фр + (мм S3Cijrs — —5 [Ва(ана jes 


* * 
+ birta jts) + 5а4(а би; + ББ — «es ФаФ 3 таг (13.6.20) 


п At? п At? ui 
Hy = |: || аи, + б) + 5 ds (Ба; + Ghis) + 6 (irs + bi) Bs Pai Pp 


At? п 71 ui At? ui 
- Zz Girs + bis) (Fs + Су») Pai Фв,) + At Ва, + —5 4s Bis Pa Pg dQ 


(13.6.21) 


АР А? 
No = | {| - At( Fei, + Gbir) – ars (Ба + Оба) – a (tirs + brs) BR | Pa Фр 


At? ж ж 
+ —у—(@и» + Birs (Ер + Озу) Фа Pp, рт dT (13.6.22) 


Here all Jacobians must be updated at each iteration step, Ф, represents the Neu- 
mann boundary trial and test functions, with a, B denoting the global node number 
and r, s providing the number of conservation variables at each node. For three di- 
mensions, i, j — 1, 2, 3 associated with the Jacobians imply directional identification 
of each Jacobian matrix (ai, a, аз, Бу, b2, 63, сүү, C12, C13, C21, C22, C23, C31, C32; C33) with 
r,s = 1,2, 3, 4, 5 denoting entries of each of the 5 x 5 Jacobian matrices. These indices 
can be reduced similarly for 2-D. 

Evaluation of integrals in (13.6.19)-(13.6.22) must begin with local elements of the 
form 


We shall describe the procedure for two-dimensional isoparametric elements using 
Gaussian quadrature integrations with an EBE process for assembly into a global form 
as shown in Section 10.3.2. The local FDV finite element equation given above repre- 
sents a system of 16 equations with N, M = 1,2, 3, 4 and r, = 1, 2, 3, 4. These matrix 
equations are constructed by summing terms with repeated indices. A simple computer 


13.6 FLOWFIELD-DEPENDENT VARIATION METHODS 457 


algorithm can be developed to achieve this process. For example, AE бә АШ? takes 
the form 


Ап Ар Ais ET AU; 
Ап Ар Аз Ац AU: 


Ап Ар Аз Ам 


ES Аз Аз Азд 


An Ap Аз Ац 
Aa Ao Ag Au 
| Ап Ао Ав Ад 


| Аз А» Азз Азд 


Au НЕ" Е" Ац | 
| 


Similarly, Во... AUS is of the form 


| 1 Вил Виз Виа Вол Bi Вуруз Врла Bizi Bisi2 Вуз1з Bizia Вап Bisz Ваз Brats | al 
Baz Buz Buz Виза Broo Biz? Bioos. Вуд Bisai Bis22 21323 Bisoa. Biagi. 1422 Bios. 81424 АШ» 
Виз Вузг Визз Виза Воз Bios. Віәзз Вуза Віззі Візз2 21333 Віза Braz Bia32 Bass: Bras АШз 
Bua Bua Buss Виза Ва Ва Bizas Ва Віза Bio. Bizas Віза Вуду Вида Bias Буд АШ 
Ban Вур Њуз Bora Воп Boaz Bonis Bonia Взп Brio Ваза Bosi4 Bai Вар Ваз Boats AU» 
Bun Њу Baz Ba Ву Ву Ву Boa Bun 2322 Bua Bua Bun Bun Bus Bu AU» 
Bus Њуз Вузз Віза Boii Boi Bras Bo234 Возз 2332 Воззз Возза Bui Bas) Водзз Bosas AU» 
Bua Busz Ваз Вуда Вуд Вуд Bozas Вол Bx 22342 Возаз Рзд Рад Вода Врдаз Bossa AU», 
Вуп Вуд Вуз Вид Boii Вэ B3213 Boa. Bii. B3312 Baa. Ba. Вац Вар Bias. Baars АШ, 
| Ву Ва B3123 Вуд B3221 B3222 B3223 B3224 B3321 183322 B3323 B3324 B3421 B3422 B3423 B3424 AUs; 
Вуз B3132 B3133 Ваза B3231 B3232 B3233 B3234 B3331 Вззз2 B3333 B3334 B3431 B3432 Взазз B3434 A U33 
| Вуд Ваза Bus Вида B3241 Bs242 B3243 B3244 B3341 13342 B3343 B3344 B3441 B3442 B443 B3444 | | AU 34 
Byun Bai? Вуз Baia Boii Boi? Вріз Bana Вап Bai Bais Ваза Вип Вир Basis Ви AU; 


Bu» Bu Bu 
Виз Виз Визз Виза Воз Врз Врзз Bazza Buzzi Bao. Ваззз Bassa. Bassi Блэр Bassa Basas AU; 
Вџ Виа Byss Виза Bazar Bazar Враз Вра Baza Ваза; Bazas Вазад Виа By 


Bazi Bnn Виз Виза Вр Вр Воз Варга Bagai Baz22 Бузоу Фаза Ва 


442 Ваз Влада 


For example, let us examine one of the terms in Вул, 


At? 
Вуд = EN за па jj4 01, P2, 458 + e With i, у= L2. $21,2,354 
Q 
All integrals are to be integrated using Gaussian quadrature. 
The domain integrals on the right-hand side are evaluated similarly. However, they 
will result in a column vector compatible with left-hand side. 
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The evaluation of boundary integrals that appear in both left-hand side and right- 
hand side are discussed in the next section. 


13.6.6 BOUNDARY CONDITIONS 


Treatment of boundary conditions in finite element methods is simple and straight- 
forward as discussed in Section 10.1.2. Particularly, in FDV formulations where all 
regimes of velocity are to be accommodated in multidimensions, implementations of 
boundary conditions are self-explanatory. Neumann boundary conditions in FDV oc- 
cur in both left-hand side and right-hand side. The left-hand side Neumann boundary 
integrals are evaluated and summed into the corresponding domain integrals as first 
discussed in Section 10.2.4, whereas the right-hand side Neumann boundary conditions 
appear as a column vector as shown in Section 10.1.3. 


The Neumann boundary conditions 
To illustrate, let us consider one of the boundary integrals multiplied by the conser- 
vation variable vector on the left-hand side. 


()N=1,r =1,M=1,2,s =1,2,3,4, i j=1,2 


* * 
| dirs Фу ФитаГ AUms = || (аут + asina) AU + (аот + аот) А лә 
r r 


* * 
(aisi + a213N2) АЁЛз + (аап + a214012) AU 14) Ф Фаг 


«f (ата + ao112) AUS + (аурп + аот) AU 
г 


+(a113M1 + 4214712) AUz3 + (arn + a21402) AU 24} Ф Фаг 
(бум =1к=?,М= ћ 212,34, 47 =1,2 
(N21, 23,M21,2,5251,2,5,4, 5] 21,2 
(N21 24,M212,521,2,3,4, 5] 1,2 
(рата ле вео рео 
(а ва ма 96519347 Е 
(7) Мез,ю=з,М=1,2,в—=1,2,3,4, 1, ] 21,2 
(8N22»24M212,521,22,34, 5 / 21,2 


Note that the terms with repeated indices will be summed for the free indices N — 
1,2 andr = 1,2, 3,4 for the two-node boundary line elements, resulting in the 8 x 8 
square matrix corresponding to the 8 x 1AUms (see Figures 10.1.2 and 13.6.1). If two 
nodes, node 1 and node 2, of the boundary line element coincide with node 1 and node 
2 of the local element adjoining the boundary line shown in Figure 13.6.1, then the 8 x 8 
boundary line element matrix is algebraically added to the corresponding 16 x 16 local 
element matrix. This is the influence of the boundary conditions affecting the domain 
at the current time step n + 1. 

The situation is different for the case of the right-hand side boundary integrals 
at the time step л. They simply result in a column vector as is the case for the reg- 
ular time-dependent finite element equations. Note also that various Jacobians are 
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8 x 8 boundary line element matrix 


Boundary 
element 
О 
1 ЫЗ 
п 
Воџпдагу Boundary line element 
line element In the fourth quadrant, 


270° < 0 < 360° 


Figure 13.6.1 The8 x 8 boundary line element matrix added to the adjoining 16 x 16 boundary 
element matrix for the left-hand side boundary integral terms. 


multiplied by convection flux variables and diffusion flux variables, indicating that not 
only the boundary values within the Jacobians but also the flux variable as specified at 
the boundary nodes are to influence the outcome of the CFD solution. 

It should be noted that one of the advantages of the FDV approach is the ability to 
specify all the values that occur in the Jacobians (aj, b;, c;;) and flux variables (F;, G;) at 
the boundary nodes. For example, primitive variables (Dirichlet boundary conditions) 
and their gradients can be specified at boundary nodes directly through the Jacobians 
and flux variables. 

To illustrate the boundary integrals with derivatives of trial functions, we consider 
a typical case as in Figure 13.6.1. 


ж ож 
Мағ, Фу Фм,;таг 
r 
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Using Figure 10.1.2b or Figure 13.6.1, let us examine the following integrals: 


ж ж г. д Ф дѕ * M 
аг = D “ cos ds, =(1— >) 
[a Q1 174 ] Ф 3s 3x cos 0ds Ф ( T 


+, 5, д фу дз € ys 
аг = — sin dds, = (>) 
|. Фу Di 212 | Фі as бу sin Uds Фә (7 
Notice that ds/dx = 1/cos0 and ds/dy = 1/sin0 lead to indeterminate forms when 
dealing with horizontal or vertical boundary lines (0 = 0°, 90°). The boundary integrals 
should be set equal to zero when these conditions arise. 


The Dirichlet boundary conditions 

Implementations of Dirichlet boundary conditions as discussed in Section 10.1.2 
cannot be applied. This is because the solution vector is in terms of the incremental 
conservation flow variablesA U2*! Ат the boundary nodes with Dirichlet data (constant 
throughout the entire process), we have AU" = "+1 — U” = 0. This must be verified 
at each time step. As seen already for the case of Neumann boundary conditions, all 
Dirichlet data are to be implemented in the Jacobians and flux variables that appear at 
boundary nodes. No other steps are needed for the specification of Dirichlet boundary 
conditions. 


Remarks: 'The FDV equations can be solved using FDM (see example problems in 
Figure 6.8.2) or FEM. However, the solution process via FEM is much more rigorous. 
Using the EBE assembly, the maximum size of matrix is 16 x16 or 32 x32, respectively, 
for 2-D or3-D isoparametric elements. The column assembly of EBE strategy combined 
with GMRES introduced in Section 11.5.3 leads to an expedient solution process. Thus, 
matrix multiplication must be replaced by the local element equations, which will then 
be transformed into a global column vector. This allows the finite element equations of 
the large grid system to be solved with the GMRES scheme effectively. 


13.7 EXAMPLE PROBLEMS 
(1) Quasi-1-D Supersonic Flows (Euler Equations) with Two-Step GPG 
Given: Quasi-one-dimensional rocket nozzle given in Section 6.8.1. 


Solution: 'This problem was solved using 500 linear finite elements with two-step 
GPG. The computed results are shown to be in good agreement with the analytical 
solution in Figure 13.7.1. 


(2) Two-dimensional Supersonic Flows (Euler Equations) with Two-Step TGM 


Given: Geometry and initial and boundary conditions are as shown in Figure 13.7.2a. 


Solution: Тће results of calculations using ТОМ are shown in Figure 13.7.2b-e. The 
L, norm error convergence history of all variables is shown in Figure 13.7.2f. 
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sonic outlet. (b) Supersonic inlet, subsonic outlet. 
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Quasi-one-dimensional supersonic flow calculations using GPG. (a) Supersonic inlet, super- 
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Figure 13.7.2 Supersonic two-dimensional inviscid flow (ТОМ). (a) Geometry, initial, and boundary 
conditions (Moo = 1.4, Уб = 1230m/s, Т = 1900K, Pœ = 0.81MPa). (b) Density contours. (c) Pressure 
contours. (d) Mach number contours. (e) Temperature contours. (f) Convergence. 


(3) Examples for FDV Methods 

(a) Shock Tube Problems. Two shock tube problems of differing shock strengths of the 
following data (AI unit) are tested: 

(i) PL= 10°, рі. = in рв = 10, рк = 0.125 

(1) рі = 10, рі = 1, рк = 10, рк = 0.01 
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Figure 13.7.3.1 Shock tube calculations (1,200 elements) using the FDV theory, solid lines and symbols 
indicating analytical solutions and numerical results, respectively. 


The FDV solutions for the above shock tube cases indicate perfect agreements with 
the analytical solutions as shown in Figure 13.7.3.1. The advantage of the FDV theory 
is an automatic switch from the Navier-Stokes system of equations to Euler equations 
with the calculated diffusion variation parameters (53,54) being zero everywhere in the 
domain. Only the convection variation parameters (51,52) remain nonzero. 
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(b) 
Figure 13.7.3.2 Contour plots of calculated variation pa- 
rameters to test flow field-dependent properties in FDV. 
Note that variation parameter contours resemble those of 
flowfields themselves. (a) Calculated variation parameter 
contour distributions. (b) Flowfield contour distributions. 


(b) Compression Corner Flows. To demonstrate the role of the variation parameters, 
we examine the ЕРУ solution for the flow over a ten-degree compression corner at 
Mas; = 3, Re = 1.68 x 10* (Figure 13.7.3.2). Note that the contour distributions of the 
first order convection variation parameter 51 resemble the flowfield depicting the shock 
waves, as shown in Figure 13.7.3.2a. The second order convection variation parameter 
52 which represents the artificial viscosity for shock capturing closely follows s; with 
somewhat wavy distributions (52 = sY ^). It is seen that the sı = 0 region (no changes 
in Mach number) is clearly distinguished from the region near the wall where 51 is close 
to unity (rapid changes of Mach number). Note that 51 = 0 changes to 51 = 1 abruptly 
along the line where the shock is expected to appear. 

Itis seen that the contour distributions of the first order diffusion variation parameter 
s3 resemble the boundary layer formation in the vicinity of the wall with thickening of 
contours toward the wall as compared to the first order convection variation parameter 
s1. The second order diffusion variation parameter s4 whose role is to provide numerical 
diffusion for stability for the calculation of fluctuations of turbulent motions follows 
the trend of s3 with wavy distributions (s4 = sa ^). No change in Reynolds number 
is indicated by s3 = 0 in the upper upstream region, which coincides with 51 = 0 for 
convection as expected. 

The actual flowfield calculations based on these variation parameters are shown 
in Figure 13.7.3.2b. As the FDV theory dictates, the first order variation parameters 
(51, 53) control the physics and accuracy, whereas the second order variation parameters 
(52, 54) address numerical diffusion for stability. These variation parameters are updated 
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throughout the computational process until the steady-state is reached, with their con- 
tours continuously resembling the actual flowfield. 

It should be noted that the physical interactions between inviscid/viscous, compress- 
ible/incompressible, and laminar/turbulent flows are simultaneously controlled by the 
first and second order convection/diffusion variation parameters. These assessments 
will be verified from additional example problems presented below. 


(4) Driven Cavity Flow Problems to Test Compressibility/Incompressibility Characteristics 

This example is to demonstrate that the FDV scheme is capable of reaching the 
incompressible limit at low speeds as well as the shock capturing capability at high 
speeds. The cavity flow problem [Ghia et al., 1982; Yoon et al., 1998] is examined 
here for two different Mach numbers (М = 0.01 and M = 0.1). Streamline and vor- 
ticity contours shown in Figure 13.7.4a-d are in good agreement with FDM results 
of Ghia et al. [1982]. Density distributions (Figure 13.7.4e) for M — 0.01 are constant 
throughout the domain, whereas at M — 0.1 we note that variations begin to occur 
near the downstream upper region. The most significant feature is the distribution 


Figure 13.7.4 Driven cavity problems testing incompressibility/compressibility characteristics based on 
ЕРУ theory. (a) Streamlines for M = 0.01. (b) Streamlines for M = 0.1. (c) Vorticity contours for M = 0.1. 
(d) Vorticity contours for M — 0.01. 
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Figure 13.7.4 Continued. (e) Density distributions. (f) Stagnation (total) pressure distributions. (g) Comparison 
of velocity distributions with experiments. 
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of the stagnation (total) pressure (Figure 13.7.4f) as calculated from (6.5.36), indi- 
cating that the stagnation pressure is constant at M = 0.01 and it begins to vary at 
M = 0.1, almost exactly the same way as density. This proves that (6.5.36) acts as 
the equation of state encompassing the incompressible and compressible flows. Com- 
parisons of the FDV solutions for the velocity distributions at the centerlines (Fig- 
ure 13.7.4g) confirm the trend disclosed in Figure 13.7.4e,f. The velocity distributions 
for M — 0.01 are identical to the results of the experimental data for incompressible 
flow, whereas the solution for M — 0.1 (compressible effect present) deviates from 
the incompressible case. The evidence is overwhelming that the FDV scheme is capa- 
ble of treating the transition automatically between the incompressible and compress- 
ible limit. 


(5) Hypersonic Flow Solutions by the FDV Method, M = 20, Re = 300,000, with Impinging 

Shock Wave on a Flat Inlet Combustion Chamber 

This example uses the impinging shock wave angle of 12.7? corresponding to the de- 
flection angle of 10^. The solution clearly shows the advantage of the FDV method, with 
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Figure 13.7.5 ЕРУ parameters 51 and s? as calculated from the local Mach numbers and Reynolds 
numbers resembling the flow field itself. 
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Figure 13.7.6 Velocity vectors near the wall showing the primary and 
secondary boundary layers and reversed flows. 


the ЕРУ parameters s, and s3 guiding the actual flow field topology and the flow field 
Jacobians dictating the shock wave turbulence boundary layer interactions. Further- 
more, the primary and secondary boundary layers are shown clearly with the reverse 
and rotational flows close to the walls (Figures 13.7.5-13.7.7). No chemical reactions are 
considered in this solution. See Chapter 22 for detailed discussions on chemical reac- 
tions. The results in this example were obtained from the computer program developed 
by Gary Heard. 
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Figure 13.7.7 Velocity vectors near the wall showing the rota- 
tional flow. 
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In this chapter, most of the currently available compressible flow analyses using FEM 
have been presented. They include GGM (generalized Galerkin methods), TGM 
(Taylor-Galerkin methods), GPG (generalized Petrov-Galerkin methods), CGM (char- 
acteristic Galerkin methods), DGM (discontinuous Galerkin methods), and FDV 
(flowfield-dependent variation methods). Exhaustive numerical results on TGM and 
GPG are available in the literature, and no attempt is made to introduce them here. 
Only a few selective examples are shown in Section 13.7 for illustration. 

Transitions and interactions between inviscid/viscous, compressible/incompressible, 
and laminar/turbulent flows can be resolved by the FDV theory. It is shown that the FDV 
parameters initially introduced in the Taylor series expansion of the conservation vari- 
ables of the Navier-Stokes system of equations are translated into flowfield-dependent 
physical parameters responsible for the characterization of fluid flows. In particular, 
the convection ЕРУ parameters (51, 52) are identified as equivalent to the TVD limiter 
functions. The FDV equations are shown to contain the terms of fluctuation variables 
automatically generated in due course of developments, varying in time and space, but 
following the current physical phenomena. In addition, adequate numerical controls 
(artificial viscosity) to address both nonfluctuating and fluctuating parts of variables 
are automatically activated according to the current flowfield. Just as important are 
the Jacobians providing interactions of any one variable with all other variables in the 
conservation form of the governing equations. It has been shown that practically all 
existing numerical schemes in FDM and FEM are the special cases of the FDV theory. 

Some simple example problems have demonstrated most of the features available 
in the FDV theory. It was shown that the calculated FDV parameters resemble the 
flowfield itself. The program originally designed for the solution of the supersonic flows 
is used to resolve incompressible flows of driven cavity problems, with the transition 
from incompressibility to compressibility automatically realized. 

There are other methods related to FEM which are not introduced in this chapter. 
They include spectral element methods, least square methods, and finite point methods. 
These are the subjects of the next chapter. 
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Miscellaneous Weighted Residual Methods 


In the previous chapters, with an exception of GPG, the finite element formulations are 
based on the Galerkin methods in which test functions are chosen to be the same as the 
trial functions. This is not required in the weighted residual methods. 

Weighted residual methods other than the Galerkin methods include spectral ele- 
ment methods (SEM), least square methods (LSM), moment methods, or collocation 
methods, in which the test functions or weighting functions are not necessarily the same 
as the trial functions. In spectral element methods (SEM), polynomials in terms of 
nodal values of the variables are combined with special functions such as Chebyshev 
or Legendre polynomials. For least square methods, the test functions are constructed 
by the derivative of the residual with respect to the nodal values of the variables. Some 
arbitrary functions are chosen as test functions for the moment and collocation meth- 
ods. Recently, the weighted residual concept has been used in meshless configurations, 
known as the finite point method (FPM), partition of unity method, meshless cloud 
method, or element-free method. 

In the following sections, we shall describe a certain type of spectral element meth- 
ods, least square methods, optimal control methods (OCM), and finite point methods 
(FPM). They are selected here for discussion because of their possible future potential 
for further developments. 


141 SPECTRAL ELEMENT METHODS 


The term "spectral" as used here implies a special function. Examples of such functions 
may be Chebyshev, Legendre, or Laguerre polynomials. These functions are expected 
to portray physical phenomena more realistically and precisely than other functions 
that have been discussed previously, leading to a greater solution accuracy. However, 
their applications are limited to simple geometries and simple boundary conditions. 

The spectral element methods (SEM) represent a recent development as a com- 
bination of the classical spectral methods and finite element methods, thus the term 
“spectral element." The classical spectral methods resemble the classical method of 
weighted residuals. 

In the classical spectral methods, trial and test functions are chosen such that they 
satisfy global boundary conditions. In the spectral element method, the trial and test 
functions are local and combined with isoparametric finite element functions as first 
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proposed by Patera [1984]. Applications of the spectral element methods to triangular 
finite elements were reported by Sherwin and Karniadakis [1995]. The basic idea, how- 
ever, was employed earlier in the so-called p-version finite elements [Babuska, 1958]. 
Later extensions can be seen in the h-p methods [Oden et al., 1989] and the flowfield- 
dependent variation spectral element methods (FDV-SEM) [Yoon and Chung, 1996]. 
The classical spectral methods are well documented in the book by Canuto et al. [1987]. 
Here, in this section, we utilize the concept of the classical spectral methods and apply it 
to the finite element method in such a way that the accuracy and efficiency are realized 
with a reasonable compromise. The most important aspect of SEM as applied to the 
FDV scheme is to portray turbulent behavior in direct numerical simulation (DNS) 
calculations. This will allow direct numerical simulation to be more efficient in which 
turbulence models are no longer required, as indicated in Section 13.6. 

In SEM formulations, we may use either Chebyshev polynomials or Legendre poly- 
nomials. Patera [1984] demonstrated the SEM formulation using Chebyshev polynomi- 
als. We illustrate the use of Legendre polynomials [Szabo and Babuska, 1991] as test 
functions in the following subsection. 


14.1.1 SPECTRAL FUNCTIONS 


In the traditional spectral methods, we use spectral functions that are normally provided 
by Chebyshev polynomials or Legendre polynomials. Either one of these polynomials 
can be used in the spectral element methods. Before we proceed to SEM, we briefly 
summarize the basic properties involved in the Chebyshev polynomials and Legendre 
polynomials. 


Chebyshev Polynomials 

The basic concept of the least squares approximations is used to derive the 
Chebyshev polynomials in which orthogonality properties are preserved. To this end, 
consider a polynomial Ф, (x) of degree r in x such that 


1 
| W(x) ®,(x)qr_1(x)dx = 0 (14.1.1) 


where W(x) is the weighting function 


1 
W(x) = 14.1.2 
яе е 
апа q,. (x) is an arbitrary polynomial of degree r — 1 or less in x. 
Let us now introduce the change in variables 
х = cos 0 (14.1.3) 


Substituting (14.1.3) into (14.1.2) and (14.1.1) yields 


| ®,(cos 0)q, 1(cos Ө)40 = 0 (14.1.4) 
0 
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which is satisfied by 

[ $,(cos0)cosk0d40 = 0 (k-0,1,...,r— 1) (14.1.5) 
with 

®,(cos Ө) = С, cosr0 (14.1.6) 


It follows from (14.1.3) that 
Ф, (х) = С, cos(r cos ! x) (14.1.7) 


are the required orthogonal polynomials with C, = 1. These polynomials are known as 
Chebyshev polynomials, which possess the orthogonality property 


1 
А (1 у T(x) E(x)dx = 0 (r #5) (14.1.8) 
T(x) = 2х1;(х) — T(x) (14.1.9) 
T(x)21 (х) = х (14.1.10) 


The orthogonal square factor y, is given by 
1 1 
ү = | (1— x2)? T?(x)dx = 0 (14.1.11) 
-1 
Since x = cos 0, T; (x) = cosr0, we have 
= [7 сог вав = dae (14.1.12) 
Yr = А = T, г 50 |, 


Thus, the nth degree least squares polynomial approximation to f(x) in (—1, 1), relevant 
to the weighting function W(x) = (1 — x2)-?, is defined as 


у(х) = Уха, Т(х) (-1sx<1) (14.1.13) 
r=0 


The least squares approximations require that 


1 
| | W(x)[ f(x) — y(x) dx = min (14.1.14) 
or 
a 1 n 2 
WU vof о) - У «т dx =0 (14.1.15) 
Pi т=0 


а, | | | wooed] - | W(x) f(x)T,(x)dx = 0 (14.1.16) 
-1 =Í 
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with 


1 
| WO) f) 0d 
ак = = 


1 
| W(x)T?dx 
-1 


1 
a= | d=! foods 


2 


ay = 
т 


|| | (1 х2)72 f(x) Tr(x)dx (14.1.17) 
=1 


or in general 
"E eave гей d 
— f(x) T(x; j N J , zx 
NG, 245; pre) Cmdm) Gad 


а, = 


which has all polynomials of degree п or less, the integrated weighted square error 


1 
|| | (1 х2) 20) – yn(x) dx (14.1.17b) 


is the least when y,(x) is identified with the right-hand side of (14.1.13). 
In terms of the nondimensional variable € = x/Ax, the Chebyshev polynomials are 
summarized as follows: 


T,(é) = соѕпӨ, 0—cos!& —1<ё<1 
T(E) = cos0=1 
T£) = cos(cos™! £) = & 


С ТЕ) = cosn0 cos 0 = – [соѕ(и — 1)0 + cos(n + 1)0] 


1 
2 
ог 


ETE) = ПБ) + 16) 


thus, the general formula is given by 


Ta (E) = 2E T(E) — Thi (E) (14.1.18) 
Hh(g) 21 

1\(&) =& 

Ђ(Е) = 26" —1 


ЋЕ) = 463 — ЗЕ 
T(E) = 8&4 — 82 + 1 
ТХЕ) = 162° — 208? — 5Е 


Similar developments are applied to other directions for 2-D and 3-D geometries, 
which will then be utilized through tensor products for applications to multidimensional 
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problems. Applications of the Chebyshev polynomials to a spectral element method will 
be shown in Section 22.6.4. 


Legendre Polynomials 
The Legendre polynomials are based on the orthogonal properties of the least square 
concept. To this end, we require a polynomial ®,(x) of degree r in x such that 


b 
| W(x)9, (x)q, 1(x)dx = 0 (14.1.19) 
where W(x) = 1 is used for the Legendre polynomial. Consider the notation 
d'u, 
л л... (14.120) 
ах" 
Thus, it follows from (14.1.19) апа (14.1.20) that 
b 
| и®)(х)а,—1(х)ах = 0 (14.1.21) 
Integrating by parts 
[ыл — ug , + (DY uae Pp = 0 (14.122) 
The requirement for the function Ф, (x) defined by (14.1.20) 
1 d'u,(x) 
o = 14.1.23 
m W(x) dx ( ) 


be a polynomial of degree r implies that и, (х) must satisfy the differential equation 


dr 1 d'u,(x) 
=0 14.1.24 
gu Ee dx" | ( ) 
in [a, b] with the 2r boundary conditions 
сео ea (14.1.25) 
u,(b) = u, (b) = u! (b) = -= u; (Б) = 0 


For the least squares approximation over an interval of finite length, it is convenient 
to suppose that a linear change in variables has transformed that interval into the interval 
[—1, 1]. With W(x) = 1, we obtain 

d? и, 

dx2rti 


Using the boundary conditions (14.1.15) for (—1, 1) 


=0 (14.1.26) 


и, = dy (x2 — 1) (14.1.27) 


where А, is an arbitrary constant. Hence, from (14.1.23) it follows that the rth relevant 
orthogonal polynomial is of the form 


d 
®,(x) = ware e (14.1.28) 
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with 
T€ 1 
"Xp! 
The polynomial obtained in this manner is the rth Legendre polynomial 
14,» , 
лл. 


From the orthogonal property it follows that 


1 
f. L(x)L((x)x-0 rzs 


(14.1.29) 


(14.1.30) 


(14.1.31) 


The value assigned to А, is such that L,(x) = 1 and it is true that |L (x)| x 1 when 


|x| x 1. With the nondimensional variable, this gives 


Lo(£) = 1 
(ё) = Е 


LE = 5GE - 1) 

LE) = 58? – 36) 

LCE) = $GSt* — 308? + 3) 

Ls(E) = (63° — 708° – 156) 

L6(é) = «Que = 315ё* + 1056" — 5) 


L,(é) = 2.042967 — 693° + 315 — 35) 


The recurrence formula is given by 


1 а 
09) zig c 
2r+1 
L5) = LG) - La) 


(14.1.32) 


Applications of the Legendre polynomials to a spectral element method will be 


shown in the next section. 


14.1.2 SPECTRAL ELEMENT FORMULATIONS BY LEGENDRE POLYNOMIALS 


Тће most efficient approach toward multidimensional applications of the spectral el- 
ement methods is to utilize the isoparametric elements (quadrilaterals for 2-D and 
hexahedrals for 3-D). Using a linear element with only corner nodes, but accepting as 
high a spectral degree of freedom as desired for the side and interior modes for 2-D 
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(b) 


Figure 14.1.1 Spectral element configuration. (a) Two-dimensional spectral 
element. (b) Three-dimensional spectral element. 


and the edge, face, and interior modes for 3-D, it is possible to construct Galerkin spec- 
tral element integrals. By means of static condensation, all spectral mode degrees of 
freedom are eliminated, resulting in the final algebraic equations only in terms of the 
corner nodes. 

The spectral functions of the Legendre polynomials (14.1.32) are zero at the corner 
nodes but exhibit high order approximations elsewhere. In this process, any variable is 
to change nonlinearly everywhere but it is calculated only at the element corner nodes. 
To illustrate this point, let us consider the approximation of the variable U: 

For two dimensions (Figure 14.1.1a) we have 


Corner nodes: linear isoparametric function, oo 
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Side modes: Legendre spectral mode functions, Фб) 
Interior modes: Legendre spectral mode functions, o) 
U = Фа, + ФОО, + OO Tn (14.1.33) 


For three dimensions (Figure 14.1.1b) we have 


Corner nodes: linear isoparametric function, pO 

Edge modes: Legendre spectral mode functions, Ф 

Face modes: Legendre spectral mode functions, o ) 

Interior modes: Legendre spectral mode functions, ef 

U = &,U, + ФОО, + ФИО + ФО) 0, (14.1.34) 


where U, аге the variables to be calculated at the corner nodes and Gn Grins and rj em 
denote spectral degrees of freedom. 

The global trial functions Ф, are assembled from the corner node linear isopara- 
metric pu A pO., The Legendre functions for the side modes Фб) and the interior 
modes a) for two dimensions, and edge modes pP, face modes olf) and interior 
modes 02, for three dimensions are given as follows: 


For Two Dimensions 


Side modes: 


QD = а + €)Gn(n) 


(141.35) 
Ф) = ja t т\) Gm(E) 
pU = = 5а = E)Gin(m) 
with m = 2,...q; № = 4(q – 1);9 > 2 
Interior modes: 
Ф0) = G,(E)G,(w) (14.1.36) 


1 
with m, n —2,...,q - 2(т%п) =2,... а NO = > а - 2)(4 —3)], а > 4 


where МО) and МО denote, respectively, the total number of functional modes available 
for sides (1, 2, 3, 4) and interior. The highest polynomial order chosen is denoted by q, 
and G,, refers to the Legendre polynomials defined as 


1 
= [Е — Lm- 14.1.3 
© = g EO- bna] (14.1.37) 
with the ма н. given pad 
Ling (5) = = an 8) zroh) (14.1.38) 


Similar E are obtained “ ue y-direction. For illustration, variable orders of 
Legendre polynomials specified in different elements are shown in Figure 14.1.2. At 
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Figure 14.1.2 Two-D interpolation functions constructed by Legendre polynominal, Фу 
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corner nodes), ® side nodes), eO interior nodes). 
M 


) 


boundaries, higher order functions prevail over the lower order functions. In addition 
to the above polynomial space, (called $1) we may use another option of the space 
(called 52) in which (а — 1)? interior modes are applied. 


For Three Dimensions 


Edge mode: 


with m = 2, ... 


Face mode: 


with m,n =2,...,4— 2; (т+п) = 4,... 


of = 11 — та – ОСЕ) 


GP = 10 +E) – Обљ(т) 
etc. 
‚а; М®=12(4—1); 4>2 


Ф = (1 — 1)С„(&)С, (n) 


du = (1 +E) Gm) Gn (E) 
etc. 


МО =3(4—-2)(4—3); 4>4 


(14.1.39) 


(14.1.40) 


qd; 
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Interior mode: ФО) = С„(&)С,(т)С,(6) (14.1.41) 


mnp 


with m,n, p=2,...,q—4; (т+п+р) = 6,..., 9; 
М? = (q – 3)(4 - (a 5)/6; 426 


In addition to the above polynomials (51), we may use an optional space (52) in which 
(а — 1)? face modes and (q — 1)? interior modes (q > 2) are applied. 


14.1.3 TWO-DIMENSIONAL PROBLEMS 


Spectral element methods may be implemented through the generalized Galerkin 
scheme. A more rigorous approach such as the FDV-FEM technique introduced in 
Chapter 13 can be combined with the spectral functions. This is particularly useful for 
dealing with high-speed flows where shock wave/turbulent boundary layer interactions 
occur. 

In general, the spectral element formulation begins with the Galerkin integral ex- 
pressed in the following form: 


For Corner Nodes 

|| ®,R(AU)dQ = 0 (14.1.42a) 
Q 

For Side Modes 

|| &)R(AU)dQ = 0 (14.1.42b) 
Q 


For Interior Modes 


[ b&b R(AU)dQ = 0 (14.1.42c) 
where the conservation variables U in the residual R(AU) of the Navier-Stokes system 
of equations are approximated by the trial functions, and the source terms are assumed 
to be zero. 

Substituting (14.1.33) into (14.1.42) yields the matrix equations, 


Aag Ss F Bagrs А8; F B. Aonp®rs Р Banprs A Ugs iin 
Аад» + Вур Ад + Cus Арда + Сир» | | А0», 
AmkgOrs T DBykgrs asl + Со; Armknp Ors + Dnknprs AU nps 
Wor " 
= | WW, (141.43) 
W mkr 


where a, B denote the product of the global corner node number times the total number 
of physical variables, whereas m, n, p, and q refer to degrees of freedom from the 
side and internal modes of Legendre polynomials with у, 6 = 1, 4 and r, s denoting the 
number of conservation variables (4 in two dimensions and 5 in three dimensions). 
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If the residual R(AU) is chosen to be the same as (13.1.2) for the FDV-FEM scheme 
without source terms, we obtain the matrix entries of (14.1.43) as follows: 


As = | 9s do A, [ 0,68 ад А»= | 0,0, d 
Q Q Q 
Ag= | Sroda A= [дас л, = | фла 


Amkg = | Din De dQ Аў us = || Dink Фе ад Атр = || Dink Opp dQ 
Q Q Q 


(14.1.44) 


Bags = f far [—S14irs Pa Фр — S3(birs Фаг Фв + Cijrs Pa Фв,у)] 
о 


А? 
+ —у_(@52(Фнау» + birta уз ) Poi Фв,у — Grits Фа Фр] 


+ s4[(Girtbjts + birtbjts — дас) Pai Pp, j — du bits ai Pe) dQ 


Big = |. ма» + 53 бр Pai ФӘ + S3Cijrs Фен Фа] 


А? xd 
+ a (S2dijrs + S4€ijrs)Pai Py, | | 452 
with 


dijrs = Girt A jts + dirt jus 


Cijrs = GirtDjts + birtb jts 
Banprs = || [-Ar [(51а 5 + 53 Бр Фа Ф st $3Cijrs Фан Фир, 3] 
2 
л? А 
+ 5 (s2dijrs + ме) ФФ |49 
Bs =) |-Ar [(sidirs + 53 biis) Ф), Фв + 5з Фу, ; Pp, j] 
о 
л? is 
+ 75 Wadhirs + ме Фу, Фа. |49 
e. =) |-Ar [(siairs + 53 bi.) 7, Фе + S3Cijrs Py, Фе, | 
о 
л? К. 
+ —5 (ва ут + ме Фу Ф |49 
С лр» =] |-Ar [(51а + 53 Бр Фу Фир + S3Cijrs "Op ;] 
о 


А? Ж 
+ 75 (S2dijrs  s4eijrs ) O,, ; Фир, j јао 
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Буйру» | |-^r [(sidirs + 53 dirs) Фк Фр + $3Cijrs oig. j] 
Q 
Af - 
+ a Gidirs + мер) ФФ. | ад 
E oes ШЕК ТТ О и ОИЕ КЕ А 
mknrs [ бта»; + 53 Dirs )Pmk,i n + S3Cijrs mk, nid 
Q 
At? Г" 
+ Zz (adijrs + меуофик Фе, |40 
Dmknprs af [-Ar [(514 + 53 Буг Фика Pnp + S3Cijrs ФФ] 
о 


А? 2 
+ a (sadijrs + мер) ФФ. |49 (14.1.45) 


War = Н" + №, + М. (14.1.46) 


At? 
Н = || [Ar Фа Фр (Ба, + С) = Zz (irs F Б) ФФ, (Ер Р Gh.) fae 
Q 


* Е At? 
Nu = || Pa|- At (Fy + О) + —y (апу + bus (Ер) + С) таг 
r 


J js.j 


NI = | Ф „ј-а [ (S1dirs + S3birs) АШ"! + 53 Cijrs АО 
pn 
AP п+1 
+ (800 + Saeijrs AUS; | аг 
a E л? АҮ п n 
W=) [At Ф Dp (Foie + Ghir) – = (airs + Б) Ф, Фа, (Ву, + Сб) | 42 


* 
+ || ФУ [Ar [^5 (airs AU?) = 53 (Бр АШ! + бр 
pr 


AP 
+ 19 (аза jts + буна jts) ли + sa (Girtbjts + birtbjts) aust} ni dT 


ы + Ghj - В)|таг 


. А? 
+ || Фу |-^r (Fir + б) + 75 (irs + birs Fy 
Г 


~ 


Winkr = | [Аг фы Фа (Fi, + Bir) 
Q 


л? 

2 

If the Neumann boundary conditions for spectral modes аге not specified, then, 

by definition, Ф* = Ф*, = 0 and only the corner nodes are subjected to the Neumann 

boundary conditions. However, these spectral Neumann boundary conditions may be 

computed and added after the initial corner node computation, resulting in possible 
improvements for the final solution. 


(airs + bus) ФФ (Fis + Об) |49 (14.1.47) 
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The orthogonal properties of the Legendre polynomials give rise to sparse local 
matrices. For example, the following orthogonal properties arise for diffusion terms: 


| Фу O°; аа 40 if and only if п = 2, ог 3, zero otherwise 
Q 
| ФугФурл dQ = always 


| Фу o, ао z 0 if and only if y — ò = even and m = nor m =n € 2, 
zero otherwise 


| Ф Фр 402 40 ifand only т= pandn = 2013, with y = 1013; т=п 
апа р = 2 ог 3, with у = 2 ог 4; zero otherwise 


| Ô mki фын ада 20 ifand only ifm=norm=n+2andk= р; k= por 
2 k= p +2, and m = n; zero otherwise 


It should be noted that these results are also obtained by using the Gaussian quadrature 
routine for integration. 

Although the direct solution of (14.1.43) can be obtained, a number of other options 
are available. For example, we may initially consider only the corner node equations, 


(А.а, + Baprs) AURI! = War (14.1.48) 


The solution of (14.1.48) can be subsequently applied to the side-mode and edge-mode 
equations of (14.1.43) to solve 


A òs + С Арба + Ста AUP. = Wor = Хт 
Wink: = Xmkr 


á oe : | М (14.1.49) 
А ан ors + mkmrs mknp ors + mknprs А Unps 
where 


Ху, = (Ад, + Byars) AUps 
Xinkr = (Amides F Ву») A Ugs 
This allows (14.1.48) to be revised as 


(Асвду F Bas) ULT = War = (4 „òs F Bè AU. = (Aanpòrs T Bunge Аз 
(14.1.50) 


This approach resembles the so-called static condensation performed in reverse 
order. Thus, the solutions between (14.1.50) and (14.1.49) may be repeated until the 
desired convergence is obtained. 

Notice that one advantage of this formulation is that, although the corner node 
isoparametric finite element function remains linear, the side and interior mode spectral 
orders can vary from element to element (Figure 14.1.2) as high as desired in order to 
simulate particular physical phenomena such as turbulence. Furthermore, the corner 
node linear isoparametric functions allow the computation of variables only at the 
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corner nodes, irrespective of high order spectral functions chosen for side and interior 
modes. 


Remark: lt has been demonstrated that the SEM is effective for nonlinear problems, 
particularly for problems with singularities such as in shock waves and with high gra- 
dients such as in turbulence. For linear partial differential equations with smooth exact 
solutions, the numerical analysis by SEM may produce results which are worse than 
those of linear FEM (corner nodes only). This is an important observation in that the 
imposition of the higher order functions (Legendre polynomials) upon the linear solu- 
tion surface may distort the numerical solution. This distortion may be drastic in some 
cases. Therefore, SEM is not recommended for linear problems. To illustrate, consider 
the results shown in the example below of the SEM solutions of a Laplace equation in 
comparison with the FEM solutions. 


14.1.4 THREE-DIMENSIONAL PROBLEMS 


For three-dimensional problems, the Galerkin integral is expressed in the following 
form: 


For Corner Nodes 
| ®,R(AU)dQ = 0 (141.51а) 
а 


For Edge Modes 

| bd) R(AU)dQ = 0 (14.1.51b) 
о 

For Face Nodes 


|| b&b) R(AU)dQ = 0 (14.1.51c) 
Q 


For Interior Nodes 


mnp 


| ФО) R(AU)dQ = 0 (14.1.51d) 
Q 


Substituting (14.1.16) into (14.1.1) gives 


Agog Òs T Bagrs A 15; F В? es Айё F Bonprs Аспра де F Banpars 
8 8 
Ag Ors + Вв» Аппдуз + Сула Аупрбу + Cae Anpas + Cnm 
5 & 56 £8 E Е E č 
Ang ors + Бору» A nknòrs T Cors Anknpòrs t Tros Ay knpqOrs T Б етра 
Адир Ss + Булкивгз A б» + CF os Amkunpòrs T TY штру Amkunpq os + Emkunpqrs 
АЦ» Т“? Wor 7” 
AUR WwW, 
к. eed (14.1.52) 
AU ips УУ а 


А U праг W mkur 


485 


486 MISCELLANEOUS WEIGHTED RESIDUAL METHODS 


with y, ò = 1 > 12;€,n=1-— 8; m, k,n, р, 4, = degrees of freedom from edge, face, 
and interior modes; a, B = corner node variables; r, s = conservation variable degrees 
of freedom. 

Note that all matrix entries are identical to the two-dimensional case with the 
following exception: 


Апра = || Фе Digg ад Amkug = | Фк Pg dQ A pg = || Фу Png dQ 
Q Q Q 
5 5.4 Е ЂЕ d i + 
Алип = | Pinku® ;, dQ А ра = |. Фк Фпра dQ Ашир = | P mku Pap dQ 


Amkunpq = | Ê mku Фила dQ (14.1.53) 
Q 


Banpars = | ма» + 53 Dirs) Pai Pnpg ES S3Cijrs Pai Ф 
Q 
At? И 
+ 75 (Sadijrs + S4€ijrs) Фа: Фара, | 49 
Булкийг» = | [^^ [(514;, + 53 Dirs) Фици Pp T S3Cijrs Фиш Pp, 3] 
Q 
Ar " 
+ 75 (adijrs + S4ejjrs)Pmku,i Pp, j | AQ 


^ 


Со = || {=a [(siairs + 53 birs) ФФ sb SaCijrs Do, Фе, ; 
Q 
А? А А 
+ — (ва аут: sb Lm" dQ 
€ = | {=a [(sidirs + 53 Бург Фу, „Фпра + S3Cijrs Фу, Фара] 
Q 
At? ay ~ 
RS —5 Gs + S4€ijrs) D), i Фпра,ј dQ 
Dus = [ {=a [(sidirs + 53 Бх) Ф Фара + S3Cijrs ФЕ Фа] 
А? 2t A 
+ — Gs sE пер) Фм) dQ 
Dm = | [^^ [(sidirs + 53 Б) ФФ, + S3Cijrs Фици Фа) 
2 
А - AN 
+ 75 (adiirs F S4€ijrs) mku, i Pnp, j dQ 


Emiaunpars = || [^^ [(514irs + 53 Б) Фи Фпра + S3Cijrs Qu, i Pnpa, j] 
Q 


At? 5 " 
+ 5 (520 F 5аб jrs) mui Фу. dQ (14.1.54) 
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Y п 1 At? AY п n 
At Фф Ф g(Fg;, + Bir) == — (airs =F bi), i Pp. i (Еу, + Суу») dQ 


+ b Фу, far [ — 91 (airs АШ") — s3 (bi AUT + ср AUS) | 


AP 
+ J [92G@irea js + birta jts) Aur + S4 (Girtbjts + birtbjts) АО] | таг 


5 At? 
Е [% [^^ (F; + Gi) = Zz (rs + Б) (Ер, j F Соса 8I» аг 


> à n At? А 
Wie = | far Ф: Pp (Fh Bir + Geir) — -5 (tirs + bis) Pin Pp, (22 Bjs T ofan 


* 
Ы | Pn fai [5 (airs AUT) 55 (Пра ЕР Cijrs АО!) 
F 
л? п+1 п+1 
+ zh (tirta jts + birta jts) AUS; + 54 (аи Б» + binbjs) AU; ; Траг 
ey п 1 Ar п y п 
T b Ф mk —At (Fr + Gi )+ -5 (tirs + bis (Fj + Gis, j = В") п; аг 
W mkur = | far Ô mku, Фа (Fhir zh С) 
Q 
p К 
m a (tirs t Б.з) Ф Pg, | (Fe Bjs + 27) dQ (14.1.55) 


As mentioned earlier for the case of two dimensions, the Neumann boundary condi- 
tions involved in all spectral degrees of freedom do not exist and are not applied, initially. 
However, they may be computed and added after the initial corner node computation. 
As in 2-D, we begin with 

(Арда + Във) AUS! = Wt. (14.1.56) 
In this process, the FDV-FEM computations are carried out with h-adaptivity until all 


shock waves are resolved. The next step is to resolve turbulent microscales using the 
spectral portion of the computations 


At. Chws Ард + i de Айыб + Сира AUR, 
Авада + бин А5) ард rs + D, a A zn + Р), mknpqrs Ап 
Аба + C ый Ал kunpUrs + Doni Amkunpq ors a Emkunpqr 5 А орд» 
Wher M 
= | Уб |-| X, (14.1.57) 
Voas X;mkur 


Xnr = (Ards + Bars) AUes 
Хе = (А наде + Вв) AUgs 
Xnpqs = ( Алкинв®г+ m Bmkugrs )A Ugs 
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which act as source terms or coupling effect of the corner nodes upon spectral behavior 
through side, face, and interior modes. The final step is to combine (14.1.56) and (14.1.57) 
by 

(Абад =F Вевгу) АШ! = War F Yor (14.1.58) 
with 

5 5 2 A 
Yor = (Алда + Byers) AU ns р (As + Ва, 
+F (Aanpqòrs + Bonga A Ungi 

Thus, the convergence toward shock wave turbulent boundary layer interactions can be 
achieved through iterations between (14.1.57) and (14.1.58). Note that in this process, 
the convection implicitness parameters sı and sz are held constant, whereas the diffu- 


sion implicitness parameters s3 and s4 are updated through Reynolds numbers. Some 
examples are shown in Section 14.4. 


14.2 LEAST SQUARES METHODS 


The least squares methods (LSM) have been used in FEM by a number of authors 
such as Lynn [1974], Bramble and Shatz [1970], Fix and Gunzburger [1978], Carey and 
Jiang [1987], among others. In LSM, the inner products of the governing equations are 
constructed, which are then differentiated (minimized) with respect to the nodal values 
of the variables. The integration by parts which is normally required in the standard 
Galerkin method is not involved. As a consequence, higher order derivatives remain, 
which will then require higher order trial functions. The basic formulation strategies are 
described next. 


14.2.1 LSM FORMULATION FOR THE NAVIER-STOKES SYSTEM OF EQUATIONS 
To illustrate the procedure, let us consider the Navier-Stokes system of equations, 


dU 90 90 920 


R= А b; T 14.2.1 
ар ax, Ох "aas; Ману 
where 
U = ФО (14.2.2) 
The least squares formulation of (14.2.1) leads to 
ð 1 д 1 
—— = (КЕ) = - Есад = 0 
$0, 2' R) A 
This leads to 
|| WR dQ = 0 (14.2.3) 
Q 
with the test function W, given by 
oR 
Wa = = (14.2.4) 
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or 


ID, ID, PPa 
b; Ci; 14.2.5 
OX; " Ox; T : OX; OX; ( ) 


Ia 
Wa = + а; 
or 


It is seen that the trial function Ф, is not a function of time and the first term in (14.2.5) 
must vanish. To avoid this situation, we rewrite (14.2.1) in the form 


aU aU 920 
R =U"! — U” + Atf а; b; T 14.2.6 
T (а OX; T OX; Ы i дх;дх; ) ( ) 
This will allow the test function W, to be written as 
dR At 
Wo = aut! = Фа + 3 (а Фа; + Pai + cij.j) (14.2.7) 
with U = (U"*! + U")/2. Thus, (14.2.3) takes the form 
Коу = Е" (14.2.8) 
where the stiffness matrix Kag is of the form 
At 
Kag = Я Pa + E (а Фаг + Фа; + Cj Pai) 
М 
x E к (aO. х + big, + ЖО) dQ 
and 
» At 
FE = E Фа + > (а Фа; + bj Фа; + cij Pai) 
At , 
x| Bg — э (ак Фа + big, + Chon Pp, kom) | 4208 
At " 
+ > Ф. + 3 (а; Фа; + bj, Фа; + Cij Фа у) B” dQ (14.2.9) 


As noted from (14.2.7), the test function arising from the LSM formulation resembles 
the GPG methods discussed in Section 13.5. The functions W, are flowfield-dependent 
through the Jacobians a;, b;, and ¢;;. Various simplifications are available [Carey and 
Jiang, 1987 and others]. 


14.2.2 FDV-LSM FORMULATION 


Itis possible to use the FDV scheme for applications to LSM formulation. The advantage 
of FDV-LSM is to contain the time dependent terms for transient analysis. We begin 
with the FDV equations of the form (13.6.6): 


ДА 92л0"+1 
E; ———— n 14.2.10 
OX; 7 OX; OX; " Q ( ) 


R = AU'*! + E; 
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or 


IDy ID, 
+ Ej 
OX; дх;0х; 


R= (s. + E; Jav" iE Q" 


The test function for the LSM scheme is 


oR 


“ай Pa ТЕ Фе; ЊЕ Фи) (14.2.11) 


Substituting (14.2.10) and (14.2.11) into (14.2.3) leads to (14.2.6) 
Kap А Ор“ = F} 
where 


Kag = f (Pa Dg F ЕФ, Фа x =F Ep, Фа Фр km 
Q 
+ Ej 6,; Фа + E; Ej, Фау + E; Еру Poi Pg, km 
+ Ej; o, ij Dg + ЕјЕ Фе ;; Dg + Е, Ерп Фогј Фв лит) dQ (14.2.12) 


and 


Е" = | (Da +E; Dai + Ejj Фау) О" 42 (14.2.13) 
Q 


Once again, the computational requirements for the FDV-LSM formulation are 
significantly greater than those of the FDV Galerkin method. 


14.2.3 OPTIMAL CONTROL METHOD 


The optimal control method (OCM) was applied to a highly nonlinear integrodifferen- 
tial equation such as in combined mode radiative heat transfer problems [Chung and 
Kim, 1984; Utreja and Chung, 1989]. It resembles the standard LSM except that penalty 
functions are used to provide constraints. 

The basic idea is to construct a cost function in the form 


1 
J=5 | (Ra Ra + don) SmSm) dQ (14.2.14) 
Q 


where R, represents the residual of any governing equation and 50) denotes a con- 
straint function which will convert a first derivative into a second derivative with Nm 
being the penalty parameter (see Section 12.1.2). For example, consider a steady-state 
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two-dimensional Burgers equation of the form 


Rep yy” (e moo 
x 


д дх дх ду (14215) 
dv ду 953 954 
К = и + У у = 
дх дх дх ду 
with 
= ди 
5] = 91 -— = 0 
1 rim 
a 9 
== = =0 
(14.2.16) 
= Ky — — = () 
к=з Ox 
2 ug 
Nes 0 
ду 


Substituting (14.2.15) and (14.2.16) into (14.2.14) and minimizing the cost function J, 
we obtain 
ОЈ дЈ 


SJ = t Sua + 


9Ј 
SVa + Aam 0 14.2.17 
Ju, ve e T Mag m ( ) 


Since бие, ÒVa, and 85, are arbitrary, it follows from (14.2.17) that 


К, п 
[ (5 + dng jaa = o 
Q дид дид 
ОК, 3 Sm 
| (к F Xm јаз =0 (n = 1; 2, m,r = 1, 4) (14.2.18) 
о OVa дуа 


R 
|. (5. а + А, ayy јаз -o 
Q 95 па д а 


For other problems such as in combined mode radiative heat transfer where radiation 
source terms are to be separately calculated iteratively, the concept of penalty functions 
is particularly useful. Although simultaneous solutions of these equations are costly, 
they are quite useful for highly nonlinear problems. Applications of the OCM are 
demonstrated in Sections 24.3 and 24.4. 


14.3 FINITE POINT METHOD (FPM) 


Mesh configurations including local elements and nodal points are required for all 
computational methods discussed so far. In recent years, various methods which depend 
on finite number of points rather than meshes (meshless methods) have been developed. 
The so-called smooth particle hydrodynamics (SPH) [Lucy, 1977; Monaghan, 1988] has 
been used for the analysis of exploding stars and dust clouds using finite number of 
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points with a functional representation of the variable u(x) as 
u(x) = | w(x — х)и(х;) dQ = Фиш (14.3.1) 
Q 


where w(x — x;) is the kernel, wavelets, or weight function and Ф; is the SPH inter- 
polation function, with the kernel being approximated by exponential, cubic spline, or 
quartic spline. 

The concept of SPH can be extended to a meshless approach in terms of element- 
free Galerkin method (EFG) [Belytschko et al., 1996] or fixed least squares (FLS) and 
moving least square (MLS) procedures [Lancaster and Salkauskas, 1981; Onate et al., 
1996]. In the FLS and MLS methods, we replace the integral (14.3.1) of the variable 


u(x) by 


u(x) = Pi(x)a;(x) (14.3.2) 
where P;(x) are the monomial basis functions and a;(x) are their coefficients. 

Р; = (1,х,х2...) 1D (14.3.3а) 

Р; = (1, х, у, х2, ху, у,....) 2р (14.3.3) 


Expanding (14.3.2) to cover nodal points, we rewrite (14.3.2) as 


inc Pas (14.3.4) 
where 
Риба) Ра) +++ Раба) 
ыл БЕ (14.3.5) 
Рико) Р(х) «++ Pran) 


In order to determine the unknown coefficients a; , we introduce in (14.3.4) the weighted 
least squares operation in the form, 


M. =) (14.3.6) 
да; 
where J is the weighted least squares function, 
J = Wij (Pica = ш)(Р»аһ = uj) (14.3.7) 
with W;; being the second order tensor weight functions, 
W(x — x1) 0 ZE 0 
0 W(x = хә) +: 0 
Wij = А ; : : (14.3.8) 
0 0 e W(x = xn) 


Performing the differentiation in (14.3.6) leads to 
а; = (Waj РР) Win Pint (14.3.9) 


14.4 EXAMPLE PROBLEMS 


Substituting (14.3.9) into (14.3.2), we obtain 
u(x) = Фи (14.3.10) 


where 6; is the finite point interpolation function, 


Ф; = P, (Waj Pak Pim) Wgm Pri (14.3.11) 
with 


and the diagonal component of the weighting functions may be chosen as a Gaussian 
function 


exp[—(x/c)*] — ехр[—(х„/с)?] 
1 — ехр[—(хи/с)?] 


where xn is the half size of the support and c is a parameter determining the geometrical 
shape. 

Another meshless (finite point) method, known as the partition of unity (PUM) or 
h-p cloud method, was advanced by Duarte and Oden [1996] and Melenk and Babuska 
[1996], which is suitable for an unstructured adaptive method (Chapter 19). In this 
method, the variable u(x) is expressed as 


Wij = (14.3.13) 


u(x) = Фир) (14.3.14) 


where Ф; is the MLS function of (14.3.11) and ир) is the spectral function consist- 
ing of either Lagrange or Legendre polynomials with m,n, p representing orders of 
polynomials similarly as in (14.1.16). 

The functional representation of SPH, MLS, and PUM is based on the meshless 
approach. Lumping them all together, these meshless methods may be called the finite 
point methods (FPM), as suggested by Onate et al. [1996]. The advantage of FPM 
is obviously the elimination of the need for grid generation, which is itself a major 
task. 


14.4 EXAMPLE PROBLEMS 


In this section, we present some example problems of FDV spectral element methods 
using the Legendre polynomials [Yoon and Chung, 1996]. Spectral elements of Legendre 
polynomial degree 2 (q2) in space 2 (52) are applied in the spatially evolving three- 
dimensional boundary layers with shock wave boundary layer interactions in a single 
and double sharp leading edged fins. 


14.4.1 SHARP FIN INDUCED SHOCK WAVE BOUNDARY LAYER INTERACTIONS 


То investigate the interaction of a shock wave with a boundary layer in three dimen- 
sions, a sharp leading edged fin is adopted as a model problem. Figure 14.4.1.1a shows 
the physical domain for a 3-D sharp fin (а = 20^) with a general flowfield structure 
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| / Inviscid shock 


d Fin 


Flow + 
E» 


ГУ shock SY, У 
vores <S> 


Flat plate 
(a) (b) 


(с) 
Figure 14.4.1.1 Computational domain for а 3-D 20° fin and flowfield structure with 
Ma, = 2.93, P4, = 20.57 kPa, T4, = 92.39 К, Ве = 7 х 108/m. The inlet boundary 
conditions are obtained from the boundary layer analysis. On the solid surface, no- 
slip and adiabatic wall boundary conditions are applied. (a) 3-D 20° fin. (b) 20° fin 
interaction flowfield structures. (с) Computational domain. 


(Figure 14.4.1.1b) [Settles and Dolling, 1990]. The inlet boundary conditions and the 
corresponding flowfield structure are the same as in Knight et al. [Settles and Dolling, 
1990]. Here, the freestream Mach number and temperature are M,, = 2.93 and Т» = 
92.39 K, corresponding to the chamber pressure and temperature of 680 kPa and 251 K, 
respectively, with the Reynolds number of 7 x 105/m. The boundary layer thickness 8, 
at the apex of the fin is 1.4 cm, yielding a Reynolds number Reg, = 9.8 x 10°. In order to 
match the boundary conditions as used for the experiments [Settles and Dolling, 1990], 
the flowfield behind the fin is calculated as a flat plate boundary layer such that the com- 
puted boundary layer thickness 6, is set equal to the experimental value of 1.4 cm. On 
the solid surfaces, no-slip and adiabatic wall boundary conditions are applied. On the 
upper, lateral, and downstream exit boundaries, the flow variables are set free. Adaptive 
spaced grid points are 33, 41, and 31 in the streamwise, spanwise, and vertical directions, 
respectively. Spectral elements of Legendre polynomial degree 2 in space 2 are applied 
in the boundary layer. 

Figure 14.4.1.2 shows the background flowfield based on the geometric configura- 
tions and boundary conditions described in Figure 14.4.1.1, as observed from the front 
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284.3 
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233.5 
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(c) Temperature (K) 
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72176,0 
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453404 
31922,7 
18504,9 
5087.16 


(b) Pressure (Pa) (d) Mach number 
Figure 14.4.1.2 Background flowfield as observed from the front (x-z plane and y-z plane). 


(x-z and y-z faces). As such, no details of the hidden portion are shown. It is noticed that 
the trend is in reasonable agreement with the results of Narayanswami, Hortzman, and 
Knight [1993], with density and pressure increasing drastically along the shock waves, 
the temperature rise being distributed along the flat plate, and Mach number sharply 
decreasing through the shock waves toward the flat plate boundary. 

Vorticity variations at different planes are shown in Figures 14.4.1.3a through 
14.4.1.3e. The contours of vorticity component in the streamwise planes (y-z planes) in 
the x-direction with each plane identified as a, b, c, d, e are shown. The corresponding 
velocity vectors are plotted on the right-hand side. Clearly, the vortex stretching oc- 
curs toward downstream with the evidence of separation shocks, slip lines, and vortex 
centers close to the wall. These physical phenomena become more significant toward 
downstream in agreement with the schematics shown in Figure 14.4.1.2. 

Figure 14.4.1.4a shows the contours of vorticity component in the spanwise vertical 
planes (x cos a-z planes) in the y cos a-direction, with each plane identified as a, b, c, d. 
The vortex stretching occurs again toward downstream and moving upward away from 
the shock. The growth of vorticity is concentrated within the boundary layer close to 
the wall. 

In Figure 14.4.1.4b, the spanwise horizontal plane vorticity contours are presented 
at various locations (a:28,, b:28,, c:20.58,) where 6, is the boundary layer thickness. 
It is seen that vorticity increases toward the wall, with its intensity increasing toward 
downstream as expected. 
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{е} 


Figure 14.4.1.3 Streamwise vorticity contours and the corresponding velocity vectors (t = 0.3965 ms). The 
vortex stretching occurs toward downstream with the evidence of separation shocks, slip lines, and vortex 
centers close to the wall. 


14.4.2 ASYMMETRIC DOUBLE FIN INDUCED SHOCK WAVE BOUNDARY 
LAYER INTERACTION 


Complex three-dimensional shock wave boundary layer interactions occur on asym- 
metric double fins. Schematic representation of an asymmetric crossing shock wave 
turbulent boundary layer interaction is shown in Figure 14.4.2.1a. The dimensions and 
freestream conditions employed in the experiment by Knight et al. [1995] are shown 
in Figure 14.4.2.1b. The same dimensions and freestream conditions are used in the 
present investigation. 

Figures 14.4.2.2a and 14.4.2.2b display density and pressure contours, respectively. 
Existence of crossing shock waves and expansion waves in the asymmetric double fins 
is clearly evident in these figures. Figure 14.4.2.3 shows velocity vectors at different 
streamwise planes ( y-z planes) in the x-direction. It is evident that vortices are generated 
near the surface toward downstream. 

The present result is compared with experimental data [Knight et al., 1995] for 
wall pressure. The comparisons on the throat middle line and at streamwise location 
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(a) (b) 


Figure 14.4.1.4 Spanwise vertical and horizontal plane vorticity contours. (a) Spanwise vertical plane 
(x cos a-z plane) vorticity contours at various locations (t = 0.3965 ms, 0 < 2/6) < 2.5). The vortex 
stretching occurs again toward downstream and moving upward away from the shock. The growth of 
vorticity is concentrated within the boundary layer close to the wall. (b) Spanwise horizontal plane 
(xcosa-y plane) vorticity contours at various locations (t =0.3965 ms). Is is seen that vorticity 
increases toward the wall with its intensity increasing toward downstream as expected. 


x = 46 mm are displayed in Figure 14.4.2.4a and Figure 14.4.2.4b, respectively. The 
present and experimental surface pressure on throat middle line are in general agree- 
ment at upstream, but deviate toward downstream. At x = 46 mm, the present and 
experimental surface pressures show a close agreement. 


y 


Inviscid 
shock 
uu, 


Throat middle lir 


73.5mm 


112mm 


(a) (b) 
Figure 14.4.2.1 Asymmetric double fin induced shock wave boundary layer interactions. (a) Schematic rep- 


resentation of asymmetric crossing shock wave turbulent boundary layer interaction. (b) Asymmetric double 
fins with Moo —3.85, Ress; —3 x 10°, P, — 1.5 MPa, T; —270K, 80 —3.5mm. 


ЖБ 


| У | 


(1) Density contours on back faces 


(2) Density contours on front faces (2) Pressure contours on front faces 
(a) (b) 
Figure 14.4.2.2 Density and pressure distributions. (a) Density contours (min = 0.6 kg /m?, max = 


2.3 kg/ m?), existence of crossing shock waves and expansion waves appears. (b) Pressure contours (min = 
11 kPa, max-79 kPa). 
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Figure 14.4.2.4 Comparison of pressure distributions with experimental data. (a) Comparison between the 
present result and experimental data of wall pressure on throat middle line. The present and experimental 
surface pressures on throat middle line are in general agreement at upstream, but deviate toward downstream. 
(b) Comparison of wall pressure at x = 46 mm for the present result and experimental data. At x = 46 mm, 
the present and experimental surface pressure show close agreement. 


14.5 SUMMARY 


In this chapter, we reviewed various methods that are related to FEM or weighted resid- 
ual methods. Although the spectral element methods (SEM) are accurate for simple 
geometries and simple boundary conditions, the SEM applications to complex multidi- 
mensional problems are not practical. The least squares methods (LSM) can be applied 
to complicated geometries, but computations involved are quite time-consuming. The 
research in meshless methods or finite point methods (FPM) has begun recently. Active 
research in FPM in the future appears to be promising. 

As we come to the end of finite element applications, we recall that, in Part Two, the 
finite volume methods (FVM) can be formulated using FDM as shown in Chapter 7. 
Thus, a similar treatment of FVM using FEM is the subject of the next chapter. 
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CHAPTER FIFTEEN 


Finite Volume Methods via Finite Element Methods 


15.1 GENERAL 


The finite volume methods (FVM) via FDM discussed in Chapter 7 may also be formu- 
lated using finite element methods (FEM). Schneider and Raw [1987], Masson, Saabas, 
and Baliga [1994], and Darbandi and Schneider [1999], among many others, contributed 
to the earlier and recent developments of FVM via FEM. 

The FVM equations via finite elements are the same as those given in (7.1.4) for the 
case of the Navier-Stokes system of equations using finite differences, 


AU 
25 (= -в)ло+ у + G,)n, AT = 0 (15.1.1a) 
or 
У (AU - AtB)AQ + Агу (F; + Gi); AT = 0 (15.1.1b) 
CV CS 


It is seen that quantities to be evaluated are involved in control volumes AQ and control 
surfaces АГ. We shall demonstrate how they are evaluated using finite elements in this 
chapter. 

Consider the two-dimensional geometry as shown in Figure 15.1.1a. Note that global 
node 1 is surrounded by five elements, with each element divided into quadrilateral 
isoparametric elements (Figure 15.1.1b). A quadrant of each element is connected 
to node 1, forming five subcontrol volumes (CV1-A, CV1-B, CV1-C, CV1-D, and 
CV1-E). Each subcontrol volume has two control surfaces with outward normal di- 
rections with angles 0 measured counterclockwise from the global reference cartesian 
x-coordinate. 

It is reasonable to approximate AU in control volumes with quadratic trial functions 
whereas the fluxes (F; and G;) in control surfaces may be approximated by linear trial 
functions. Fluxes evaluated for all control volumes along the control surfaces plus the 
control volume quantities (AU and B) are to be assembled into each global node (control 
volume center), resulting in simultaneous algebraic equations for the entire system. 

Note that the fluxes along the control surfaces are equal with opposite signs between 
neighboring control surfaces. This process renders all fluxes completely conserved – a 
distinctive advantage of FVM. 
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CS2 
CS4 


(b) 


Figure 15.1.1 Unstructured grids for finite elements – node-centered control vol- 
ume. (a) Subcontrol volumes CV1-A, B, C, D, E surrounding Node 1 with compo- 
nents of vectors normal to all control surfaces, subcontrol volume for node 8 (CV 
8), subcontrol volumes for node 14 (CV14-A, B). (b) Control surfaces CS1, 2, 3, 
4 with integration points along т = 0, € = 0 axes at centers of control surfaces in 
isoparametric element with corner nodes 1, 2, 3, 4. 


Implementation of the finite element approximations toward FVM for two- and 
three-dimensional problems will be presented in the following subsections. 


15.2 FORMULATIONS OF FINITE VOLUME EQUATIONS 


15.2.1 BURGERS' EQUATIONS 


To compare the formulation and solution procedure of FVM with FEM, let us consider 
the two-dimensional Burgers' equation in the form 


2 2 
9U 90 dU (52 =) F=0 (15.2.1) 


ax? T ду? 
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Figure 15.2.1 Isoparametric elements. (a) Quadratic approximation for control volumes. 


(b) Linear approximation for control surface. 


where 
= M i = И 
у fy 
1 x? + 2xy 3 
E ax" y^ = 2 
f (xg 048 + 3x y" – 2vy 
1 242 
у= ва ХУ | 3y3x? — 2vx 


040 * 1+0 


with the exact solution 


и = —— 4x, у = —— + ху? 


To illustrate the implementation of both the Dirichlet and Neumann boundary 
conditions on inclined surfaces, we consider the discretized geometries as shown in 
Figure 15.2.1 on which basic FVM equations will be written in terms of isoparametric 


finite elements. 


Finite volume equations may be constructed within the framework of a two-step 


Taylor-Galerkin formulation. Toward this end, we begin with 
п 


aU 
О = U” + At + O(A?’) 


ot 
This may be split into two steps: 


Step 1 
At 00" 
(+? = U" =a 
2 Ot 
Step 2 
ӘП? 


ut = U" + At 


(15.2.2a) 


(15.2.2b) 
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with dU/dt being determined from (15.2.1): 


д0 dU д0 920 0270 
= —u v—+v + F (15.2.3) 
at ax ду 0x? дуг 
Substituting (15.2.3) into step 1 (15.2.2a) gives 
At / д0" 90" At (U PU” At 
U"ti =U" Е" 15.2.4 
| у (us +) Pru) 2 ( ) 
Finite volume formulation using a unit test function becomes 
At д0" aU" 
|| UdQ = | U"dQ || ( +v јаз 
а а 2 Јо дх ду 
^ї PU” PU” At 
i Я) + ао + ГЕ (15.2.5) 
2 о Ox? ay? 2 Q 
Integrating by parts, we have 
‚ М aU" aU" 
| удао = | v'ag – — | (и +" јад 
2 2 2 Jo дх ду 
АГ QU" 90" АГ 
+ Jd nj + m)ar + 5 | Pag (15.2.6) 
2 Jr Vx ду 2 Jo 
Rewriting the integral as summations, 
At д0" 90" At y 
уш до = У [e (e +v" | + |да 
cU cy 2 Ox ду 2 
Аї д0" 90" 
— АГ 15.2.7 
+ Sy (ам +) 152.7 
Similarly for step 2 (15.2.2b), we have 
At 90"+2 әй" At 
У РАДО = у, б (we 4 yits 4 Dg АО 
cU cy 2 дх ду 2 
At QU": | aunt: 
Tov ni + - по ЈАГ (15.2.8) 
сг дх ду 


Note that in these two-step solutions, (15.2.7) and (15.2.8), derivatives of U(dU/dx 
and dU/dy) are involved within the control volumes and along the control surfaces. 
Quadratic and linear isoparametric finite element approximations are used, respectively, 
for control volumes and control surfaces, as shown in Figure 15.2.2. Derivatives of U 
involve the transformation between the isoparametric and cartesian coordinates as 
shown in Chapter 9. Derivatives involved in control volumes and control surfaces are 
carried out as follows: 


15.2 FORMULATIONS OF FINITE VOLUME EQUATIONS 
For Control Volumes (quadratic approximation) 
9 (e) 
90 E 


ENS U 
OX; 2, OX; J 
€=0, n=0 


—— [(U — Us)(ye — у) — (Us — Us) (2 — ys)] 


= їл (15.2.9) 
M —— [002 — Ug)(xs — ха) — (Us — 04)02 — x8)] 
with 
= Цоо оь — 98) — Gs — ч)» — ж) (15240) 


For Control Surfaces (linear approximation) 


X ga Jar = > (en + У ДЈ у, (n y ES Jar 
дх |. ду” Е ax |. jy” ax || ду” 


C523 C43 
aU dU "D. 
+ У. nt у“ АГ+ _——п+-——п2 ЈАГ 
CSL4 esi. \ 9x ay 
(15.2.11) 
with 
1 д 
UE ш (15.2.12а) 
эх Мада Onde 
1 д 
Ж ( ETE =) (15.2.12b) 
ду |Л\ д6 дт ON OE 
jae (15.2.13) 
0&£ дт OE дт 


The above quantities are to be evaluated for each of the subcontrol volumes A, B, 
C, and D, corresponding to control surfaces (see Figure 15.2.2): 


(b) 


Figure 15.2.2 Control surfaces and their contributions to control 
volume at node 5 consisting of subcontrol volumes A, B, C, and 
D. (a) Control surfaces contributing to control volume. (b) Control 
surfaces evaluated at midpoints for each subcontrol volume. 
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CS2 and CS3 for A 
CS3 and CS4 for B 
CS4 and CS1 for C 
CS1 and CS2 for D 


Subcontrol Volume A 
Control Surface CS2 ( = 1/2, т = 0) 


aU 1 

ЕЗ = 4 Us + 0 + 05 = U2) 
aU 1 

Em = QC uU — 306 + 305 + U2) 


Control Surface CS3 (& = 0, ту = 1/2) 


90 1 

ЭЕ С zC% + 0 + 305 – 302) 
90 1 

== = -(—О©Оз – Us + Us + U2) 
on 4 


Sum the Control Surfaces CS2 and CS3 

A (9U 90 90 QU . 
у, —т + — = ЈАГ = | — cos + — sin 0 JAT 
С52,3 y дх ду 


aU QU . 
+ | — cos 6 + — sin 03 | AT 
ox ду 


with 


1 
|| = 3216—23 + х6 + 3x5 — 3хо)(— уз — ye + ys + y2) 
— (—ys + ye + 3ys — Зуг)(—хз — xe + xs + X2)] 


Subcontrol Volume B 
Control Surface CS3 (Е = 0,7 = 1/2) 


aU 1 

а g C Us + Uo + 3U; — 305) 
dU 1 

— = —(—Us — Uy + Us + Us) 
on 4 


Control Surface CS4 (Е = —1/2, ту = 0) 
aU 
ЗЕ = 
aU 
д = 


1 
1C Us + Uo + Ug — Us) 


1 
g(—Us — 30» + 3Us + Us) 
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Subcontrol Volume C 
Control Surface CS4 (& = —1/2, n = 0) 


dU _ 

4C Us + Ug + 05 – U4) 
aE 
aU 
a= (с — Ов + 05 + 304) 
oq 8 


Control Surface CS1 (& = 0,п= —1/2) 


00 1 
— = –(—30;5 + 3Ug + U7 – U 
ЭЕ s 5 + 208 + 07 4) 
dU _ 

iC Us — Оз + U7 + U4) 
an 
Subcontrol Volume D 
Control Surface CS1 (& = 0, n = —1/2) 
90 1 
— = —~(—3U2 + 305 + U4 — U 
JE 3 2 + 305 + U4 1) 
aU _ 

а 0 — U; + 04 + U1) 
aq 


Control Surface CS2 (& = 1/2, т = 0) 


90 1 

ЕЗ = 4070 + Us + Us — U1) 
90 1 

an = zU = 3U; +304 + U1) 


Assembly of the entire system is achieved by collecting contributions to an element 
from surrounding nodes in the first step and contributions to a node from surrounding 
elements in the second step, as shown in Figure 15.2.3. 


Figure 15.2.3 Contributions to an element from surrounding nodes and to a 
node from surrounding elements. (a) First step, contributions to an element 
from surrounding nodes. (b) Second step, contributions to a node from sur- 
rounding elements. 
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d АГА, 
М 
\ Ө 7 
(b) 


Figure 15.24 Treatment of Neumann boundary conditions. (a) Neumann boundary condition given 
at N joined by two inclined surfaces. (b) Neumann boundary condition given at corner node N. 


(a) 


Implementation of Neumann boundary conditions at the node with elements of 
inclined surfaces can be carried out easily. Consider the Neumann node N with two 
elements connected as shown in Figure 15.2.4a. The control surface equations for the 
Neumann node N become 


aU 90 A (au 90 B (au au 
ман —n, \АГ = iba —nmn ЈАГ = — пр ЈАГ 
У (зет + з”) У (Sem + zm) + D (Sem + Tm) 


CS C532 C543 
aU aU 90 90 
+ (em + aom) АГА+ (ems + $m) АГв 
дх ду Ja дх ду /в 
(15.2.14) 


The Neumann boundary conditions given at a corner with only one element (Figure 
15.2.4b) can be implemented as 


au au А, (au au aU aU 
3. (er + zm) ar = У (Fem + э”) АГ + (Zn + эу") АГ a 
ay \9х ду баз \ 9X dy ox dy 


+ (es + т) ага (15.2.15) 
дх ду 

The source term Е as given in (15.2.2a,b) can be computed at each control point 
using the control volume (area AQ) with coordinates x and y corresponding to the 
control point. 

All control volume and control surface equations for the two steps given by (15.2.7) 
and (15.2.8) are collected and assembled at each nodal control point, resulting in the 
global algebraic equations. 


Generalized Petrov-Galerkin with PISO 

Computational schemes as discussed in Chapter 12 may be used for the finite volume 
equations with integrations performed in the control volumes and control surfaces. An 
alternative technique is to use the PISO concept (Section 5.3.2), which is particularly 
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conducive to FVM formulation. In this approach, the predictor corrector steps are 
constructed as follows. 


Step 1. Predictor. Integrating the momentum equations and writing them in control 
volumes and control surfaces, 


AQ 
у, p(vj == v SS > p (Viv; = МУ + pon АГ (15.2.16) 
Сү cs 

with 


у; = the old time step value 
р = npn 


Wwvw; in convective term 


Ws —— 
j р 
Фул; otherwise 


Wy = Фу + Фу = Фу + BgxO uk 
We may recast (15.2.16) in the form 
Куур; = Rj (15.2.17) 


AQ : 
Ку = 2 Par ÊN + »» (pv; Wy — Фу ји; 


AQ 
К; = 2 p "Az EN = у, Фут pn 
CV CS 
Here we solve vy; implicitly: 


Step 2. (Corrector |). The momentum control volume and the control surface equations 
are corrected as 


AQ AQ 
У. pvo =—) (pvivi — pv]; + рёу)тАГ + 2 p (15.2.18) 
CV CS 

То obtain the pressure correction equation, we differentiate spatially the momentum 
equation and integrate over the control volume in which we apply у; = 0. The resulting 
control surface equations become 


* п АГ 
>> pum AT =-} (vmi - 0 Vi vj | РРУНУ nar (15.2.19) 
cs cs 
where v* „ = 0 with linear variation of ®,. In this step we compute p* from (15.2.19) 


and v7* Bom (15.2.18) explicitly. 


Step 3. (Corrector Il). This is exactly the same as step 2 with (*) replaced by (**) and 
(**) replaced by (***). We solve for pressure p** using 


АГ 
У ФутаАгру = – У, (pvini— рузу + руду vi*)nAr (15.2.20) 
GS. GS: 
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and solve for velocity у,“ explicitly using 


Yo eve" = Y (руу — ну + pan Ar + у pvi (15.2.21) 
CV CS CV 


The three steps are to be repeated until convergence is obtained. 


15.2.2 INCOMPRESSIBLE AND COMPRESSIBLE FLOWS 


(1) FVM with Two-step GTG Scheme 

For the Burgers’ equations considered in the previous sections, we evaluated deriva- 
tives along the control surfaces. If the Navier-Stokes system of equations is solved from 
the FVM equations of the type given by (15.1.1b), then we must evaluate the convection 
and diffusion fluxes (F; and G;) directly along the boundary surfaces. 

The FEM approximations for U, F;, and G; are given by 


AU = ФАП» 
AF; = ФО AFy; (15.2.22) 
Аб; = ФОЛСМ 


The two-step GTG scheme is the same as in (15.2.3): 


Step 1 
n 1 n n At п L 
з. + AQ = Э (0" + B')AQ – 7- 2. (F; + G?)n; AP (15.2.23) 
Step 2 
n+1 n n At nci nci 
үй HAQ = 2 (U" +B")AQ - = 2 (E +G;"?)n, AT (15.2.24) 


The evaluation of F;, and G; is carried out along the control surfaces, using 
(15.2.23 and 15.2.24) at the midpoints similarly as in the case of Burgers’ equations 
presented in Section (15.2.1). 


(2) FVM with PISO Approach 

The FVM via FEM PISO approach can be extended to compressible flows similarly 
as in incompressible flows. This begins with integrating the momentum equations and 
writing them in control volumes and control surfaces, 


nf x* AQ n= 
de" (vs – v = E [p^ viv; — (Уу — Ууу) + рёу] AT (15.2.25) 


The rest ofthe formulation follows the steps given in Section 6.3.4 by converting them 
into control volumes and control surfaces as shown in Section 15.2.2 for incompressible 


flows. 
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(3) FVM with Upwind Finite Elements 


oU oF; 96; 
шй 
ot OX; OX; 
aU OF; 96; aU 
—dQ ах = — ад F; + буљаг = 0 15.2.26 
Ls +f (538) Ls «f Tom ( ) 


(a) Inviscid Algorithm. Consider a typical flux change on the side r, s, 


дЕ, 

АЕ; = Fi, = Е;, = а; AU = а; (0, = U;) with а; = aU (15.2.27) 

in which we may use the Roe’s average, 
1 

Е; = 132 + Fis — |ai|(U, — U;)] (15.2.28) 
as given by (6.2.67). 

Implicit time stepping is constructed as 

п+1 At 1 n п п 
Е 5180, + FY, — ја (0; – Us) |n; AT (15.2.29) 


Linearizing, we get 


At n At И ж ж ж Ti 
(1+ BAG > afin AP) AU ME XT ) [Е + Fi, — ја; (0; — 0;) Jn; AT 
(15.2.30) 


Here the linearization is performed with an iterative solution in mind, and the asterisk 
indicates that the term is evaluated using the latest available solution in an adjacent 
element. Then the iterative procedure may be regarded as a point Gauss-Seidel method 
requiring the inversion of a 4 x 4 matrix for each element in the computational grid. 


(b) Viscous Contributions. The inviscid equation (15.2.31) may be modified to include 
the viscous contributions. Noting that 


[er nar - | (67 + AG;)njaT 
r r 
Or 
У GI Inr = У (G? + b; AU)n;dT (15.2.31) 
Substituting (15.2.32) into (15.2.26) through (15.2.31) we obtain 


At 1 
I Н ; |n; AT (АО! 
| +d (58 bs) | U 


= —-—_ E +F% — ја: (0: — 0")| – Gi {mar (15.2.32) 


2 
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The Galerkin approximation of (15.2.30 or 15.2.32) with the upwinded finite element 
equations in the finite volume formulation leads to 


(Аба T Bagrs)AUgs = Wy (15.2.33) 
Here the diffusion terms are calculated along the control surfaces similarly as the con- 


vection terms. 


(4) FVM with FDV 
The FDV concept introduced in Sections 6.5 and 13.6 can be used for FVM formu- 
lations. To this end, we begin with the FDV governing equations, 


ð 92 
R= (vem emus T javo (15.2.34) 


The FVM integration equation is of the form 


2 
|| кад = | 1+ gj TE. 0 \ло + 0" |49 = 0 (15.2.35) 
о о OX; j OXxjOx Xj 


Integrating (15.2.35) with respect to the spatial coordinates, we obtain 


| AU" dQ + | (E AU" +E, AU) nid T = — || Q'do (15.2.36) 
Q r Q 
Or 
уЗ AU'H AQ + 24 (E; AU"! + Ej; AU"*)n; АГ = -f Q'aQ (15.2.37) 
where 
|| Q" а = Í (H? + Hi, ут аг = x (H7 + ну, рт АГ (15.2.38) 
2 CS 
with 
n n n п At? п п 


15.2.3 THREE-DIMENSIONAL PROBLEMS 


Three-dimensional geometries may be discretized using hexahedral elements or tetrahe- 
dral elements. Determination of direction cosines for the subcontrol surfaces, subcontrol 
surface areas, and subcontrol volumes follows the same procedures for FVM via FDM. 
Formulations and solutions of FVM equations via FEM for three-dimensional prob- 
lems are carried out similarly as in the two-dimensional case which has been detailed 
in Section 15.2. 

Although hexahedral elements are easy for implementation in general, we may use 
tetrahedrals with each volume subdivided internally into four volumes corresponding 
to each vertexs, as shown in Figure 15.2.5a. Within a single tetrahedral, each node shares 
a common face with each of the neighboring nodes within the tetrahedral. The Green- 
Gauss theorem is applied to the sub-volume surrounding each vertex to equate the 
change in mass, momentum, and energy to the convective and diffusive fluxes passing 


15.3 EXAMPLE PROBLEMS 


F+G 


п 


(а) (b) 
Figure 15.2.5 Tetrahedral element discretization and control volume representation (а) Tetrahedral element 
discretization (b) Flux through tetrahedral control volume. 


through the control volume faces. Surface normals for each face are obtained via a 
cross-product as shown in Figure 15.2.5b. Finite element shape functions are used to 
interpolate the convective and diffusive fluxes at the center of each face. 

An overall balance is obtained for a given nodal point by summing the contributions 
from all of the tetrahedral subvolumes within the mesh that happen to contain the given 
nodal point. (The nodal control volume is the sum of all of the subvolumes from the 
tetrahedrals that contain the node.) Note that the fluxes between adjacent tetrahedral 
volumes cancel since the flux is contained within a single nodal control volume, while 
identical fluxes through tetrahedral surfaces exposed on the external boundary do not. 


15.3 EXAMPLE PROBLEMS 


(1) Two-Dimensional Euler Equations, Scramjet Flame Holder Problem 


Given: 
00 дЕ; 
касы =Ü 
ot OX; 


Inlet Boundary Conditions: 


ft? m? 
=14, qid =287-— 
Y Sg2?R о 
1 k 
M=2, р = 0.002378:08 = 1 221528 
ft? m? 
lbf 
v—0,  p=2116— = 101314.08 Pa 
ft2 


Outlet Boundary Conditions. Supersonic outflow 


Initial Conditions. Use inlet boundary conditions as initial conditions for all nodes. 


Required: Use FVM via FEM using two step TGM. 


513 


514 FINITE VOLUME METHODS МА FINITE ELEMENT METHODS 


(di (e) 
Figure 15.3.1 Solution of Euler equation by FVM-FEM. (a) Geometry and discretization. (b) Density con- 
tours. (c) Pressure. (d) Temperature contours. (e) Mach number contours. 


Solution Procedure: The two steps given by (15.2.23) and 15.2.24) will be followed. 
Here the diffusion terms are zero and the details of the evaluation of convection terms 
along the control surfaces are calculated as follows: 


Step 1 
кы үп At (OER дЕ" 
b B 2 \ ox ду 
ог 
mt} qs А! ñ POEN 
U”? = U – БЕ 2. (Fini + Рут) Ko, 
1 
= 7 (Ui + Uz + 05 + 05) 
At К » " : 
4 WE Eu F5)m F (F5, + F55)r2]AT: 
+ [(EZ + Fis)m + (F^; + F55)r2] AT» 
+ (а + Еп) + (Е + Fy) AT; 
+[(Е + Ел + (Ем + Е))л›]АГЫ}/ АЯ, 
Step 2 
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Ra=10* Ra=10° Ra=10° 


(c) 
Figure 15.3.2 Free convection in cavity solution by FVM with FEM [Darbandi 
and Schneider, 1999]. (a) Geometry. (b) Streamlines in the cavity, grid 80 x 80. 
(c) Isotherms in the cavity, grid 80 x 80. 


or 


At 1 1 1 
UH = 02 – = (кг + Кы) + (а + Foor) Аг, 


1 1 
К + E na | АГ»? 


ү Е п 1 n+! nili 
+ (К + Free) + (E ES Fd )n Ars 
nt 5 nts n4-l ntl 
+ [ (Free + Ее )m T (Ear T F )n ari] /АО, 


The above procedure was carried out, using the geometry and discretization (2479 
nodes) as shown in Figure 15.3.1a. It is seen that shock waves develop at the compression 
corner and expansion waves at the expansion corner as expected. This work is a part of 
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u=v=0 4= 4 


(с) 
Figure 15.3.3 Backward facing step with forced convection, solution by FVM with 
FEM [Darbandi and Schneider, 1999.] (a) Schematic illustration of the backward 
facing step problem. (b) Stream function contours within the first half of the domain, 
grid 80 x 20. (c) Isotherms in the first (top) and second (bottom) halves of the 
domain. 


the homework assignments in one of the CFD classes at the University of Alabama in 
Huntsville. 


(2) Free Convection in a Cavity 

This example is based on the article by Darbandi and Schneider [1999] in which the 
finite volume method with fully implicit FEM scheme is used to solve the Navier-Stokes 
system of equations. Here, the source terms with the Rayleigh number for gravity are 
also included. 

In Figure 15.3.2a, the convecting cavity flow geometry and boundary conditions 
are shown. Computations using 80 x 80 grid are carried out for Rayleigh numbers 
of Ка = 105, 10°, and 10°. The corresponding results are shown in Figure 15.3.2b and 
15.3.2c for the isotherms and streamlines, respectively. Effects of Rayleigh numbers are 
clearly shown, with distorted distributions being more prominent for higher Rayleigh 
numbers. Further details are found in Darbandi and Schneider [1999]. 


(3) Backward Facing Step with Forced Convection 

Another example reported by the same authors above is the backward facing step 
with forced convection (Figure 15.3.3a). Solutions using 80 x 20 grid show stream func- 
tion contours and isotherms in Figures 15.3.3b and 15.3.3c, respectively. The advantages 
of using FVM with FEM have been demonstrated in this work with further details found 
in Darbandi and Schneider [1999]. 


15.4 SUMMARY 


о 

| 
Ак— 
Ай H, Jet 

=> 
1.0 
k— 
0.8 
(1) 3-D geometry (2) Midsection plane 
(a) 
Density Temperature 


0.4 


(b) 
Figure 15.3.4 Density and temperature distributions, supersonic hydrogen-air injection flow analysis 
using finite volume tetrahedral elements (nonreacting case) with FVM-FDM-FDV [Schunk and 
Chung, 2000]. (a) Analysis by FVM with tetrahedral elements of Figure 15.2.5. (b) Density and 
temperature contours for nonreacting flowfield. 


(4) Three-Dimensional Supersonic Propulsion Injection Flows 

This is an example to demonstrate the use of three-dimensional tetrahedral elements 
with FVM-FE-FDV as shown in Figure 15.2.5 [Schunk and Chung, 2000]. Pure hydrogen 
is injected into a Mach 1.9 airstream at 1495 K (Figure 15.3.4a). The hydrogen is injected 
at Mach 2.0 and 251 K. Hydrogen is preburned in the air stream to produce a flow that 
contains 28% water along with 48% hydrogen and 24% oxygen. The static pressure of 
both the jet and the airstream is 1 atmosphere. 

Steady-state density and temperature contours are shown in Figure 15.3.4b for the 
nonreacting flow case. It is shown that expansion waves are formed as the air flow is 
turned into and mixes with the hydrogen jet. Downstream, oblique shocks are formed 
as the main flow is turned back parallel with the free stream. 


15.4 SUMMARY 


In this chapter, we have shown that the finite volume methods can be formulated using 
FEM. This is the counterpart of Chapter 7 where the FDM was used to formulate 
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FVM. Although many practitioners use finite volume methods formulated from FDM 
or FEM, critical comparisons between the two methods have not been pursued. As has 
been the case from the beginning, the purpose of this text is to encourage the reader to 
learn all available approaches. It is hoped that in this manner, our knowledge in CFD 
will be enhanced to a greater extent in the future. 

Most of the computational methods in CFD using FDM and FEM have been dis- 
cussed. Undoubtedly, there are some topics that should have been included. Instead, 
our intention is to come to an end at this point, review what we have discussed so far, 
and seek comparisons and relationships between FDM and FEM. Moreover, there are 
computational methods other than FDM, FEM, and FVM. These and other topics will 
be presented in the next chapter. 
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CHAPTER SIXTEEN 


Relationships Between Finite Differences 
and Finite Elements and Other Methods 


Our explorations on the methods of finite differences and finite elements have come 
to an end. In Chapter 1, it was intended that the reader recognize the analogy between 
these two methods in one dimension. In fact, such an analogy exists for linear problems 
in all multidimensional geometries as long as the grid configurations are structured. In 
structured grids, with adjustments of the temporal parameters in generalized Galerkin 
methods and both temporal and convection diffusion parameters in generalized Petrov- 
Galerkin methods, the analogy between finite difference methods (FDM) and finite 
element methods (FEM) can be shown to exist also. 

Traditionally, FEM equations are developed in unstructured grids as well as in struc- 
tured grids. The FEM equations written in unstructured grids have global nodes irregu- 
larly connected around the entire domain, thus resulting in a large sparse matrix system, 
but the data management can be handled efficiently by using the element-by-element 
(EBS) assembly as discussed in Sections 10.3.2 and 11.5. FDM equations cannot be 
written in unstructured grids unless through FVM formulations. Thus, the FDM equa- 
tions written only in structured grids cannot be directly compared with FEM equations 
written in general unstructured grids. Thus, the notion of FEM being more compli- 
cated, requiring more computer time than FDM, is an unfortunate comparison. For fair 
comparisons, FEM equations must be written in structured grids as in FDM. 

In unstructured adaptive methods (Chapter 19), our assessments as to the merits 
and demerits of FDM versus FEM will be faced with a new challenge. This is because 
adaptive methods are instrumental in resolving many problems of numerical difficulties 
such as in shock waves and turbulence, making the fair comparison between FDM and 
FEM difficult. 

Additionally, there are special numerical schemes in which both FDM and FEM 
are involved such as in DGM (discontinuous Galerkin methods, Section 13.5), FVM 
via FDM (Chapter 7), and FVM via FEM (Chapter 15). The most logical and simple 
comparison between FDM and FEM can be made in the flowfield-dependent variation 
(FDV) methods in which FDM (Section 6.5) and FEM (Section 13.6) contribute only 
through their unique discretization schemes, because all the physics required are already 
contained in the FDV equations. Indeed, it was demonstrated in Sections 6.8 and 13.7 
that the choice between FDM and FEM is inconsequential if FDV equations are used. 

Although the analogy between FDM and FEM is well understood, we must re- 
cognize some differences. One of the most significant differences between these two 


519 


520 


RELATIONSHIPS BETWEEN FINITE DIFFERENCES AND FINITE ELEMENTS AND OTHER METHODS 


methodologies is the variational (or weak) formulation employed in FEM, not only 
for the governing equations but also for all constraint conditions particularly useful for 
solution stability and accuracy. Any number of variational constraint conditions can be 
introduced and simply added to the variational forms of the governing equations. This 
subject was covered in Chapters 11 through 14. 

Thus, in this chapter, we are first concerned with analogies between FDM and FEM, 
with finite element equations written only in structured grids. We begin with simple 
elliptic, parabolic, and hyperbolic equations, followed by non-linear, multidimensional, 
and unstructured grid systems. 

Historically, many methods other than FDM, FEM, and FVM have been devel- 
oped, which are efficient for certain types of problems in physics and engineering. 
They include boundary element methods (BEM), coupled Eulerian-Lagrangian (CEL) 
methods, particle-in-cell (PIC) methods, and Monte Carlo methods (MCM), among oth- 
ers. For the sake of completeness, these methods will be briefly discussed in this chapter. 


16.1 SIMPLE COMPARISONS BETWEEN FDM AND FEM 


(1) Elliptic Equations 

Consider an elliptic equation of the form 
u ди 
— + = =0 16.1.1 
дх? E ду? ( ) 


Using the four linear triangular elements, arranged in structured grids as shown Figure 
16.1.1a, the assembled 5 x 5 finite element equations via SGM (Section 10.1) provide 
the global equation at nodes corresponding to (16.1.1) as follows: 


ид = 2us + u2 uy — 2и5 + из 
Ax? Дуг 


=0 (16.1.2) 


This is identical to the five-point FDM equation written for the case of Figure 16.1.1b. 

Similarly, it can be shown that the finite element equation for either eight linear 
triangular elements or four linear rectangular elements written at node 5 (Figure 16.1.1c) 
is identical to the nine-point FDM formula (Figure 16.1.1d) as follows: 


2(Ax? — 5Ay?) 
Ax? + Ay? 


uy + из + U7 + ug (ua + ug) 


2(5Ax? — Ay?) 
Ax? + Ay? 


(uz — ug) — 20и5 = 0 (16.1.3) 


The solution of these equations may be carried out using the procedure of FDM 
such as Jacobi iteration method, point Gauss-Seidel iteration, line Gauss-Seidel itera- 
tion, point successive over-relaxation, line successive relaxation, or alternating direction 
implicit (ADI) method, as discussed in Chapter 4. 


(2) Parabolic Equations 
A typical parabolic equation is given by 


ди д?и 


эел ^0 (16.1.4) 


16.1 SIMPLE COMPARISONS BETWEEN FDM АМО FEM 


(a) (b) 


а 4 7 
- Ay 
Ay 
E A 8 
A ° 2 
у iy 
03 6 9 
Кы ae 


(с) (4) 


Figure 16.1.1 Analogy between FEM and FDM. (а)4 x 4 finite element equations. (b) 5-point finite 
difference equations. (c) 9 x 9 finite element equations. (d) 9-point finite difference equations. 


The finite element equations using GGM (Section 10.2) with linear approximations are 
of the form 


(Aap + mAt Кавјиј“ = [Аав + (1 — m) At Kap] ug 


where the Neumann boundary conditions are assumed to vanish. The local element 
stiffness matrix and lumped mass matrix are, respectively, 


(e) _ 1 1 -1 
Kyu = aba ‘al 
@ | АХх|1 0 
Ayu = 2 | | 


Here, the lumped mass matrix is used instead of the consistent mass matrix in order to 
arrive at the results identical to the finite difference equations. 

Assembly of two equal elements with three nodes leads to the global finite element 
equation for the center node i in terms of the end nodes i — 1 andi + 1, with у = 0: 


ur = и" + 4(и” у — 2и" + и" 4) (16.1.5) 


This is an explicit scheme known as FTCS finite difference formula. 
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The Crank-Nicolson scheme, a well-known implicit scheme is obtained with у = 1/2, 


aAt - L n4 i n 
ur = u” + SAGE [C ur-2uj "и B + (и, = 2u; + ит. Ј (16.1.6) 

It is now obvious that with appropriate choices of «(0 < « < 1) many other ЕОМ 
formulas can be derived. Therefore, the solution procedures as used in FDM such as 
DuFort-Frankel, Laasonen, 8-method, fractional step methods, or ADI methods arise, 
which were discussed in Section 4.2. 


(3) Hyperbolic Equations 
For illustration, let us examine the first order hyperbolic equation of the form 
ди ди 


эг +43, =9 (16.1.7) 


Recall that SGM and GGM were used to deal with elliptic equations and parabolic 
equations, respectively. For hyperbolic equations, however, we must invoke a convection 
test function in addition to the standard test function to cope with possible physical 
discontinuities. In this case, we resort to GPG (Section 11.3) and write 


[wolfe (> а) ак fv „(а a. us tt =0 (16.1.8) 


Or 
[Aap + NAt( Bag + Cag)]ug | = [Аав — (1 — 9) At( Bag + Сав)]из (16.1.9) 
For two elements with three nodes with lumped mass, we obtain 
п+1 
100 1 1 0 i -1 0 ul 
А At 
= o 2 бр А 0 ааа 2 <i ble 
0 0 1 0 -1 1 0 -1 1 из 
100 -1 1 0 
А At 
= ES 0 2 0|]—(1—т) 7 101 
0 0 1 0 -1 1 
1 -1 0 ul 
+(1—m)Ataa}—-1 2 -1 и2 
0 -1 1 из 


Expanding at node 2 ori in terms of i — 1 andi + 1 nodes, we have 


ү 1 1 п+1 
у а ale — «Jua + 2au; — (5 F а ја | 


Ма | (1 1 Е 
= и" —(1—«) Ke It «Jua + 2au; — (; + а) (16.1.10) 


With appropriate choices of the temporal parameter «(0 < т < 1) and the convec- 
tion parameter «(а < a < b) with a and b satisfying both the stability and accuracy 
criteria (11.3.20, 11.3.22), we arrive at various finite difference schemes. 


16.1 SIMPLE COMPARISONS BETWEEN FDM АМО FEM 


With т = 0 and a = 1/2 we obtain the FTBS scheme, 


ЖЕ щй и" — и" 
ia a (16.1.11) 
At Ах 


To demonstrate that ће Lax-Wendroff scheme сап be derived, we begin with the Taylor 
Series expansion of ( 16.1.7) in the form 


ди n (алг)? д?и 
дх 2 00x? 


or the equivalent partial differential equation, 


unt! = и дА; 


(16.1.12) 


ди ди а?лїд?и 
m Ey 2 ad (16.1.13) 


Тће ОРО formulation of (16.1.13) leads to 


ди ди а?лїд?и ди 
Фа а ч | a— јах=0 16.1.14 
| (S TOY 2 =) хеј c3 4 ( ) 


Integrating by parts and rearranging, we obtain 


Ма| [1 1 ii 
T + "A — «Jua + 2au; — (5 + и ја | 


Аї > Ж Atal (1 
па (uiy — 2«ш + ui)" = uf — (1— m) Ax [Ё «Jua 


2 2^x? 
For 2 0 and a — 0, (16.1.15) becomes 


1 " At 
+ 20и; = (5 + 25 + а? (и +1 = 20и; + uj 41)" (16.1.15) 


(a Ат)? 
и! — 


T REN Е 
| = ш олш) + FAX 


x (ui, — 2u? — ир 1) (16.1.16) 


This is identical to the explicit Lax-Wendroff scheme presented in (4.3.15). 
Implicit schemes such as Euler FTCS and Crank-Nicolson are generated as follows: 


Euler ЕТС (q = 1 and a = 0) 


n+l уп a ul — ul 
и; iG и; = ( ive n1) (16.1.17) 


Crank-Nicolson (v = 1/2 and а = 0) 


n ntl me ; 
и! + и" _ а (и — ur) 4 (ufa = и; 1) (16.1.18) 
2Ах 2Ах 


At 2 


Obviously, many other difference schemes can be derived using the unlimited rages 
of папа a through the GPG formulations. Once the finite element equations are ob- 
tained in the form analogous to finite difference equations, then the FDM solution 
procedure can be followed as long as structured grid configurations are used. 
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16.2 RELATIONSHIPS BETWEEN FDM AND FDV 


It was suggested in Section 6.5 that almost all existing FDM schemes can arise from the 
FDV scheme. We examine the analogies of FDV to some of the FDM schemes in this 
section. 

Referring to (6.5.13 or 13.6.2) with the source terms neglected, we write 


д А? 
I+ At (5а; + зБ) + | Ats3e;; — => saa; + bja;) 


8? At (dF! 0G? 
i А п+1 = i i 
P sit 5j ш 5i | дх ;дх | ш 2 ( OX; "m Ox; ) 


А? д (Е ӘС" 
+ 75 (aibi э (Ох + эт) (16.2.1) 


дх; дх; 


where the Jacobians а;, b;, ¢;;, are flowfield dependent, but held constant within a dis- 
crete numerical integration time and updated for each successive time step. Here, 
(16.2.1) is regarded as the most general form which may be reduced to other CFD 
schemes in FDM and FEM. 


(1) Beam-Warming Scheme 

To show that a simplified special case of (16.2.1) resembles one of the most popular 
FDM schemes, let us express the Beam-Warming [1978] method using the notation of 
FDV, 


ӨЛ; д2е; 
1 ; ij AU"! 
{t+ Poel ae T ет -|| 


At (dF! ӘС? Өл; 0G? ё 
= | ) Певао Det 
with 0 < (0, €) < 1. It is seen that the analogy of ЕРУ to the Beam-Warming scheme is 
readily evident, although the main difference is that the parameters 0 and & are chosen 
arbitrarily instead of being flowfield-dependent. 
In general, the FDV scheme can be written in the form (6.5.14 or 13.6.9), 
д 92 


I--E/ — +E"? ——— JAU"1 = -Q" 16.2.3 
(1+ ' OX; ~ aoa) 9 ( ) 


AU" (16.2.2) 


The Beam-Warming scheme and other related schemes such as Euler explicit, Euler 
implicit, three-point implicit, trapezoidal implicit, and leapfrog explicit schemes are 
summarized in Table 16.2.1. 

Other schemes of FDM are compared with FDV as follows: 


(2) Lax-Wendroff Scheme 
The Lax-Wendroff scheme without artificial viscosity takes the form 


At At? 
(Е; Е i) QAx2 [а Fist = (а; : =a; ЈЕ + а;_1Е;- 1] 


Aut! = 
(16.2.4) 
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Table 16.2.1 Comparison of FDV with Beam-Warming and Related Schemes 


51 53 E, Еј а" Truncation Error 


Ө Ө bAt oar А Е 
1+ё& 7 1Т+Е 


Beam-Warming [1] 


ТЕ Ise irr + b;) AU" O[(0— 4 -€) A?, AC] 
Euler explicit 0 0 » О(Аг?) 
Euler implicit 1 1 * * * О(Аг?) 
Three-point implicit 2/3 2/3 * * * O(At) 
Trapezoidal implicit 1/2 1/2 * * * О(Аг?) 
Leap frog explicit 0 0 * * * О(Аг?) 


W" 4 
1+& 


ж 


* Not applicable 


This scheme arises if we set in FDV, 


=a, 51 = 0, 52 = 0, 53 = 0, 54 = 0 


(3) Lax-Wendroff Scheme with Viscosity 
The Lax-Wendroff scheme with artificial viscosity is given by 


At 


AU; = е (Fay — Fy) (16.2.5) 
with 
ee At 
Е: = = 2 олха: (Fia = Е) + О, (Она – Ui) 
ESRES. At 
E4773 gg — Fea) + D, 4G - Ui) 


This scheme arises if we set 
= D._1 = as, 52 = 0, 53 = 0, 54 = 0 
2 


This implies that the artificial viscosity is proportional to the ЕРУ parameter 51, but 
here it is manually implemented in the Lax-Wendroff scheme. 


(4) Explicit MacCormack Scheme 
Combining the predictor corrector steps of the MacCormack scheme, we write 


" AL os ; Аг, А 
АШ"! = Ax (Fi, – Ej) pe (Fi — F; у) + Di 
At y ay. M 
ECC (Ева — Е) Ах (Е, 1 Е i) 
л? 


= Talai Fit — (а, + a; о ЈЕ; + a; ЈЕ | + D; (16.2.6) 
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The FDV becomes identical to this scheme with the following adjustments: 
ay, =а 1 =а 

F? — F; = Кра FP =F 

51 = 0, 52 = 0), 53 = 0), 54 = 0 
and the sz term in the ЕРУ method is equivalent to 
[0] 
8 
This again is a manifestation that shows the equivalent of the 52 terms is manually 
supplied in the MacCormack method. 


D; = + (U,, —40] +60; — 407 + U? 5) 


(5) First Order Upwind Scheme 
This scheme is written as 


At 
n+l __ * * 

АШ = x 

At 1 п Li 1 п п 

= БС + 51) = z lal (Uza = v 
1 n n 1 п п 
=|5(® + Ea) – zll — 0) (16.2.7) 
The FDM analogy is obtained by setting 
n 1 п n 1 п 

Е = ЗЕ, Е = 58-1 


sjaC(AU?*' — 2407 + AU; 5) = lal(U7,, — U? 1) 
where C is the Courant number. 


(6) Implicit MacCormack Scheme 

With all second order derivatives removed from (16.2.1), we obtain the implicit 
MacCormack scheme by setting s, = 1, s2 = 0, s3 = 0, s4 = 0. However, it is necessary 
to divide the process into the predictor and corrector steps. Once again the flowfield- 
dependent variation parameters for FDV will allow the computation to be performed 
in a single step. 


(7) TVD Scheme 

Another example is the analogy of FDV-FDM to the FDM-TVD scheme. To see 
this, we write (6.5.13) in one dimension using linear trial and test functions with all 
Neumann boundary conditions neglected. 


1 1 
(АО + AAUT + AUT) = gi (па + s3b)(AU/4' — АП) 
X 


6At i+1 
1 
+ 2212836 — At[s2(a? + ab) + за(ба + b°) (АО — 2AU7*! + AU!) 
1 п п п п At 
+ zi rac E 1 Реја = Са) = 2A at b) 


(КЖЕ ЫЕ, qe Ie Gh.) (toes) 
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Neglecting all diffusion terms, adopting a lumped mass system, and moving one nodal 
point upstream, we have 


AU/" sa п+1 у Sa At iia ы mui 
| ee (АО — AU") – TE (AU; — 2402 + АП) 
1 a^ Li J 74 
асе. г (F? – 28", Е") (16.2.9) 


The FDM-TVD for the 1-р Euler equation is written as 


dU; at 1 1 
Ap 7 ТА Iz 0:1) + 5100 =[;_1) = 5 Y-a (01 — 0.2) 
а“ 1 q.s 
IT (Uia U; ) + 2 NIU U;) — эЧ үз (Ол 2 — Uii) (16.2.10) 
with 


1 
at = max(0,a) = ja + lal) 
- : 1 
а =min(0,a) = 2 (а — lal) 


Introducing variation parameter s for the time derivative on the right-hand side of 
(16.2.10) the form 


U; = U? +s AU” (16.2.11) 


Substituting (16.2.11) into (16.2.10) and assuming that 


a —0, а'=а W'-w',- 
we obtain 
AU" sa sWaAx 
X = za (aul — aur!) — SESE (AUP —2АШ + АШУ) 
1 п n VA п п п 
Тт (Е — E? i) E 2 (Е; 2F; +F?) (16.2.12) 


Comparing (16.2.9) and (16.2.12) reveals that, with 


5 SAXWV 
m» 52 = 
2 aAt 


and —1 for the coefficient of (F? — F/_,) term, we note that the FDV-FDM formulation 
and FDM-TVD scheme are analogous; in fact, they are identical under the assumptions 
made above. The variation parameters s; and 5; in the FDV-FEM scheme play the 
role of TVD limiters, v. However, the implicitness parameters 53 and 54, beyond the 
concept of TVD scheme, together with 51 and 5, are expected to govern complex 
physical phenomena such as turbulent boundary layer interactions with shock waves, 
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finite rate chemistry [with 55 and sg (13.6.5a,b)], widely disparate length and time scales, 
compressibility effects in high Mach number flows, etc. 


(8) PISO and SIMPLE 

The basic idea of PISO and SIMPLE is analogous to FDV-FEM in that the pres- 
sure correction process is a separate step in PISO or SIMPLE, whereas the concept 
of pressure correction is implicitly embedded in FDV-FEM by updating the variation 
parameters based on the upstream and downstream Mach numbers and Reynolds num- 
bers within an element. 

The elliptic nature of the pressure Poisson equation in the pressure correction pro- 
cess resembles the terms embedded in the В.в, terms in (13.6.22). Specifically, examine 
the s2 terms involving Арда ја and Баа and 54 term involving aj,4bj,4. All of these 
terms are multiplied by Ф. „Фр, which provide dissipation against any pressure oscil- 
lations. Question: Exactly when is such dissipation action needed? This is where the 
importance of FDV variation parameters based on flowfield parameters comes in. As 
the Mach number becomes very small (incompressibility effects dominate) the variation 
parameters 52 and 54 calculated from the current flowfield will be indicative of pressure 
correction required. Notice that a delicate balance between Mach number (52 is Mach 
number dependent) and Reynolds number ог Peclet number (54 is Reynolds number 
or Peclet number dependent) is a crucial factor in achieving convergent and stable so- 
lutions. Of course, on the other hand, high Mach number flows are also dependent on 
these variation parameters. In this case all variation parameters, 51, 52, 53, 54 will play 
important roles. 


16.3 RELATIONSHIPS BETWEEN FEM AND FDV 


(1) Taylor-Galerkin Methods (TGM) with Convection and Diffusion Jacobians 

Earlier developments for the solution of Navier-Stokes system of equations were 
based on TGM without using the variation parameters. They can be shown to be special 
cases of FDV-FEM. 

In terms of the both the diffusion Jacobian and the diffusion gradient Jacobian, we 
write 


96; aU ду; 


дї =н эт 9 өг 
with 
96; 96; aU 
ђ; = FPT] jj — AWO M Vi => 
aU Ч av; P dh 


Thus, it follows from (13.6.2) with s; = 53 = 54 = 55 = 56 = 0 and s; = 1 that 


n 2 
AU"! = м(- дЕ; _ 96; в) ме“ д ( дЕ; dG 


. п+1 
“+В А? 
OX; OX; 2 ot ii ) T Of ) 


OX; OX; 
(16.3.1) 


Using the definitions of convection, diffusion, and diffusion rate Jacobians discussed 
in Section 13.6, the temporal rates of change of the convection and diffusion variables 
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may be written as follows: 


aF? _ („УУ [ ( 39F; 8С; n А 
ət Nat | Ко ax; Әх; 


ДЕ д дЕ" 0G tH 

T Е a|( Е ай 8) x; 9x; +в") ene) 
J J J 

ag! aU п+1 ә aU п+1 
— = | b; — + || = 
ot ot ot дх; 

or 

9677 до AU" a f, AU" 
: = [bi i 16.3.3 
ot (» => М i OX; (s x) ( ) 


Substituting (16.3.2) and (16.3.3) into (16.3.1) yields 


дЕ; ӘС̧; с 
Ау"! = м(- — B) 
OX; OX; 
А? (a JAU” дЕ" ӘС! 
+ а; ( aj J J ES Br") 
2 OX; дх; дх; OX; 
де; АП п+1 9B 
i 16.3.4 
СЕЗЕ ШЕТ 1048) 
Assuming that 
д 22 
ej = Ь; m e = 0 
OX; 


and neglecting the spatial and temporal derivatives of B, we rewrite (16.3.4) in the form 


At? д i \ д 
1 aja; — © AU"! = Н" 
2 OX; At дх; 


A E в Í n А? д а ENV 
B OX; OX; 2 OX; : дх; 
Here the second derivatives of G; are neglected апа а! Jacobians аге assumed to remain 


constant within an incremental time step but updated at subsequent time steps. 
Applying the Galerkin finite element formulation, we have an implicit scheme, 


(16.3.5) 


(А вё, + Bags) AUS, = На, + + NS, (16.3.6) 
where 


At? Cijrs 
B,g;; = 2 5 (аал == AL Фа Pg j dQ 


At 
Н? = м f |. ФЕ, + Ср) + ФаФрВр, — Зафр, Jan 


At? Cis V * 
14-1 1]TS +1 
№” жа == s AirgAjsq — ФАП, таг 


2 Аї 
2 


Е п п At : n 
Ni. = =| [Ari (rr + С”) = 75 Airs PY, nar 
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Here we note that the algorithm given by (16.3.6) results from (13.6.20) in FDV by 
setting 51 = 53 = 54 = 0,52 = 1, Брда ја = Cijrs/At, and neglecting the terms with бр 
and derivatives of G; and B, the form identical to that introduced in Section 13.2.1. 


(2) Taylor Galerkin Methods (TGM) with Convection Jacobians 

Diffusion Jacobians may be neglected if their influence is negligible. In this case 
the Taylor-Galerkin finite element analog may be derived using only the convective 
Jacobian from the Taylor series expansion, 


aU” AP pU" 


Шш”! = U” + At == O(AP 16.3.7 
5 ot У 2 о? ОАО ( ) 
where 
aU дЕ; 0G; QU ӘС; 
= В = —a;— = B 16.3.8 
ді дх; OX; ЕЈ Е OX; OX; = ( ) 
U а a aU i 96; " 
9 дг "OX; OX; 
or 
aU a aU 9 0G; д aB 
= TT ; В) — 16.3.9 
0r ax; (а Е E ax; (а =) 3x P) + 9, Man) 


Substituting (16.3.8) and (16.3.9) into (16.3.7), we obtain 


дЕ; 96; А | д aU 
AU”! = At} — +B+ ага; 
дх Ox; 


Ox; ðX 2 Lax; 
9?(a;G;) д 98)” 
== + = (а, В) + — 16.3.10 
Ы дх;дх; ш дх; (а ) T Ot || ( a) 


Expanding 0F ;/dt at (n + 1) time step 


дЕ”! E дЕ; 96, + a di дт " 9лр"+! oF’ еди " m 
—= М. Б Ј 
ot дх; дх; дх; OX; OX; 


and substituting the above into (16.3.7-16.3.9), we arrive at AU"! in a form different 
from (16.3.10a): 


dF; 986; "Arla 89AU"* дЕ” 
Au"! = м(- : +в) + | (aa, +a; У 
Xj 


OX; i OX; 2 0x; | 0X; 
9?(a;G;)"*! 9 9B" 
' By ан 16.3.10b 
ш 0X; OX} NE OX; (а ) T ot | ( ) 
At? д i д ; 
H'-|1 вар AU"! (16.3.10c) 
2 OX; At дх; 


oF; dG; "At? a oF; V" 
H” = At| -— = — +B = je 
( OX; OX; * ) m 2 OX; (а 2) 


where second derivatives of G; are assumed to be negligible and B is constant in space 


16.3 RELATIONSHIPS BETWEEN FEM АМО FDV 531 


and time, arriving at an implicit finite element scheme, 
(А вё, + Bags) AUS, = На, + КМ + NS, (16.3.11) 


where 


Ag = | o. badQ 
Ie 


At? с 
Bagrs = =f (ема Б 2^ oop de 
2 


At 
Hj, = ar |, [о „ва (еф, F Ср) ui Ф.ФвВВ, ~ Pi ans Pas Pp Еф [a 


2 
At? Qus WX 
1 [2 1 
Nọ = =| (ама — x) ш паг 


№, = -f [ari (Е + Gi.) – АИ puse". nar 
r 


It should be noted that the form (16.3.10c) arises from (13.6.20) in FDV with sı = 53 = 
54 = bj = 0 and s2 = 1, an algorithm similar to ТОМ introduced in Section 13.2.1. 


(3) Generalized Petrov-Galerkin 

The Generalized Petrov-Galerkin (GPG) method can be identified in FDV by setting 
51= = 1, 53 = s4 = 0, b; = Cj = d = 0, Q” = 0, E; = aj, and Ej; E 5 Ataja;, so that 
(13.6.20) takes the form 


AU aAU At a АШ 
At ' Ox; 2 1 ax0x; | 


(16.3.12) 


For the steady-state nonincremental form in 1-D, we write (16.3.12) in the form 


ди а? дди 
— — Аі = = 0 16.3.13 
ШЕР, 2 ax? ( ) 
Taking the Galerkin integral of (16.3.13) leads to 
ди а? д?и ди 
|| SIC AES a +) dx = = 0, || аах = (16.3.14) 


for vanishing Neumann boundaries. Here we is the Petrov-Galerkin test function, 


(e) 
7 аФ© 

WY = ФО + ah (16.3.15) 
дх 


with a = C/2 апа С = aAt/Ax being the Courant number. 
For isoparametric coordinates in two dimensions, the Petrov-Galerkin test function 
assumes the form 


we —© 00 
+ Вв (16.3.16) 
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with 
15. = 
B= 4 C + ann) 


2 2 
Oe = coth (Ж) — —, в, = coth (=) — — 
2) К 
Vi 
МУЈУЈ 
where A; is the Reynolds number ог Peclet number in the direction of isoparametric 
coordinates (£, n). Note that the GPG process given by (16.3.12)-(16.3.16) leads to the 
streamline upwinding Petrov-Galerkin (SUPG) scheme as a special case, thus leading 
to the analogy between FDV and GPG. 


gi — 


16.4 OTHER METHODS 


We have examined in the previous chapters most of the currently available CFD meth- 
ods. Throughout this text, it was intended that the reader be given adequate informa- 
tion so that he/she could make a final decision to choose the most suitable method for 
the problem at hand. Though biases or preferences in choosing CFD methods are often 
common among practitioners, this text may still serve as a guide and possibly toward 
re-orientation. It was shown that FVM can be formulated from either FDM or FEM. 
The ЕРУ methods discussed in Chapters 6 and 13 as well as other methods are expected 
to meet these challenges. In particular, the ability of FDV methods to generate other 
prominent CFD schemes has been demonstrated. In the past, numerical methods other 
than those presented in the previous chapters have been used also. Among them are 
the boundary element methods (BEM), coupled Eulerian-Lagrangian (ECL) methods, 
particle-in-cell (PIC) methods, and Monte Carlo methods (MCM). The detailed cov- 
erage of these topics is beyond the scope of this book; but, for the sake of historical 
perspectives, we shall briefly review them next. 


16.4.1 BOUNDARY ELEMENT METHODS 


The boundary element methods (BEM) are based on boundary integral equations in 
which only the boundaries of a region are used to obtain apparoximate solutions. In- 
terpolation functions for the surface behavior are coupled with the solutions to the 
governing equations which apply over the domain. The resulting equations are solved 
numerically for values on the boundary alone, and values at interior points are calcu- 
lated subsequently from the surface data. 

It is thus clear that fewer equations are involved in the solution by the BEM. On 
the other hand, it is required that the governing equations be linear but this can be 
overcome by linearization through Kirchhoff transformation [Brebbia, 1978; Brebbia, 
Telles, and Wrobel, 1983]. 


Green's Function and Boundary Integral Equation 
To illustrate, let us consider the Laplace equation, 


2ф= 0 (16.4.1) 
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Observation 
point 


Figure 16.4.1 Location of source and field points. Г 


L 2 
Огівіп Observation 


point 


Assume a weighting function and the weighted residual integral of (16.4.1) such that 


|| ф 2949 =0 (16.4.2) 
Q 
Integrating this by parts twice, 
Је 2-9 ad= | wm -m ar (16.4.3) 
It follows from (16.4.1) and (16.4.2) that 
айе | (a == arc: 
[5 ydg = | (^ 3 V ar =0 (16.4.4) 


which is known as the Green's identity. Here, the weighting function ф is denoted as 
the Green's function, G(x'|x), which is assumed to be the solution of 


2 G(x’ |x) = &(x' — x) (16.4.5) 


where 8(х' — x) is the Dirac delta function with x and x’ being the source point апа the 
observation point, respectively, such that (Figure 16.4.1) 


(КО — x)dQ = (x’) (16.4.6) 


For a polar coordinate system (r, 0), it can easily be shown that the solution of (16.4.5) 
is of the form 


1 
G = — Inr (16.4.7) 
27 
or, for a three-dimensional domain, 
1 
= 16.4.8 
Ату ( ) 


The fundamental solutions for other types of partial differential equations are as 
follows: 


Helmholtz Equations 
2G+ KG = (x — x) (16.4.9) 
1 ei* 


"4m r 


for3-D 
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Diffusion Equations 


20 -a ?%ф=%(—хум — 1) (16.4.10) 


а = | ех d 
— (4тат)4?. P 4mT 


where т = !' — t and d denotes the spatial dimension. The fundamental solution repre- 
sents the effect of the unit point source applied at the observation point x' on the source 
point x in an infinite region. 

To illustrate applications, consider the governing equation for an unsteady heat 
conduction problem: 


A Та Е (16.4.11) 


subject to boundary conditions 
TS Tı on Гі 
—КТ ini = 42 оп Г» 
—kT т = a(T3 = T) on Гз 


Recast (16.4.11) іп terms of Green’s identity and integrate with respect to time, 


ВТ = [1 (aT jn; – aTG прага + |] L Gaodi +f TG (16.4.12) 
0 Jr о Jape Q t=0 
Introducing the interpolation functions in the form, 
T = Ф.Т, 
q = Pada 
and rewriting (16.4.12) using the above approximations, we obtain 
АСТОН — pip (16.4.13) 


where 
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16.4 OTHER METHODS 


Since the algebraic equations given by (16.4.13) are linear, the solution involves a simple 
marching in time until desired time is reached. 


16.4.2 COUPLED EULERIAN-LAGRANGIAN METHODS 


It should be pointed out that all methods introduced in the previous chapters are based 
on the Eulerian coordinates in which computational nodes are fixed in space and all 
variables are calculated at these fixed nodes. In some instances in reality, however, it is of 
interest to compute variables in the Lagrangian coordinates where the mesh points are 
allowed to move along with the fluid particles. Furthermore, itis often convenient to have 
both Eulerian and Lagrangian coordinates coupled, known as the coupled Eulerian- 
Lagrangian (CEL) methods, useful in highly distorted flows or multiphase flows. Precise 
mathematical representations and treatments of Eulerian and Lagrangian coordinates 
are presented in Chung [1996]. 

The CEL methods were first developed by Noh [1964]. The basic idea is that the 
boundary Г of the region Q given by 


Q= Us; 
i=1 


and the curves D; which separate the subregions Q2; are to be approximated by time- 
dependent Lagrangian lines L;(t). A subregion К; which is approximated by the time- 
independent Eulerian mesh F will consequently have its boundary Г; prescribed by 
the Lagrangian calculations. Thus, the Eulerian calculation reduces to a calculation on 
a fixed mesh having a prescribed moving boundary and therefore contributes one of the 
central calculations in the CEL methods. The calculations that are made at each time 
step are divided into three main parts: Lagrange calculations, Eulerian calculations, and 
a calculation that couples the Eulerian and Lagrangian regions by defining that part of 
the Eulerian mesh which is active and by determining the pressures from the Eulerian 
region which act on the Lagrangian boundaries. 

Physically, the local sound speed (and fluid velocity) can vary considerably in dif- 
ferent regions of the fluid, and the mesh size in general will also be a function of the 
region being approximated. It is therefore to be expected that the different subregions 
will have different stability requirements. Thus, it is desirable to allow these different 
regions their characteristic time interval in hydrodynamic calculations. Approxima- 
tions for difference equations for Eulerian coordinates (Figure 16.4.2a) and Lagrangian 
coordinates (Figure 16.4.2b) are given below. 


Eulerian Difference Equations 

The differential equations for Eulerian coordinates are the same as given in 
Chapter 2. To obtain finite difference equations for the above equations, we first 
introduce the following definitions: 


1 
. п+1 n41/2 n41/2 
G) ш = (иа + иы) (16.4.14a) 
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(a) (b) 


Figure 16.4.2 Eulerian and Lagrangian descriptions. (a) Eulerian description. (b) Lagrangian 
description. 
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(16.4.14с) 
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(16.4.14d) 
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472 -1/2 –1/2 n-1/2 
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(16.4.15e) 
with p — p 4 q, а = Іру. 


Based on the above definitions, the finite difference equations for inviscid flows аге 
of the form: 


Continuity 
п+1 п +1/2 
Рокту = рум AC > Она (16.4.16) 
Мотетит 
АЂ 
М? = м? – ahe ‚моу + (с) , M=pu (16.4.17а) 
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n+1/2 _ ут-1/2 п-1/2 y AP), 
Ми = Ма — А( - MU) Av Jt N=pv (16.4.17b) 
yJ* 
Energy 
п+1 n+1/2 +1/2 
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+ Фал, 126 Ол, най] (16.4.18) 
Lagrangian Difference Equations 
The differential equations in Lagrangian coordinates are given by 
д 19 9 19 
= | = Р (16.4.19) 
ot pox ðt р ду 
д д 
n oque (16.4.20) 
ді at 
де р др 
pJ = const., rr a? BF” p-p(£.p) (16.4.21) 
with J being the Jacobian between the cartesian and curvilinear coordinates (Figure 


16.4.2b). 
The Lagrangian difference equations corresponding to (16.4.19-21) are written as 
follows. 


"n S ee м M (16.4.22a) 

xn _ i At TO (16.4.22b) 

х1 = x” + Aim 16.4.23a 
kl kl 


Ver = уи + Ми! (16.4.23b) 
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J” 
+1 К+1/2.1+1/2 
Раца = Pis l2mpBH —— (16.4.24) 
Jana 
п+1 п 
41 _ —1+1/2 (р =P Ук+1/2+1/2 
Єк = eani + Paga pnt (16.4.25) 


n 
Pk+1/2.1+1/2 


The velocity equations (16.4.23a,b) must be modified for the points of the lattice which 
define the boundaries of the Lagrangian region, but the remaining equations hold for 
all points of the mesh. 

Finite elements have been used in CEL methods as applied to multiphase flows. 
Surface tension on the interfaces between different fluids can also be taken into account. 
These and other topics using CEL are discussed in Chapter 25. 


16.4.3 PARTICLE-IN-CELL (PIC) METHOD 


This is one of the early methods developed in the Los Alamos Scientific Laboratory 
in dealing with highly distorted flows with slippages or colliding interfaces [Evans and 
Harlow, 1957; Harlow, 1964]. In this method, Eulerian mesh is used and the cell is filled 
with particles of the same kind or a mixture of different kinds. The calculation of changes 
in the fluid configuration proceeds through a series of time steps or cycles. Each cell 
is characterized by a set of variables describing the mean components of velocity, the 
internal energy, the density, and the pressure in the cell. In the Eulerian part of the 
calculations, only the cellwise quantities are changed and the fluid is assumed to be 
momentarily completely at rest. In order to accomplish the particle motion, it is conve- 
nient to prepare as a first step for the possibility of particles moving across cell bound- 
aries. For this purpose, the specific quantities in each of the cells are transformed to 
cellwise totals. 

The results of a calculation applied to the formation of a crater by an explosion 
in an atmosphere above a dense material are shown in Figure 16.4.3 [Harlow, 1964]. 
The initial one for time t — 0 shows cold ground above which is a small and intensely 
heated sphere in an otherwise cold atmosphere. The second frame, two time units 
later, is shown in order to demonstrate the intense packing of particles in the ini- 
tially heated sphere. The third frame shows a strong shock in the ambient atmosphere, 
together with considerable depression of the ground. The final frame shows, at time 
sixty units, the configuration just before the particles began to fall off the computation 
regions. 


16.4.4 MONTE CARLO METHODS (MCM) 


Monte Carlo methods have been successfully used in many problems in physics and 
engineering where stochastic or statistical approaches can describe the physical phe- 
nomena more realistically [Hammersley and Handscomb, 1964; Binder, 1984]. They 
have been extensively applied to electron distributions, neutron diffusion, radiative 
heat transfer, probability density functions for turbulent microscale eddies, etc. 
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In general, the Monte Carlo method is a statistical approach to the solution of 
multiple integrals of the type 


1 1 
OR NR D= | | WiEs E, «ses EDAP (Ed P(E)... аРк(ё&&) 
(16.4.26) 


Monte Carlo becomes indispensable whenever multiple integrals have variables апа 
can not be evaluated efficiently by standard numerical techniques. 
As an example, let us consider the heat conduction equation, 


aT " PT ow 
əx? ay? — 


The integral (16.4.26) corresponding to heat conduction may be written as 
1 
ко = | оар) (16427) 
0 


In terms of the finite difference discretization, the integral (16.4.27) represents a finite 
difference equation written for the temperature at nodes (i, ]) as 


Ту = Peta ie hel cee Pel ag nodos (16.4.28) 
with 
Py = Р, = = AL = ар (16.4.29а) 
Pu Away (16.4.29b) 


= P i 
x d 2(Ay/ Ax + Ax/ Ay) 
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The procedure described above is often known as the random walk. In this simple 
example, the Monte Carlo approximations for heat conduction resembles the four-point 
FDM. In conduction, an abstraction using particles or random walks is used to simulate a 
solution of a partial differential equation, whereas in radiation a physical phenomenon – 
the transfer of photons - is simulated. 


16.5 SUMMARY 


In this chapter, we have revisited the finite difference methods and finite element meth- 
ods. The emphasis has been to show their analogies. In this process, differences between 
these two major computational methods have been recognized. The advantage of study- 
ing both methods on an equal footing has been stressed. The finite volume methods 
based on either FDM or FEM are increasingly popular in applications to many engi- 
neering projects. Example problems in Part Five will demonstrate these trends. 

Computational methods other than FDM, FEM, and FVM have been briefly re- 
viewed, including boundary element methods, coupled Eulerian-Lagrangian methods, 
particle-in-cell methods, and Monte Carlo methods. Detailed presentations of these 
methods are beyond the scope of this book. In fact, the topics covered in this chapter 
alone could have been dealt with in an independent part. 

As we look back on the chapters in Part Two and Part Three, our focus has been to 
introduce to the reader what has been accomplished in CFD for the past century. It was 
not possible to cover all minute details of every method that was introduced. Pertinent 
references are provided at the end of each chapter. Obviously, the reader should consult 
these references for further guidance. 

This chapter marks the end of Parts Two and Three, including FDM, FEM, and 
FVM, but we have not discussed other important subjects: automatic grid generation, 
adaptive methods, and computing techniques. We shall examine them in the next several 
chapters, Part Four. 
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PART FOUR 


AUTOMATIC GRID GENERATION, ADAPTIVE METHODS, 
AND COMPUTING TECHNIQUES 


utomatic grid generation techniques have contributed significantly toward the 

application of computational fluid dynamics in large-scale industrial problems. 

Without such techniques the most accurate numerical schemes may fail to 
prove their full potential or effectiveness. Automatic grid generation in complicated 
geometries such as those of a complete aircraft is now considered a routine exercise 
and an important part of CFD projects. 

There are two types of grid generation: structured and unstructured. In structured 
grids, all grid lines are oriented regularly in either two or three directions so that coordi- 
nate transformations of curvilinear lines result in a square or cube for two-dimensional 
or three-dimensional problems, respectively. In unstructured grids, however, there are 
no such restrictions, but at the expense of more complicated computer programming. 
Once the automatic grid generation is completed, a challenging task still remains — an 
adaptive mesh in which the most suitable mesh distributions are achieved to obtain the 
most accurate solution. This can be made possible by placing finer meshes in regions 
where gradients of variables are high. Furthermore, computing techniques including 
domain decomposition, multigrid methods, and parallel processing, among others, play 
an important role for the success of CFD projects. 

We shall examine these and other subjects in Part Four. Structured grid generation 
is discussed in Chapter 17, unstructured grids in Chapter 18, adaptive methods for struc- 
tured and unstructured grids in Chapter 19, and computing techniques in Chapter 20. 


CHAPTER SEVENTEEN 


Structured Grid Generation 


Structured grids are generated in two- or three-dimensional geometries (with plane or 
curved surfaces). In general, two types of structured grid generation are in use: algebraic 
methods and partial differential equation (PDE) mapping methods. For more complex 
geometries, it is preferable to construct multiblocks initially, with refined grids filled 
in for each of the multiblocks subsequently. Detailed procedures are presented in the 
following sections. 


17.1 ALGEBRAIC METHODS 


In algebraic methods, geometric data of the cartesian coordinates in the interior of a 
domain are generated from the values specified at boundaries through interpolations 
or specific functions of the curvilinear coordinates. Toward this end, we begin first 
with the unidirectional interpolations of various functional representations, followed 
by multidirectional interpolations. 


17.1.1 UNIDIRECTIONAL INTERPOLATION 


Unidirectional interpolation refers to the functional representation in only one direc- 
tion. Among the most widely used are Lagrange polynomials, Hermite polynomials, and 
cubic spline functions. These polynomials, some of which were discussed in Chapter 9, 
are briefly reviewed below. 


(a) Lagrange Polynomials 

The Lagrange polynomials, as used in FEM for interpolations of a variable 
(Section 9.2.2), may be used for grid generation in interpolation between cartesian and 
curvilinear coordinates (Figure 17.1.1). 


x= Py(E)xn, ® (Em) = дум (17.1.1) 


with Фм(&) being the Lagrange polynomials 
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Figure 17.1.1 Lagrange polynomials. 
This formula provides: 
Linear Interpolation 
Фу =1-, Ф = ё (17.1.3) 
Quadratic Interpolation 


&-2(i-5)&-0. еа, Ф®=%(@—;) атла) 


(b) Hermite Polynomials 

Hermite polynomials as used in FEM provide functional representation not only of 
coordinate values, but also of gradients of coordinate values. For example, the functional 
representation including the zeroth order and first order derivatives of coordinate values 
are given by cubic functions (Figure 17.1.2), 


x = Н @хм+ HAE) өк, ON = —* (17.1.5a) 


Figure 17.1.2 Hermite polynomial. 
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or 
x = Hx + Нох + Н.е + He (17.1.5b) 
with Ни(Ем) = бум, Hy(Em) = бум 
Thus 
х="+,0,, (7 =1,2,3,4) (17.1.5c) 
with 
Vy, = НО(Е) 21—3£? + 28? (17.1.6a) 
Vy, = HY£) = 322 — 223 (17.1.65) 
Y = HI (E) =&—2&°+&° (17.1.6с) 
Ча = Њу (Е) = Е3— Е2 (17.1.6d) 


These functions match the two boundary values xı, and x2 and the first derivatives, 
(9х/9&)1, and (8x/8£); at the two boundaries. 

The advantage of specifying (дх/дё) as well as x can be used to make the grid 
orthogonal at the boundary. This will be useful in multidirectional grid generation. 


(c) Cubic Spline Functions 

One of the difficulties with conventional polynomial interpolations, particularly if 
the polynomials are of high order, is the oscillatory character. To remedy this disadvan- 
tage, the cubic spline functions can be used to achieve smoother curves. 

Consider two arbitrary adjacent points x; and х 1. We wish to fit a cubic to these 
two points and use this cubic as the interpolation function between them. 


Е(х) = ao + aix + ax? + азх“, (xi sx) (17.1.7) 
Note that two constants in (17.1.7) may be determined by end conditions and two 


others by the slope (first derivative) and curvature (second derivative). Here the second 
derivative of a cubic line is a straight line (Figure 17.1.3) so that 


о) = g t eit) = 8] (17.1.8) 


Integrating (17.1.8) twice, we obtain 


g(a) = ia) = СВО а ana] 
+ a [E А x(x x) 
+ f(x) Gs =) + убы) cen (17.1.9) 
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Figure 17.1.3 Cubic spline representation. 


with Ax; = X%j41 —xj,1 = 0,1,...n— 1, g(x) = f Ga) and g xia) = f Gia). Since the 
second derivatives g’(x;) (i = 0,1, ...n) are still unknown, these must be evaluated 
as follows: 


Ба) = Е, (х) (17.1.10a) 
Е! (xi) = Е/ (х) (17.1.10b) 


Evaluation of (17.1.10a) leads to a set of simultaneous linear equations of the form 


Ах; 7; 2(Xi41 = Xi- 7 7 
—— gi) + Tra AD (xi) + g" Qaa) 
i х; 
_ 6| fe) – fes) Рб) – fO) (17.1.11) 
(Ax;)? (Ax;)(Axi-1) 
This represents n — 1 equations in the n + 1 unknowns g"(xo), 2" (х1), ..., 2 (Xn). The 


two necessary additional equations are 
8" (x0) =0 (17.1.12a) 
g' (Xn) =0 (17.1.12b) 


The resulting g(x) is called a natural cubic spline. 
In terms of nondimensional coordinates, (17.1.11) and (17.1.12) are written as 


Хал — Xi zu) 


(& — &i 1)xj 4 + Ена — Ga) xy + (Ei — Gi) xi, = 6 ( 


&y—& ёё 
(17.1.13) 
with 
x! =0 (17.1.14a) 


х" = 0 17114) 
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The solution x” is substituted into 


НЕ ев, | Xi ре 7 a 
= оба = Е)“ tg (Са = gp ed “ Ела = 8 6 *“ (£1 — &) 
Xi+1 fuh, | 
E Es — Ši 6 мај (€ — 5) (17.1.15) 


It is seen that (17.1.15) may be written in the form similar to (17.1.1) as a linear combi- 
nation of interpolation functions and nodal values of the first and second derivatives of 
x at nodal points i andi + 1. 

Additional interpolation functions useful for surface grid generations are available. 
These functions will be discussed in Section 17.3. 


17.1.2 MULTIDIRECTIONAL INTERPOLATION 


There are two multidirectional interpolation methods available: domain vertex methods 
developed from FEM interpolation functions and transfinite interpolation methods 
predominantly used in FDM, constructed by means of tensor products of unidirectional 
functional representation in multidimensions. 


17.1.21 Domain Vertex Method 


Domain vertex methods utilize tensor products of unidirectional interpolation functions 
for two or three dimensions. Let us consider a two-dimensional domain with physical 
coordinates (x, y) and transformed computational domain (ё, т) as shown in Figure 
17.1.4a, related by 


Xi = by(E) 6 y (n)xi uu. (i = 1, 2, N, M= je 2) (17.1.16a) 
or 
x = Oy(E, том, (= 1,2, N=1,2,3,4) (17.1.16b) 


wherei denotes the physical coordinate directions and N and M represent node numbers 
in the direction of the coordinate @)(&), and Ф (v) are the unidirectional functions 
whereas Фм(ё, т) indicates the tensor product. 


Фі = (1– 90 т) =E) im) 
Ф = 21 – = 6,(é) ó 

E ай =” &(1— т) Р;(&) Pi(n) (17.1.17) 
$3 = ёт = Ф(5) $»(n) 
Фа = (1—&)n = Ф1(&) Фо(п) 

which are known as “blending functions.” 
Similarly for three dimensions (Figure 17.1.4b), we obtain 
x; = Oy(E) Фи(п) OP(C)xinme, (i =1,2,3, №, M, P=1,2) (17.1.18a) 


or 


x = onë мм, (= 1,2,3, N=1,...,8) (17.1.18b) 
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Figure 17.1.4 Multidimensional interpolation, all interior lines (as many as desired) are 
generated from (17.1.16) with the corner node coordinates and the interior values of Е 
and n. (a) Two-dimensional domain. (b) Three-dimensional domain. 


with 
Фі = (1— &)(1— т)(1— 6) 
Ф: = €(1— та – 6) 
Фа = Ey(1— C) 

Фм(ё, m C) = ү, E ns x (17.1.19) 

Фе = Е(1— т) 
Ф7 = ётё 
Фа = (1— Emé 


Extensions of the above processes can ђе made to accommodate higher order inter- 
polations by providing interior nodes along each side (see Figure 17.1.5 for quadratic 
mapping). Furthermore, triangular elements and tetrahedral elements can also be con- 
structed, following the FEM geometries discussed in Chapter 9. 


Example 17.1.1 Trapezoidal Geometry 


Given: Four points A(0,0), B(L,0), C(L, Њ), and D(0, Hi). Generate a mesh corre- 
sponding to €,n at 0.2 apart. Assume L = 20, Н, = 5, Њ = 10. 
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(1,1) 


d " (1,0) 5 
;9 

Ф, -üi-Óbü-ma-2£ –2т) Ф, - Én(3 - 26 - 2n) 

Ф, =€(1—n)(26 – 2 - 1) Ф, = (1-&)n(-2€ + 2-1) 

Ф; =45(1-4)(1-1) Ф, =4€(1-&)n 

Ф, = 45101-1) Ф, = 40. - Епа –т) 


Figure 17.1.5 Quadratic interpolation by inserting any values of € and т, interior coordinates 
are generated from the above functions (as many as desired). 


Solution: 

x = (1—&)(1—т)ху + EC = "таг Henna + (1 — Е) тащ 
= [Е(1—т) + &n] L 
= 20€ 

withx; 20, =L, з= Ш x420, L=20 

у=(1—&)(1—т)у +E — my + ény + (1 — Enya 
= Еп + (1 — £)nH 
= 1069 + 5(1 — £)n 

with у 20, y 20, у=Ь=10, y-2H = 5 


The grid points or lines x, у can now ђе generated, and the results are shown in 
Figure E17.1.1. 


Example 17.1.2 


Consider a quarter circular disk as shown in Figure E17.1.2a. Using quadratic Lagrange 
polynomials develop a program to generate a 7 x 16 mesh: 


Solution: The quadratic Lagrange interpolation functions (9 node) are given by 


n 
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Figure E17.1.1 Physical (trapezoidal) and transformed geometries. 
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(b) 
Figure E17.1.2 Quadratic Lagrange polynomials. (a) Quarter circle disk. (b) Mesh gener- 
ated for a quarter circular disk using quadratic Lagrange polynomials. 
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&i-4(£-5)&- »(n-5)n- 


à,— —st(t D(a ОД 1) 


Фа =4(&-)(-5)т-1) 


Ф; = -%(є = 5)че- 1) 


Фм) =) o, = 4 (: - z(a- >) 


= -8&( - (n5) 
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Ф = «(t : ОД У Da(n- >) 


Фа = -5(& - 5) = Dn(n- 1) 
Фо = 166(Е — 1)т(т — 1) 


x;(£,m) = Фм(ё, T)XiN 
The results are shown in Figure E17.1.2. 


Example 17.1.3 


Consider a three-dimensional geometry as shown in Figure E17.1.3. Develop a com- 
puter program to generate an 11 x 11 x 11 mesh (1331 points) using the domain vertex 
method. First derive the Lagrange polynomial interpolation functions with the data 
(x, y, z) as given in Table E17.1.3. Use a cubic between nodes 5-8 and 8-11. 


М! Ld 25 
ае 
M Sept 


(a) 


Figure E17.1.3 Three-dimensional grid, domain vertex method. (a) Surface nodal geometry. 
(b) Interior nodes. 
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Table E17.1.3 Interpolation Function Data 


Point (х, y, 2) Point (х, У, 2) Point (х, У, 2) i (х, y, 2) 


(0, 0, 0) 2 (12, 0, 0) 3 (15, 14, 0) (0, 16, 0) 
(1,0, 10) 6 (3, 1, 11) 7 (6, 2, 9) (8, 3, 7) 
(12,9,10) 10 (14,14,6) и (16,18,12) 12 (4, 13, 14) 


Physical domain coordinates are given: 


a = Length between 5 and 8 = V6 + /14+3 
b = Length between 8 and 11 = V61 + / 45 + v56 


n 


жы = П &£—£y т—тм -tm 


M-1, Nem SN — & IN — пм бу — bm 


with п=й-+ 1, A being the total number of inside edge nodes in each direction 


(Est б). 


E-i) (y=) (=O) = сете 
(& — &2) (ти — то) (а — СО) (0—1) (0—1) (0— 1) 


= —(&—1)(т—1)(ф —1) 
$; = fn- 1)(6 — 1) $4 = —£n(6— 1) Фа = (& —1)n( — 1) 


a? V6 Е 
s aui i) (- 2B) в e 


Фе = а 1 te 1m- 1) 


1 = 


"ue тло 1 e Dn- DE 
E- Dia Defe- 76) (&- BEI (a 31) 


) 
@ (xm у; 


op) 


= 


Фа = 
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Ent 259 (1—1) 


а = с _ a е E 
„61 
ЕА = m к>. ЈЕ a 
иә 
SIN SLE IS 
= (тв Фр = —(€ — тё 


Ехатр!е 17.1.4 


Clustering of boundary layers at the wall or interior domain may be achieved 
using exponential relations between the physical domain and transformed domain 


(Figure E17.1.4). 
| 


—————————————_— | ш 
(a) Clustering m the bontona ([E- 1.05) 


(b) Clustering at the top and bottam [= Ї, 20.3] 


uH 
l [31 Clusiering ar re imerkor (fies, 00.5) 


fe) Chestering af the middle ([i-5. 0.5 (d) Clustering with inclined lines 
Figure E17.1.4 Clustering of mesh lines. 
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(a) Clustering at the Bottom Wall 
X mE 


E 


в-во 


у=Н 


with 1 < B < oo 
(5) Clustering at Top and Bottom Walls 
х= ё 


т-а 
(2а + 2622) = +20 – В 


та 
(а +1) (Б) `+! 


у=Н 


with 0 < o, B < оо 


(с) Clustering at Interior Domain 


х= ё 
sinh Bm — A) 
= аНі1 + ———__* 
а | T sinh(B.A) 
| 3 8—1 
МИЋО < В <œ, 0О<а<1, A тё је 


= 28  1-c(e- Па 


Example 17.1.5 


Grid generation over a conical body. Consider a conical body with a typical circular 
cross section of radius R and a physical domain with semi-major and semi-minor axes 
as shown in Figure E17.1.5. 

Grid points y and z are given by 


y(k, 1) = — Rcos0 
z(k, 1) = Rsin0 


Clustering in the vicinity of the body for the viscous boundary layer can be achieved 
by 


y (k, j) = y (k, 1) — c(&, j) cos Ө(К) 
z(k, j) = z(k, 1) + c(k, j) sin (Kk) 


where 


PENNE 


"n 
(E) н 
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Figure E17.1.5 Algebraic grid generation of conical body. (a) Given data. 
(b) Transformed cross sections. (c) Finalized mesh. 


with 


=w re [(25) + (571 | 


The grid generated in Figure E17.1.5(c) will then be repeated in the (x, €) direction 
for the entire three-dimensional domain. Here, R = 1, a; = 2.5, b; = 4 were chosen in 
Figure E17.1.5(c). 


17.1.2.2  Transfinite Interpolation Methods (TFI) 


An alternative approach to the domain vertex methods is to use the unidirectional inter- 
polation functions introduced in Section 17.1.1 and form tensor products in two or three 
directions as in the domain vertex methods, but with all sides of the boundaries inter- 
polated and matched as well as the corner nodes. To this end, Lagrange polynomials, 
Hermite polynomials, or spline functions may be used. A transformed computational 
domain mapped into various arbitrary physical domains is shown in Figure 17.1.6. 
Consider a region Q, [0,1] x [0,1] and postulate the existence of a function F 
(vector valued) which maps Q into Q such that F: F > Г. Our objective is to con- 
struct a univalent (one-to-one) function U: Q — О which matches F on the boundary 
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а 
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с 
b "P d 
Г 
а 
а 
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Ol 
mi 


a b 
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Figure17.1.6 Physical domain and transformed computational domain for transfinite 
interpolation. (a) Physical domain. (b) Transformed computational domain. 


of T, that is, 
UO, n) = Е(0, т), UCE, 0) = Е(5, 0) (17.1.20а) 
UG, n) = Е(1, т), U(E, 1) = Е(@,1) (17.1.20b) 


A function U which interpolates to F at a finite set of points is defined as the trans- 
finite interpolant of F. The isoparametric interpolation scheme is a special case of the 
transfinite interpolation schemes. 

Consider now a linear operator known as a projector қо, such that U > g[F] is a 
univalent map of 2 — Q satisfying the desired interpolatory properties [Gordon and 
Hall, 1973]. 


ю(&) [F(n)] = Ф. (8)Е (0, n) + Ф()(1, n) (17.1.21а) 

ю(1)[Е(&)] = Ф1(т)Е(#, 0) + Ф: (х) (Е, 1) (17.1.21b) 
Then the tensor product projection 

PCE) pln) [Е] = Фм(&)Фм(т)Елм (17.1.22) 


interpolates to Е at four corners of [0, 1] x [0, 1]. Here Fyy matches the function at the 
four corners, but it may not match the function on all the boundaries as illustrated in 
Figure 17.1.7. Similar effects occur on all other boundaries. These discrepancies can be 
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Vs 


F N (0,1) 


Figure 17.1.7 Ем match the function at the four corners but not 
on all boundaries. 


removed by subtracting from the sum of (17.1.21a,b) a function formed by interpolating 
the discrepancies (17.1.22), which represents the Boolean sum projection [Coons, 1967]. 


U = [0(6) e от [F] = pE) FQ) + (т) FE) – pE) HO) [Е] (17.1.23) 


where the symbol Ф implies the tensor product and F(m) and F(é) are the parameter- 
ization of the sides of the domain and [F] represents the corresponding vertices. This 
matches the function not only at the corners but also at all boundaries. Here U is a 
transfinite interpolant to Е. The functions Фл(&) and Фм(т) given in (17.1.21) and 
(17.1.22) are referred to as blending functions. The most commonly used blending func- 
tions are of the Lagrange polynomial type 


U = (1—&)Е(0, т) + £F(1, n) + (1 — nF, 0) + nF, 1) 


—[(@—&)(@ — nF, 0) -- CL — £) FO, 1) + 0 =a) FC, 0) 4 СЕТ, 1)] 
(17.1.24) 


For a quadratic variation of boundaries, the blending function (ё) and (т) can 
simply be replaced by the quadratic Lagrange polynomials. 
The following rules are applied in choosing the transfinite interpolation functions: 


(1) Pick four points on Г and identify these as being the images of the four corners 
of Г. 

(2) These four points separate Г into four curve segments which we identify as 
being the graphs of the four vector valued functions F(0, n), F(1, т), F(é, 0), 
and F(é, 1), that is, the four segments of the boundary of Q are defined to be 
the images of the four sides of Q. 

(3) Use the formulas of F(0, т), КО, n), F(é, 0), F(£, 1) in (17.1.24) to define a bilin- 
early blended transfinite function U(é, т), and recall that U = F for points (£, т) 
on the perimeter of 2; that is, U maps the boundary of 2 onto the boundary of 2. 

(4) Test to see if the univalency criteria are satisfied, that is, Jacobian is nonsingular. 

(5) Higher order transfinite interpolation functions should be used if necessary 
(irregular boundaries). 


Grid generation for three-dimensional geometries using transfinite interpolation 
functions was studied by Coons [1967] and extended by Cook [1974]. The procedure in- 
cludes the surface nodal point mesh generator and volume nodal point mesh generator. 
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(a) 


Figure 17.1.8 Surface and volume point mesh generator. (a) Surface nodal point mesh generator. 
(b) Volume nodal point mesh generator. 


The transfinite interpolation formulas for three-dimensional problems are of the 
form 


U=[p(€) Фр(т) Ф (6) [Е] 
= (ё) [Fm £)] + (т) [Е(#, 21+ &G) EE, т)] 


– [PEMF] + қо (т) (6) [F] + pOL EF] + eE) оте (О [Е] 
(17.1.25) 


Consider the coordinate system as shown in Figure 17.1.8 in which the following 
relations can be established. 


Boundary 1: п=0, x= fit) y-g() 2= №(ё) 
Воџпдагу2: т=1, x= (E), у= 20(), z-h(t) 
Boundary3: £ 20, x= m), y-sgs(m. 2= hn) 
Boundary 4: €=1, x= fim. y=ga(n), z= hn) 


These definitions lead to the surface nodal point coordinates (Figure 17.1.8a): 


х(&, т) = (1 — т) fi(£) + nfo) + (0 5) fa) + € fan) 
– х (0, 0) (1 — £)(1 т) —x (1, 0) £(1 — n) 
— x (0, 1) (1 — £)n— x (1, 1) £n (17.1.26) 
Similarly for y(£, т) and z(é, т). 


For the volume nodal point mesh generator, we utilize the £, п, С coordinates nor- 
malized as follows (Figure 17.1.8b): 


Boundary edge 1: 4-0, €=0, х= f£). у=21(6),  z-(£) 
Boundaryedge2: п= 0, б=1, x= р(ё), y-—g(£) z-hx£) 


Boundary edge 12: 42 0, €=1, x= }№(6), у=а2((), z= "12(6) 

With these boundary edge functions, the linearly blended interpolation functions are 

x(&, т 6) = (1— (1 — £) fi(&) + (0 — me fal) + mE fs(&) +n — 6) fale) 
+A- — £) (т) + (1 — E fom + £6 Јат) +5 (1 — £) fs) 
+(@—&)(@—т) fo() + (1 — Еп Ло(б) +6 т fu (C) 
+E- т) /2(6) + СЕ, т 6) (17.1.27) 
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where 


c(£, тъ 6) = 


BIA — 5)(1 – та — £) x (0, 0, 0) + (1 — EC — nb x (0, 0, 1) 
+(1—&)n(1 — £) x (0, 1, 0) + —€)nE x (0, 1, 1) 
-£( - 9 – £) x (1, 0, 0) +5 (1 — ne x (1, 0, 1) 


+&1(1— )х (1, 1, 0))- £m£ x (1, 1, 1)] (17.1.28) 
Similarly for y(£, n, С) and z(&, n, С). 
It is desirable to write (17.1.27) in terms of boundary surfaces: 
Boundary surface 1: т=0, х= f,(& 6), у= 81(, 0). z-hi(& 0) 
2: q=1, x= ЈЕ, С), у=&›($. 6), z= (ё, C) 
3: 5=0, x= Јз(т 6), у=8з(бъ 6), 2= йз(т 6) 
4: & =1, x= fam, б), у=Е4(% b), z= ha, ©) 
5: б=0, x—fs(E m. у= 85(5, m. 2= 1546, m 
6: С = 1, x= nrc n), y= Е 6(, m), = he(£, т\) 


Thus, the boundary surface functions may be written in terms of boundary edge 
functions: 


х@ n 0) = -NTE оте ожа 730 0) 
+E fala Ә+(@—-0/5@ m + C (Е, т) + 2clE, v 0) 


(17.1.29) 
where 
ТЕ О = (1-5) ЛЕ) - € fol) + (1 8) (6) +& (6) 
-(1—&)(1—&)х(0, 0, 0) — (1 — 2) x (0, 0, 1) 
—£(1— £)x(1, 0, 0) - ë tx (1, 0, 1) (17.1.30) 


etc. 
With these coordinate transformation equations, the interior nodal point may be 


calculated if the interior nodal point can be described in terms of the £, т, С coordinate 
system and if the boundary surface functions are known [Cook, 1974]. 


Example 17.1.6 


Repeat Example 17.1.2 using the transfinite interpolation functions (Figure E17.1.6). 
The quadratic blending functions are 
1 
2(n- = ](n- 1 
(n >) (- 1) 


2(:-5)е-0 
-eu(uel 


—4&(&—1) 
ч) 


м) 


Pa) = Фм(т) = 
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xé, п) = -0+28)с п 


у@.)= (+25) л 


ven- em) 


n=0 


= ИМ 


Figure E17.1.6 Quarter-circle disk with TIF method. 


with the projections 
3 
9 [F] = У &y(é) (En, n) 
N=1 
3 
PrF] = > Oy (n) F (E, ту) 
N=1 


and the product projections 


з 3 

PE Юл [F] = У. У. y(E) Фм(т) Fln, nm) 
N=1 M=1 

Thus, the transfinite interpolation functions are 


U(E, n) = ф Ө lE] = olEF] + &x[F] – He x[F] 


3 3 
=> Oy(E)F (ënn) + У Фм(т) F E, пм) 


М1 M=1 
3. 3 
= x У Фм(&) Фм(т) Е (En. nm) 
N=1 M=1 


Thus, 


3 


[HE] = Done EERE омер [SE] 


= М=1 
з 3 x (ём, тм) 
-Y умео [Ет] 


№1 М=1 
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The primitive function F(£, т) is 


Ред = [у] = 


—(2 + 2ё)соз SM 
(2 + 2é) sin 7" 
Thus, 


-(2 + 267) cos 7m 


х (Е, 9] x 
UG, = | = Ф £) т 
(6 т) | 2| » м (2 + 2&y) sin т 


TF 
—(2 + 26) cos nw 


3 
+2, Фм(т) 
3 i (2+2ë)sin Sm 


т 
3 3 — (2 + 2&y) cos 5M 


- Y Y eq) eu(v) 


N=1 M=1 (2 + 22м) sin Sm 


The results are identical to those for the domain vertex method in Example 17.1.2. 

Additional discussions on algebraic methods will be presented for surface grid gene- 
ration in Section 17.3.2. Although algebraic methods are convenient if the geometry can 
be represented by simple analytical expressions, severe limitations would occur when 
the computational domain is complicated and suitable functional representation of the 
geometry is unavailable. 


17.2 PDE MAPPING METHODS 


Grid generation can be achieved by solving partial differential equations with the de- 
pendent and independent variables being the physical domain coordinates and trans- 
formed computational domain coordinates, respectively. These PDEs may be of elliptic, 
hyperbolic, or parabolic form. In general, PDE mapping methods are more complicated 
than algebraic methods, but provide a smoother grid generation [Thompson, Warsi, and 
Mastin, 1985]. 

In the following sections, we shall discuss the basic concepts of elliptic, hyperbolic, 
and parabolic grid generators, including their advantages and disadvantages. 


17.2.1 ELLIPTIC GRID GENERATOR 


17.2.1.1 Derivation of Governing Equations 


Let us consider a simply connected physical domain and transformed computational 
domain as shown in Figure 17.2.1. The basic idea stems from the fact that the grid 
generation in two dimensions is analogous to the solution of Laplace equations for 
stream function (фу) and velocity potential function (Фф). 


2y = 0 (17.2.1а) 
*b=0 (17.2.1b) 
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— 6 
(a) (b) 


Figure 17.2.1 Simply connected domain. (a) Physical domain. (b) Transformed compu- 
tational domain. 


Solutions of these equations are shown in Figure 17.2.2. Thus, we may now consider 
у — x and ф — y so that we intend to solve 


ах 3x 
zy = —— ——— 
У = а! зе 0 (17.2 а) 
ay ay 
A e =. ctc 722b 
V^y 2€ | дар (17.2.2b) 


Toward this end, we employ the curvilinear coordinates for the equation 
У?г=0 (1723) 


where г = (x, у, 2) and У is the curvilinear differential operator defined as 


У = T (г=4,2,3) (17.2.4) 


Velocity potential Streamlines 
or y-coordinates or x-coordinates 


(a) (b) 


Figure 17.2.2 Analogy of streamlines and velocity potential lines to the generation of x- and y-coordinate 
grid lines. (a) Physical domain. (b) Computational domain. 


17.2 PDE MAPPING METHODS 


with gi being the contravariant tangent vector, 


i д6 
i 0 Xy 


İm (17.2.5) 


Here xm refers to the cartesian spatial coordinates and ё; denotes the curvilinear coor- 
dinates. 
Using the standard tensor analysis, we obtain [Chung, 1988] 


=g -giri +g ита 
= gl (р'рр) jr; + gre 


= gir. + gT&r.; фајту (17.2.6a) 
or 
1 
к= —(Vge"rj) , =0 (17.2.6b) 
E DT 


where the comma denotes partial derivatives with respect to the curvilinear coordinates, 
Г”, represents the Christoffel symbol of the second kind, g is the contravariant metric 
tensor, and g is the determinant of the covariant metric tensor gi;. 

Equation (17.2.6) may be recast in the form 


r= рт + Pir; = 0 (17.2.7) 
where РЈ is known as the control function 
| Е " go 1 go. 
pi = gll 4 gi pk = gl 4-28 pi 
Si +8 ki Si xus g да) ki 
_ д ( дё =) дё; 0£j aX, де 
7 ӘБ Кдхадхт/ — дхт дхт IE DEK Әх 


with g'! = 0. 

Physically, the derivative of the contravariant metric tensor and the product of co- 
variant metric tensor and the Christoffel symbol of the second kind represent the de- 
formation process between the physical domain and the transformed computational 
domain. 

In particular, P/ represents control functions capable of inducing two lines or two 
points to be pulled (attraction, tension) or pushed away (repelled, compression) as ef- 
fected by the first derivatives and to be bent or twisted as dictated by second derivatives. 
'This behavior is analogous to the differential equations corresponding to normal and 
shear strains and flexural (bending and torsion) strains in elasticity. 

Notice that in this process of “deformation” or geometric transformation, the 
Laplace equation (17.2.3) has been changed into a Poisson equation (17.2.7). 

For three dimensions, (17.2.7) is expanded as 


(17.2.8) 


g r фи то + gra + 2g r A) + 2g? r 53 + 2g! r4 
+ Ріг + Рат) + Pr3=0 (17.2.9) 
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with 


1 ag 19 81 812 813 


= 20g. рде |821 82 823 
did Bein 831 832 833 


1} 


i 1 1 
g" = z (822833 = 823822). S = z 83811 ES 831813), S = z (811822 M 812821) 


1 1 1 
gS z (823831 — 821833), 8 = z (832821 —8282) & = z (831812 — 8811) 
Similarly for two dimensions, 


gri  g?r5 Ф2р гр + Рт + Pr2=0 (17 2Л0а) 
ог 
1 
z (827.1 + git? — 281гә) + Рт + P^r; = 0 (17.2.10b) 
with 
Steg руа 
8 = lij 821 822 


Е (3 + (2) Е (2. (2y | Ox Ox i дуду 
81 = JE ae)’ 82 = am дау” 812 = ВЕ Im ЗЕ Oy 


where the Jacobian J is given by 


Ox ду 
д д 
p | % 
дх ду 
дт On 


Note that the contravariant component Р! is the same as the physical component Р, 
since the control function is a scalar to be prescribed. 
Finally, we obtain from (17.2.10b) two equations, using the notation x; = дх/дЕ, etc: 


(o, + Yn) Xee + (x? + ж ји — 2(х&х\|+ YEYn) Xen = —Ј(Рж + Оха) (17.2.11а) 
апа 


(x2 + ye) vec + (х2 + YE) ут — 20s + УЕ Ул) Yen = —/?(Р» + Ду) _ (172416) 


with P, = P and Р, = О. 

Note that these equations are nonlinear and must be solved iteratively (о deter- 
mine the grid coordinate values (x, y). Geometries for this purpose are assumed to be 
amenable to one-to-one transformation (mapping) between physical domain and com- 
putational domain whether simply connected, doubly connected, or multiply connected. 
A typical doubly connected domain and a multiply connected domain are shown in 
Figure 17.2.3. Note that transformed computational domain is obtained by introducing 
the process of unwrapping of the doubly or multiply connected domain. In this way, 


"шешор poj»ouuoo Ad npn]A (4) `шешор рәзәииоэә Ajqnoq (в) `(әй^1-су) ѕшешор poj?ouuoo A[dnjnur pue Ajqnoq "2:41 әлпбн 


(ч) 
Urewop шешор рәуәәппоә 
' ureurop рәуәәипоә 
үепоцеупйшогу (є) Kidumu e jo 8ш@йелмигү (2) Kdor w aog шёшөр теза (1) 


зя ну Sa ig 


я '8 5g 
r 
4 
£ 
a SS 
a 3g g lg 
[4 
tg a 
(e) 
шешор m цопела 
шешор үепоцепйшоэ рәшојѕиет (c) poj»ouuoo Күдпор əy} јо 3uidderaur) (z) pue шешор poj»ouuoo Apqnoq (1) 
1 
M z У 
D 
4 
га tg 9 S— је: 
fg у 
ч 
tg 
о о 
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(a) (b) (с) 


Figure 17.2.4 Doubly and multiply connected domains (C-type). (a) Physical domain. (b) Transformed com- 
putational domain. (c) Final mesh. 


the arbitrary geometries are made structured into a square (2-D) and a cube (3-D). 
This type of grid is known as an O-type. Another type is the C-type, which occurs when 
the exterior boundary is rectangular and grid lines are in the horizontal and vertical 
directions (Figure 17.2.4). 

Prior to the generation of grids by solving the elliptic equations, it is preferable to 
obtain first preliminary grids using the algebraic method (vertex domain or transfinite 
interpolations). This information is used as a starter for the elliptic grid generation to 
obtain smoother grids. 

In general, along the airfoil, the grid may become skewed. This is undesirable in 
computations of flowfields. For a remedy, we seek an orthogonality of grids at the 
surface [Steger and Sorenson, 1980]. Consider a surface segment ds given by 


ds = (dx? + dy”)? = [(xgd£ + хат)? + (yed + adm]? (17.2.12) 
Here we set dë = 0 for orthogonality (constant ë line). Thus, we obtain 
ds = (xd + уг)г dq (172.13) 


ућеге 
(—х cos — y; sin Ө) 


(б +) 


(— у cos 0 + x; sin 0) 


Xn = Sy 


h= Sq 
e+) 
For 0 = п/2 (orthogonality) we have 
a Sa VE 
a = — 
уе + X) 
SX 
= 
(x +) 
ðs As 
5. = — = — 
"Әт: Ат 


The finite difference representation for the second derivatives of x апа у with respect 
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to п may be written as [Steger and Sorenson, 1980], 


—7Xi1 + 8x;,2 — Xi3 3x, (i, 1) 


: — Тул + Ву 2 — уз 3y(i1) 
Ут, D = 2A EC 


Solutions of elliptic equations (17.2.11) will proceed with central differences for the 
left-hand side terms (second order derivatives). The first order terms on the right-hand 
side may be forward-differenced for P > 0 and backward-differenced for О < 0. 

The control functions, P and О, are to be used for clustering of grids and are discussed 
in the following section. 


17.2.1.2 Control Functions 


In view of the governing equations (17.2.7) or (17.2.11a,b), we may seek to determine 
the control functions, P and Q, in the form 


| | H = H (17.2.14) 


where 


1 
R= ^ (x + Va) Xee + (x: + Ye) Xam — (XXn + Ve Yn) Xen] 


1 
S = =a [hen + Ya) vee + GE + у ут — 2088 еа) 
Solving for the control functions Р апа О, 
1 
P= 7 ^6 = 20) (17.2.15a) 
1 
Q= p «5 — XR) (17.2.15b) 


The one-dimensional case of (17.2.15) can be shown to be in the form 


pes |. 
92 ET: 


which physically corresponds to (17.2.8), representing the deformation process between 
the physical domain and transformed computational domain, in which the first and 
second derivatives imply compression or tension and bending or twisting, respectively. 
Thus, the control functions may be assumed to be of the form 


Р—=Р [a(é)e PE] (17.2.16a) 
Q = О етен] (17.2.16b) 
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Accordingly, we may adopt a form [Thompson et al., 1985] 


P(E, т) = — У га ЈЕ – &|ехр[—с; ЈЕ — 611] 
1=1 


УЬ — &lexp[-d y (E – &)# + m- m] 

= (17.2.17) 

OE.) = — У а m- wl exp[7ci In — mil] 
1=1 


т 


– bi m- т ехр[—@\/(& -—-Éj =a) | 
i=1 


where n and m denote the number of lines of & and y of the grid, respectively, with a; 
and b; being the amplification factors, and c; and d; being the decay factors. 
(1) Amplification factors (a;, b;): 
а; > 0 lines & are attracted to lines, ё; 
b; > 0 lines & are attracted to points (£;, т;) 


Similarly for т coordinates. 
(2) Decay factors (ci, di): 
These decay factors are to modulate the amplifications from a; and b;. 


For a; « 0 and b; « 0 the attraction is transformed into a repulsion. Obviously 
Р = О = 0 removes these effects. 

In summary, advantages and disadvantages of the elliptic grid generators are as 
follows: 


Advantages 


(1) Smooth grid point distribution is achieved. Boundary point discontinuities are 
smoothed out in the interior domain. 
(2) Orthogonality at boundaries can be maintained. 


Disadvantages 


(1) Computer time is large. 
(2) Control functions are often difficult to determine. 


Example 17.2.1 Elliptic Grid Generation and Comparison with TFI Method 
The results are shown in Figure E17 2.1, with all of them using the 51 x 31 O-type grid. 


17.2.2 HYPERBOLIC GRID GENERATOR 


Indealing with an open domain, the hyperbolic grid generator is well suited and efficient. 
This is because the solution of a hyperbolic differential equation utilizes a marching 
scheme, which is computationally efficient. There are two methods commonly used to 
develop a hyperbolic grid generator: one is the cell area (Jacobian) method, and the 
second is an arc-length method [Steger and Sorenson, 1980]. 
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Figure E17.2.1 Elliptic grid generation com- 
pared with TFI method. (a) Elliptic grid gener- 
ation without control function. (b) Elliptic grid 
generation with control function. (с) Transfinite 
interpolation approach. 
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17.2.21 Cell Area (Jacobian) Method 


In this method, we establish orthogonality of grid lines and a Jacobian relation as follows: 


(a) Orthogonality of Grid Lines 
OXm * OXn . 
812 = 81: 2 = zz lm’ де ln = 0 


дё 0& 
(хей + уе) (хуй + улр) = 0 


ог 
хех + Ye = 0 (17.2.18) 


(b) Jacobian Relation 
XY — Хау = J (E, n) (17.2.19) 


Here (17.2.18) and (17.2.19) represent a system of hyperbolic equations. These 
equations are nonlinear and may be solved using the standard Newton’s iterative 
scheme, with an algebraic grid to estimate the Jacobian. 

Initially, we assume that 

хЕў = ye + ay — хук (17.2.20) 
Dropping k + 1 for simplicity, the orthogonality and the Jacobian relation may be writ- 
ten, respectively, as 


xexk + бху — ХЁХЁ + укуй + уру, — УУ. = 0 (17.2.21a) 
and 
Xe Yh + XE Ya — XL — Жук — Aye + Ху = Ј (17.2.21b) 


We note here that 


хх + укук = 0 (17.2.22a) 
хур — хук = —J* (17.2.22b) 


Thus, (17.2.21a,b) can be rewritten as 


хехе + хЕха + VEY + YES = 0 (17.2.23a) 
xe Yh + XEYS — Хур — у = J + J* (17.2.23b) 


Let 
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Then 

AR: + BR, = H (17.2.24a) 
or 

CR; + К = ВН (17.2.24b) 
with 

C=B'A=— 


І Е п Жуп т Е | 
D (хуп (хт — УУ) 
k\2 k\2 

D= (x) +(%) 

Thus, (17.2.24b) becomes hyperbolic if the eigenvalues of C 
2 245 
Гед +09 
р 
are real. For real eigenvalues, we must assure that 
2 2 

(е) +(e) #0 

Now the solution of (17.2.24a) can be obtained with the use of central differences 
for €-derivatives and first order backward differences for y-derivatives. This will result 
in a block diagonal system, marching in the y-direction with an initial distribution of 
grid points on the surface and boundary lines given. At the boundaries either forward 
or backward differences may be employed, with the orthogonality conditions enforced. 
Further details are found in Steger and Sorenson [1980]. 


17.2.2.2 Arc-Length Method 


In this method, the Jacobian equation (17.2.19) is replaced by the relation defining the 
tangent line 


Si- = gi = £1 + 8n = FEE, т) (17.2.25a) 
or 

F(&, т) = Gili + уе) · (хей + уе) + (Оой + у). (хан + Улр) 

=x + yi HxH у (17.2.25b) 

This relation may also be obtained by 

ds? = dx? + ау? (17.2.26a) 
which represents an arc-length 

ds? = (%аё + хайт)” + (yedé + улат)? (17.2.26b) 
Setting Аё = Ay = 1, we obtain 

As = хр + у ty (17.2.27) 
Equating (17.2.25b) and (17.2.27) leads to 

Е(&, n) = As? (17.2.28) 
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The arc-length As may be specified by the user. For a constant &-line, we obtain 
As? = ха + ур (17.2.29) 


Linearization and finite difference approximations for (17.2.28) and (17.2.29) can be 
carried out similarly as in the cell area method. 

In summary, it is seen that the hyperbolic grid generation system is less general, 
although it is much faster than the elliptic generation system. The specification of the cell 
volume distribution avoids the possible grid line overlapping that otherwise can occur 
with concave boundaries. Disadvantages include boundary slope discontinuities being 
propagated into the field, with shocklike solutions possibly resulting in an unsmooth 
grid generation. 


17.2.3 PARABOLIC GRID GENERATOR 


The parabolic system provides a compromise between the elliptic and hyperbolic 
systems: 


(a) Diffusiveness: Propagation of boundary discontinuities are prevented similarly 
as in the elliptic system. 
(b) Marching scheme: Solutions are fast, similar to the hyperbolic systems. 


The governing equations are modified from the Poisson equations as [Nakamura, 1991] 


Xm — Ange = Sy (17.2.30а) 
Ул — Ау = Sy (17.2.30b) 


where А = constant and S,, S, = source terms. 

Here, the source terms act as control functions. Implementations of (17.2.30) are 
not as convenient as in the case of elliptic and hyperbolic systems, but the solution of a 
tridiagonal system for (17.2.30a,b) is much faster than the elliptic grid generator. How- 
ever, orthogonality is not achieved as directly as in the hyperbolic system. Implemen- 
tation of control functions through the source terms 5, and 5, remains undeveloped. 


17.3 SURFACE GRID GENERATION 


A surface mesh is a prerequisite for three-dimensional grid generation. Although the 
surface grid generation is considered a part of the unstructured three-dimensional mesh 
generation, it is often convenient to obtain the surface grid in a structured configuration 
using algebraic methods [De Boor, 1972; Bezier, 1986; Farin, 1988] or elliptic PDE 
methods [Warsi and Koomullil, 1991; Arina and Casella, 1991; Nakamura et al., 1991]. 
Itis possible to combine the algebraic or elliptic PDE approaches in a structured fashion 
close to the surface with unstructured grids elsewhere away from the surface. Such a 
scheme is particularly useful in boundary layer flows. 


17.3.1 ELLIPTIC PDE METHODS 


The elliptic PDE methods for surface grid generation require derivations of governing 
equations based on the theory of surfaces or differential geometries. A brief review of 
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the theory of differential geometry applicable to surface grid generation is given below 
[Chung, 1988, p. 229]: 


17.3.1.1 Differential Geometry 


Consider a reference surface characterized by a curvilinear coordinate system (é, ё?, 
&3 = 0) with an origin located at P by a position vector ro, as shown in Figure 17.3.1a. 
Here, the usual practice of writing the curvilinear coordinates in terms of contravariant 
component &' with indices placed as superscripts will be followed unlike in the previous 
sections. Let ё? be the distance along the normal to the reference surface (£? = 0) and 
йз = n be the unit normal vector. An arbitrary point О on the £3 coordinate is defined 
by a position vector r = x;i; where x;‘s are the cartesian coordinate (i = 1, 2, 3): 


r= xiij = ro + £85 = ro + £n (17.3.1) 


The tangent base vectors along the curvilinear coordinates ° (a = 1, 2) on the reference 
surface, often called the middle surface, are represented by the partial derivatives of ro 
with respect to £^: 


дг, 

дё 
Here, a, is the covariant surface tangent vector. Likewise, the tangent vectors along £* 
on the arbitrary surface at r are 


= Гоа = ag (17.3.2) 


д 
= = Га = Та + En, = ga (17.3.3) 
дё , > 
or 
Za = а, + En, (17.3.4a) 
and 


(17.3.4b) 


(a) (b) 


Figure 17.3.1 Surface geometry coordinates. (a) Surface geometry. (b) Covariant and contravariant com- 
ponents of metric tensors. 
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The reciprocal base vector or the contravariant component of the tangent vector a’ has 
the property (Figure 17.3.1b), 


aa; = $ (17.3.5) 
апа 
а= а%ар, а, = ава? (17.3.6) 


in which aag = a, · ag, a% = а“ . a are the covariant and contravariant components of 
the metric tensor, respectively. Note that а“ is the contravariant surface tangent vector 
normal to the £“ surface. It also follows that 


a® = g'" (El. 22, 0) а = Bop (E, E 0) 
а ag, = бу 


laap] = а = g (Е', 2, 0) 


1 
la^ = — 
а 
422 а11 412 
a = —, a? = —, a? T Å= (17.3.7) 
a a a 


An elemental volume bound by the coordinate surface is given by 
dQ = gid£! x рой? - gad£? = Уба 8) -gad£ld&^d£? = „Га а?а (173.8) 


The curvatures of a surface are defined through scalar products of the base vectors 
and the derivatives of the base vectors through the Christoffel symbols of the first kind 
(Tagy) and the second kind Гуз: 


Гову (E. 22,0) = ay :а, в = Гову (17.3.9а) 
Ios (E', 22,0) = a” -aup = –а, a = Г (17.3.9b) 
Гову = 5 (ay + аруа — дову) (17.3.9c) 
Гору = ayn Гы, Tap = Гу (17.3.9d) 


A scalar product of the normal vector n and the derivatives of the tangent base 
vectors is known as a curvature tensor: 


bog = N+ aag = —Aq па = Говз(ё!, £, 0) = bga (17.3.10a) 

bg =n- a% = –а“ пр = —T3,(é', £^, 0) (17.3.10b) 
Note that n: n, = 0, 345 = Га, = 0. Combining (17.3.9) and (17.3.10), we obtain 

а,в = Tagay + bagn = Гавуа“ + bagn (17.3.11) 

a’, = —Dl'g,a* + bgn (17 3115) 

ng = – ова“ = —bgaa (17 3110) 


In view of (17.3.4) and (17.3.11), it follows that 
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ба = да — ЕЗђВав = аи — E baga? (17.3.12) 
Bop = dag — 2E bag + (EP bay b) (17.3.13a) 
вз =0, 5-1 (17.3.13b) 


The changes in the position vector and the normal vector are given by 


dr, = гоа&* = agd Е“ (17.3.14a) 
dn = пад Е“ = —бовава 6“ (17314) 


The scalar products of (17.3.14) аге 


dro: dro = ds? = ro d£" - ro gd £P = ag d E“d EP (17 ЗЛ5а) 
Аг ·- Ап = а,46% -ngdé® = —bagd Ета £P (17 3155) 
dn-dn=n,dé&-ngdé® = (—bYay) · (—bga,) d ^d EP 

= Баба didt? = bY bgyd ва EP = ced Ва EP (17.3.15с) 


Here, dog, Рав, and Cag are called the first, second, and third fundamental tensors, 
respectively. 

It can be shown that the second order covariant derivative of any covariant compo- 
nent of a first order tensor is of the form 


Ai jk = (Айу) „— VigAri; 7 ГА 


= (Aij - Vj A) „— ГА, – Vrj As) — Г (А, — Г, As) 
= А jk == (Г А, = Di; Ark = ГА», + Ur; А; = ГА F ГрГр As 
(17.3.16a) 
Similarly, 
Ак = А к = (Г) 4 = ГА», = Г; j ^r. k + Г ‚кА, — T; Ai, [4 + гр ту, А, 
(17.3.16b) 
Subtracting (17.3.16b) from (17.3.16a) yields 
Aijjk Апы = Vil yj As — (Г) „А, — ГГА + (Г) А 
= [( n» - (rfj) p+ ГЕГУ = ГГ] А, 
кА, (17.3.17) 


where Кү, 1s a mixed tensor of order four, known as the Riemann-Christoffel tensor 
of the second kind. Since the left-hand side of (17.3.17) is zero, it follows that 


Кү, ук = = 0 (17.3.18) 
The associated tensor 


Rijki = gir Rix (17.3.19) 
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is the Riemann-Christoffel tensor of the first kind, which may be written in the form 


1 
Rijn = z (Ei. jk + Pet — Bik jl Bun) E (T jkm iln Гу ikn) (17.3.20) 
Кра = — Крм = —Rijik = Кај (17.3.21) 


which implies that Ку is skew-symmetric in ij and kl. We also note that there are six 
different components of Ку, namely, 


R3131, R3232, Куә, R3132, R212, R3112 


The Riemann-Christoffel tensors for the reference surface with Е3 = 0 are often of 
the form 


À _ ГА À À u pA 3 А 3 À 
Кару = Voy p — Tapy + Pap Pup — Topl uy + ГауГзв — ГавГзу (17.3.22) 
or 
л — pr 3 pÀ 3p _ 
Кору = Rog, + ГруГза — DD = 0 
3 3 3 3 3 
Ras = DES E Dis + I Tag = Ров my =0 
т 3 3 
Rs = гаг. = Lem D = bag (—bY) Бр Dey (5) 


Rysgy = а, Reg, = Day big — Баруу 
From the symmetry of Is and bag, we obtain 
Reg, = Ropyy (о, y are not summed) 
and 
Крр = Куд = -Ran = – Кол 


Hence, every nonzero component of Круз is equal to Воо or to — R1212, and it follows 
that 


Rio = |bagl = bub» — bj; (17.3.23) 
We introduce an invariant K, called the Gaussian curvature: 


Кор |bog| 


К = = 
а [dog | 


= || = 5155 — 5561 (17.3.24) 


Another important invariant, H, called the mean curvature of the surface, is of the 
form 


1 1 1 
Н = а® = оба = 2 (1 + b3) (17.3.25) 


Since Rigy also vanishes, we obtain from (17.3.22) that 


3 3 3 3 п p3 
By, = Гав 7 Tapy + Tay Vig + Pig T my 


= Рау, в z Бор у F id by = Uis Doy 
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Defining Був = bay,g — Darl xg — b, T àg we have 

bayip = bagly (17.3.26) 
which represents either of two equations, namely, 

612 = Рр 1 ОГ bua = Бр (17.3.27) 


These equations, (17.3.27), are called the Codazzi equations of the surface and are useful 
in establishing compatibility of deformations. 


17.3.1.2 Surface Grid Generation 
Returning to (17.3.11a), we write the derivative of the surface tangent base vector as 
dup = Гор = T'ogEo,y + bagn (17.3.28) 


where r,, the position vector to the surface, implies the cartesian coordinate values of 
the surface grid. Multiplying (17.3.28) by а°Ё, we obtain 


а Pr, ug =a T'ogFo.y + а°% ban 


= РҮг, у +a bpn (17.3.29) 

where 

Рт (17.3.30) 
is the control function. Note also that 

8 P bag lsurface = a® bag = bà (17.3.31) 
This is known as the principal curvature, which is twice the mean curvature (17.3.26). 

It is seen that if the surface is degenerated into a plane, then b* = 0 (zero mean 
curvature), and (17.3.30) becomes identical to that of a two-dimensional plane geometry 


as given in (17.2.7). 
The governing equation for the surface grid generation takes the form 


а о + а r, n + 2а!?к ә = P'r,4 + Р?х„» + (bi + b3) n (17.3.32a) 
or 
1 
z (92го +а го — 24121542) — Piro — Pro; = (51 + b3) n (17.3.32b) 
with 
ХЕЕ Xmm Xen Xe ж 0 
Toll = | УБ |, Го22 = | Ym |), Го,12 = | Yen |, ма = ЈУ У 
ДВЕ Zm Zén ZE Zm 1 


ап =x +y + % 
ад = ха + у + 2 


012 = X&Xq + уг Yn + Zt Zq 
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aP bag = by =N: а. = а". Па = -r% (ët, £^, 0) = m up 
= — (а Tii  aPT135 + a? T531 + a? T232) (17.3.33) 
with 
al! = У fa fea АЕ 
a’ a’ a 
д? Xm OXm 8?xi Ox] 920 0X2 32x3 0X3 
Гезв = = = 17.3.34 
38 = 3E«gE3 DER DECOES DEB | DESDE? DEB | EOE? DEB ( ) 


Example 17.3.1 


Consider surface coordinates (x, y, z) given as 


. TX . TY 
= , , Бо =h =a "D 
z= f(x,y), eg, 2 sin А sin B 


(a) Surface Area 


dA= (1+2 + дахау 


(b) Surface Unit Normal Vector 
= а х аз 


Ja 


n= nj ij, 


= == 
n = ==, m=- п 
АРЕНЕ) IER FZ 


(c) Surface Length Element 


ds = MIT + &)4х? + 2zxzydxdy + (1 + 22)dy? 


(4) Principal Curvatures 
P (1+ @)х = 2&4®у+ (1+ Zp) By 


3 
Пе и |" 


Example 17.3.2 
Prolate ellipsoid defined by 


х = а сов (, у= Бѕіп cos, = Ьзїп б ѕіп С 


1 
= ————— 
у1+@+, 


From (17.3.33) and (17.3.34) we obtain the curvature tensor as 


—a[a? sin? ¢ + b?(1 + cos? £)] 


Бе = 5 = 
b (a? sinf & + b? cos? б)? 


а 
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The governing equations (17.3.32) may be solved using finite differences or finite 
elements. Control functions can be selected similarly as discussed in Section 17.2. These 
functions are set before the solution algorithm begins, either directly through input or 
by calculation from the boundary point distributions. 


17.3.2 ALGEBRAIC METHODS 


In algebraic methods, we are not concerned with differential equations, but rather 
involved in points, curves, elementary surfaces, and the global surface. Earlier works on 
this subject include Coons [1967], DeBoor [1972], Bezier [1986], Farin [1987, 1988], and 
George [1991], among others. 


17.3.2.1 Points and Curves 


Control points which are used in defining some higher order entities (curves and sur- 
faces), points of the curves and surfaces, and the points created by the mesh generator 
are to be addressed in the algebraic methods. 

A point is given either explicitly or is the result of a computation (intersection of 
two curves). Furthermore, the points given can be present in the surface approximation 
or else merely serve as supports for information. In this case, they will not exist in this 
approximation but are used to define the set of points to be created on the surface. 

The curves are created from points and relatively complex functions to ensure cer- 
tain continuity properties (in particular at the junction of two curves). Three types of 
construction can be established: 


(a) The curve is defined by points and passes through them. 

(b) The curve is defined by points but does not necessarily pass through them. 

(c) The curve is defined by points and additional constraints such as directional 
derivatives. 


We are now confronted with the problem of constructing a piecewise polynomial 
function of s, of degree n and of class СЇ in s; with 0 < r; < n, such that 


C(s) 2 SMQ (17.3.35) 


where M is the matrix of coefficients of dimension (n + 1) x (n + 1), with S and Q being 
the basis polynomials of the representation (a line vector) and the control (column) 
vector so that 


S= [s”, 8”-1,...,5,1] (17.3.36a) 
Q= |, qis s Fast, Gor Gy ++, Qaa] (17.3.36b) 


To illustrate, we shall examine the Lagrange polynomial, Hermite polynomial, and 
Bezier curve. 
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(a) Lagrange Polynomial 
The Lagrange polynomials in the context of (17.3.35) are written as 


C(s) => i(s) Qi 17337) 
ї=0 
with 
‘y= П zo (17.3.38) 
= 


in which n + 1 specified points are involved and 


Ф (8) = $; 
C(si) = О; 
With these definitions, the recurrence formula for (17.3.37) becomes 
CMs) = 3m — om Цу 12 8 стуу = 0 (17.3.39) 
Si4m — Si Sim — Si 


with i 20,...n —m,m = 1,...n, which is known as the Aitken's algorithm. 
Notice that (17.3.35) and (17.3.39) are identical. To see this, let us consider n — 1. 
Then, (17.3.35) becomes 


1 1 
_ 50—85] 8] — 8 Qi] =1 14 
cues dee e | |= H5 ДЕ 
So — 51 51 — 50 
= П==4јо +sQ2 


The same result arises from (17.3.38). 


Similarly, for п = 2, we obtain 
1 1 1 


(So — 51)(5о — 52) (s1 — 50)(51 — 52) (52 — $0) (82 — 51) 


Qi 


Ge) (пр за – Cowes) | 2 


—S1 — 82 —So — $2 —So — 51 


C(s)=[s s 1] 


S152 5052 5051 


(So — 51)(5о — 52) (81 — 50) (51 — 52) (8 — 50)(52 — 51) 


2 -4 2 О, 
C(s) = [52 s ЈЕ 4 JH 
1 0 0 Q3 


= (252 — 3s + 1) Q1 + (—45° + 45) О» + (252 — s) О» 


It is seen that this is the second order Lagrange polynomial representation. 


or 
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(b) Hermite Polynomial 
Proceeding similarly as in the Lagrange polynomial, but with derivatives of Q, we 
write for n = 3, 


mE -3 3—27 —1 
S-[s 5 s 1)  О=[ф а фф hl M=| у gy 1 0 
1 0 0 0 


representing the cubic Hermite polynomials. 


(c) Bezier Curve 
An algebraic form of this approximation uses the Bernstein polynomials of the form 


C(s) = у dsl 5)! Q; (17.3.40) 
i=0 
with 
п! 
йы. e. 17.3.41 
i = (n- iyi! ( ) 


for which the matrix of coefficient takes the form 


-1 3 -3 1 
3 -6 3 0 . 

М = _3 3 0 0 with 5 = [57 52 s 1), О = [9 a Ф аз] 
1 0 0 0 


(17.3.42) 


These polynomials can be shown to be identical to the cubic Hermite polynomials 
if we consider a third degree polynomial satisfying the following four constraints: 


С(0= Q, С(1)= Qn 
60) = 0, С() = 0 
To this епа, we set 
С,(5) = aj + bis + cis? + dis? 
and obtain 
Qi = ai 
Qi. 1 — aj + bi t cj + di 
Q; =b; 
Она = bi + 2с; + 3d; 
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This gives 
2 —2 1 1 
р ; —-3 3 -2 -1 
pals a s 1], Q=[Q Qm d Qul. M= стола 
1 0 0 0 
(17.3.43) 


Here, C;(s) = SMQ represents the cubic Hermite polynomial. 

Another example is given for the case involving four consecutive points. (0; 1, Qi. 
Ола, Qi42) with a cubic polynomial mapped between [0, 1] and the curve passing 
through Q; and Qj,, and its tangent at these points being fixed to the value Q; = 
5(Q,,, — Q;). These conditions lead to 


Qi = ai 

Qiii = ai + bi + ci + di 

Qi+1 — Qi-1 = 2; 

Qi+2 — Qi = 25; + 4ci + 6d; 
and 


S-[? 52 s 1], Q=[qi qi qim аю]. M 3|-1 0 1 0 
0 2 0 0 


(17.3.44) 
This is known as the Catmull-Rom form. 
A general form of (17.3.44), called the cardinal spline basis, is given as 
a 2-а a-2 a 
2a а-3 3- 2а —а 
М = a 0 | 0 (17.3.45) 
0 1 0 0 


where a = 1 leads to the Catmull-Rom form. 
Similarly, the coefficient matrices for B-spline and Beta spline forms are given as 


follows: 
B-Spline 
= ® =з 1 
113 -6 3 0 
Me lso озо (17.3.46) 
1 4 1 1 
Beta Spline 
—283 2(B2+B? +В +В) —2(&+В +В +1) 2 
1 | 68: -3 28) + 2p? 3 282 0 
= — id i ^ Re d Bora (17.3.47) 
А | —6В 6(Bj — Bi) 6B; 0 
28) — B2+4(B? + Bi) 2 0 
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with A = B2 + 2B? + 48: + 4В1 + 2. For Bı = 1, В = Othe classic B-spline form is found 
there, B; (the bias) and B» (the tension) are introduced in B-spline form in order to 
control the curve by moving it toward the control points. 


17.3.2.2 Elementary and Global Surfaces 


Тће different methods to construct a curve can be extended to a surface by using tensor 
product in two or three directions. 


C(s, и) = SMQ(u) (17.3.48) 
with 
Q(u) = UM Qij) (17.3.49) 


where i denotes the dependence with respect to parameter s and j that with respect to 
parameter и, U is the equivalent in и to S (i.e., the associated basis polynomial), and 
Qi), is a (n + 1) x (n + 1) matrix constructed on control points. Substituting (17.3.49) 
into (17.3.48) yields 


C(s, и) = SMOG MU" (17.3.50a) 
or 
C(s, u) = > | bijsiuj (17.3.50b) 
i=0 j=0 


where b;; depends on the method selected (n and m being arbitrary). In case of the 
Bezier form, C(s, u) can be expressed in terms of the Bernstein polynomials: 


Bes) = C's'(1 — sy? (17.3.51) 
so that 
C(s,u) = У У B'() B(s) Qaj (17.3.52) 
i=0 j=0 


This represents the surface by Bezier patches leading to quadrilateral elements 
(Figure 17.3.2a). To produce triangular patches (Figure 17.3.2b), we use the polyno- 
mials 


ТК! 


Bi (r, s, t) = risit, i+j+k=n (17.3.53) 


Figure 17.3.2 Quadrilateral and triangu- 
lar element patches. (a) Quadrilateral 
element. (b) Triangular element. 


(a) (b) 
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Figure 17.3.3 Basis patches. (a) Hole inside. 
(b) Deformed corner. 


(a) (b) 


where ғ, s, denote the barycentric coordinates, О; к, representing a series of points 
representing a triangular network acting as control points. 

A global surface is defined as a series of elementary surfaces. Let us consider two 
cases: (a) a patch with a hole (Figure 17.3.3a) and (b) a patch deformed at one of its 
corners (Figure 17.3.3b) for which the region of interest is the zone remaining or its 
complementary. 

Let us consider the Catmull-Rom form of the third degree. The surface is described 
by a series of patches which are constructed using the control point s and the represen- 
tation chosen. Each patch is joined to its neighbors with the properties present in this 
representation. 

The surface is defined by a coarse grid, derived from the control points used in 
the case of the description for the Catmull-Rom method. Thus, to define a grid on the 
surface which includes n; divisions in one direction (s) and m in the other (и), one has 
to provide n; + 3 series of n2 + З control points. The end points only serve to define the 
shape of the surface by its boundary. Each patch is then determined by its four points 
and by the points of its neighbors (Figure 17.3.4), passing through the four points which 
define it and sharing a continuous junction with its neighboring patches as the points of 
the latter are taken into account in its definition. 


17.3.2.3 Surface Mesh Generation 


Assume that the surface under consideration is known by aseries of elementary surfaces 
of the types described above. The global mesh can be seen as the union of the different 
elementary surface meshes. In order to obtain a valid mesh, we ensure that any point 
common to two patches must be defined in the same way in each patch that contains it. 
This implies that the lines bordering each patch are meshed in the same way in all the 
patches containing them. 


(b) 


Figure 17.3.4 Surface description by patches. (a) Curved line patches. 
(b) Straight line patches. 
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Toward this end for each boundary line when considering a patch processed pre- 
viously, we now perform discretization, compatible with the previously meshed lines. 
The global surface is obtained using, for example, the Catmull-Rom form of the third 
degree. 


Example 17.3.3 


Describe in detail the implementation of a Bezier curve for surface grid generation. 


(1) Initial Step 

A global surface is obtained from the union of elementary surfaces or patches. For 
the Catmull-Rom method, the surface is defined by a coarse grid of patches derived 
from user-specified control points. To define a grid on the surface which has n divisions 
in the s-direction and m divisions in the u-direction requires (n + 2) x (m + 2) control 
points. The extra end points serve to define the shape of the surface at its boundary. Each 
Bezier patch is then determined from its four points (the vertices of the quadrilateral 
element) and the points in its corresponding neighbors. 


(2) Valid Mesh 

In order to obtain a valid mesh, we must ensure that any point which is common 
to two patches is defined in the same way for each patch that contains it. This implies 
that the lines bordering each patch are meshed the same way in all patches containing 
them. 


(3) Creation of Mesh 
When all the lines forming the boundaries of the patches have been discretized, the 
mesh of all the patches is created as follows: 


(3-1) If the patch is quadrilateral or triangular and if none of its boundary lines 
contains intermediary points, then it is considered an element of the mesh. 

(3-2) If the patch is quadrilateral or triangular and if all of its boundary lines contain 
a given number of intermediary points compatible with a regular partitioning, 
then it is meshed by a suitable method. For example, use the Catmull-Rom 
method as follows: 


Step 1 


dofori 20andi 2 N 

do for j = 0to M, do 

Consider the location in А of node (i, j) (located on a boundary line previ- 
ously meshed) 

Compute values of the associated parameters 
end do for j — 0 to M; 

end do fori = 0 and i = N 

for j = 0 and j = M, do 

for i = 0to N, do 

Consider the location in А of node (i, j) 
Compute values of the associated parameters 
end do for = Ото N 
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end do fori = 0andi = M; 
end do for Step 1: 


Step 2 


Create the mesh in space (t, и) of the unit square [0, 1] x [0, 1] as a function 
of its boundary discretazation 
end do for Step 2 


Step 3 

do, for i = 1 to N — 1, do 

for j = 1 to M — 1, do 

Definition of Connectivity: the vertices of the element created have the fol- 
lowing couples as vertex numbers: (i, j), (i +1, j), (i+1,j+1) and 
(i, ] + 1), each of which will have a global number associated with it 
Compute Vertex Location: evaluate t and u corresponding toi and j and find 
the location using C(t, и) = У) 27; o bijt'u! with Pj; the matrix of control 
points 

епа до for j = 1 to М — 1; 

end до fori = 1 to N — 1; 


(3-2) Any two-dimensional method can be implemented in (t, u) space, the problem 
being to know if the mapping in А of mesh points in the space of parameters 
is valid, close to the surface, and good quality. 


Example 17.3.4 


This example is based on the surface grid generation via Bezier curve polynomials 
[Warsi, 1992]. Figure E17.3.4a shows a generic forebody surface grid of an aircraft, with 
the number of points increased in the canopy region (Figure E17.3.4b). Discontinu- 
ities in a surface may be handled easily by selecting appropriate patches so that spline 
constructions do not occur at the discontinuities. 

Figure E17.3.4c shows a set of curves generated for a generic re-entry vehicle as 
an example of curve generation and editing facilities. Since actual surface definition 
data are not available, each of the curves shown is generated with the curve segment 
generator in the program. The majority of the curves are generated using the Bezier 
generator, and the complex curves at the trailing edge of the wing are generated by 
appending multiple Bezier curves, elliptical, circular and straight line segments. 

Figure E17.3.4d shows the initial surface grid generated for the generic re-entry 
vehicle using the previously designed curves shown in Figure E17.3.4c, and the surface 
generation facilities of splining cross-sectional data and transfinite interpolation with 
specified edge curves. The final surface grid for the generic pre-entry vehicle after using 
the surface editing facilities is shown in Figure E17.3.4e. Notice that grid distributions 
are now much smoother and point resolution in areas of interest is better, while the 
original surface geometry is maintained. 

A sample far-field boundary and blocking arrangement for the entry vehicle after 
performing a domain decomposition is shown in Figure E17.3.4f, with the mesh on se- 
lected block faces around the re-entry vehicle shown in Figure E17.3.4g. Figure E17.3.4h 
shows a global view of the surface grids generated for a win/pylon/lead configuration. 


17.4 MULTIBLOCK STRUCTURED GRID GENERATION 


(а) [hi 


Гс) [di 


Figure E17.3.4 Surface grid generation via Bezier curve polynomials [Warsi, 1992]. 
(a) Generic forebody surface grid. (b) Enrichment of grid points in canopy region of 
forebody surface. (c) Surface definition curves for generic re-entry vehicle. (d) Initial 
surface grid for generic re-entry vehicle. 


Figure E17.3.4i shows some details of the surface grids in the wing/pylon interaction 
region. 


174 MULTIBLOCK STRUCTURED GRID GENERATION 


An efficient approach to the grid generation in complex domain, particularly in three- 
dimensional geometries, is to establish block configurations initially, construct the grid 
with increasing details, and make modifications on an existing grid with minimum re- 
strictions. Such a sequential procedure is known as multiblock grid generation, which is 
conducive to parallel processing to be discussed in Section 20.4. Ecer, Spyropoulos, and 
Maul [1985] presented the multiblock structured finite element grid generation. Brief 
descriptions of this approach are given below. 

A convenient way of generating the finite element multigrid system is to use isopara- 
metric elements in 2-D or 3-D. Linear, quadratic, or cubic interpolation functions may 
be used to divide the domain roughly by a desired number of blocks, each of which will 
then be subdivided into as many elements as required for computation. For geometries 
with a pointed nose or leading and trailing edges of an airfoil, it is necessary to use 
wedge type elements such as a triangle collapsed from a quadrilateral element for 2-D 
(see Example 9.3.5) or the counterpart for 3-D with a tetrahedron collapsed from a 
hexahedron. 

Consider the modeling of a complete aircraft geometry as an example. The geomet- 
ric modeling package provides information in three steps as shown in Figure 17.4.1a 
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Figure E17.3.4 (continued) (e) Final surface grid for generic re-entry vehicle. (f) Example 
farfield and blocking arrangement for re-entry vehicle. (g) Grids on block faces around re- 
entry vehicle. (h) Surface grids for wing/pylon/load configuration. (i) Detail of surface grids 
in the wing/pylon intersection region. 


by digitizing points on several sections [Figure 17.4.1a(1)]. These digitized points are 
connected by a series of B-splines and through Boolean operations [Figure 17.4.1a(2,3)]. 

The next step is to describe the blocks surrounding the aircraft. It is convenient to 
define four regions with two of them [I and II of Figure 17.4.1b(1)] for radial directions 
and another set of two regions [III and IV of Figure 17.4.1b(2)] for two pairs of wings 
along the aircraft. As a result, the block structured for the developed aircraft grid is 
obtained as shown in Figure 17.4.1b(3) with the coordinate system of radial, tangential, 
and longitudinal directions. It is shown that there are 336 blocks with the inner two 
subvolumes having smaller number of blocks than the outer subvolumes. Figure 17.4.1c 
shows the resulting grid generated around the nose. 
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17.5 SUMMARY 


Algebraic methods and PDE mapping methods constitute the two major schemes used 
in the structured grid generation primarily for FDM applications. The algebraic methods 
consist of domain vertex methods and transfinite interpolation methods, whereas the 
PDE mapping methods require solutions of elliptic, hyperbolic, or parabolic partial 
differential equations. We examined the methods of surface grid generation, using both 
elliptic PDE methods and algebraic methods. 

It was also shown that the use of multiblock structured grid generation is particularly 
effective in FEM applications. In some complex geometries, however, unstructured grid 
generation is advantageous, particularly in terms of adaptive mesh. This subject will be 
presented in the next chapter. 
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CHAPTER EIGHTEEN 


Unstructured Grid Generation 


The structured grid generation presented in Chapter 17 is restricted to those cases 
where the physical domain can be transformed into a computational domain through 
one-to-one mapping. For irregular geometries, however, such mapping processes may 
become either inconvenient or impossible to apply. In these cases, the structured grid 
generation methods are abandoned and we turn to unstructured grids where transfor- 
mation into the computational domain from the physical domain is not required. Even 
for the regular geometries, an unstructured grid generation may be preferred for the 
purpose of adaptive meshing in which the structured grids initially constructed become 
unstructured as adaptive refinements are carried out. 

Finite volume and finite element methods can be applied to unstructured grids. This 
is because the governing equations in these methods are written in integral form and 
numerical integration can be carried out directly on the unstructured grid domain in 
which no coordinate transformation is required. This is contrary to the finite difference 
methods in which structured grids must be used. 

There are two major unstructured grid generation methods: Delaunay- Voronoi 
methods (DVM) and advancing front methods (AFM) for triangles (2-D) and tetrahe- 
drals (3-D). Numerous other methods for quadrilaterals (2-D) and hexahedrals (3-D) 
are available (tree methods, paving methods, etc.). We shall discuss these and other 
topics in this chapter. 


181  DELAUNAY-VORONOI METHODS 


A two-dimensional domain may be triangulated as shown in Figure 18.1.1a (light lines). 
Each side line of the triangles can be bisected in a perpendicular direction such that 
these three bisectors join a point within the triangle (heavy lines in Figure 18.1.1a), 
forming a polygon surrounding the vertex of each triangle, known as the Voronoi 
polygon (diagram) [Voronoi, 1908]. A collection of Voronoi polygons is known as the 
Dirichlet tessellation [Dirichlet, 1850], and the resulting triangles as Delaunay triangu- 
lation [Delaunay, 1934]. 

Any three points in the plane may be connected by a circle, called the circumcircle 
(Figure 18.1.1b). The center of this circle, called circumcenter, may (triangle ABC) or 
may not (triangle DEF) remain within the triangles, although perpendicular bisectors 
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Figure 18.1.1 Delaunay triangulation with Voronoi polygon, and 
triangle’s circumcircle. (a) Delaunay triangulation and Voronoi poly- 
gon. (b) Triangle and its circumcircle. 


of sides of both triangles meet at the circumcenter. Here triangle ABC is accepted 
whereas triangle DEF is rejected, an obvious preference toward a triangle as close to 
an equilateral triangle as possible versus distorted triangular shapes. 

The above geometrical requirements call for distinct points in the plane, А, 
P,,..., Py with the sets V; (i = 1, 2,..., N) such that 


У = {x: |х — RI < lx — Pill, Vj # i} (18.1.1) 


Thus, V; represents a region of the plane whose points are nearer to node Р, than any 
other node and is an open convex polygon (a Voronoi polygon) whose boundaries are 
portions of the perpendicular bisector lines joining node Р, апа P; when V; and Vj аге 
contiguous. Connecting the node P of adjacent polygons forms a triangle 7;. The set of 
triangles (1) constitutes the Delaunay triangulation. 

A triangulation must satisfy the in-circle criterion that no point of the set P; is 
interior to the circumcircle of any triangle Т(Р;). This criterion may be demonstrated 
in Figure 18.1.2 in which triangles A-B-C and A-C-D are avoided, but instead triangles 
A-B-D and D-B-C are chosen. 

In implementation of Delaunay-Voronoi methods, various algorithms have been 
developed. Among them are the Watson algorithm [Watson, 1981; Cavendish, Field, and 
Frey, 1985] and Bowyer algorithm [Bowyer, 1981; Weatherill, 1992]. These algorithms 
are presented below for 2-D geometries. Extensions to 3-D geometries are also included. 


1811 WATSON ALGORITHM 


Consider that three given nodes will form a Delaunay triangulation if and only if the 
circumdisk (interior of the circumcircle) defined by these nodes contains no other node 
points in its interior. In effect, Watson's algorithm is to reject, from the set of all possible 
triangles which might be formed, those with nonempty associated circumdisks. Then, 
those triangles not rejected form the Delaunay triangulation. 

In practice, the procedure begins with inserting nodes, one by one, re-triangularizing 
upon insertion of each node. The detailed procedure is as follows: 


(1) Initialize the algorithm by calculating the x and y coordinates of boundary points 
surrounding all the node points to be inserted (Figure 18.1.5). Also calculate the 
circumradius and x and y coordinates of the circumcircle. 


18.1 DELAUNAY-VORONOI METHODS 


(d) 


Figure 18.1.2 А triangulation must satisfy the in-circle criterion that no point of 
the set P; is interior to the circumcircle of any triangle Т(Р,). (a) Undesirable tri- 
angle, maximum-minimum criterion is not satisfied. (b) Desirable triangulation 
maximum-minimum criterion is satisfied. (c) Unacceptable because the circum- 
circle ABC includes point D interior to the circumcircle. Similarly, if circumcircle 
ACD is drawn, then B will be interior to it. (d) Acceptable because no point is 
interior to the circumcircles (ABD or BCD). 


(2) Introduce a new point. 

(3) Conduct a search of all the current triangles to identify those whose circumdisks 
contain the new point. For each such disk, the associated triangle is flagged for 
removal. 

(4) With the union of all such triangles, an insertion polygon is formed. Here no 
previously inserted node is contained in the interior of the polygon. Also, each 
boundary node of the polygon may be connected to the new node by a straight 
line lying entirely within the polygon. These lines form a new triangulation of 
the region, which can be shown to be a new Delaunay triangulation. 

(5) Repeat Steps 2 through 4 until all nodes have been inserted. 


To illustrate the procedure described above, consider triangle 2-4-6 and neighboring 
triangles 1-2-6, 2-3-4, and 4-5-6 as shown in Figure 18.1.3a. Introduce a new point inside 
the triangle 2-4-6 (denoted by 7). Each triangle has a circumdisk as defined by the 
circles containing all three vertices. By default, a new point lies on the circumdisk 
of the new triangle upon which it was introduced. Check to see if the new point lies 
within the circumdisk of the neighboring triangles by comparing the distance between 
the new point and the circumcenter to the radius for each triangle. Point 7 lies within 
the circumdisks of neighboring triangles 2-3-4 and 4-5-6, but not triangle 1-2-6 as 
shown in Figure 18.1.3b. Flag those triangles for removal that have circumdisks which 
contain the new point. In the example, triangles 2-3-4, 4-5-6, and 2-4-6 are flagged for 
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Figure 18.1.3 Watson algorithm of Delaunay-Voronoi method. (a) Initial stage. (b) New point 
7 and circumcircles for all triangles. (c) Flag triangles for removal. (d) Triangulated insertion 
polygon and new triangles. 


removal. Find the insertion polygon, the polygon remaining after the flagged triangles 
have been removed. The insertion polygon, which contains the flagged triangles, is 
shown in Figure 18.1.3c. When the insertion polygon is triangulated, the number of 
triangles is increased by the number of sides of the polygon. The sides of each triangle 
are the sides of the polygon plus the straight lines from the end points of the sides to 
the new point as shown in Figure 18.1.3d. 

For 3-D geometries, we begin with a tetrahedron containing all the points to be 
inserted. New internal tetrahedra are formed as points are inserted one-by-one. This is 
done by testing a new point to determine which circumballs (interior of circumsphere) of 
existing tetrahedra contain the point. These tetrahedra are removed, leaving an insertion 
polyhedron which contains the new point. New tetrahedra are created by forming edges 
connecting the new point to all triangular faces of the insertion polyhedron. There exist 
some difficulties with the Watson algorithm which must be addressed: These are the 
problems of degenerate cases and slivers [Cavendish et al., 1985]. 

Degenerate cases occur in practice when a newly inserted node appears to lie on 
the surface of the circumsphere associated with an existing tetrahedron. The problem 
becomes apparent when the distance from a newly entered nodal point to an existing 
circumsphere is less than the accumulated truncation error. When this happens, there 
is a danger of making an incorrect or inconsistent decision regarding acceptance or 
rejection of a given tetrahedron. This in turn produces structural inconsistencies in 
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(a) (b) 
Figure 18.1.4 Treatment of undesirable of elements: (a) silver (badly dis- 
torted, D being slightly out of the plane of A-B-C) (b) Share a common 
vertex at E. 


the mesh (overlapping tetrahedra or gaps in the mesh). A solution to this problem 
is to slightly perturb the coordinates of a newly entered point whenever that point is 
found to lie ambiguously on a circumsphere. At the completion of the triangulation, all 
perturbed nodes are restored to their original positions. 

A sliver is a thin, badly distorted tetrahedron whose faces are well-proportioned 
triangles but whose volume can be made arbitrarily small (Figure 18.1.4a). In practice 
these are identified when the ratio 


radius of inscribed sphere 


radius of circumsphere 


becomes “small” (less than 0.01). Slivers are removed in one of two ways, depending 
on how the tetrahedron fits into the mesh. Consider a tetrahedron ABCD which is 
determined to be a sliver (Figure 18.1.4b). First we must determine the four tetrahedra 
that neighbor ABCD. If two of these share a common vertex, say node Е, the sliver is 
removed from the collection of tetrahedra, and elements (ABDE, BCDE} are replaced 
by elements (ABCE, ACDE}. When no two of the surrounding tetrahedra share a 
common vertex, the node point D is arbitrarily moved to improve the aspect ratio of 
the sliver. 

Finally, we must post-process the mesh to obtain the final mesh over the given geo- 
metry. The above described process leads to a triangulation of the original tetrahedron. 
The tetrahedra associated with interior element nodes are distinguished because they 
have попе of the four initial points as vertex. Of these interior tetrahedra, we remove the 
ones that lie outside of the geometry to be meshed. These are the ones whose centroids 
lie outside of the boundary surface. 

For illustration, let us consider triangulation of a circle. The step-by-step procedure 
is described as follows: 


(1) First of all, we define the convex hull within which all points will lie. Specify 
required points as shown in Figure 18.1.5a. 

(2) Introduce a new point. Check to see if the new point lies on the circumdisk and if 
the distance from the new point to the circumcenter is less than the circumradius. 
Flag those triangles that contain the new point. Find the insertion polygon, the 
polygon remaining after the flagged triangles have been removed. First, identify 
the flagged triangles. Then, for each side of the triangles, check on the neighbor 
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Figure 18.1.5 Illustration of the triangulation of a circle. (a) Convex hull. (b) Introduce 
a new point. (c) Circumradius and circumcenter. (d) Delaunay triangles with convex hull. 
(e) Final grids. 


triangle to that side. If that triangle is to be removed also, then the side is not 
part of the polygon. If that triangle is not to be removed, or is a boundary, then 
that side is part of the polygon. When the polygon is triangulated, the number 
of triangles is increased by the number of sides of the polygon. The sides of each 
triangle are the side of the polygon plus the straight lines from the end points 
of the side to the new point. 

(3) The insertion polygon resulting from adding point 4 is shown as solid lines and 
the triangulation results in the dashed lines as shown in Figure 18.1.5b. 

(4) Calculate the circumradius and circumcenter, as seen in Figure 18.1.5c, the slope 
of the perpendicular bisector being the negative reciprocal of the slope of the 
triangle sides. 


_ Х1— X2. Уа — Усетет 
y2— у Ха — Xcenter 
X2 —X3 _ Yb — Усетег 


Уз — y2 Xb — Xcenter 


X1— X3 
те = —— 
y3— у 
Thus, we obtain 


Ycenter = Ya — та(Ха — Xcenter) 
Yb — Ya + та(Ха — Xcenter) 
ии 
Xb — Xcenter 
ть(хь — Xcenter) = Yb — Ya + Та(Ха — Xcenter) 
Xcenter(Ma — ть) = yp — Уа + ТаХа — тьхь 
_ У — Уа + таХа — MpXp 
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Та — mp 


18.1 DELAUNAY-VORONOI METHODS 


Distr 


ibute points on the int. & ext. boundaries 


y 


Auto: 


(for every interior & ех! 


matic point gener. Using boundary point 
terior boundary) 


у 


Initial setup: construct supertriangle 
initialize stack '5' 


Y 


Using cross-products to search 


— M triangle containing point 
(introduce the Ist point) 
у 
Locate 3 neighboring triangles 
Figure 18.1.6 Delaunay-Voronoi-Watson algorithm " 
flow chart for airfoil grid generation. Subdivide located triangle into 3 triangles 


y 


Perform in-circle tests using 3 neighbor triangles 


y 


Diagonal swap (if needed) 


Introduce 
next point 


Delete connections to the 3 
vertices of the super-triangles 


у 


Addit. Point distribution 
calculated using factor alpha 


This gives the circumradius 


r= \/ ба — Xeen) + (yı = Мртав) 


(5) Degenerate case. This occurs when a newly inserted node appears to lie оп 
the surface of a circumcircle/circumsphere. This can be resolved by slightly 


y 


Output grid 


ы с> 


perturbing the coordinates of the newly entered point. 


(6) The procedure described above leads to the results shown in Figure 18.1.5d,e. 


The computer code flow chart and examples for mesh generation of a circle using 
the Delaunay-Voronoi method with Watson algorithm are shown in Figure 18.1.6 and 


Figure 18.1.7, respectively. 


18.1.2 BOWYER ALGORITHM 


In this algorithm, we utilize the forming points (points which define a Delaunay triangle 


and Voronoi vertex (vertex of a Voronoi polygon) as shown in Figure 18.1.8. 


We recognize that it is possible to completely describe the structure of the Voronoi 
diagram and Delaunay triangulation by constructing two lists for each Voronoi vertex. 
These are a list of forming points for the vertex, and a list of the neighboring Voronoi 


vertices. 
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Vertex Forming Point Neighboring 
Vertices 
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Figure 18.1.8 Forming points (F;-Fg) and Voronoi vertices (V-V7). 


Similar to the previously described Watson algorithm, this is a sequential process. 
Each new point is introduced into the structure, one at a time, and the structure is 
reformulated onto a new Delaunay triangulation. The steps are as follows: 


(1) Define a convex hull within which all points will lie. Specify four points with the 
associated Voronoi diagram. 

(2) Introduce a new point. 

(3) Determine all vertices of the Voronoi diagram to be deleted. A vertex to be 
deleted is one whose circumcircle (defined by three forming points) contains 
the new point. This is similar to step 3 in Watson's algorithm. 

(4) Find the forming points of deleted Voronoi vertices, which are contiguous points 
to the new point. This is similar to step 4 of Watson's algorithm in which the 
new point is connected to the insertion polygon by straight lines. 

(5) Determine the neighboring Voronoi vertices to the deleted vertices which have 
not been themselves deleted. These data provide the necessary information to 
enable valid combinations of contiguous points to be constructed. 

(6) Determine the forming points of the Voronoi vertices. These must include the 
new point together with two other points which are contiguous to the new point, 
and form an edge of the neighboring triangle. 

(7) Determine the neighboring Voronoi vertices to the new Voronoi vertices. From 
step 6, the forming points of all new vertices have been computed. For each 
new vertex, conduct a search through the forming points of the neighboring 
vertices found in step 5 to identify common pairs of forming points. When a 
common combination occurs, then the two associated vertices are neighbors of 
the Voronoi diagram. 

(8) Reorder the Voronoi diagram data structure overwriting the entries of deleted 
vertices. 

(9) Return to step 2 until all points have been inserted. 


This process will generate regions that are both interior and exterior to the domain. 
For grid generation purposes, it is necessary that such triangles which are not within 
the domain of interest be removed before the next step of the procedure. To do this, 
in the initial generation of the list of points defining the physical domain, the outer 
domain boundary points should be listed in a counterclockwise fashion while any and 
all interior boundaries be listed in clockwise fashion. With this method, the sign of the 
cross-product of the face tangent vector with a vector to the cell centroid can be used 
to determine if a triangle lies either to the interior or exterior of the boundary and then 
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Figure 18.1.9 Bowyer algorithm for triangulating a circle. 
(a) Voronoi polygon. (b) Delaunay triangle. 


can be easily removed (by defining the triangle connectivities) if it should lie outside 
the desired domain. Once the initial triangulation of the domain has been performed, 
all triangles that have a node associated with the initial user-defined superstructure are 
removed. Following this process, the Voronoi polygons and the final triangulation are 
shown in Figure 18.1.9. 

In summary, the Watson and Bowyer algorithms are quite similar. Each algorithm 
starts with an initial grid surrounding the geometry to be discretized. New points are 
introduced one at a time, and triangles whose circumdisk contain the new point are 
deleted. The region is then re-triangularized by connecting points on the deleted trian- 
gles to the new point. The basic difference between the Watson and Bowyer algorithms, 
however, is in the initial superstructure and the data structures. Note that the Bowyer 
algorithm maintains essentially a list of only Voronoi polygons and can then form the 
triangle lists from the Voronoi diagram, whereas the Watson algorithm chooses simply 
to maintain a list of the triplets of node numbers which represent the completed trian- 
gles, in which a running list of circumcircle center and circumradius for each formed 
triangle is kept. 


18.1.3 AUTOMATIC POINT GENERATION SCHEME 


In both the Watson and Bowyer algorithms, *a new point is introduced." The method 
for producing the points, however, has not been addressed. An algorithm for automatic 
generation of points can be developed as follows [Weatherill, 1992]: 


(1) Compute the point distribution function for each boundary point x;, у: 


аћ = lea - х)? + (угы - у): + „(а = xia) + i Yes] 


where the points i + 1 andi — 1 are contiguous to i. 
(2) Generate the Delaunay triangulation of the boundary points. 
(3) For all triangles within the domain: 
(a) Define a prospective point to be at the centroid of the triangle. 
(b) Derive the point distribution, d Pn, for the prospective point by interpolating 
the point distribution from the nodes of the triangle. 
(c) Compute the distances, dm (m = 1, 2, 3) from the prospective node to each 
of the triangles. Then, 
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If dn < ad Ру, then reject the point and return to step За. 
If dn > ad Pn, then insert the point using the Delaunay triangulation algo- 
rithm where the coefficient o is the parameter which controls the grid point 
density. 

(d) Assign the interpolated value of the point distribution function to the new 
node. 

(e) Move on to the next triangle. 


18.2 ADVANCING FRONT METHODS 


In contrast to the Delaunay-Voronoi methods (DVM), the advancing front methods 
(AFM) seek to achieve internal nodal formation and triangulation by marching tech- 
niques that advance front cell faces from the domain boundary, with or without back- 
ground grid configurations. Various schemes of AFM have been reported [Lo, 1985, 
1989; Peraire et al., 1987; Lohner, 1988] for both two dimensions (triangular elements) 
and three dimensions (tetrahedral elements). The AFM concept may be extended to a 
generation of quadrilateral elements [Zhu et al., 1991; Blacker and Stephenson, 1991]. 
We shall examine these and other topics in this section. 

The simplest description of AFM begins with specification of boundaries, as shown 
in Figure 18.2.1 where the exterior boundaries move counterclockwise and interior 
boundaries (if they exist, i.e., multiply connected domain) move clockwise. For example, 
for the case of a simply connected domain (Figure 18.2.2a), exterior boundaries (nodes 
1 through 6, Figure 18.2.2b) are used as initial active front faces. Node 7 is created 
to form a triangle 1-2-7 and then side 1-2 is deleted so that we now have two new 
front faces 1-7 and 2-7 (Figure 18.2.2c). Choose a new interior node 8 (Figure 18.2.2d) 
which will then allow side 2-3 to be deleted. The process continues (Figure 18.2.2e 
through Figure 18.2.2j) until all front faces are deleted. Deleted sides then represent 
the generated mesh. 

The unstructured mesh generation by AFM described above may be controlled with 
node spacing more favorably maintained (node space control method). This method 
begins by constructing a coarse background grid of triangular elements which com- 
pletely covers the domain of interest (Figure 18.2.3a). For the elements to be generated 
(Figure 18.2.3b), it is convenient to define a node spacing 6, the value of a stretching 
parameter s, and a direction of stretching a. Then the generated elements will have 
typical length sô in the direction parallel to a and a typical length 8 normal to a as 
shown in Figure 18.2.3b. 

At each node on the background grid, nodal values of $, s, a must be specified. 
During grid generation, local values will be obtained from interpolation of the nodal 
values on the background mesh. Note that if 8 is required to be initially uniform and 


Figure 18.2.1 Multiply connected domain, counter- 
clockwise advancing for outer boundaries, clockwise 
advancing for inner boundaries. 
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(c) Choose new node (7), delete side (1-2), new (d) Choose new node (8), delete side (2-3), new 
active fronts (1-7, 2-7) active fronts (2-8, 3-8) 
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(i) Delete sides (2-7, 2-8), new active front (7-8) (j) Delete sides (7-8, 7-5, 8-5), no new active front 


Figure 18.2.2 General procedure for advancing front methods (AFM) for simply connected domain, 
boundaries of dash areas represent active advancing fronts. Deleted lines constitute the generated mesh. 
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Figure 18.23 AFM procedure. (a) Background mesh. (b) Determination of mesh parameter. 
(c) Search for best point. (d) Undesirable element. (e) Finalized mesh. (f) Close-up view. 


no stretching is to be specified, then the background grid need be only one triangle 
covering the entire domain. 

Nodes are placed on the boundaries first, and the exterior boundary nodes are 
numbered counterclockwise, while any interior boundaries run clockwise. Thus, as the 
boundaries are traversed, the region to be triangulated always lies to the left. 

At the start of the process, the front consists of the sequence of straight-line segments 
which connect consecutive boundary points. During the generation process, any straight- 
line segment that is available to form an element side is termed active, whereas any 
segment that is no longer active is removed from the front. 

The following steps are involved in the process of generating new triangles in the 
mesh. 


(1) Set up a background grid to define the spatial variation of the size, the stretching, 
and the stretching direction of the element to be generated (Figure 18.2.3b). 

(2) Define the boundaries of the domain to be gridded, using the algebraic equations 
for each boundary. 

(3) Using the information from Step 2, set up the initial front of faces. These faces 
are defined as segments between two consecutive points along the boundaries. 

(4) Select the next face to be deleted from the front. In order to avoid large 
elements crossing over regions of small elements, the face forming the smallest 
new element is selected as the next face to be deleted from the list of faces. 

(5) The following procedure is used for face deletion: 
(a) The “best point” is calculated as shown in Figure 18.2.3c (equilateral). 
(b) Determine whether a point exists in the already generated grid that should 
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be used in lieu of the new point. This step is accomplished by creating a list 
containing the node number of those nodes that fall within a circle centered 
at the “best point” and with a radius of n AB (n = 3 ~ 5). Also, the point 
must form a triangle with a positive area to be included in the list as shown 
in Figure 18.2.3d. 
(c) Determine whether the element formed with the selected point does not 
cross any given faces. If it does, select a new point and try again. 
(6) Add the new element, point, and faces to their respective lists. 
(7) Find the generation parameters for the new faces from the background grid. 
(8) Delete the known faces from the list of faces. 
(9) If there is any face left in the front, go to step 4. The finalized mesh is shown in 
Figure 18.2.3e,f. 


Note that the inclusion of stretching is achieved by using a local transformation 
that maps the real plane, in which stretching is desired, into a fictitious space, in which 
triangles satisfying the stretching conditions will appear to be equilateral. This trans- 
formation simply consists of a rotation of the axes to make o coincide with the x, axis, 
and a scaling by a factor s of the x; axis, and the inverse rotation to take the x; axis to 
the original position. 

Recall that in the Delaunay-Voronoi methods, points are inserted in a previously de- 
termined manner, and then the entire mesh is re-triangulated. In contrast, the advancing 
front methods determine where to put the points directly from the space control scheme. 


Mesh Smoothing 

Practical implementations of either advancing front or Delaunay-Voronoi grid gen- 
erators indicate that in certain regions of the mesh, abrupt variations in element shape 
or size may be present. These variations appear even when trying to generate perfectly 
uniform grids. The best way to circumvent this problem is to improve the uniformity of 
the mesh by smoothing. 

The so-called Laplacian smoother or the “spring-analogy” smoother may be used. 
In this method, the sides of the element are assumed to represent springs. These springs 
are then relaxed in time using explicit time stepping, until an equilibrium of spring 
forces has been established [Spradley, 1999]. 

In each subdomain, the standard Laplacian smoother is employed. Each side of the 
element can be visualized to represent a spring. Thus, the force acting on each point is 
given by 


nsi 


fi c$ (x — xi) 
j=l 


where c denotes the spring constant, x; the coordinates or the point, and the sum 
extends over all the points, ns;, surrounding the point i. The spring constant is set in the 
computation software, based on tests of the method. 

The time advancement for the coordinates is accomplished as follows: 


1 
Ах; = Лі — fi 
NSi 
At the boundary of the subdomain, the points are allowed to “slide” along the bound- 
aries, but not to “leave” the boundary. 
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Figure 18.2.4 Mesh smoothing process, AFM. (a) Background mesh. (b) Finalized 
mesh without mesh smoothing. (c) After mesh smoothing. 


The time step is also set in the code based on experience with using it. Usually, 5-10 
time steps or passes over the mesh will smooth it sufficiently. The final results using the 
advancing front method without mesh smoothing and with mesh smoothing are shown 
in Figure 18.2.4. A sample program using C** is listed in Figure 18.2.5. 


[ЖЖЖЖ ЖЖ Ж Ж ЖЖЖ ЖОК ЖОК КОККО ЖОК ЖОК ЖОЖ ЖОЖ ЖОКЕ ОК КОКК К ЖОК ЖОЖ ЖОК ICICI II III Ra a a a a a 


// Module Name: Mesh Smoothing, Advancing Front Method 
ПОДА ЕЈ AK KARR AK A A ЖЖЖЖ ЖЖ 
void Mesh SmoothingMethod::meshSmoothing(int times) 
// the parameter is the times of mesh smoothing, usually 10 is enough. 

{ 

int aL Жу 

double deltaX, deltaY, deltaXY; 

int step[10]={10,9,8,7,6,5,4,3,2,1}; 


numPoints=0; 
numTriangle=1; 
numEdge=0; 


readMeshFromFile(); // read triangle mesh from file 
formAllEdgeFromTriangleMesh(); // find all edges of triangle mesh 
findAllEdgeIndexForPoints(); // find point index for all edges 


for(k=0; k<times; k++) 
{ 
calculateForceForPoints(); // calculate the force of points 


nsi 


1 fi =сУ (6 — х,), X and Y direction 
j=l 


1 
// Ax, = At— f, 
ns, 


i 


for(i-0; i«numPoints; i++) 
{ 
if (pointSetData[i] .type==SDC_INTERIOR) 
// if the type of point is interior, then deform the position based 
// on the force 


deltaX-pointSetData[i]l.deltaX/step[k]; 
deltaY-pointSetData[il.deltaY/step[k];; 
deltaXY-pointSetData[i].deltaXY/step[k]l;; 
pointSetData[i].x-*-deltaX; 
pointSetData[i].y-*-deltaY; 


Figure 18.2.5 Mesh smoothing computer program using C** [Z. О. Hou, UAH]. 
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Table 18.2.1 


Advantages 
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Comparison between Advancing Front and Delaunay-Voronoi Methods 


Disadvantages 


Advancing Front 
Methods 


Delaunay-Voronoi 
Methods 


(1) A layer of well-positioned nodes 
allowing the front to advance. 

(2) Equilateral triangle with the 
frontal face and either stretch or 
compress it to match better the 
spacing requirements of the 
background mesh. 

(3) Refined process is 
straightforward, grids produced 
are quite regular. 

(4) High node distribution quality. 


(1) Each node is surrounded by its 
Voronoi region that compresses 
that part of the plane which is 
closer to this node than to any 
other node. 

(2) A unique triangulation is 
obtained by connecting the nodes 
whose Voronoi regions share a 
common boundary, forming a 
triangle with the three nodes that 
are closest to each other. 

(3) Generation process is pointwise, 
less costly than cellwise. 

(4) Optimal connectivity. 


(1) Large amount of sorting and 
searching is needed to determine 
internal nodes. 

(2) Nodes generated may not be 
connected in an optimal way. 

(3) Generation process is cellwise, 
more costly than pointwise. 


(1) Refined process is much more 
random; grids produced are not as 
regular. 

(2) Searching for the largest cell for a 
skewed cell with the largest 
circumcircle for each new node is 
very costly. 

The skewness criterion is 
expensive (three square roots 
involved in the circle ratio). 


The choice between DVM and AFM depends on the personal preference and the 
requirements for a given problem. This decision may be made upon the overall review 
of advantages and disadvantages presented in Table 18.2.1. 


18.3 COMBINED DVM AND AFM 


Having studied both DVM and AFM, it appears to be a logical approach to combine 
both methods in order to make use of advantages and discard disadvantages of both 
methods [Miiller et al, 1993]. In this approach, we use a background grid to interpolate 
local mesh size parameters that is taken from the triangulation and create a set of 
nodes by means of AFM, and this set is subsequently introduced into the existing mesh, 
thus providing an updated DVM triangulation. The procedure is repeated until further 
improvements can not be obtained by inserting new nodes. 

The results of a grid around a three element airfoil [Miiller, Roer, and Deconinck, 
1993] are shown in Figure 18.3.1. Here, the high node distribution quality of the AFM 
with the optimal connectivity of the DVM triangulation is demonstrated. Precise control 
of node spacing is achieved by the use of the initial triangulation of the boundary nodes 
as background mesh with no additional effort of the user. The node generation does not 
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Figure 18.3.1 Three-element airfoil with combined DVM and 
AFM [Muller et al., 1993]. (a) Background grid. (b) After three 
rows of nodes inserted. (c) Details of grid around three-element 
airfoil. (d) Final grid of three-element airfoil. 


require explicit tracking of the front and is independent of the order in which triangles 
are listed. 

The resulting grids are very smooth and exhibit a high degree of regularity in cell 
shape and node distribution. This regularity is retained at singular points like corners or 
trailing edges. The use of a background grid that is derived from the initial triangulation 
of the boundary nodes results in a smooth variation in cell size of many orders of 
magnitude (about 10°). 

All features of this concept can be extended to three dimensions, where the optimal 
operation count and the simplicity of the front tracking and node construction of the 
method become even more attractive. 


18.4 THREE-DIMENSIONAL APPLICATIONS 


The basic concepts used in 2-D grid generations by means of DVM or AFM can be 
extended to 3-D geometries. Some of the earlier contributions include Baker [1989] 
for DVM and Lóhner and Parikh [1988] for AFM. A brief review of these works is 
presented below. 


18.4.1 DVM IN 3-D 


Initially, the boundary surface grid generation using any one of the methods discussed 
in Section 18.3 is performed. 


(1) The boundary points of the domain are created. 
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(2) Calculate the location of eight supplementary points in such a way that the 
hexahedron formed by these points contains all the points in the set. 

(3) The mesh of this hexahedron using five tetrahedra (Т,) is created. 

(4) Insert, one by one, the points of the set to obtain a mesh including these points 
as its element vertices. To this end, define: 


T, = a triangulation including the first n points of a set as vertices. 
Xn+1 = the next point in the set. 
According to step 3, point х,у is inside 7, in which only three cases are possible: 
(а) X,41 is inside an element Е; of Th. 


(b) ха is on the face common to two elements, E; and Ek of Tn. 
(с) x,41 is on the edge common to several elements of Е; of T;. 


The fourth possibility corresponds to х, 1 being identical to one of the existing mesh 
points; but this is rejected as the points given are assumed to be distinct. 

Using element(s) Ej, the set S of elements of T, is created by a tree search, such 
that 


(1) Xn41 is identical to the circumsphere associated with the elements of S. Trian- 
gulation of 7,4, is constructed in the same way as in (a) above: 


(ii) Include the elements of 7, , not included in S, in 7,41. 


(iii) Remove the elements of S and remesh this set by joining point ха to the 
external faces of S. 


Once all points of the initial set have been introduced, the initial hexahedron is 
constructed from these tetrahedra. 


18.4.2 AFM IN 3-D 


Тће АРМ in 3-D geometries follows basically the same procedure as in АРМ for 2-D 
except that triangles are replaced by tetrahedra: 


(1) Setup a background grid to define the spatial variation of the size, the stretching, 
and the stretching direction of the elements to be generated. The background 
grid consists of tetrahedra. At the nodes, we define the desired element size, 
element stretching, and stretching direction. 

(2) Define the boundary surfaces of the domain to be gridded. 

(3) Using the information stored on the background grid, set up faces on all these 
boundaries. This yields the initial front of triangular faces. At the same time, 
find the generation parameters (element size, element stretching, and stretching 
direction) for these faces from the background grid. 

(4) Select the next face to be deleted from the front. In order to avoid large 
elements crossing over regions of small elements, the face forming the smallest 
new element is selected as the next face to be deleted from the list of faces. 

(5) For the face to be deleted: 

(a) Select a “best point” position for the introduction of a new point. 
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(b) Determine whether a point exists in the already generated grid that should 
be used in lieu of the new point. If there is such a point, set this point as a 
new point and continue searching. 
(c) Determine whether the element formed with the selected point does not 
cross any given faces. If it does, select a new point and try again. 
(6) Add the new element, point, and faces to their respective lists. 
(7) Find the generation parameters of the new faces from the background grid. 
(8) Delete the known faces from the list of faces. 
(9) If there are any faces left in the front, go to step 4. 


18.4.3 CURVED SURFACE GRID GENERATION 


Two approaches for surface grid generation may be considered: (1) Boolean operations 
on solids and (2) Boolean operations on surfaces. 


(1) Boolean operations on solids — the domain to be gridded from primitives (box, 
sphere, cylinder, etc.). The user combines these primitives through Boolean 
operations (union, intersection, exclusion, etc.) to define the domain to be grid- 
ded. The surface is then obtained in a post-processing operation. 

(2) Boolean operations on surfaces – here only the surface of the domain to be 
gridded is defined in terms of independent surface patches. The surface patches 
are then combined using Boolean operations to yield the final surface of the 
domain to be gridded. 


Boolean operations include points, lines, and surfaces which are obtained similarly as 
in the case of structured grids of Chapter 17. 


18.4.4 EXAMPLE PROBLEMS 


Examples of unstructured AFM three-dimensional mesh generation using tetrahedral 
elements are demonstrated in Figures 18.4.1 through 18.4.3. 
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(b) 
Figure 18.4.1 Unstructured tetrahedral AFM mesh for NACA0012 airfoil [Spradley, 1999]. (a) Surface mesh. 
(b) Close-up view. 
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(a) (b) 


Figure 18.4.2 Unstructured AFM mesh for generic hypersonic plane [Spradley, 1999]. (a) Surface mesh. 
(b) Bottom view. 


(1) NACA0012 Airfoil 

Figure 18.4.1a shows the mesh generation of NACA airfoil geometry [Spradley, 
1999]. A tetrahedral mesh is generated with the element sizes and clustering kept simple 
for illustrating. The surface mesh shown in Figure 18.4.1a is convenient to view the 
unstructured mesh. The interior looks very much the same as the surface. A close-up 
view near the airfoil is shown in Figure 18.4.1b. 


(2) Hypersonic Airplane 

Figure 18.4.2 shows two views of the surface mesh of a hypersonic airplane with 
a relatively coarse mesh for illustration only [Spradley, 1999]. The three-dimensional 
CFD computational domain with tetrahedral mesh is demonstrated in Figure 18.4.3 
[Spradley, 1999]. 


18.5 OTHER APPROACHES 


There are many other approaches in generating unstructured grids. Among them are 
Zhu et al. [1991] for quadrilateral grids by means of modified AFM, Blacker and 
Stephenson [1991] also for quadrilateral grids through paving technique, Yerry and 
Shephard [1984] for 2-D and 3-D mesh generations using quadtree and octree meth- 
ods, respectively. 


im} {h} 
Figure 18.4.3 Unstructured AFM mesh for generic hypersonic plane with CFD domain [Spradley, 
1999]. (a) CAD geometry for generic aircraft. (b) Unstructured AFM mesh. 


18.5 OTHER APPROACHES 


In what follows, we shall briefly review these methods for the purpose of comparison. 
The reader should consult the original sources for details. 


18.5.1 AFM MODIFIED FOR QUADRILATERALS 


In this method, an even number of boundary nodes is first generated, according to the 
mesh size specification, on the boundary of the domain. The curvilinear boundary of 
the domain is then transformed into a polygon with an even number of sides. The main 
feature of the quadrilateral generation process is that first two triangles which have 
a common side are generated and then the triangles are combined to form a quadri- 
lateral. This process continues until the domain is fully covered by nonoverlapping 
quadrilaterals. 

The advantage of forming a quadrilateral by two triangles is that quadrilaterals with 
internal angles equal to and greater than 180? are allowed to be generated. These types 
of elements play an important role in the generation of transitions which are often 
necessary in a strongly graded mesh. 

These steps can be readily achieved by any existing triangular mesh generator with 
some modifications; Zhu et al. [1991] utilized the AFM for this purpose. Note that the 
distinctive features of the AFM for triangular mesh generation are (1) that elements 
and nodes are generated simultaneously, and (2) that directional distribution of the 
elements can be achieved by introducing stretching in certain described directions so 
that the generated element size can be varied throughout the domain. 

The following procedure is used for the quadrilateral element generation: 


(1) Select an active side with nodes A and B in the generation front as a base to 
generate the first triangle (Figure 18.5.1a). 

(2) Generate a triangle with nodes A, B, and C following the triangle generation 
process of AFM. The node D is determined according to the specified nodal 
spacing and it is either an active node in the current generation front or a newly 
constructed node in the region to be gridded. 

Set up the generation subfronts SF1 and SF2 (Figure 18.5.1b) by dividing the 
current generation front into two, if node D is an active node in the current 
generation front. Both SF1 and SF2 contain a closed loop of active sides and 
active nodes. No subfront is formed if D is a new node. 


(3 
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(b) 


Figure 18.5.1 Generation of a quadrilateral element ABCD from AFM triangles. (a) No 
subfront is introduced after the generation of element ABCD. (b) Subfronts SF, and 55 
are found. 
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(4) Examine the sides of triangle ABC. A side is flagged as active if it can be used 
as a side to form a new triangle. It is flagged as inactive otherwise. 

(5) Select an active side which is also a side of triangle ABC as the base to generate 
the second triangle. Three possibilities may be encountered: 

(a) If no subfront has been formed in the generation of the first triangle ABC, 
in other words, node D is a new node being generated, then any side which 
is active in triangle ABC can be used to generate the second triangle. 

If subfronts SF1 and SF2 are formed in the generation of triangle ABC, but 
one of the subfronts is empty, that is, all the sides in the subfront are flagged 
as inactive, then any active side in triangle ABC can again be chosen as the 
base for the second triangle generation. 
Both subfronts SF1 and SF2 contain active sides. In this case one subfront, 
say SF1, contains an even number of active sides, the other subfront, say 
SF2, contains an odd number of active sides. The active side, which is in 
subfront SF2, in triangle ABC will be chosen as the base to generate the 
second triangle. 
Suppose the chosen active side for the second triangle has nodes A and C. 
Then the second triangle, say ACD, is generated by following the node and 
triangle generation process of AFM, with the requirement that each of the 
possible two new subfronts, formed as a result of the generation of the second 
triangle ACD, must contain an even number of active sides. Here steps (5) and 
(6) ensure that, after a quadrilateral is generated, every subfront formed in the 
element generation process contains a closed loop with an even number of active 
sides. 
(7) The mesh parameters such as nodal spacing and element orientation for the new 
nodes are interpolated from the background mesh. 
(8) Form quadrilateral element ABCD (Figure 18.5.1a,b). At this stage of the ele- 
ment generation, no consideration is given to the shape of the quadrilateral 
being generated. Indeed, there is no restriction on the shape of the quadrilater- 
als and any type of combination of two common side sharing triangles is allowed 
to form a quadrilateral. Such flexibility makes the generation of quadrilateral 
elements almost as easy as the generation of triangular elements. The enhance- 
ment of the element shape and therefore the enhancement of the quality of 
the mesh is an important part of this method. This can be achieved by means 
of (a) node elimination, (b) element elimination, (c) diagonal swapping, and 
(d) side elimination. 
Update the generation front (subfronts) so that the generation (sub)fronts(s) 
always form the boundary of the regions to be gridded. The sides that have been 
used to form the new element will be removed from the (sub)front(s), and the 
new sides will be included in the (sub)fronts(s). 
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The quadrilateral element generation proceeds sequentially or in parallel in each 
subfront. The generation procedure is complete only when every generation subfront 
is empty. The domain of interest is then covered entirely by quadrilateral elements. 

In this method, no consideration has been given to the element orientation in the 
forming of the quadrilaterals. This is a subject of future research. Some typical results 
are shown in Figure 18.5.2 [Zhu et al., 1991]. 
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Figure 18.5.2 Examples of AFM modified for quadrilaterals [Zhu 
et al., 1991]. 


18.5.2 ITERATIVE PAVING METHOD 


The paving technique meshes arbitrary 2-D geometries with quadrilaterals by itera- 
tively layering or paving rows of elements to the interior of a region’s boundary(ies) in 
a fashion similar to AFM. This technique was first proposed by Blacker and Stephenson 
[1991]. Paving allows varying element size distribution on the boundary as well as inte- 
rior of aregion. Similar to the AFM, the exterior boundary is ordered counterclockwise, 
and the interior boundary is ordered clockwise. 

During mesh generation, the paving technique operates on boundaries of connected 
nodes referred to as paving boundaries. Initially, each paving boundary is identical 
to a permanent (fixed) boundary. As with permanent boundaries, paving boundaries 
are categorized as either exterior or interior boundaries, with exterior paving done 
counterclockwise and interior done clockwise. 

The nodes are characterized into three types: (1) A fixed node is on a perma- 
nent boundary. (2) A floating node is any node not on a permanent boundary. (3) A 
paving node is any node on a paving boundary. Each paving node has an interior angle 
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associated with it. This is the angle between a line connecting the node to the preceding 
node, and the line connecting it to the next node on the paving boundary. In order to 
generate an all quadrilateral mesh, each paving boundary must always contain an even 
number of nodes. 

The propagation of the paving boundary involves the eight steps delineated below: 


(1) Row choice - The beginning and ending of the next sequence or row of elements 
to be added is found. 

(2) Closure check - A check is made to make sure that more than six nodes remain in 
the paving boundary. Specific closure techniques are used to conclude meshing 
for paving boundaries of six or fewer nodes. 

(3) Row generation - The next row of elements identified in the row choice step is 
incrementally added to the boundary. 

(4) Smooth - Floating nodes are adjusted to improve mesh quality and boundary 
smoothness. 

(5) Seam - Small interior angles in the paving boundary are seamed or closed by 
connecting opposing elements. 

(6) Row adjustment – The new row is adjusted by placing tucks or wedges into the 
row to correct for elements becoming too large or too small. 

(7) Intersection — The paving boundary is checked for intersections with itself or 
with other paving boundaries. Intersections are connected to form new, often 
separate, paving boundaries. 

(8) Cleanup - The completed mesh is adjusted where element deletion and/or ad- 
dition improves the overall quality. 


Some typical results using this technique are shown in Figure 18.5.3. Extension of 
the paving technique to 3-D geometries (hexahedral grid) can also be made. 


18.5.3 QUADTREE AND OCTREE METHOD 


Quadtree and octree methods were developed from the concept of superposition- 
deformation [Yerry and Shephard, 1984]. These methods construct a mesh of the domain 
under consideration, essentially from the data of points on its contour. А regular grid, 
or a grid based on a quadtree construction in three dimensions, is defined in such a way 
as to contain the domain. It is composed of squares and cubic boxes for quadtree and 
octree grids, respectively. This partitioning may then be deformed to resemble the real 
geometry. This process is shown in Figure 18.5.4 for a 2-D domain. 
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(a) (b) (c) (d) 
Figure 18.5.4 Quadtree method. (a) Initial domain. (b) Initial grid. (c) Removal of exterior 
grids. (d) Final mesh. 
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(a) (b) 
Figure 18.5.5 Quadtree data structure. (a) Recursive subdivid- 
ing. (b) Parent-son-grandson relation. 


Let us consider the quadtree shown in Figure 18.5.5a in which the mesh is refined 
in four levels. The parent is split into sons and grandsons as depicted in Figure 18.5.5b. 
For 3-D geometries, the method begins with a cube which is recursively split into sons 
and grandsons, that represents an octree structure. Thus, the final graded mesh can be 
constructed using this process. 


18.6 SUMMARY 


It was shown in this chapter that the two most popular methods of unstructured mesh 
generation are the Delaunay-Voronoi methods (DVM) and the advancing front 
methods (AFM). We examined the Watson and Bowyer algorithms for DVM, followed 
by AFM. Mesh smoothing in AFM was also discussed. 

We presented the merits and demerits of DVM and AFM and showed that it is 
possible to combine both DVM and AFM taking advantage of the merits of both meth- 
ods. We further examined three-dimensional applications for both DVM and AFM, 
followed by the surface grid generation. Other approaches such as AFM with quadri- 
laterals, iterative paving methods, and quadtree/octree methods were also examined. 
Unstructured grid generation is particularly useful in applications to adaptive methods. 
These and other subjects will be discussed in the next chapter. 
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CHAPTER NINETEEN 


Adaptive Methods 


The ultimate goal in computational fluid dynamics is to obtain desired solutions as accu- 
rately as possible while minimizing the requirement for computational resources. Thus, 
we ask: how do we achieve both “accuracy” and “efficiency” at the same time? Often 
we exercise a compromise where we may choose to sacrifice some accuracy for the sake 
of expediting a solution, or vice versa. Does an acceptable compromise exist? These 
are the types of questions that typically enter the minds of the CFD practitioner before 
undertaking a major project. 

Given a fixed computational method and limited computer resources, one is con- 
fronted with a decision as to which direction to follow. The most feasible approach under 
these restricted circumstances will be to seek the best computational grid arrangement 
which will lend itself to the best possible accuracy and maximum efficiency. Adaptive 
methods are designed to achieve both accuracy and efficiency, with mesh refinements 
provided selectively only where needed. 

The basic concept for adaptive methods consists of providing mesh refinements for 
efficiency (cost reduction) as dictated by predetermined criteria. The criteria for mesh 
refinements and unrefinements (coarsening) are determined by error indicators. The 
error indicators are usually represented by gradients of a suitable variable – the larger 
the gradient, the finer the mesh required. 

In line with the two different grid generation schemes, structured and unstructured, 
two different adaptive methods are available, one for structured grids and another for 
unstructured grids. The structured adaptive methods are presented in Section 19.1, with 
the unstructured adaptive methods in Section 19.2. 


19.1 STRUCTURED ADAPTIVE METHODS 


Structured adaptive meshes may be constructed either by a control function approach 
or by a variational function approach. We shall discuss both of these methods next. 


1911 CONTROL FUNCTION METHODS 


19.1.1.1 Basic Theory 


In this method, grid points are moved in accordance with weights or control functions 
reflecting the gradients of the variables, the process known as redistribution. Adaptive 
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redistribution of the points is based on the principle of equal distribution of error by 
which a point distribution is set so as to make the product of the spacing and a weight 
function W constant over the points. This idea is represented by 


Wdx = constant (19.1.1) 


With the point distribution defined by a function x(£), where ë varies by a unit 
increment between points, the equal distribution principle can be expressed as 


Wxid& = Wx; = constant, dé = 1 (19.1.2) 


This one-dimensional equation can be applied in each direction in an alternating fash- 
ion (in the spirit of ADI). However, a direct extension to multiple dimensions can be 
made in either of two ways: control function approach, or variational approach. In the 
control function methods, we combine the elliptic grid generation system with the equal 
distribution principle given by (19.1.2). 


gri; + Pr; =0 (19.1.3) 
where g^ are the elements of the contravariant metric tensor [Chung, 1996]: 
Ln дё; дЕ, 
ij D з] 19.1.4 
дХт дХт ) 


These elements аге more conveniently expressed computationally in terms of the ele- 
ments of the covariant metric tensor gi;: 


OXm дХт 
gi = oom 19.1.5) 
1 ag; OE; ( 
which сап be calculated directly. Thus 
Е 1 og 
рї =- 19.1.6 
g 98] ( 
where 
8 = 1813] (19.1.7а) 
ог 
д т д т 
= | a (191) 
д& дё) 


with r being the cartesian coordinates and ё; the curvilinear coordinates. The P/ = Р, 
denotes the control function which controls the spacing and orientation of the grid lines 
in the field. 

The one-dimensional form of this system is 

д2х дх 

— + P—=0 19.1.8 
Differentiation of (19.1.2) yields 


д2х  aWax 


5 oF а (19.1.9) 
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It follows from (19.1.8) and (19.1.9) that 
p= д°х/д&” | AW/dE 
~ дх/д& — W 
from which the control function P can be taken as 
19 
Р = —— 19.1.11 
This may be extended to three-dimensional geometries as 
БОЙ 
М дЕ; 


(19.1.10) 


(i = 1,2,3) (19.1.12а) 
or 
‚_ 1 gl We 
BELT CES 


(19.1.12b) 


where the latter version (19.1.12b) requires the weight functions to be specified in all 
three directions [Eiseman, 1987]. 


19.1.1.2 Weight Functions in One Dimension 


As seen in (19.1.12), the effect of the weight function W is to reduce the point spacing 
function x; if W is large. Therefore, the weight function should be set as some measure 
of the solution error or the solution variation. The simplest choice in one-dimensional 
problems is the solution gradient, that is, 


W = их (19.1.13) 
Substituting (19.1.13) into (19.1.2) yields 

иухе = constant 
or 

Ug = constant 


With the solution gradient used as a weight function, the point distribution can be 
adjusted in such a manner that the same change in the solution occurs over each grid, 
as illustrated in Figure 19.1.1a. This choice for the weight function has the disadvantage 
of making the spacing infinitely large when the solution is constant. 

In contrast, consider the solution gradient in the form 


У = |/1+и2 (19.1.14) 
An increment of arc length, ds, on the solution curve u(x) is given by 

ds? = dx? + di? = (1 + из) d? 
so that this form of the weight function may be written as 


У = 5; 
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Figure 19.1.1 Relation between grid spacing and weight 
functions. (a) Constant solution gradient with, Ww = ux. 
(b) Constant solution gradient with w = (1 + u2)2. 
which gives 
SxXg = constant (19.1.15a) 
or 
sg = constant (19.1.15b) 


Thus, with the weight function defined by (19.1.14), the grid point distribution is 
such that the same increment in arc length on the solution curve occurs over each grid 
interval (Figure 19.1.1b). 

Unlike the previous choice, this weight function gives uniform spacing when the 
solution is constant. The concentration of points in the high-gradient region, however, 
is not as great. 

In order to maintain desirable concentration of nodes at high gradient regions and 
peak solutions, the following weight function has been suggested [Eiseman, 1985]: 


W = (1 + а2и2) (1 + Вк) (19.1.16) 
where o and В are user specified parameters and kis the curvature defined as 


Uxx 


К=-—— 
(1 + и2): 


(19.1.17) 
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Сау Low c and B values (b) High c and B values 


Figure 19.1.2 Effect of inclusion of curvature as well as gradient [Eiseman, 1985]. 


Here, large values of a and f contribute to closer nodal spacing, respectively, near the 
high solution gradient regions and solution extrema regions. 
An alternative to (19.1.16) is to use 


У =1 +а ји | +B lul (19.1.18) 


where a and (3 are non-negative parameters to be specified. An example based on 
(19.1.16) is shown in Figure 19.1.2a for low values of a and В and in Figure 19.1.2b for 
high values of a and p. 


19.1.1.3 Weight Function in Multidimensions 


The one-dimensional weight factors (19.1.13) based on the arc length on the solution 
curve can be generated to higher dimensions. Consider the position vector characterized 
by both the geometrical space r and solution space u such that 


R =r + ue = xi + ue (19.1.19) 


The covariant metric tensor is then given by 


ƏR ƏR 
Gj = 56 965 (ге + uge) - (ге, + use) 
or 
Gij = gij + иы, (19.1.20a) 


where gi; is the metric tensor in the physical space. Since 


Ug = UTE; 
we obtain 

Gij = &ij + ( u- rg) ( ü rj) (19.1.20b) 
and 


IG; = (1+1 и а (19.1.21) 
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In one dimension this reduces to the expression for arc length on the solution curve, 
that is, 


Уб =%/1+и2 (19.1.22) 
In two dimensions, we have 
МС = Vg + | ш?) (19.1.23) 


Thus, the extension of the one-dimensional weight function based on arc length on the 
solution curve to multidimensions is that based on area (2-D) or volume (3-D) on the 
solution curve, 


W=(1+| uf (19.1.24) 


The weight functions as defined above can then be applied to the expressions for 
the control function given in (19.1.12a,b). 

In multiple dimensions, adaptation should, in general, occur in all directions in a 
mutually dependent manner. If the solution varies only in one direction (say x) pre- 
dominantly, then the adaptation may be carried out in that direction alone, using the 
one-dimensional weight function, with x replaced by the arc length along this line. 

Examples of applications of the above schemes include Dwyer, Smook, and Kee 
[1982], Gnoffo [1980], and Nakamura [1982], among others. 


19.1.2 VARIATIONAL METHODS 


The classical theory of calculus of variations can be applied to problems requiring 
optimization or achieving the maximum degree of equal distribution of error [Brackbill 
and Saltzman, 1982]. With this in mind, we will examine the basic theory associated 
with equal distribution by means of variational methods. 


19.1.2.1 Variational Formulation 


The computational error can be reduced by distributing the grid points in such a way 
that the same positive weight function, W(x), is equally distributed over the field as 
shown in Section 19.1.1. The nonuniform point distribution can be considered to be a 
transformation, x(£), from a uniform grid in €-space, with the coordinate & serving to 
identify the grid points. 

Let us now invoke a spring analogy so that, if the weight function W(£) is a spring 
constant and x; is the extension of the spring at £, then the energy stored in the spring 
is of the form 


1 1 
I= | W(é) х;4& (19.1.25) 


It follows from the theory of calculus of variations that the integrand in (19.1.25) соп- 
stitutes the “variational functional,” F, 


Е(&, x, Xe) = GE: (19.1.26) 


and the energy stored in the spring, I, is known as the “variational principle.” 
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There are two ways to obtain an optimum grid spacing: 


(1) Minimization of the variational principle given by (19.1.25). 
(2) Solving the differential equation(s) resulting from the so-called Euler-Lagrange 


equation, 
F F 
: | | =0 (19.1.27) 
дё | 9(0х/05) дх 
Substituting (19.1.26) into (19.1.27) yields 
aW ax д2х 
— — = =0 19.1.28 
aE aE t ap a 


It is interesting to note that (19.1.28) is identical to (19.1.9), which originated from the 
general elliptic PDE representation (19.1.3). 

The above process confirms the standard variational approach in which, given the 
differential equation [in this case the Poisson equation (19.1.28)], the corresponding 
variational functional (19.1.26) when substituted into the corresponding Euler-Lagrange 
equation (19.1.27) recovers the original differential equation (19.1.28). 

This argument implies that, instead of using the PDE of the form (19.1.3), the 
variational approach suggests that, if there are means of obtaining many different 
forms of the variational functional, there will be a host of differential equations aris- 
ing from this process, other than those of the standard form such as (19.1.3). The 
differential equations obtained in this manner are characterized by a variety of weight 
functions and subsequently the control functions leading to desired forms of adaptive 
procedures. 


19.1.2.2 Smoothness Orthogonality and Concentration 


To achieve adaptation with a maximum degree of smoothness, orthogonality, and de- 
sired concentration, our focus is to construct desirable forms of variational functionals 
[Brackbill and Saltzmann, 1982]. Toward this end, the following forms of variational 
principles are suggested: 


(1) Smoothness 


L= || g'dx (19.1.29a) 
1 

1, = | Flee; - вов) (19.1.296) 
J/8 Ш 161] 


(1) Orthogonality 


L= | gigligiax (19.1.30a) 


h= || (ij Sik — Sii 8jk) (Emi тк — mng jk)dE (19.1.30b) 


623 


624 


ADAPTIVE METHODS 


(1) Concentration 


Iw = || W? (x). /gdx (19.1.31a) 


ћу = || W?(x) g d£ (19.1.31b) 


The above formulation may be generalized using the directional control as follows 
[Brackbill, 1982]: 


1(&) = [re dx (19.1.32) 


with 


д& 96 


F(é) = 58) (Og. (E) 2 ax; Ox, (19.1.33) 


The Euler-Lagrange equation in general curvilinear coordinates takes the form 


5 дЕ 
"| —(g*F) iq = 0 19.1.34 
[зылуу @® (19.1.34) 
where the stroke “ |” denotes the covariant derivative. Performing the covariant dif- 


ferentiation on (19.1.34) leads to 


1 GSN a 0& 968 
1 ЈГ = 0 19.1.35 
pig seva) eem Se (19.1.35) 
where 


1 
Гав = 78 [уар + Вува — Вава ] 


It can be shown that the second term in (19.1.35) vanishes. Taking a variational derivative 
of (19.1.35) gives 


_ ff 2 (уз _ 
= | FAG- z) | BE dx = 0 (19.1.36) 


Integrating (19.1.36) by parts, 


м= | gii 28. nse, ar — Је 2а =0 
Г OX; x 


or 


i ~ А 
51 =8 (/ a ӘБ 9& х || gil 35. n;9, ar) =0 (19.1.37) 
x r j 


дх; O Xj Ox; 


This provides the variational principle to be given in the form 


1... 
r= [5/22 dx (19.1.38) 
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with the Neumann boundary condition 
S = —ni (19.1.39) 


Thus, it follows that 
1 
T= == i* id 
[у & вах 


( 9» 


1 aW a& 0& 197 


2 == = 
S W dE; дхедхе W 06; 
Р 1 „Ом 
26 оў dire — —_gik 
ё 8 Tij ё, we дё; 
ger = bi 
and 
Es =) bn 
дё; дё} 
Finally, 
д дг 
Ј ——| У— | = 19.1.40 
У æl x) E 


An adaptive grid with directional control can be constructed and the mesh alignment 
control variational principle takes the form 


L= || ala x &Y-(Bx Б5)+(Сх &y]dx (19.1.41) 
where 
(Ax &)-(Ax &) (Ах &) ete. 
Let 
| Ul 
= 19.1.42 
W rj (19.1.42) 


where U is the variable under consideration and choose A, B, C to be mutually orthog- 
onal. This implies that 


дг 
ək 
Using the vector identity 
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we obtain the variational functional in the form 


д& д 898 
F(E) = УХА) Ez ax m + /&(в) D. = + VEC) xg, e Эх; Эх} (19.1.43) 


Substituting (19.1.43) into the Euler-Lagrange equation yields 


gy | 9 or Е | 
САН (#зс)- W[V(A-A) - (У -A)A] |. Ун =0 (19.1.44a) 
ij | 9 or E 
(е) W[V(B-B) – (У · вв] || ve -o (19.1.44b) 
9 дг 
[ж (w; x )- W[V(C-C) – (У · SIE V&=0 (19.1.44с) 
with 


86 =A- Ag —(A- УБА -УЕј), etc. 


Here, if У 5 || A, the g( A) = 0 and the variational functional F has no extremum 
with respect to 6). Thus (19.1.44a) has no solution. 

The above difficulty may be resolved by introducing “regularization.” To this end, 
we divide each reference vector by its maximum magnitude and regulate the variational 
principle in the form 


I2(0 —X35 ENG (19.1.45) 


with 0 < А < 1, being the user specified constant. It is seen that an increase of à leads 
to an increase of the alignment of the reference vectors. 

The solution of (19.1.44) has been carried out for applications to the 
Kelvin-Helmholtz instability problem in a driven magnetic flowfield (Figure 19.1.3) 
[Brackbill, 1982]. The complexity of formulation of the governing equations is consid- 
ered a major difficulty if one chooses to use the variational functional of the form given 
in (19.1.43). 
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Figure 19.1.3 Magnetic flowfields based on direction control adaptive 
computational mesh [Brackbill, 1982]. 
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Figure 19.1.4 ONENA M6 wing multiblock [Kim and Thompson, 1990]. 


19.1.3 MULTIBLOCK ADAPTIVE STRUCTURED GRID GENERATION 


An adaptive structured grid mesh can be constructed in a multiblock environment, 
such as an aircraft wing shown in Figure 19.1.4 [Kim and Thompson, 1990]. Any block 
can be linked to any other block or to itself, with complete or lesser continuity across 
the block interfaces as specified by input. The adaptive control function with either an 
elliptic or a variational method is then formed at each point in the field by combining 
the interpolated components. For complex multiblock systems, the evaluation from the 
algebraic grid can be used. 

In Figure 19.1.4, the three-initial grid is generated by the elliptic system with the 
97 x 17 x 17 grid divided into three blocks in the spanwise direction. The final grid 
adapted to the pressure gradients at the 5096 span location and over the upper wing 
surface is shown in Figure 19.1.5a. The leading edge and upper surface details are shown 
in Figures 19.1.5b and 19.1.5c, respectively. 


19.2 UNSTRUCTURED ADAPTIVE METHODS 


For nearly two decades, unstructured adaptive methods have been extensively devel- 
oped by Oden and his co-workers and Babuska and his co-workers. Some of their later 
works are summarized in Babuska et al. [1986] and Oden et al. [1986]. 

In the previous section, we presented structured adaptive methods in which an ini- 
tially structured grid remains structured even after the adaptive process. In unstructured 
adaptive methods, however, we may begin with either a structured or unstructured grid 
system, but the final grid system, upon adaptation, becomes subsequently unstructured 
or remains unstructured, respectively. 


== | == 
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(a) 50% span (b) Leading-edge detail (с) Upper surface 
Figure 19.1.5 Final adaptive grid for Figure 23.3.1. 
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There are many different ways in which unstructured adaptive methods can be 
developed: 


(1) mesh refinement methods (h-methods) 

(2) mesh movement methods (r-methods) 

(3) mesh enrichment methods (p-methods) 

(4) combined mesh refinements and movements (Air -methods) 
(5) combined mesh refinements and enrichments (Ap-methods) 


These methods will be elaborated in the next section. 


19.2.1 MESH REFINEMENT METHODS (h-METHODS) 


Тће basic concept of mesh refinement methods is to refine the element in which a 
posteriori error indicator (measure of error based on solution gradients) is larger than 
the preset criterion. This procedure is ideally applied to the finite element methods. 


19.2.1.1 Error Indicators 


In general, the solution error is not available a priori. Even after the solution has been 
completed *a posteriori error" must be evaluated from the so-called error indicator as 
the exact solution is not available. The a posteriori error indicator may be predicted 
from the solution gradients of variables: density, velocity, pressure, or temperature. For 
inviscid flows with shock waves, we may consider density gradients to be a best measure 
of error, whereas velocity gradients may play a key role in the case of compressible 
viscous flows. Pressure or temperature gradients can also be considered an important 
factor in determining the error indicator. 

Let й and и be the exact solution and approximate solution, respectively. We then 
specify an error e in elliptic problems as 


lellg = 12 — ШЕ < a (192.1) 


where ||е|| represents the energy norm and a denotes a specific tolerance. We may 
rewrite (19.2.1) in the form 


Пе x Csh (19.2.2) 
where C is a constant independent of mesh parameter h with s = 1, 2, ..., n such that 
(s—-1)hzxzsh (19.2.3) 


The estimate given by (19.2.2) is known as a priori estimate based on some general 
information about the exact solution. A priori estimates indicate how fast the error 
changes as the h-refinements are changed. Estimates based on the approximate finite 
element solution are called a posteriori error estimates. To this end we write (19.2.1) in 
an alternate form. 


k 
lel = x (19.2.4) 


where К and p are constants and N represents the number of degrees of freedom. 
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If p is the degree of polynomials for interpolations and (19.2.4) is extended to the 
h-adaptivity, then we have 


k 
< ——____ 19.2.5 
lelis вту (192.5) 
where К, B, and у are positive constants. Taking a logarithm in (19.2.5) yields 
log elg x log k — BN” loge (19.2.6) 


This represents the rate of convergence to be exponential [Babuska and Suri, 1990; 
Oden, Wu, and Legat, 1995]. If there are singular points in the domain, then the rate of 
convergence is algebraic. 

To achieve the error estimate described above, the h-adaptivity proceeds with an 
error indicator, a dimensionless quantity, given in terms of ratios of gradients or rates of 
changes of gradients of appropriate variables. These variables may be density, velocity, 
pressure, or temperature. For example, density and velocity are usually chosen for the 
shock wave turbulent boundary layer flows. 

The nondimensional error indicator is defined as 


д= fih, Н"), т=0, 1, 2 (19.2.7) 
where / is the mesh parameter and H” is the Hilbert space (Section 8.3). For density 
and velocity as governing variables for determining the error indicator, we define, in 
terms of various semi-norms. 
for density: 


6=Alplm/lela. — 9 = Мо Ло] (192.82) 
for velocity: 
Ө = Пју и ЛУ о, — 6 = ЛУД ЛУ (19.2.8b) 
with 
1 1 
2 др д 2 
bim =| | a2}. iin =| f 2 Pao] 
о; о, 9% OX} 
92 92 1 
Ipla = || p P? aQ (19.2.9a) 
Qe дх;дх; дх;дх; 


ын 


D OV; OV; 
У;|но = [/ ViVi ao] 3 |Vil н! = p и aa 
о, о, дх; дх; 


2v. 2v. i 
mue - [| усу — ag] (19.2.9b) 
Q 


, дх;0х; OXkKIXK 


Here the mesh parameter h is determined for one-, two-, and three-dimensional ele- 
ments as follows: 


h — length of 1-D element 
h — diameter of the circumcircle containing a 2-D element 
h — diameter of the circumsphere containing a 3-D element 


The order of the Hilbert space m may be increased to four if the fourth order biharmonic 
equations are to be solved. 
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It is often useful to rearrange the error indicator in terms of the energy norm Е for 
any variable ф, 


Pv^el | 
в= |--_--_ 19.2.10 
Err E | | 


where £ is the computational noise control parameter [Lohner and Baum, 1990]. This 
criterion is particularly effective in shock wave discontinuities. 

The FDV parameters discussed in Sections 6.5 and 13.6 can be used as the error 
indicator. Since the FDV parameters are calculated by changes in Mach number, 
Reynolds number, Peclet number, and Damkóhler number, they represent more precise 
variations of the gradients of whichever variable(s) are dominant. Comparisons of the 
h refinements by various error indicators are shown in the following subsections. 


19.2.1.2 Two-Dimensional Quadrilateral Element 


In Figure 19.2.1a, a simple example for two-level adaptation (refinements) is shown. 
Note that irregular nodes or hanging nodes arise in the process of refinements. For con- 
venience, we shall permit only one irregular node along the side of unrefined element 
(nodes c and d, Figure 19.2.1b). For discretizations as shown in Figure 19.2.1с, how- 
ever, the unrefined element D and B are subdivided even if not required by the error 
indicator. 

In order that elements D and B remain linear in Figure 19.2.1b, we must eliminate 
nodes c and d as follows: 


1 1 
ис = у(ио+иң), ш (un + us) (19.2.11) 


For the transition element, T1 we have 


и) = Oyu, + Фри + aus + Фдид 


ид фи 
= ei( ы 2 E) + Фәиз + Фзиз + as 


500 5] pus 
-[6; Ф, Фу 6,]|0 10 o|” 
0. 4 О 
ооо 115 


(c) 
Figure 19.2.1 Simple example for mesh refinements. (а) Inital mesh. (b) One-level 
refinements. (c) Two-level refinements. 
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or 
uF) = oy HÜDD = (ТОТ) (19.2.12) 


with a” =Ф wily and нр being the interpolations and auxiliary matrix for the 
irregular element, respectively, 


1 1 
JA 
НЧ) =|о 1 0 0|. OV) =[Ф/2 Ф Фа 61/2494] 
0 0 1 0 
0 0 0 1 
и) = [ик и; из ил]! 
Similarly, 
uT? = ФНО?) = Ou (19.2.13) 
u 9 = oy HOP UT = OP uy (192.14) 
with 
1 0 0 0 
1 1 
п 229? n 
HY) = 001 01° T? = [и us из ug]. 
1 1 
= 0 dz 
2 2 
1 1 
2 5 0 0 
н“ = [о 100|. и [ик m us ш] 
0.0 1 0 
0 0 0 1 


In this manner the irregular nodes c and d in the first level refinements 
(Figure 19.2.1b) are eliminated and replaced by the global nodes Q, R, and S. Note that 
fortwo or higher level refinements, no new types of auxiliary matrix arise. Thisis because 
only one hanging node (irregular node) is to be allowed for any refinement process. 

The procedure for h-refinement is as follows: 


Step 1 
A coarse finite element mesh is constructed, which contains only a small number of 


elements, sufficient to model basic geometrical features and flow characteristics. Obtain 
the preliminary flow solution on this initial mesh. 


Step 2 
Compute the error indicator for each element. 
Step 3 


If 0 > a E, refine by subdividing the quadrilateral through midpoints. If 0 < ВЕ, 
unrefine by reversing the refining process. Typically set а = 0.2 and В = 0.5 with 
E being the user-specified tolerance. 
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Subroutine h adaptive 
no 


| First refinement Recover the constrained node 


Yyes 


| Error indicator 


Check constrained nodes 


| Mesh unrefinement | 


Mesh refinement 
Check constrained nodes 
Renumber connectivity 


| Determine interpolation function 


Exclude constrained nodes 


| Return to main 


Figure 19.2.2 Flow diagram for mesh refinements. 


The overall flow diagram is shown in Figure 19.2.2. Some applications to two- 
dimensional problems with triangular elements and quadrilateral elements using the 
error indicator (19.2.10) are shown in Figure 19.2.3 and Figure 19.2.4, respectively [Yoon 
and Chung, 1991]. 

Instead of using the primitive variable error indicators, we may take advantage of the 
FDV parameters as discussed in Section 13.6. To this end, we examine a compression 
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Figure 19.2.3 Mesh refinements (h-method), triangular elements. (a) Adapted 
mesh configuration (5004 elements, 2600 nodes, t=0.059sec). (b) Velocity 
field (Inlet vel.— 1506 m/sec). (c) Density contours (Max — 1.648, Min — 0.418, 
A = 0.123 kg/m?. (d) Temperature contours (Max = 1588, Min = 863, А = 73K. 
(e) Pressure contours (Max = 0.725, Min = 0.115, A = 0.061 MPa. (f) Mach number 
contours (Max = 2.603, Min = 1.152, А = 0.145. 
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(a) (n 


(с) (di 


Figure 19.2.4 Mesh refinements (/i-method), quadrilateral elements. (a) Adaptive mesh at t = 12 sec (2078 
elements, 2317 nodes). (b) Mach number contours at t = 12 sec (max = 2.9, min = 1.4, A = 0.15). (c) Adaptive 
mesh at t = 16sec (1847 elements, 2078 nodes). (d) Mach number contours at t = 16sec (max = 2.9, min = 1.3, 
А = 0.16). 


corner supersonic flow as shown in Figure 19.2.5a with initial grid of 4,600 elements 
(Figure 19.2.5b) [Heard and Chung, 2000]. Adaptative refinement is made for 51 or 53 
greater than 0.45. Unrefinement is to be applied if the FDV parameters are less than 
0.2. The contours of the first order ЕРУ parameters (51, 53) are shown in Figure 19.2.6. 
As demonstrated elsewhere (Section 6.6), these FDV parameters resemble closely the 
flowfield itself. Two level adaptation refinements have been carried out as shown in 
Figure 19.2.7. For the purpose of comparison, the results of computations based on 
the standard primitive variable error indicators are displayed. It is shown that the FDV 
results provide lesser number of adapted elements for both adaptative refinement levels. 
In addition, the refined regions are narrower for the FDV calculations. This is influenced 
by the FDV parameters being sensitive to the current flowfield physics dictating the 
decision for either refinement or unrefinement. These trends result in lesser computer 
time for the FDV-based error indicator. An additional advantage for the FDV approach 
is that the FDV parameters are already available in the formulation. The Mach number 
contours using the FDV error indicators and the primitive variable error indicators as 
shown in Figure 19.2.8 are practically identical. 


Symmetry: vel], T= m ike 
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in) db} 
Figure 19.2.5 Geometries for adaptive mesh calculations for a compression corner supersonic flow using the 


flow field-dependent variation (FDV) parameters as error indicators. (a) Geometry and boundary conditions 
of compression corner. (b) Initial grid (4600 elements). 
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Figure 19.2.6 Contour plots of FDV parameters, resembling the flowfield for the compression corner flow of 
Figure 19.2.5. (a) First order convection ЕРУ parameter (51). (b) First order diffusion ЕРУ parameter (53). 


19.2.1.3 Three-Dimensional Hexahedral Element 


The refinement of three-dimensional hexahedral elements results in each hexahedral 
being divided into eight hexahedral elements, as shown in Figure 19.2.9a. During this 
refinement process, irregular, or hanging, nodes arise, similar to those produced during 
the refinement of two-dimensional quadrilateral elements. As demonstrated in the two- 
dimensional refinement process, only one irregular node is permitted along the side of 
an unrefined element. During this refinement process, elements may contain three, five, 
or six irregular nodes. The elimination process for these irregular nodes is demonstrated 
below. 


Three Irregular Nodes 

Figure 19.2.9b shows the results of a simple one-level refinement of a hexahedral 
element. In the refinement process, three irregular or hanging nodes arise (nodes 1, 5, 
and 8). In order for the element I to remain linear, nodes 1, 5, and 8 must be eliminated 
as follows: 


1 1 1 
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Then, any flow property, и, is calculated from 
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Figure 19.2.9 Mesh refinement of hexahedral element with hanging nodes. (a) Hexahedral elements. (b) Three 
hanging nodes. (с) Five hanging nodes. (d) Six hanging nodes. 
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It can be shown that similar auxiliary matrices are derived for the refined elements 
in locations R-1 through R-3 on element I, as well as for refined elements on the six 
other faces of element I, for a total of twenty-four auxiliary matrices. 


Five Hanging Nodes 

The refined element shown in Figure 19.2.9c contains five irregular nodes (nodes 
1, 2, 3, 5, and 8). The auxiliary matrix for the irregular element can be derived similar 
to the procedure demonstrated above for three irregular nodes as shown below. 


1 оо to 00 0 
2 2 
1 1 11 
2. ош c gk de 0 u 
444 4 а 
11 » 
00220000 uc 
но) Ж (Т) u4 
ум=|0 0 010000 им = | це 
1 00:00 Us 
4 4 4 4 " 
00.000100 А 
р 
0000001 0 
ооо 2 ооо ! 
2 2 


Additional auxiliary matrices are derived, in accordance with the refined elements’ 
location on the faces of the unrefined element. As in the case of three irregular nodes, 
the irregular elements can occupy four locations on each of six faces, for a total of 
twenty-four auxiliary matrices. 


Six Hanging Nodes 

Similarly, the refined element in Figure 19.2.9d contains six irregular, or hanging, 
nodes (nodes 1,2,3,5, 7, and 8). The auxiliary transition matrix for the irregular element 
shown in Figure 19.2.9 is 


looloooo 
2 2 
1 1 1 1 
< = = c gu. 
4 4 4 4 ua 
1 1 ив 
60550900 0 Ше 
T 0001 000 0 T u 
нї) = usp = | за 
L dos d od og ир 
4 4 4 4 иб 
0000010 0 ир 
1 1 1 1 
00 =-= -= 0 0 - = НЕ 
4 4 4 4 
1 1 
000-000 = 
5 2 


There are also twenty-four possible auxiliary matrices for elements with six irregular 
nodes. However, in practice, it is not necessary to store all possible auxiliary matrices in 
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Figure 19.2.10 Illustration of refinement/unrefine- 
ment process. (a) Initial mesh. (b) Adapted refined 
mesh. 


computer memory. Note that the rows of the auxiliary matrix for an irregular element 
can be determined simply by noting the number of nodes required for interpolation at 
the irregular node, and the node numbers used for interpolation. The nonzero entries 
are placed in the columns corresponding to the node numbers used for interpolation. 
Those nonzero entries are either У or Ул, depending on whether the value is interpolated 
between two or four nodes. 


Mesh Unrefinement 

For time dependent problems, in which a discontinuity may be migrating over the 
grid during a given time interval, an unrefinement procedure is needed, as well as a 
refinement procedure. In a similar way as elements are refined if the error is greater 
than a specified number, elements are unrefined if the error is less than a specified 
number. One method of unrefinement is to require that only groups of elements that 
were refined before can be unrefined. 

To ensure that the unrefinement occurs in the same way as the refinement, an array 
is added to the data structure to reflect the refinement history of the mesh [Devloo, 
Oden, and Pattani, 1988]. Toward this end, we introduce an array, NELGRP, in which 
NELGRP(LIGR) is the /th element of group IGR. If NELGRP(I,IGR) > 0, it refers 
to an element; if NELGRP(I,IGR) < 0, it refers to a group. 

Using this array, we build a data structure of groups that contain elements or groups. 
When an element is refined, it is transformed into a group which contains four (or eight, 
for 3-D hexahedral elements) new subelements. All references to the original element 
are changed to the new group. For example, consider the simple grid of four elements 
in Figure 19.2.10a. If element 4 is refined as shown in Figure 19.2.10b, the NELGRP 
array for group 4 becomes: 


NELGRP(1,4) = 4, NELGRP(2,4) = 5, NELGRP(3,4) = 6, and 
NELGRP(4,4) = 7 
If element 5 were further refined, then NELGRP(2,4) would be changed to —5, referring 
to group 5, and the entries for NELGRP(,5) would be filled in with the new element 


numbers. Using this data structure, it becomes a simple matter of unrefining a group to 
recover the previous elements, when the error indicates unrefinement is needed. 


19.2.2 MESH MOVEMENT METHODS (r-METHODS) 


Instead of refining elements, grid points can be moved around (mesh redistribution) to 
provide clustering in certain regions by means of error indicators, known as the position 
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Figure 19.2.11 Equidistribution of element error indica- 
tors in a cluster of four elements. 


vector approach [Oden, 1988]. This is in contrast to the clustering obtained by means 
of control functions in structured grids. Mesh movements may be combined with mesh 
refinements, known as the combined mesh refinement and mesh movement methods 
(hr-methods). 

If the number of grid points is fixed, then it is desirable to relocate the nodes so 
that errors are equi-distributed over the entire mesh, in other words, the error over 
each element is the same. This method is often called the *moving mesh method." The 
procedure is as follows: 


(1) Generate an initial mesh and obtain a trial solution. 

(2) Compute the error indicator, 0. 

(3) Determine the area weighted quantity 6,/ А; for the element г (Figure 19.2.11). 

(4) Let ro be a position vector from the origin of a global coordinate system to 
the controlled element e; of group G. The controlled element of the error of 
group G is 


У \г@/А; 
rg = = (19.2.15) 
У 6/А 
i=1 


where n denotes the number of elements surrounding a global node. 

(5) Relocate the node at the centroid of group G to lie at the vertex rg. 

(6) Continue this process over each group G of n elements until the new location 
of each node remains within a prescribed tolerance. 


An example of the r-method is shown in Figures 19.2.12, with applications demon- 
strated in Figure 19.2.13. The same approach can be used for triangular elements, and 
any number of surrounding elements can be accommodated at a global node under 
consideration. 


19.2.3 COMBINED MESH REFINEMENT AND MESH MOVEMENT METHODS 
(hr-METHODS) 


Inthis approach, the mesh is simultaneously refined and moved around as dictated by the 
error indicator. This adaptive process is implemented most conveniently in conjunction 
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Figure 19.2.12 Example of r-methods. (a) Initial mesh. (b) Mesh 
after r-adaptivity. 


with AFM or DVM mesh generators. There are two types of approaches in hr-methods: 
(1) mesh stretching and (2) local remeshing, described below. 


Mesh Stretching 

In this method, the measure of the error of each element is expressed in one dimen- 
sion as 
dp 


dx? 


2 
e 


= const (19.2.16a) 


With the second derivative of density evaluated at each node P or the current mesh, 
the new mesh may be generated with local spacing 5p such that (Figure 19.2.14): 

d?p 
dx? 


2 


p = const (19.2.16b) 


P 


For two dimensions with the local principal direction x; (major) and xz (minor), 


dp 
ах} 


р 
dx; 


dp 
dx? 


2 
(Р 


2, 
= 9p 
P 


2 
min 


— const (19.2.17) 


P 


with д?р /9х2 > 0?p/8x? and ӛр and 82)p denoting node spacings in the x; and x2 
directions, respectively. Here |92р /дх |max is the maximum value of |д%р /0x2| p over 
each node in the current mesh and бш is a user-specified minimum value for 6 in the 
new mesh. Thus, the local stretching parameter Sp is defined as 


Па 
pl 195 


Фр 


— 19.2.18 
ie (19.2.18) 


s= | 


P 


(bi 


Figure 19.2.13 Example of an r-method for МАСА 0012 airfoil in supersonic wind tunnel. (a) Mesh 
redistributions (10 applications). (b) Density contours. 
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Figure 19.2.14 Example of mesh stretching scheme of h-method. 


If ёр computed from (19.2.17) is larger than the user-specified value max, then we 
set бр = брах. Similarly, the node spacing will be controlled such that бр = 9,4; (user- 
specified maximum allowable spacing). It is thus expected from (19.2.18) that high 
stretching occurs only in the vicinity of one-dimensional flow features with low 
curvature. 

In this manner, the mesh is regenerated in accordance with computed distribution 
of the mesh parameters and the solution of the problem recomputed on the new mesh. 
Obviously, the min chosen governs the number of elements in the new mesh. This 
process continues until an acceptable quality of solution is achieved. 

An example of a regular shock reflection at a wall with the sequence of remeshing 
is shown in Figure 19.2.15 [Peraire et al., 1987]. This method is prone to an excessive 
stretching, which is often an undesirable consequence. 


Local Remeshing 

To circumvent the excessive stretching, local remeshing may be employed. In this 
approach [Probert et al., 1991], a block element having large errors is removed and 
remeshed with fine mesh. Here the initial mesh is marked for deletion, new boundary 
points are generated, and triangulation is processed with the current front in conjunction 
with AFM. 

Some applications for a shock tube and indentation flowfields are shown in Fig- 
ure 19.2.16a and Figure 19.2.16b, respectively [Probert et al., 1991]. 
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478 elements, 279 nodes, min=0.13, ба 


0.13, S 1.0 


ах max 


528 elements, 285 nodes, 944,720.02, дуах=0.75, Sinax=6.0 


Figure 19.2.15 Local remeshing process for regular shock reflection at a wall and corresponding 
flowfields [Peraire et al., 1987]. 
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ib) 
Figure 19.2.16 Local remeshing with AFM [Probert et al., 1991]. (a) Propagation of a 
planar shock. (b) Computation of the flow field produced by a strong shock passing 
over an indentation showing the mesh and corresponding density contours at four 
different times. 
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19.2.4 MESH ENRICHMENT METHODS (p-METHODS) 


This is the fundamental concept employed in finite element methods. Given a fixed 
mesh, improved solutions are expected to be achieved with an increase in the degree of 
the polynomials, or higher order approximations. 

In this section, we are concerned with hierarchical interpolation function or the 
so-called p-version finite element approximation functions. The use of hierarchical in- 
terpolations was the focus of discussion in the spectral element methods in Section 14.1. 
Our attention here, however, is to seek adaptivity as required by the error indicator, 
resulting in various degrees of polynomials for different elements. 

A need for increasing the degree of an approximation while keeping mesh sizes 
fixed is particularly important when boundary layers or singularities are encountered. 
One approach is to construct a hierarchical interpolation system in the form 


U = Фа а + 06, + (PO, + OO 5, (19.2.19) 


for 3-D domain, similarly as in (14.1.16) with each function representing the tensor 
products of chosen polynomials (Chebyshev, Legendre, Lagrange, etc.). The degree 
p will be raised asrequired when the user-specified error indicator tolerance is exceeded. 
The hierarchical interpolation system (19.2.19) was detailed in Section 14.1.2 for the 
spectral element methods. 

Recall that no side or interior nodes are installed physically (Figure 14.1.1), but 
higher order modes corresponding to the sides and interior are combined with the 
corner nodes. By means of static condensation, all side and interior mode variables are 
squeezed out of the final algebraic equations. This process allows the side and interior 
mode variables acting as the source terms, which are explicitly calculated. 

In order to treat adjacent elements in which degrees of approximations are different 
as a result of adaptivity, special procedures are developed between the constrained 
and unconstrained nodes in the approach of Oden and co-workers [1989]. In such a 
procedure, the so-called constrained matrices are derived so that compatibility between 
two elements with differing degrees of approximations can be ensured. It is obvious 
that this is not necessary in the method of spectral elements as shown in Section 14.1. 
This is because whatever the Legendre polynomial orders of approximations, the final 
form of the element matrix is transformed into a linear isoparametric interpolation 
in terms of only the corner nodes. In this process, no side, edge, surface, of interior 
nodes are required. The higher order spectral approximations are represented only 
through summation of nodes, not associated with any physically assigned non-corner 
nodes. 

Implementation ofthe p-method is seen to be identical to that of the spectral element 
methods, except that varying degrees of spectral orders can be employed for each 
element as dictated by error indicators. If any element fails to pass the predetermined 
(user-specified) tolerance requirement as judged from the calculated error indicator, the 
spectral order for this element must be raised. Then, along the boundaries (sides, edges, 
faces) of adjacent elements, there exist differences in degrees of freedom. In this case, 
we set the higher order element to dictate the degrees of freedom along the adjoining 
boundary. Other than the adaptive procedure, details of formulations for p-methods 
are identical to the SEM of Section 14.1. 
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19.2.5 COMBINED MESH REFINEMENT AND MESH ENRICHMENT METHODS 
(hp-METHODS) 


If shock waves are interacting with (turbulent) boundary layers, the p-method alone 
is not adequate. Shock wave discontinuities can best be resolved through mesh refine- 
ments, and it is thus necessary that mesh enrichments which are efficient for boundary 
layers be combined with mesh refinements. 

The simplest approach in this case is that the h-method is applied with only corner 
nodes of isoparametric elements until the shock waves are captured. Then we employ 
the p-version process with Legendre polynomials for boundary layer resolutions. This 
combined operation is to continue until all error indicator criteria are satisfied, with 
density and velocity gradients, respectively, being used for the h-version (shock waves) 
and p-version (boundary layers).The hp methods have been studied extensively by 
Babuska and his co-workers [1986—1998] and Oden and his co-workers [1986—1998]. 

In the process of adaptation, as dictated by the error indicator, a decision has to 
be made at any stage, whether h-refinements ог p-enrichments are to be performed. 
One approach is to begin with low order polynomials and continue until A-refinements 
reach a certain level (for example, shock discontinuities have been resolved), followed 
by p-enrichments which are designed for resolving turbulence microscales such as in wall 
boundary layers or free shear layers. Another option is to rely on an optimization process 
in which an automatic decision is made as to whether h-refinements or p-enrichments 
are more desirable at any given stage of adaptation. 

In the Лр adaptivity, the error estimates and error indicators discussed in the 
h-version and p-version are combined. For a particular mesh and p-distribution, how- 
ever, it is not possible to predict the accuracy a priori. Thus, we must rely on a posteriori 
error estimates using the finite element solutions. 

To this end, we consider any function u € H” (К) and a sequence of interpolations 
ш?Р such that for any 0 < s < r, and polynomial of degree < P, 


h chi 
je = и ке — duse Р=1,2,... (19.2.20) 
Р; 
with 
p = min(Pk 1, r) (19.2.21) 


This is the error estimate applicable for the Лр process [Babuska and Suri, 1990; Oden 
et al., 1995], with the error indicator given by 
ћу 


“Julk r=2<P+1 (19.2.22) 


= 
Pk 


In practice the error indicator can be determined using the element residual tech- 
nique. The fine mesh is obtained by raising the order of approximation by one for each 
node uniformly throughout the mesh. Then for each element k, the added shape function 
is interpolated in the sense of hp interpolation using the old shape functions. By subtract- 
ing the interpolates from each of the added shape functions, we effectively construct 
a basis for the element space of bubble function (Legendre polynomials, Chebyshev 
polynomials, Lagrange polynomials, etc.). The constrained approximation is fully taken 
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into account. Next, the local problems are formulated and solved and the element error 
indicators are calculated using the gradients of variables as shown in (19.2.1) through 
(19.2.9). 

A typical adaptive hp-method based on the error estimate proceeds as follows: 


(1) Input initial data, global tolerance Ec, and local tolerance Ez < Ec. 

(2) Solve the problem on the current finite element mesh. 

(3) For each element kin the mesh, calculate the error indicator Өк, if 0; > Ez, then 
refine the element. 

(4) Calculate the global estimate 


во = [У o (19.2.23) 
[4 


If 05 > Eg then decrease the local tolerance Ez = 90% Ec, go to (2). 


In order to estimate the local quality of an error estimate, we introduce the local 
effectivity index yz: 


0). 


үк = 19.2.24 
llell x ( 
Introducing a discrete measure (weight) шк 
2 
wy = ЫЕ (19.2.25) 
liell 
we obtain 
y=) ywr (19.2.26) 
k 


Thus, the global effectivity index (squared) can be interpreted as the average of the 
local indices (square) weighted with respect to the discrete measure; more emphasis 
is placed upon elements with large errors and less on elements for which the error is 
small. 

We may utilize the notion of standard deviation ø as a quantity estimating the 
discrepancy of the local effectivity indices. 


с? = Y \(үё— ү?) шк (192.27) 
k 


This can be normalized to 


а? => (52 – 1) wx (19.2.28) 
k 
with 
0; 
MD. M 19.2.29 
e= Telly - 1 


Equation (19.2.28) may be used as a criterion to compare the quality of various error 
estimates. 
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Our objective in the hp-method is to optimize the distribution of mesh size h and 
polynomial degree p over a finite element. For given h-refinements, the p-distributions 
may vary from element to element, as shown in Figure 14.1.2. Notice that boundaries 
between the higher and lower p’s are dictated by the higher degrees polynomial with 
irregular nodes and elements treated as discussed in Section 19.2.1. 

Toward this end, we examine the global error indicator ©, for element k which 
depends on Лу; and px, 


Ox al Өк(Л, р) dQ (19.2.30) 
Q 


where 6;(h, p) is the local error density. Thus, the total error indicator is expressed as 


в=> © (19.2.31) 
k 
Similarly, the total number of degrees of freedom is 
М=у М= | nh, p)dQ (19.2.32) 
k Q 


where п;(л, p) denotes a degree of freedom density. Assume that the optimal mesh 
arises at n = no. Thus, the optimality condition can be achieved by constructing the 
Lagrange multiplier constraint 


A(n — п) = 0 (19.2.33) 


so that the functional 


f = (Rh, p) — Mn — no) (19.2.34) 
achieves an optimality at 
af af 
ој = —dh+ — õp = 0 19.2.35 
f= Mer р” (19.2.35) 


Since ӧл and ёр are arbitrary, we must have 
of _ 9. дп 


= –л— = 0 19.2.36 
дһ дА дћ ( ) 
А. а Б (192.37) 
др др адр 

These conditions lead to the optimal лр distribution, 
д0 
— = Ap (19.2.38) 
дп p=constant 
90 
gv Xl (19.2.39) 
дп h=constant 


The derivatives in (19.2.38) and (19.2.39) may be approximated by A0/An, with A0 
denoting the change in error due to a change in number of degrees of freedom An. The 
process to reduce the error as much as possible would make the change in error per 
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change in number of degrees of freedom as large as possible. Thus, the larger of the two 
quantities, 


АӨ 
Alp = — | = constant (19.2.40) 
P An 
р 
ог 
АӨ 
Ala = ——| = constant (19.2.41) 
Ап |, 


should be used as the result of optimization. 

Notice that to modify a trial mesh, one refines those elements with |A*0,| below 
à and unrefines those for which |A*6,| is above А. For optimality, we refine elements 
for which the anticipated decrease of the error per unit new degrees of freedom is the 
largest. 

For two-dimensional problems, refinements are not restricted in one element. This is 
because the approximation inside two neighboring elements is affected by the 
p-enrichment and h-refinement causing subdivision of neighboring elements. How- 
ever, it is possible to extrapolate the one dimensional strategy to perform refinements 
for which the anticipated decreases of the error per new degree of freedom are as large 
as possible. 

It may be argued that raising p gives a larger decrease in error than subdividing the 
element for some problems, but the mesh is achieved when geometrically well graded 
toward singularity with low р. The general procedure for the Лр process is as follows: 


(1) Compute the anticipated degrees of errors for all elements in an initial mesh. 

(2) Evaluate 20 |, and 20 |, for every element. 

(3) Identify (4%)max = А. 

(4) Identify those elements for which 49 > aA where o is a predetermined number 
for refinement. 

(5) Perform refinements based on Steps (2) and (4) and solve the problem on the 
new mesh. 

(6) Calculate the global error © = У Ox. If © < B where В is a predetermined 


error tolerance, then stop; otherwise go to (1). 


In the process of hp refinements, it is frequently required that adjacent elements 
have larger or smaller degrees of polynomial approximations than the element under 
consideration. This will result in irregular elements with irregular nodes. In this case, the 
adjoining boundaries are dictated by the higher order approximations of either element. 

Oden et al. [1995] reports numerical results for the incompressible flow Navier- 
Stokes solution using the three-step Лр methods in which the following three steps are 
implemented: 


(1) Estimate the error indicator (19.2.2) on the initial mesh 
(2) Compute n; in (19.2.32) to construct a second mesh 
(3) Calculate the distribution of polynomial degrees p; to construct a third mesh. 


An application of the above procedure to a back-step channel problem [Oden et al., 
1995] is presented in Figure 19.2.17 and Table 19.2.1. The geometry features of the 
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Figure 19.2.17 Analysis of a backstep channel problem with hp adaptive 
method (Кс = 300) [Oden et al., 1995]. (a) Geometry for the backstep prob- 
lem. (b) Close-up view of the three adaptive meshes. (c) Equilibrated esti- 


mated error. 
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Table 19.2.1 CPU Time and Reattachment Length, Backstep Problem 
of Figure 19.2.17 


(a) CPU Time 


CPU for the Solution CPU for the Error Estimates 


(number of iterations) (equilibriated) (0.5) 


1224621) 1283 866 

3333(4) 2073 1171 

9264(5) 3845 2787 

Total 24843 7201 4824 
100% 28% 19% 


(б) Comparison of Reattachment Lengths with Ghia et al. [1989]* 


Reattachment Lengths Reference Results* Present Results 


Та 4.96 4.95 
Io 4.05 4.13 
Ia 7:55 7.32 


Sources: [Oden et al., 1995] 


problem are defined in Figure 19.2.17a. An initial mesh of 877 scalar degrees of free- 
dom and a quadratic interpolation are used. Close-up views of the three meshes and 
error index evolution and equilibrated estimated error are shown in Figures 19.2.17b,c. 
The elements are Л-тећпед near the singularity and orders of p = 4 and p = 3 аге as- 
signed near this point. However, the adaptive strategy also leads to refinements and 
enrichments in other areas. In order to illustrate the cost of the adaptive strategy, Table 
19.2.1a shows the CPU time used for each part of the calculation. The total number of 
iterations to reach the solution on each mesh (relative variation 107?) is also provided. 
Table 19.2.1b presents results in good agreement with the literature [Ghia et al., 1989]. 

Oden et al. [1998] further presented examples of hp methods applied to diffusion 
problems using a discontinuous Galerkin formulation. Here, arbitrary spectral approxi- 
mations are constructed with different orders pin each element. The results of numerical 
experiments on h and p-convergence rates for representative two-dimensional prob- 
lems suggest that the method is robust and capable of delivering exponential rates of 
convergence. 


19.2.6 UNSTRUCTURED FINITE DIFFERENCE MESH REFINEMENTS 


The control function methods and variational methods presented in Section 19.1 are 
suitable for structured grids only. After the adaptive process, the entire mesh still re- 
mains structured. In the mesh refinement methods, it is desirable that such restriction 
be removed even for the FDM formulation. We examine this possibility for FDM. 
The simplest case of mesh refinement may be illustrated for finite difference formu- 
lations as demonstrated by Altas and Stephenson [1991]. Consider a square S given by 
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1,]+1 i+1/2,j+1 i+1,j+1 


ij+1/2 н 
Figure 19.2.18 Comparison of errors between a square апа 
subsquares. 


ui | 


(i,j) G-- 1, jJ), @+1,7 + 1), and (7, +1) and its subsquares, as shown in Figure 
19.2.18. The computational error between the square and subsquares may be char- 
acterized as 


e= | | | u(x, y)ds -«| = | J | u(x, y)ds -e | (19.2.42) 


where 


1 
ез = 4069 — i) Dia — uC, уу) + Urita, уу) + иб, уы) + Uliti, Ура] 


1 
e; = те ен — х) (уа y) |ui, yj) + и, уза) + (ха, yj) + 2[и(х а, yj) 
+и(х+1, Yit u(x; ү. Уа) + u(xi. Уна) i Au(x; 1. Уна)] 
e = |e — e| 
1 
= теб – WOH — э) |BluGas уу) + ита, уу) + UG, ууа) 
+ u(Xi+1, yjg)] — 2[и(х 1, yj) + и (xia, Уні) + и(х 1, yj+1) 
+ u(xis ¥j41)] 7 408 у) (19.2.43) 
It can be shown using Taylor series expansions of the functions about the center point 
Qi Уна) of S that 
1 2 
C= 1g (itt = xi) — yi)| 2(xi+1 — Xi) Uxx Qui Уні) 
2 
+ 2(уна — у) uy (xa У) + R| (19.2.44) 


where А denote the remainder terms in Taylor expansions. 

Here u is known only at vertices (Figure 19.2.18). Thus we construct a linear inter- 
polation for side nodes and interior nodes. An adaptive mesh is created for all squares 
for which 


e> E 
where F is the user-defined tolerance. 


(1) Start by using the subregions with a uniform mesh. 
(2) Evaluate Е using (19.2.44) on each subregion. 
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(3) Subdivide the regions with the quantity Е larger than a given tolerance є into 
four equal subregions. 

(4) On the new mesh points, either obtain a new approximate solution to the prob- 
lem or use interpolated values of the previously obtained solution. 

(5) Continue steps 2 through 4 until the largest value of Е is less than є. 

(6) Solve the problem on the final mesh. 


Some example problems using unstructured adaptive finite difference mesh refinements 
can be found in Altas and Stephenson [1991]. 


19.3 SUMMARY 


Adaptive mesh methods were developed in structured grids using control functions and 
variational functions for FDM formulations. Obviously, in geometrical configurations 
not suitable for structured grids, control functions or variational functions are difficult 
to apply. 

Unstructured adaptive methods have been extensively developed for FEM applica- 
tions. Mesh refinement methods (h-methods) with error estimates and error indicators, 
mesh movement methods (r-methods), combined mesh refinement and mesh movement 
methods (Ar-methods), mesh enrichment methods (p-methods), and combined mesh 
refinement and mesh enrichment methods (Лр methods) were introduced in this chapter. 

It is shown in Section 19.2.6 that adaptive unstructured mesh refinements can be 
performed by finite differences, although severely limited in utility and flexibility. Much 
greater efficiency can be provided with finite elements. For the last two decades, Oden 
and his co-workers and Babska and his co-workers have made significant contributions 
in FEM adaptive mesh methods. Developments of adaptive mesh methods in unstruc- 
tured grids constitute one of the great achievements in the FEM research. 
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CHAPTER TWENTY 


Computing Techniques 


In Part Two and Part Three, various numerical schemes in CFD including FDM, FEM, 
and FVM have been discussed. We have presented methods of grid generation and 
adaptive meshing in both structured and unstructured grids in Part Four. Equation 
solvers for both linear and nonlinear algebraic equations resulting from FDM, FEM, 
and FVM have also been discussed in appropriate chapters. We are now at the stage 
of embarking on extensive CFD calculations in large-scale industrial problems, which 
will be presented in Part Five. To this end, it is informative to examine computational 
aspects associated with supercomputer applications and multi-processors. Among them 
are the domain decomposition methods (DDM), multigrid methods (MGM), and par- 
allel processing. In DDM the domain of study is partitioned into substructures to make 
solvers perform more efficiently with reduction of storage requirements, whereas in 
MGM the solution convergence is accelerated with low-frequency errors being re- 
moved through coarse mesh configurations and with high-frequency errors removed 
through fine mesh configurations. These two methods lend themselves to parallel pro- 
cessing to speed up and reduce computer time. Development of parallel programs and 
both static and dynamic load balancing will be presented. The topics in this chapter 
are designed toward more robust computational strategies in dealing with geometri- 
cally complicated, large-scale CFD problems. Some selected example problems are also 
included. 


20.1 DOMAIN DECOMPOSITION METHODS 


In dealing with geometrically large, complicated systems, it is natural to seek an ap- 
proach to split the domain into small pieces, known as domain decomposition methods 
(DDM). This is one of many possible applications to parallel processing to be discussed 
in Section 20.3. The basic idea of DDM was originated from the concept of linear 
algebra in solving the partial differential equations iteratively in subdomains, known 
as the Schwarz method [Schwarz, 1869]; and subsequently implemented in applications 
[Lions, 1988; Glowinski and Wheeler, 1988, among others]. The main advantages of 
DDM include efficiency of solvers, savings in computational storage conducive to par- 
allel processing, and applications of different differential equations in different sub- 
domains (representing viscous flow in one subdomain and inviscid flow in another 
subdomain, for example). 


20.1 DOMAIN DECOMPOSITION METHODS 


There are two approaches in the Schwarz method: (1) Multiplicative procedure 
which resembles the block Gauss-Seidel iteration, and (2) Additive procedure analo- 
gous to a block Jacobi iteration. We elaborate these procedures in the following sections. 


20.1.1 MULTIPLICATIVE SCHWARZ PROCEDURE 


In a typical domain decomposition approach, we divide the domain © into subdomains 
Q; such that 


о=[ ја (20.1.1) 
1=1 


ап example of which is shown in Figure 20.1.1 In this example, there are three in- 
terior domains, Q4(1 — 12), 22(13 — 21), 93(22 — 27), and three boundary interfaces, 
D15, 71,3, Г2.3(28 — 36). Here, for simplicity, boundary interface nodes are labeled last. 

Let us consider the Poisson equation and the resulting matrix equations from FDM, 
FEM, or FVM formulations for this geometry in the form, 


Kaa Kab a Fa 

27x27 27x9 27x1 | _ | 27x1 (20 1 2) 
Кы Къ Up Fp 

9x27 9x9 9x1 9x1 


where the subscripts a, b denote the interior subdomains and interfaces, respectively, as 
related to the global stiffness matrix Kaa (27 x 27) with the subdomain stiffness matri- 
ces, К1(12 x 12), Ko(9 x 9), K3(6 x 6) for Q1, 92, Оз, respectively, and the boundary 
interface stiffness matrix, Кьь(9 x 9) together with the interface-subdomain interac- 
tion stiffness matrices Кљ(27 x 9) and Кља(9 x 27) as shown in Figure 20.1.2. From the 
subdomain equations, we obtain 


U, = Ка (Fa mi KapUp) (20.1.3) 


aa 


15 


18 
21 
31 35 36 
DI Q3 
9 10 32 22 23 24 
11 12 33 25 26 27 


Figure 20.1.1 Decomposed domain (subdomains): Interior nodes (1-27), subdo- 
main Qı (1-12), subdomain Q2 (13-21), subdomain Q3 (22-27), Interfaces T12, 
Гуз, Гоз (28-36). 
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12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 


|| | || || |„ ишти | || | Tel | 
sf || ||| || || | || |„ | | ||| | ||| | 
{| | | 11111] [||| ||| ГГ HEEE 


Figure 20.1.2 Global stiffness matrix, Kaa (27 x 27) for Figure 20.1.1 with the subdomain stiffness 
matrices Kı (12 x 12), K2(9 x 9), K3(6 x 6), for Q1, Q2, Оз, respectively, and the boundary 
interface stiffness matrix, Kpp(9 x 9) together with the interface-subdomain interaction stiffness 
matrices Kgp(27 x 9) and Kpa(9 x 27). 


Substituting (20.1.3) into the interface equations leads to 


Sy, Us = Fp — Ky Kpa Fa (20.1.4) 
with 
Sob = Kob — Кы К, Kap (20.1.5) 


which is known as the Schur complement matrix. Note that determination of the un- 
knowns U,, U, requires the matrix inversion, K7}. To avoid this inversion operation, we 
employ the block Gaussian elimination approach as follows: First we return to (20.1.3) 
and write in the form 


U, = Е* – KU, (20.1.6) 
with 
Е = к! Fa (20.1.7) 


*, = K Ka (20.1.8) 


ab aa 


20.1 DOMAIN DECOMPOSITION METHODS 


Premultiplying F* by Kaa, and K7, by Kaa, we obtain, respectively, 
Kaa PF = Kaa Kj Fa = F, (20.1.9) 
Kaa К» = Kaa К. Каь = Kap (20.1.10) 


Now, any standard equation solver may be used to solve F* and K7, from (20.1.9) and 
(20.1.10), respectively. We then compute 


p= Fp — Kia Fs (20.1.11) 
and the Schur complement matrix in the form 
Sbb = Kop — Кь Ка (20.1.12) 
Finally, we solve the interface unknowns U, using (20.1.11) and (20.1.12) from 
Spp Up = F} (20.1.13) 
and the interior subdomain unknowns using (20.1.9) and (20.1.10) from (20.1.3) 
Иг = Е — KU, (20.1.14) 


It is well known that any system of equations may be altered in such a manner that 
conditioning of the equations (eigenvalues) can be improved in order to assure accuracy. 
To this end, let us examine the global equation of the form 

K U=F (20.1.15) 


пхппх1 пх1 


The preconditioned system of (20.1.15) тау be written as 
MKU = MF (20.1.16) 


where M is the preconditioning matrix and M^! is the preconditioning operator. This 
is called the multiplicative Schwarz procedure which is equivalent to a block Gauss- 
Seidel iteration. In order to derive this preconditioning operator, we seek the restriction 
operator К; and the prolongation operator (transpose of the restriction operator) with 
the subscript і denoting the number of subdomains such that 


К = К K КЇ (20.1.17) 
(n; xn;) (nj xn) (пхп) (nxn;) 
Or 
K!-RIK;R (20.1.18) 


where the л; refers to the total number of nodes for each subdomain and its boundary 
interface. Note that the subscript і here is not a tensorial index. For example, for the 
geometry represented by Figure 20.1.1, we have n = 36 and n; for 91, Q2, Әз are 18, 16, 
12, respectively, leading to the global stiffness matrix K shown in Figure 20.1.2. Here, 
the restriction matrices К; consist of ones at associated nodes and zeros elsewhere 
(Figure 20.1.3), resulting in subdomain stiffness matrices as shown in Figure 20.1.4. 

Let us assume that at each iterative solution step there is an error given by the error 
vector d, 


d=U*—U (20.1.19) 
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R; (12 x 36) 


Figure 20.1.3 Restriction operators for subdomains given in Figure 20.1.1. 


where U* is the solution at the current step with U being the previous step. Then, we 
have 


F — KU = Kd = K(U* — U) (20.1.20) 
It follows from the above relations that 


а=К (Е— KU) (20.1.21) 
0% = О + КІКГ\К(Е — KU) (20.1.22) 
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= 
~ 
о 
A 
л 
o 
ч 
со 
© 
-— 
o 
= 


12 13 14 15 16 17 18 


1 К, Ка; Казо 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

21К211К22 10 |K24,0 О 0 (0 0 0 0 0 Ko,28 |0 0 0 0 0 

3 Ks10 _ Каз Кад Кз50 0 0 JO (0 0 0 0 0 0 0 0 0 

400 Ка; КазКад0О Kas0 0 0 (0 0 0 0 Ка» |0 0 0 0 

50 0 Казо 5 К |Ks.7/0 0 0 0 0 0 0 0 0 0 0 

6|0 0 [0 |KealKes\Kee|0 Кеајо О 0 0 0 0 Км0 0 0 

70 0 0 0 К550 JKz;Kzs Ко 0 0 0 0 0 0 0 0 0 

зво 0 0 0 0 Кз Квт Кав 0 Кало 0 0 0 0 0 Ка 10 0 

90 0 о 0 0 0 |К»„0 Ко |Ko,10 |Кол1 |0 0 0 0 0 0 0 

100 0 о 0 0 0 0 Коз Ко, К1о,о00 Кло,12/0 0 0 0 Као,32/0 

110 0 о 0 0 0 0 0 Ко k11,11|K11,12 |0 0 0 0 0 0 

120 0 о 0 0 0 0 0 0 (Коло |k12,11)k12,12 |0 0 0 0 0 K12,33 

130 [kiz32/0 0 0 0 (0 0 0 0 0 0 k13,28|K13,29|0 0 0 0 

140 (0 0 Ко 0 0 0 0 0 0 0 K14,28|K14,29|K14,30/0 0 0 

150 0 0 0 0 |kis6/0 0 0 0 0 0 0 К;5,2ә |K15,30|K15,31|0 0 

160 0 о 0 0 0 0 Кєз 0 0 0 0 k16,30|K16,31|K16,32 |0 

170 о о о о о 0 0 0 kı7,10 10 0 0 0 0 k17,31 |K17,32 |К17,33 

180 0 о о о о 0 0 о (0 0 Kk15,12 |0 0 0 0 k18,32 |К18,33 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 #15 «16 

1 K113 |Калао __ КО 0 0 0 0 K1,28 |0 0 0 0 0 0 

2 [K213 |К2,14 Ко 150 К» 170  |0 0 0 0 0 0 0 0 0 0 

3/0 K3,14|K3,15|0 0 Кала0 0 0 0 0 0 0 0 0 0 

4 Калз |0 0 Кале |Ка,1710 Кало |0 0 0 Ka,29 |0 0 0 0 0 

50 Ко 140 Кл |Ks,17/Ks,18/0 Ks,20 |0 0 0 0 0 0 0 0 

60 0 Ke,15/0 Кб,17 Ке 18|0 0 Ke,21 |0 0 0 0 0 0 0 

7\0 0 0 К=50 0 Кул |Kz,20 0 0 0 Kz,30 |0 Ктза |0 0 

80 о о 0 Ка17/0 Кало |Каг2о |Кв,21 10 0 0 0 0 Ка з5 |0 

90 0 0 0 0 Кә,1в/0 Kg,20 Ко |0 0 0 0 0 0 Ko,36 

10|Каол30 0 0 0 0 (0 0 0 K10,28/K10,29|0 0 0 0 0 

11/0 0 0 k11,16|0 0 0 0 0 K11,28 |K11,29 |K11,30|0 0 0 0 

12/0 0 0 0 0 0 K12,19|0 0 0 K1229 |K12,30|K12,31|0 0 0 

13/0 0 0 0 0 0 0 0 0 0 k13,30|K13,31|K13,34|0 0 

14/0 0 0 0 0 0 Клал9ј0 0 0 0 0 K14,31 |K14,34 |K14,35|0 

150 0 0 0 0 0 0 k15,20/0 0 0 0 0 K15,34 K15,35 K15,36 

16/0 о о 0 0 0 0 0 k16,21|0 0 0 0 0 k16,35|K16,36 
1 2 3 4 5 6 7 8 9 10 11 12 

1 [K122 |Кз0 Ко 0 0 Ki,32/0 — [Kiss 10 0 

2 Ко 22 Кога K224|0 |Кә,260 |0 о 0 о Koss |0 

30 K3,23 |K3,24 |0 0  Kaz70 о 0 0 0 K3,36 

4 Ka» |0 0 Ka,25|Ka,26/0 |0 0  Казо 0 0 

5|0 Ks,23 |0 K5,25|Ks,26|Ks,27/0 о о 0 0 0 

6 10 0 Ke,24 |0 Ke,26|Ke,27|0 0 0 (0 0 0 

70 0 о (0 K731 |Kz,32|0 _ Кум O 0 

8 Ka; |0 0 0 0 0 Ks,31 |Каз2 Кв,зз10 0 0 

9 0 0 0 Kg25/0 0 0 Kg,32|Ko,33/0 0 0 

10|K10,22\0 0 0 (0 0 Коз0 |0 Коза К1о,з5 0 

1100 k11,23|0 о о о 0 0 |0 __|К,јзаК:135 |K11,36 

12|0 0 kı2240 0 0 (0 о о 0 K12,35 |К12,36 


Figure 20.1.4 Final forms of stiffness matrices. 


Define the error e* to be the difference between the right-hand side and the left-hand 
side of (20.1.22), 


e* = e — RIK; КК(О“— U) (20.1.23) 
which may be rewritten for subiteration steps į andi — 1 as 


e; =e; — RIK; R; Kei (20.1.24) 
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with i = 1,... s,s being the total number of subdomains. This gives 


е; = (I — Р;је; 1 (20.1.25) 
where Р, is known as the projector, 

P; = КІ КГК, К (20.1.26) 
For the error at step s, we have 

es = (I — Ps) — Р, 1)... (1 — Pi)eo (20.1.27) 
Or 

es = О;ео (20.1.28) 
with 


О, = (1— POE Р,—\)...(1— P1) 


The multiplicative Schwarz procedure described above may be extended to over- 
lapping subdomains, which will be elaborated in Section 20.4.1 together with parallel 
processing. 


20.1.2 ADDITIVE SCHWARZ PROCEDURE 


In contrast to the multiplicative Schwarz procedure, which is similar to the block 
Gauss-Seidel iteration, the additive Schwarz procedure consists of updating all the new 
block components from the same residual, analogous to a block Jacobi iteration, and 
thus the components in each subdomain are not updated until a whole cycle of updates 
through all domains is completed. 

It follows from (20.1.22) and (20.1.26) that 


U* = ( = Y r.) U + У ЋЕ (20.1.29) 
i=1 1=1 


with 
T; = P;K-1= RI КГ! К; (20.1.30) 
Note that, upon convergence, U* = U, the solution (20.1.29) becomes 
$ $ 
> RUS) ТЕ (20.1.31) 
i=1 = 
Comparing (20.1.16) and (20.1.31), we find that 
$ 
У. Р, = M-!K 
mt (20.1.32) 


5 5 
У ne» Fea 
i=l i=l 
which identifies the preconditioning as given by (20.1.16), 
M`KU = МЕ 
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It is seen that the preconditioned iterative solution (20.1.29) has multiple benefits. 
Here, only the restricted and prolongated subdomain matrices are involved, the solu- 
tion is more accurate due to preconditioning, convergence is faster, and computational 
storage requirements are less with domain decomposition. 

The domain decomposition may be carried out in unstructured grids. The basic alge- 
bra for the structured grids presented above can be applied equally well to the unstruc- 
tured grids. Furthermore, the domain decomposition lends itself to parallel processing 
which will be presented in Section 20.3. Examples of both overlapping and nonoverlap- 
ping subdomains together with parallel processing will be presented in Section 20.3.4. 


20.2 MULTIGRID METHODS 


20.2.1 GENERAL 


The basic idea of multigrid methods (MGM), as originally pioneered by Brandt [1972, 
1977, 1992], is to accelerate the convergence of iterative solvers. The low-frequency or 
large wavelength components of error on a fine mesh become high frequency or small 
wavelength components on a coarser mesh. Thus, it is preferable to use coarse grids 
to remove low-frequency errors, with accuracy ensured by means of fine grids. Two or 
more levels of solutions from fine to coarse grids (restriction process) and from coarse 
to fine grids (prolongation process) may be repeated until convergence is reached. In 
general, MGM is regarded as the most efficient technique to accelerate convergence 
among the iterative methods in solving the linear and nonlinear algebraic equations. 

In multigrid operations, asymptotic behavior of the error (or of the residual) is dom- 
inated by the eigenvalues of the amplification matrix close to one in absolute value. The 
error components situated in the low-frequency range of the spectrum of the space- 
discretization are the slowest to be damped in the iterative process. The higher frequen- 
cies are the first to be reduced and a large part of the high-frequency error components 
will be damped, thus acting as a smoother of the error. 

The simplest case of a multigrid procedure consists of nested structured grid in which 
a fine grid is coarsened by eliminating every other node in all directions so that all nodes 
in the coarse mesh appear in the fine mesh. In contrast, unstructured grids are in general 
unnested. We present the general procedure of nested structured multigrid methods in 
Section 20.2.2, followed by unnested unstructured multigrid methods in Section 20.2.3. 


20.2.2 MULTIGRID SOLUTION PROCEDURE ON STRUCTURED GRIDS 


For structured grid FDM computations, we may begin with the finest grid and coarsen 
the mesh by eliminating every other node, resulting in nested grids. An example for 
the three-level nested multigrid system is shown in Figure 20.2.1. In practice, several 
levels of multigrid discretization are desirable. The simplest descriptions of multigrid 
methods may be given as follows: 


Restriction Process 
Do n iterations (two or three relaxation sweeps) on the fine grid using any iterative 
solution method such as the Gauss-Seidel scheme. Interpolate the residual R onto the 
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Level 1 


Level 2 


Level 3 


Figure 20.2.1 Three-level multigrid discretization. 


coarse grid, with the residuals not updated during the iterations because we want the 
computed values to represent corrections to the fine-grid solution. This is known as 
the restriction process (restricted to the next coarsest grid), represented by the following 
steps: 


Step 1 (finest grid) 1АЛ = К 
Step 2 (level 2 coarse grid) LAU, = HR 
Step 3 (level 3 coarse grid) LAU; = — 5 R = —13(LAU2 + ПК) 


where Lis the differential or difference operator and the subscript represents the pre- 
vious step with the superscript being the destination. For illustration, the restriction 
process of two-level one-dimensional Poisson problems is shown in Figure 20.2.2(a) 
with the restriction operator 13 given by 


p.ip 21 
174 12 1 


Prolongation Process 

With the corrections now available on the coarsest grid, they are to be prolongated 
or interpolated onto the next finer grid by adding them to the previous corrections 
obtained at the restriction process, until the finest grid is reached. These steps are given 
as follows: 


Step 4 (level 3 fine grid) LAU; = Rs (updated from Step 3) 


Step 5 (level 2 fine grid) LAU; = l1 R (updated from Step 2) 
Step 6 (level 1 fine grid) LAU, = R (updated from Step 1) 


20.2 MULTIGRID METHODS 


h- р Ах -^ EL 
4 4 
2k «2 2k 2k 42 
Coarse 6+1 k E41 
Ax=2h Ax = 21 
(а) 
Fine 
Y 1 
Соагзе 2 2 


(b) 


Figure 20.2.2 Restriction and prolongation. (a) Restriction (weighting). (b) Pro- 
longation (interpolation). 


where the subscript denotes the previous step with the superscript being the destination. 
Here, the prolongation operator for one-dimensional Poisson solver assumes the form, 


1 


1 
2 
h=5 1 


1 

2 

1 

The above procedure is known as the V-cycle [Figure 20.2.3(a)]. The V-cycle may be 
repeated as many times as required until the desired accuracy is obtained, resulting in 
the so-called W-cycles [Figure 20.2.3(b)]. 


To illustrate the MGM procedure using the FEM notations, let us assume that we 
have a sequence of grids т and т + 1 to solve the FEM equations of the form, 


Ky Ор = Fr on coarse grid (20.2.1) 
Кој "ЕН = Ket! on fine grid (20.2.2) 


with a, B denoting the number of global nodes for either coarse grid or fine grid. A 
low-frequency component on a fine grid becomes a high-frequency component on a 


ү мм 


Figure 20.2.3 (а) V-cycle multigrid. (b) W-cycle multigrid. 
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coarse grid. Thus, the multigrid methods are intended for exploiting the high-frequency 
smoothing of the relaxation (iteration) procedure. 

The coarse grid equation (20.2.1) for U7' is prolongated onto the next finer grid 
(20.2.2). After a few steps of this iterative process, the high-frequency components of 
the residual E"*! are obtained 


pS ak ue (20.2.3) 


The residual can then be reduced and adequately resolved on the coarse grid: 


== т 


‚түтүп uml pm 
Ка Ue =K Бр = Е, (20.2.4) 
where О; is the correction on the coarse grid and ко is the nonsquare matrix, 
known as the restriction operator. For nonlinear problems we may replace (20.2.3) by 


=> 


Ко (Ко 0) = Fo + En Kw Ору“ (20.2.5) 


ог 

Ku, =F, (20.2.6) 
The solution of either (20.2.4) for linear problems or (20.2.6) for nonlinear problems 
enables us to be updated by adding to it the prolongation of Ug onto the finer grid 
so that Uj"*! as calculated from (20.1.2) is updated to Uz as 


т т+1 


U Um + көгүн = co) (20.2.7) 


where ie is the nonsquare matrix, known as the prolongation operator. The pro- 
cedure described above will be repeated until the converged solution of (20.2.2) is 
obtained. 

If FDM discretizations are employed, the restriction and prolongation operators 
can be replaced by appropriate finite difference formulas. To identify these operators, 
let us begin with the FDM formulations using the FEM notations. 


m+1 Fl _ pm+1 т+1 утт _ pm+1 
КИРА МИНА ч рн „кнн ы кен (20.2.8) 
with 
pss = U” + АШ (20.2.9) 


The residual E?” upon а few relaxation steps on the (m + 1)th grid to smooth the high- 
frequency components is of the form 


E, =Е"—К АШУ (20.2.10) 
where AU; is obtained through a few relaxation steps. 

The residual E"-! on the mth grid is obtained from E, as 

Em} = prt pm (20.2.11) 


which represents the transfer from the fine to the coarse grid with Г"! being the 
restriction operator similar to E in (20.2.4). This operator shows how the mesh 
values on the coarse grid are derived from the surrounding fine mesh values. This is a 


20.2 MULTIGRID METHODS 


contrast to the nonsquare matrix Ky" 1 relating the stiffness matrix of the coarse grid 
to the fine grid. 

These relaxation processes (20.2.10) and restriction processes (20.2.11) continue 
until the coarsest grid т = 1 is reached. The correction AU. is obtained from AU, 
by prolongation factor 171 as we move from a coarse grid to a fine grid, 


Aum! = p" AU” (20.2.12) 


in which a few relaxation steps are to be made on a fine grid. 


20.2.3 MULTIGRID SOLUTION PROCEDURE ON UNSTRUCTURED GRIDS 


Although the multigrid methods can be applied to the structured grids for both FEM and 
FDM with nested grids in which all coarse grid nodes appear in the fine grid nodes, such 
nested structured grids may not be possible in general or impractical for complicated 
geometries. Multigrid methods for unstructured and unnested grids have been studied 
by many investigators in the past [Lóhner and Morgan, 1987; Mavriplis and Jameson, 
1990, among others]. To this end, it is convenient to use FEM or FVM in which any 
arbitrary geometries may easily be accommodated. 

Let us consider an unstructured grid system as shown in Figure 20.2.4 in which the 
fine mesh A, B, С, D contains the coarse grid node 1 and the coarse grid element 1, 2, 3, 4 
contains a fine grid element H, I, J, K. Our task is to determine how the flow variables, 
residuals, and corrections are to be transformed between fine and coarse grids. This can 
be achieved as follows: 


(1) Flow variables A linear interpolation is used to transfer from the fine grid nodes 
A, B, C, D to the coarse grid node 1. 

(2) Residuals (Restriction process) The fine grid residual at H is linearly distributed 
to the coarse grid nodes 1, 2, 3, 4 enclosing H. It is convenient to use the finite 
element trial functions for this purpose. 

(3) Corrections (Prolongation process) The corrections from the coarse grid back 
to the fine grid E can be transferred using a simple linear interpolation of the 


E 4 


Prolongation 
," Process 


Coarse grid nodal v 
variables transferred 2 \ 

from fine grid A, B, Restriction 
GD Process 


Figure 20.2.4 Grid transfers from coarse to fine and vice versa in unstructured quadri- 
lateral multigrids. 
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coarse nodes 1, 2,3, 4. An efficient strategy such as tree search algorithm may be 
employed to locate the coarse grid cell enclosing a particular fine grid node. In 
this algorithm, it requires information about the neighbors of each node or cell 
and a series of tests are carried out to determine if the coarse grid cell encloses 
the fine grid node. 


As was indicated in Section 20.1 for domain decomposition, the parallel processing 
can be applied to multigrid methods also to obtain speedup in computer time. We shall 
discuss the subject of parallel processing in Section 20.3. 


20.3 PARALLEL PROCESSING 


20.3.1 GENERAL 


Computational procedures in CFD in general as well as the adaptive mesh (Chapter 19), 
domain decomposition (Section 20.1), and multigrid methods (Section 20.2) discussed 
earlier will benefit from parallel processing, in which significant computational efficiency 
can be achieved. There are different forms of parallelism: multiple functional units, 
pipelining, vector processing, multiple vector pipelines, multiprocessing, and distributed 
computing. 

In multiple functional units, we multiply the number of functional units such as 
adders and multipliers together. Here, the control units and the registers are shared by 
the functional units. 

The concept of pipelining resembles an automobile assembly line. Let us assume 
that n number of operations takes s stages to complete in time t. The speedup factor 
S in this case can be given by the ratio, S = nst/[(n + s — 1)t]. It is seen that for a large 
number of operations, the speedup factor is approximately equal to the number of 
stages. 

Vector computers are equipped with vector pipelines such as a pipeline floating 
point adder or multiplier. Also, vector pipe lines can be duplicated to take advantage 
of any fine grain parallelism available in loops. 

A multiprocessor system is a set of several computers with several processing ele- 
ments, each consisting of a CPU, a memory, an I/O subsystem, etc. These processing 
elements are connected to one another with some communication medium, either a bus 
or some multistage network. In a tightly coupled system, processors cooperate closely 
on the solution to a problem. A loosely coupled system consists of a number of inde- 
pendent and not necessarily identical processors that communicate with each other via 
a communication network. The multiprocessor computer architecture may be classified 
in terms of the sequence of instructions performed by the machine and the sequence of 
data manipulated by the instruction stream as follows: 


(1) Thesingle instruction-single data stream (SISD) architecture allows instructions 
to be executed sequentially but they may be overlapped in their execution stages 
(pipelining). Instructions are fetched from the memory in serial fashion and 
executed in a single processor. 

(2) In single instruction-multiple data stream (SIMD) architecture multiple pro- 
cessing elements are all supervised by the same control unit. All processors 


20.3 PARALLEL PROCESSING 


receive the same instructions broadcast from the control unit, but operate on 
different data sets from distinct data streams. 

(3) With multiple instruction-multiple data stream (MIMD), each processor has 
its own control unit and the processors execute independently. The processors 
interact with each other either through shared memory or by using message 
passing to execute an application. 


Distributed computing is a more general form of multiprocessing, linked by some 
local area network such as the parallel virtual machine (PVM) and the message pass- 
ing interface (MPI). This system is cost effective for large applications with high vol- 
ume of computation performed before more data is to be exchanged. In distributed 
multiprocessors, each processor has a private or local memory but there is no global 
shared memory in the system. The processors are connected using an interconnection 
network, and they communicate with each other only by passing messages over the 
network. 

Multiprocessors rely on distributed memory in which processing nodes have access 
only to their local memory, and access to remote data is accomplished by request and 
reply messages. Numerous designs on how to interconnect the processing nodes and 
memory modules include Intel Paragon, N-Cube, and IBM’s SP systems. As compared 
to shared memory systems, distributed (or message passing) systems can accommodate 
a larger number of computing nodes. 

Although parallel processing systems, particularly those based on the message pass- 
ing (or distributed memory) model, have led to several large-scale computing systems 
and specialized supercomputers, their use has been limited for very specialized appli- 
cations. This is because message passing is difficult when a sequential version of the 
program as well as the message passing version is to be maintained. Thus, the new trend 
is that the programmers approach the two versions completely independently and that 
programming on a shared memory multiprocessor system (SMP) is considered easier. 
In shared memory paradigm, all processors or threads of computation share the same 
logical address space and access directly any part of the data structure in a parallel 
computation. A single address space enhances the programmability of a parallel ma- 
chine by reducing the problems of data partitioning, migration, and local balancing. The 
shared memory also improves the ability of parallelizing compilers, standard operating 
systems, resource management, and incremental performance. 

In the following sections, we discuss the development of parallel algorithms, parallel 
solution of linear systems on SIMD and MIMD machines, and applications of para- 
llel processing in domain decomposition and multigrid methods, new trends in parallel 
processing, and some selected CFD problems. 


20.3.2 DEVELOPMENT OF PARALLEL ALGORITHMS 


SIMD and MIMD Structures 

In numerical methods such as CFD, the basis for development of parallel algorithms 
is the evaluation of arithmetic expressions. The evaluation can be represented by graphs 
or trees. To this end, let us consider the problem of mapping a given arithmetic expres- 
sion Е into an equivalent expression Ё that can be performed parallel on SIMD or 
MIMD computers by means of commutative, distributive, or associative laws of linear 
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Serial (G) Parallel (G) 
Step 3 
Step 2 
Step 1 
Step 0 ay а, а; а а а. а; ал 


Figure 20.3.1 SIMD structure. 


algebra. For example, two additions can be made parallel as follows: 

E = a4 + [as + (a2 +а1)] (20.3.1) 
This can be transformed by the associativity of addition into 

E = (a4 + a3) + (a5 + a1) (20.3.2) 

A typical SIMD structure is characterized by 

E=a,;+a.+a3+a4 (20.3.3) 
By using the associative property of addition, we obtain 

E = (a4 + a3) + (аз + a4) (20.3.4) 


as schematically shown in Figure 20.3.1 in which С апа С denote the serial tree and 
parallel tree, respectively. 
In MIMD structure, if we wish to compute 


E = a1 + a2 хаз + a4 (20.3.5) 


it should be noted that the serial tree Gis not a unique tree, and no tree height reduction 
can be obtained by applying the associative law. Instead, we apply the commutative 
property of addition with Е being transformed into 


Ё = (а\ + ал) + a243 (20.3.6) 


with the tree height reduced by one step as shown in Figure 20.3.2. 
The speedup of a parallel algorithm is given by 


$р= Т/Т, (20.3.7) 
where Т, is the execution time using p processors. The efficiency is defined by 
Ер= 81р (20.3.8) 


Thus, for the case shown in Figure 20.3.2, we obtain Т» = 2, 5 = T1/ T2 = 3/2, Б = 
52/2 = 3/4. In parallel processing, we must determine how many tree height reductions 
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Serial (G) Parallel (G) 
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Figure 20.3.2 MIMD structure. 


can be achieved for a given arithmetic expression and how many processors are needed 
for optimality. 


Matrix-by-Vector Products in Parallel Processing 

Matrix-by-vector multiplications are easy to implement on high-performance com- 
puters. Consider the matrix-by-vector product у = Ax. One of the most general schemes 
for storing matrices is the compressed sparse row (CSR) format. Here, the data struc- 
ture consists of three arrays: a real array A(1:nnz) to store the column positions of 
the elements row-wise, an integer array ЈА (1 : nnz) to store the column positions of the 
elements in the real array A, and finally, a pointer array ТА (1: п + 1), the ith entry of 
which points to the beginning of the ith row in the arrays A and JA. Here, we note that 
each component of the resulting vector y can be computed independently as the dot 
product of the ith row ofthe matrix with the vector x. The algorithm for CSR format-dot 
product form may be given as follows: 


Doi=1,n 

kl = ia(i) 

k2 = ia(i + 1) — 1 

y(i) = dot product(a(k1 : К), x(ja(k1 : k2))) 
EndDo 


Ae eh 


Note that the outer loop can be performed in parallel on any parallel platform. On 
some shared memory machines, the synchronization of this outer loop is inexpensive 
and the performance of the above program can be effective. On distributed memory 
machines, the outer loop can be split in a number of steps to be executed on each proces- 
sor. It is possible to assign a certain number of rows (often contiguous) to each processor 
and to also assign the component of each of the vectors similarly. When performing a 
matrix-by-vector product, interprocessor communication will be necessary to get the 
needed components of the vector x that do not reside in a given processor. 

The indirect addressing involved in the second vector in the dot product is called 
a gather operation. The vector x(ja(k1 : k2)) is first “gathered” from memory into a 
vector of contiguous elements. The dot product is then carried out as standard dot- 
product operation between two dense vectors, as illustrated in Figure 20.3.3. 
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Dot-Product 


y(i) 
* 
a(i,*) 
х(1:п) 
Figure 20.3.3 Row-oriented matrix-by-vector multiplication – Gather 
operation. 


Let us now assume that the matrix is stored by compressed sparse column (CSC) 
storage format. The matrix-by-vector product can be performed by the following algo- 


rithm: 
1. y(1:n) 20.0 
2. Doi=1,n 
3. kl- ia(i) 
4. k2-—ia(i +1) – 1 
5. y(Ja(kl: k2)) = y(ja(k1:k2)) + x(j)*a(k1:k2) 
6. EndDo 


The above code initializes y to zero and then adds the vectors x(j) x a(1:n, j) for 
j =1,...,n to it. It can also be used to compute the product of the transpose of a 
matrix by a vector, when the matrix is stored (row-wise) in the CSR format. Normally 
the vector y( ja(k1 : k2)) is gathered and the vector update operation is performed іп 
vector mode. Then the resulting vector is “scattered” back into the positions ја(ж) by 
what is called a scatter operation, as illustrated in Figure 20.3.4. 

Notice that the inner loop involves writing back results of the right-hand side into 
memory positions that are determined by the indirect address function ја. To be correct, 
y(ja(1)) must be copied first, followed by y(ja(2)), etc. However, if it is known that the 
mapping ja(i) is one-to-one, then the order of the assignments no longer matters. Since 


+ Gather Scatter 
y(*) 


+ a(i,*) y(*) 


у(1:п) 
Figure 20.3.4 Column-oriented matrix-by-vector multiplication – Scatter operation. 
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compilers are not capable of deciding whether this is the case, a compiler directive from 
the user is necessary for the scatter to be invoked. 


20.3.3 PARALLEL PROCESSING WITH DOMAIN DECOMPOSITION 
AND MULTIGRID METHODS 


Although it is difficult to characterize multiprocessors in a simple manner, we may as- 
sume that they are individual processors and memory modules that are interconnected 
in some way. This interconnection can occur in a number of ways, but in general, pro- 
cessor memory modules communicate with one another directly or through a common 
shared memory. The processing unit in the model can be a simple bit processor, a scalar 
processor, or a vector processor. The memory unit in the module can be a few registers 
or a cache memory. Because of nonlinearity in fluid mechanics, it is important that the 
interaction between the computer modules in a multiprocessing system be controlled 
by a single operating system. 

There are two forms of multiprocessors: the loosely coupled or distributed memory 
multiprocessors and the tightly coupled or shared memory multiprocessors. In a loosely 
coupled system, each computer module has a relatively large local memory where it 
accesses most of the instructions and data. Because there is no shared memory, pro- 
cesses executing on different computer modules communicate by exchanging messages 
through an interconnection network. In fact, the communication topology of this inter- 
connection network is the crucial factor of these systems. Thus, loosely coupled systems 
are usually efficient when the interaction between computational tasks is minimal. 

Tightly coupled multiprocessor systems communicate through a globally shared 
memory. Hence, the rate at which data can communicate from one computer module 
to the other is of the order of the bandwidth of the memory. Because of the complete 
connectivity between the computer modules and memory, the performance may tend 
to degrade due to memory contentions. 

Ideal numerical models for multiprocessors are those that can be broken down into 
algebraic tasks, each of which can be executed independently on a computer module 
without ever having to obtain or pass data between the modules during the course of 
the execution. This framework allows a mechanism for analyzing the movement of data 
within a multiprocessing system. The basic idea is to regard the computational tasks be- 
ing performed by the individual computer modules as numerical solutions of individual 
boundary value problems. In this way numerical data being obtained or transmitted be- 
tween computer modules are the initial and boundary data of the differential equations. 
The solution of the overall mathematical model is then provided by “piecing” together 
each of the subproblems. 

For the domain decomposition methods presented in Section 20.1, the domain Q(t) 
is expressed as a union of subdomains (such as in Figure 20.1.1) 


k(t) 


A(t) = [ Jot) (20.3.9) 
j=l 


Each processor then assumes the task of solving one or more of the partial differential 
equations over a prescribed time interval Аг. At the end of this time interval, a new 
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substructuring of the domain is performed: 


k(t+At) 
Q(ra At) 2 [] Q(t, Ar) (20.3.10) 
j=l 


and the process is repeated. The numerical mathematical relationship between the 
computed subdomain solutions and the solution of the global problem is delicate and 
is a function of the partial differential equation being solved. However, it is precisely 
this relationship that determines the efficiency of the computation on a multiprocessing 
system. 


New Trends in Parallel Processing 

It appears that the use of small clusters of SMP systems, often interconnected to 
address the needs of complex problems requiring the use of large numbers of processing 
nodes, is gaining popularity [Kavi, 1999]. Even when working with networked resources, 
programmers are relying on messaging standards such as MPI and PVM or relying on 
systems software to automatically generate message passing code from user-defined 
shared memory programs. The reliance on software support to provide a shared memory 
programming model (i.e., distributed shared memory systems) can be viewed as a logical 
evolution in parallel processing. Distributed shared memory (DSM) systems aim to 
unify parallel processing systems that rely on message passing with the shared memory 
systems. The use of distributed memory systems as shared memory systems addresses 
the major limitation of SMPs, namely scalability. 

The growing interest in multithreading programming and the availability of systems 
supporting multithreading (Pthreads, NT-threads, Linux threads, Java) further empha- 
sizes the trend toward shared memory programming model [Nichol, Buttlar, and Farrell, 
1996]. The so-called OpenMP Fortran is designed for the development of portable paral- 
lel programs on shared memory parallel computer systems. One effect of the OpenMP 
standard will be to increase the shift of complex scientific and engineering software 
development from the supercomputer world to high-end desktop workstations. 

Distributed shared memory systems (DSM) attempt to unify the message passing 
and shared memory programming models. Since DSMs span both physically shared 
and physically distributed memory systems, DSMs are also concerned with the inter- 
connection networks that provide the data to the requesting processor in an efficient 
and timely fashion. Both the bandwidth (amount of data that can be supplied in a 
unit time) and latency (the time it takes to receive the first piece of requested data 
from the time the request is issued) are important to the design of DSM. It should be 
noted that because of the generally longer latencies encountered in large-scale DSMs, 
multithreading has received considerable attention in order to tolerate (or mask) mem- 
ory latencies. 

The management of large logical memory space involves moving data dynamically 
across the memory layers of a distributed system. This includes the mapping of the user 
data to the various memory modules. The data may be uniquely mapped to a physical 
address as done in cache coherent systems, or replicating the data to several physical 
addresses as done in reflective memory systems and, to some extent, in cache-only 
systems. Even in uniquely mapped systems, data may be replicated in lower levels of 
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memories (i.e., cache). Replication, in turn, requires means for maintaining consistency. 
Directories are often the key to tracking the multiple copies and play a key role in 
coherency of replicated data. Hardware or software can maintain the coherency. 

The granularity of the data that is shared and moved across memory hierarchies is 
another design consideration. The granularity can be based on objects without semantic 
meaning, based purely on a sequence of bytes (e.g., a memory word, a cache block, or a 
page) or it can be based on objects with semantic basis (e.g., variable, data structures or 
objects in the sense of object-oriented programming model). Hardware solutions often 
use finer grained objects (often without semantic meaning) while software implemen- 
tations rely on coarser grained objects. 

Synchronization and coordination among concurrent computations (i.e., processes 
or threads) in shared memory programming rely on the use of mutual exclusions, critical 
sections, and barriers. Implementation of the mechanisms needed for mutual exclusion 
(often based on the use of locks) and barriers explores the design space spanning hard- 
ware instructions, spin locks, tree barriers, etc. These solutions explore trade-offs be- 
tween the performance (in terms of latency, serialization, network traffic) and scalability. 

In addition to the issues mentioned above, resource management — particularly in 
terms of minimizing data migration, thread migration, and messages exchanged — are all 
significant in achieving cost-performance ratios in making DSM systems as contenders. 

In summary, threads are used in multitasking to better utilize processor capabilities, 
resulting in better throughput and response time. For example, we can assign a separate 
task/thread to process user command inputs, while other tasks/threads can do the actual 
processing. This eliminates the need for “freezing” keyboard while processing a previous 
request. Thus, threads represent “concurrency.” The complex flow without threads and 
simple flow with threads are illustrated in Figure 20.3.5a and Figure 20.3.5b, respectively. 
It is seen that a complex program can be viewed as concurrent activities and the flow 
of control becomes cleaner (Figure 20.3.5b). Without threads, we can still simulate 
the concurrent activities by interleaving the execution. Such structures cannot utilize 
multiple CPUs or kernel threads. With threads, we can use multiple processors or kernel 
threads. If multiple processors are available, we can increase the performance by using 


Task 1 Task 2 Task 1 Task 2 


Bi 
L] 


(a) (b) 


Figure 20.3.5 Threads and concurrency. (a) Complex 
flow without threads or concurrency. (b) Simple flow 
with threads or concurrency. 
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multiple concurrent activities. Multitasking or other concurrent programming methods 
utilize the multiple processing units. Multithreaded programs can be executed either 
on a single processor system or on an SMP with minimum changes. This is in contrast 
to traditional (old) parallel programming which requires careful and tedious changes 
to the program structure to utilize the multiple-processing unit. As each workstation 
is becoming more powerful and cheaper, the trend has been to use a network of such 
systems instead of supercomputers or massively parallel systems. 


20.3.4 LOAD BALANCING 


An important consideration in CFD is the problem of distributing the mesh across the 
memory of the machine at runtime so that the calculated load is evenly balanced and 
the amount of interprocessor communication is minimized. Load balancing is difficult 
in large distributed systems. Algorithms must minimize both load balance and commu- 
nication overhead of the application. These algorithms should balance the load with as 
little overhead as possible, and they should be scalable. 

We consider a parallel system as with P processors as a graph Н = (И, F) with nodes 
U = (0,..., Р— 1} and edges F СИ x U. Similarly, a parallel application is modeled 
as graph G = (V, E,p,o) with nodes У = {0,..., N—1}, edges EC V x V, node 
weights p : V > А, and edge weights с: E > R. 

We may view the load balancing as a graph embedding problem. Our task is to find a 
mapping M : G — H ofthe application graph to the processor graph minimizing a cost 
function. The processor graph H is usually static (constant during the runtime), whereas 
the parallel application graph G may be static or dynamic, that is, the computational 
load of the application may or may not change during runtime. 


The Static Load Balancing 

In the static load balancing, neither the structure nor the weights of the application 
graph G change during runtime. It is assumed that G is completely known prior to 
the start of the application such as in nonadaptive methods for numerical simulation. 
The static load balancing problem calculates a good mapping of the application graph 
G — (V, E) onto the processor graph Н = (U, F ). 

Cost functions determining the quality of a mapping are its load, dilation, and con- 
gestion. The load of a mapping M is the maximum number of nodes from G assigned 
to any single node of H. The dilation is the maximum distance of any route of a single 
edge from G in H. The congestion is the maximum number of edges from G that must 
be routed via any single edge in H. The load determines the balancing quality of the 
mapping. It should be kept as low as possible to avoid idle times of the processor. The 
dilation of and edge of G determine the slowdown of a communication on this edge due 
to routing latency in H. The goal is to find a mapping function M which minimizes all 
three measures - load, dilation, and congestion [Leighton, 1992]. 

A graph is split into as many as there are numbers of processors such that as few 
as possible edges are external. This can be done by recursively bisecting the graph 
into two pieces. There are efficient solution heuristics which approximate the best 
value in terms of numbers of external edges. Some of the examples are (1) global 
methods partitioning the nodes into two subsets of equal size [Jones and Plassmann, 
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1994; Kaddoura, Ou, and Ranka, 1995]; (2) local methods where local heuristics deter- 
mine equally sized sets of nodes which can be exchanged between parts such that the 
size of the cut decreases [Kerninghan and Lin, 1970; Fiduccia and Mattheyses, 1982; 
Hendrickson and Leland, 1993]; (3) multilevel hybrid methods in which a large graph 
is shrunk to a smaller one with similar characteristics, efficiently partitioned, and ex- 
trapolated to the original graph [Karypis and Kumar, 1995; Hendrickson and Leland, 
1993]. 


Dynamic Load Balancing 

The application graph О = (V, E, р, с) of problems in this class is dynamic; that 
is, nodes and edges are generated or deleted during runtime. Here, operations are 
carried out in phases. Changes to G do not occur at arbitrary, nonpredictable times but 
in synchronized manner. The mesh is usually refined based on error estimates of the 
current solution [Bornemann, Erdmann, and Kornhuber, 1993]. In general, we split the 
task of load balancing into two steps. First, we calculate how much load is to be shifted 
between processors, and second we determine which load is to be moved [Diekmann, 
Meyer, and Monien, 1997; Lüling and Monien, 1993]. 

Lin and Keller [1987] proposed a gradient model in which they assign a status of 
high, medium, or low to processors depending on their load. The algorithm then pushes 
the load from high to low. Lüling and Monien [1992] make processors balance their 
load with a fixed set of neighbors if the load difference between them increases above 
a certain threshold. Rudolph, Slivkin-Allouf, and Upfal [1991] showed that if processor 
j initiates a balancing action with a randomly chosen other processor with probability 
(с Поаа j), then the expected load of j is at most c times the average load plus a constant. 

The first step of the load balancing is to calculate how much load has to be transferred 
across each edge of H in order to achieve a globally balanced system. There are many 
approaches to this task: (1) Token distribution. This is the synchronized setting of the 
re-embedding problem in which a number of independent tokens on a network of 
processors are evenly distributed [Meyer et al., 1996]. (2) Random matchings. Ghosh 
et al. [1995] show that the load deviation halves in a minimal number of steps if a 
random matching of H’s edges is chosen and some load is sent via these edges when the 
corresponding processors are not balanced. However, this approach is impractical in 
general situations. (3) Diffusion. A simple diffusive distributed load balancing strategy 
in which each processor balances its load with all its neighbors in each round was 
suggested by Cybenko [1989] and Boillat [1990]. These rounds are iterated until the 
load is completely balanced. 

In addition to determining how much load is to be transferred, it is also important 
to choose load items which can be migrated in order to fulfill the flow requirements. 
For example, global iterative methods for solving linear systems such as multigrid or 
conjugate gradient computations can be parallelized by choosing load items so that 
the communication demands are minimized. Here, we must take into account the total 
length of subdomain boundaries, communication characteristics of the parallel system, 
etc. An example of recursive graph bisection for airfoils as demonstrated by Diekmann 
et al. [1997] is shown in Figure 20.3.6a. An aspect ratio optimization may be applied as 
shown in Figure 20.3.6b. 
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(a) Spectral bisection (b) Aspect ratio optimization 


Figure 20.3.6 Dynamic load balancing of airfoil grid generation [Diekmann et al., 
1997]. 


20.4 EXAMPLE PROBLEMS 


In this section, two examples of parallel processing with domain decomposition are 
presented. Solutions of Poisson equation and Navier-Stokes system of equations will be 
discussed. 


20.4.1 SOLUTION OF POISSON EQUATION WITH DOMAIN DECOMPOSITION 
PARALLEL PROCESSING 


Domain decompositions methods are used effectively in parallel processing. Sub- 
domains may be nonoverlapping, or overlapping. First, let us consider a nonoverlapping 
case (Figure 20.4.1a) and construct the matrix equations of the form, 


Kı 0 Кзј|и Л 
Шш = 0 Ky Кэз и? | = ђ = 7 (20.4.1) 
Кз Ку К3зз | | u3 fs 
Г 
Q, о, о=0 (Јо, ОГ 
(а) 
о, 
qp 
IET Ip 2,=9,,UT,, Џао, 
Qj Q,-0, о» 9,= Q, Ur, Uo, 
Q sp, 
о, 
(b) 


Figure 20.4.1 Domain decomposition. (a) Nonoverlapping subdomains. 
(b) Overlapping subdomains. 
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which is similar to (20.1.2). Here, the first two rows indicate subdomains Qı and Q2, 
with the third row representing the boundary interface Гуз. The subdomain variables 
ил and и» are calculated as 


ш = Ку (ја — Kisus) 
из = Ку (fa — Козиз) 
where the boundary interface variables из are determined from 


(Кэз = Кз Ky Kis = К» K5) Козјиз = Ўз = Ky Ky fi = Kx КУ /» (20.4.3) 


(20.4.2) 


The above unknowns can be solved using two MIMD parallel processors. Here, we may 
utilize the preconditioning operator as described in Section 20.1.1. 

The two subdomains used in the above example may be overlapped as shown in 
Figure 20.4.1b. In this case, the matrix equations take the form 


Ky Ky 0 0 0 иј fi 
Ky Ky Кз 0 0 из fa 
Lu=| 0 Ку Кз Ку 0 из | = | f| =] (20.4.4) 
0 O Ка Ка Ка | | ug fa 
0 0 0 Кад Kss us fs 


which is partitioned into two systems, €; and Qz such that 


Ky Кр 0 Vit 81 
Livi = Ко Ко Кэз V12 = 812 = Fi (20.4.5) 
0 Кә Кз | Lv 813 
Ка Кэ 0 из f3 
Г = | Ка Ka Kass||u,| =| Р | = Р (20.4.6) 
0 Ка К5 | | us fs 
with 
fi 0 0 0 из 
Fi = /» – |0 0 0 ид | = Е = Gov2 (20.4.7) 
f3 0 Ку 0J | us 
з 0 К» 0 | [щш 
F, = fa — |0 0 0 и, | = Fy = Givi (20.4.8) 
fs 0 0 Of} us 
Тће above process results in the system of equations in the form 
Ly С» V1 = Fi 
| ^ | В = | | (20.4.9) 
This can be solved using the block Jacobi scheme: 
k+1 k 
er У жүл ү | (20.4.10) 
O0 ||ъ>» Ез G, 0 v2 


This system suggests that we can utilize two processors оп а MIMD machine, forming 
a global and inner parallelism of the algorithm. 
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20.4.2 SOLUTION OF NAVIER-STOKES SYSTEM OF EQUATIONS 
WITH MULTITHREADING 


Multithreaded programming is utilized to take advantage of multiple computational 
elements on the host computer [Schunk et al., 1999]. Typically, a multithreaded pro- 
cess will spawn multiple threads which are allocated by the operating system to the 
available computational elements (or processors) within the system. If more than one 
processor is available, the threads may execute in parallel, resulting in a significant re- 
duction in execution time. If more threads are spawned than available processors, the 
threads appear to execute concurrently as the operating system decides which threads 
execute while the others wait. One unique advantage of multithreaded programming 
on shared memory multiprocessor systems is the ability to share global memory. This 
alleviates the need for data exchange or message passing between threads as all global 
memory allocated by the parent process is available to each thread. However, precau- 
tions must be taken to prevent deadlock or race conditions resulting from multiple 
threads trying to simultaneously write to the same data. 

Threads are implemented by linking an application to a shared library and making 
calls to the routines within that library. Two popular implementations are widely used: 
the Pthreads library [Nichol et al., 1996] (and its derivatives) that are available on most 
Unix operating systems and the NTthreads library that is available under Windows NT. 
There are differences between the two implementations, but applications can be ported 
from one to the other with moderate ease and many of the basic functions are similar 
albeit with different names and syntax. 

Domain decomposition methods (Section 20.3.1) can be used in conjunction with 
multithreaded programming to create an efficient parallel application. The subdomains 
resulting from the decomposition provide a convenient division of labor for the pro- 
cessing elements within the host computer. The additive Schwarz domain decompo- 
sition method discussed in Section 20.1.2 is utilized. The method is illustrated below 
(Figure 20.4.2.1) for a two-dimensional square mesh that is decomposed into four sub- 
domains. The nodes belonging to each of the four subdomains are denoted with ge- 
ometric symbols while boundary nodes are identified with bold crosses. The desire is 
to solve for each node implicitly within a single subdomain. For nodes on the edge of 
each subdomain, this is accomplished by treating the adjacent node in the neighboring 
subdomain as a boundary. The overlapping of neighboring nodes between subdomains 
is illustrated in Figure 20.4.2.2. Higher degrees of overlapping, which may improve 
convergence at the expense of computation time, are also used. 

In a parallel application, load balancing between processors is critical to achieving 
optimum performance. Ideally, if a domain could be decomposed into regions requiring 
an identical amount of computation, it would be a simple matter to divide the problem 
between processing elements as shown in Figure 20.4.2.3 for four threads executing on 
an equal number of processors. 

Unfortunately, in a “real world” application the domain may not be decomposed 
such that the computation for each processor is balanced, resulting in lost efficiency. If 
the execution time required for each subdomain is not identical, the CPUs will become 
idle for portions of time as shown in Figure 20.4.2.4. 

One approach to load balancing, as implemented in this application, is to decompose 
the domain into more subdomains than available processors and use threads to perform 
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Figure 20.4.2.1 Multiple subdomains. 
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Figure 20.4.2.2 Domain decomposition. (a) Nodes 
shaded in white are solved implicitly within each 
subdomain. (b) Nodes from neighboring subdo- 
mains (shaded) are treated as boundary nodes and 
allowed to lag one time step. 


Time step #1 Time step #2 Time step N 
CPU #1 Thread #3 
CPU #2 Thread #2 
eee 
CPU #3 Thread #1 
CPU #4 Thread #4 


End of Time 
A заннан т=н Execution Time ——— > 


Figure 20.4.2.3 Ideal load balancing. 
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Time step #1 Time step #2 Time step N 


CPU #1 


CPU #2 


CPU #3 


CPU #4 


A End of Time step 
Synchronization 


| | CPU Idle 


Figure 20.4.2.4 “Real world” load balancing. 


the computations within each block. The finer granularity permits a more even distri- 
bution of work among the available processing elements, as shown in Figure 20.4.2.5. 

In this approach, the number of threads spawned is equal to the number of avail- 
able processors, with each thread marching through the available subdomains (which 
preferably number at least two times the number of processors), solving one at a time 
in an “assembly-line” fashion. A stack is employed where each thread pops the next 
subdomain to be solved off of the top of the stack. Mutual exclusion locks are employed 
to protect the stack pointer in the event two or more threads access the stack simulta- 
neously. Each thread remains busy until the number of subdomains is exhausted. If the 
number of subdomains is large enough, the degree of parallelism will be high, although 
decomposing a problem into too many subdomains may adversely affect convergence. 
This approach is illustrated in Figures 20.4.2.6 and 20.4.2.7. 

We revisit the triple shock wave boundary layer interaction problem presented 
in Section 6.7.5. In this example, the flowfied-dependent variation (FDV) method 
(Section 6.5) FDM is used. The FDV solver is based upon the Generalized Minimum 
Residual (GMRES). The application is coded to be multithreaded to take advantage of 
parallelism in the host computer. The number of threads is specified at run time and is 
based on the expected number of available CPUs. The results for three different archi- 
tectures are provided in Table 20.4.1. Typical utilizations (defined as CPU time/elapsed 
time) range from 180% to 380% for two to eight threads. It should be noted that both the 
number of threads and number of processors impose theoretical limits on the maximum 
performance gain. Obviously, the normalized performance increase cannot exceed the 
number of threads and, aside from tertiary performance issues (such as on processor 
cache), nor can the normalized performance increase exceed the number of processors. 
For the coarse mesh model, actual speed increases range from 1.77 to 3.44 for 2 to 4 
processors. The results are encouraging when considering the CPU contention between 
multiple users on the host machines. For the coarse mesh model on a dual processor 
Pentium II workstation (with no other users) a CPU utilization of 196% is observed 
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Figure 20.4.2.5 Domain decomposition improves parallelism. 


with a real-time speedup of 1.92. The four-processor machine did exhibit a significant 
amount of overhead when moving beyond a single thread. Utilizing four threads for 
the fine mesh model resulted in CPU utilizations of 357% and 370% for a domain de- 
composed into 27 and 64 regions, respectively. The fine mesh model was not run with 
a single processor or thread so that no relative speedup data are available. The CPU 
utilization is encouraging considering the high CPU contention on the twelve-processor 
machine. 

Density contours for the inviscid shock interaction (x-z plane, as viewed from above 
the wind tunnel model) are shown in Figure 20.4.2.8. The 15° fins produce inviscid shocks 
that are predicted to intersect and reflect approximately 92 mm from the ramp entrance. 
The reflected shock does not intersect with the exit corner of the ramp as expected. Two 


4 
Е -@ 


(а) (b) 


Figure 20.4.2.6 Decompose the domain and push onto 
stack. (a) Decompose the domain. (b) Push each subdo- 
main onto a software stack. 


682 


COMPUTING TECHNIQUES 


Table 2041 Computational Performance Summary 


CPU Elapsed 
Time Time CPU Number of 
Threads Grid Decomposition (hours) (hours) Utilization Speedup Processor Processors 


55 х 41x314x4x4 Ц 100% 1.00 Pentium П 
55 x41 x31 4х 4х 4 E 19696 Pentium II 


55x41x314x4x4 d Б 99% d Alpha 
55x41x314x4x4 Я A 195% - А1рһа 
55х41х314х4х4 E 3 373% З А1рһа 
55х41х314х4х4 А F 37896 i Alpha 
55x41x314x4x4 P а 377% Ы А1рһа 


109 x 81x 61 3x3x3 k А 357% 810000 
109 х 81х61 4х4х 4 А А 370% 810000 


1 
2 
1 
2 
4 
6 
8 
4 
4 


S Figure 20.4.2.7 Allow threads to process 
each subdomain. 


0 0.02 0.04 0.06 0.08 0.1 0.12 


Figure 20.4.2.8 Density contours for X-Z cross section (top), slip 
boundary. 
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Plane A-A (Ahead of the 15° Fin Shock Intersection) Plane B-B (At the 15° Fin Shock Intersection) 


Wall 


Symmetry Plane 
Wall 
Symmetry Plane 


Figure 20.4.2.9 Density contours for Y-Z cross section, slip boundary. 


cross sections, located at 67 mm and 92 mm, respectively, from the entrance are noted 
on the plot. 

Density contours for the flow in x-y planes located 67 mm (upstream of the inviscid 
shock intersection) and 92 mm (coincident with the inviscid shock intersection) from the 
combined fin/ramp entrance are shown in Figure 20.4.2.9. It appears that the upstream 
predictions correlate well with the experimental images. The inviscid ramp and fin 
shocks, as well as the corner reflection, are easily discernible in the upstream figure (see 
left). Interestingly, it appears that the triangular-shaped slip lines are present in the 
numerical results of the upstream plane. Since the sliplines divide constant pressure 
regions with differing velocities, this feature is not visible in the static pressure plots. 
As in the experimental imagery, the inviscid fin shocks merge together in the symmetry 
plane at the point where the inviscid shocks intersect (see right). No curvature of the 
inviscid fin shock intersection is observed in the numerical predictions. The reflection of 
the corner shock about the symmetry plane is observed, but the ramp embedded shock 
is lower relative to the height of the fin than in the experimental results. 


20.5 SUMMARY 


Three of the most important computing techniques have been discussed: domain de- 
composition, multigrids, and parallel processing. For large geometrical configurations, 
domain decomposition provides efficiency in data managements. The number of result- 
ing algebraic equations can still be very large, and the multigrid method of solutions of 
the large algebraic system of equations is considered a most effective approach. 

The trends in parallel processing have been leaning toward the use of small clusters 
of Symmetric Multiprocessors (SMP), often interconnected to address the needs of com- 
plex problems requiring a large number of processing nodes. In the past, programming 
based on message passing paradigms on massively parallel computers or specialized 
supercomputers has been used. These systems are becoming less popular (or available) 
and distributed networks of SMP clusters are becoming the preferred choice for en- 
gineering. The growing interest in multithreaded programming and the availability of 
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systems supporting multithreading can be seen as evidence of the departure from the 
use of supercomputers. 

Many engineering applications rely on adaptive grid techniques that require dy- 
namic load balancing of the threads/processors. In this vein, it is necessary to de- 
velop new scheduling and load balancing approaches for adaptive grid applications 
on shared memory systems using thread migration. The shared memory model presents 
opportunities for exploiting finer-grained threads, faster thread migration, and load dis- 
tribution. Thus, the advanced research in parallel processing remains a great challenge 
in the future. 
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APPLICATIONS 


automatic grid generation, adaptive methods, and computing techniques in 

Part Four, we are now prepared to re-examine these methods and test our 
knowledge on some selected engineering problems of application. For the past four 
decades, many applications have been accumulated to sucha great extent that it is impos- 
sible to review them all in this text. Rather, we limit our scope of study to the following 
areas: turbulence (Chapter 21), chemically reactive flows and combustion (Chapter 22), 
acoustics (Chapter 23), combined mode radiative heat transfer (Chapter 24), multiphase 
flows (Chapter 25), electromagnetic flows (Chapter 26), and relativistic astrophysical 
flows (Chapter 27). 

The selection of computational methods depends on many factors such as types of 
flows, ranges of speeds, dimensions of domain, etc. A decision as to the choice of FDM, 
FEM, or FVM is now a matter of preference and judgments of the analyst in view of 
the information presented in the previous chapters. 

In the following chapters, example problems and computational methods are cho- 
sen randomly, depending on availability of sources. Some of them are drawn from the 
student works at the University of Alabama in Huntsville, and others are from those 
available in the open literature. In each of the applications, the corresponding govern- 
ing equations and associated physics are first introduced. This is then followed by the 
computational methods used, numerical results and evaluations, each example being 
self-contained as much as possible. 

It is hoped that these examples serve as a reasonable guidance for the uninitiated 
reader toward his or her direction and destination in CFD research. Some examples 
are elementary, and others represent the research results which are highly specialized. 
Thus, the reader may wish to explore subject areas selectively. 


| | aving studied various computational methods in Parts Two and Three and 


CHAPTER TWENTY-ONE 


Applications to Turbulence 


211 GENERAL 


Turbulence is a natural phenomenon in fluids that occurs when velocity gradients are 
high, resulting in disturbances in the flow domain as a function of space and time. 
Examples include smoke in the air, condensation of air on a wall, flows in a combustion 
chamber, ocean waves, stormy weather, atmospheres of planets, and interaction of the 
solar wind with magnetosphere, among others. 

Although turbulence has been the subject of intensive study for the past century, 
it appears that many difficulties still remain unresolved, particularly in flows with high 
Mach numbers and high Reynolds numbers. Turbulent flows arise in contact with walls 
or in between two neighboring layers of different velocities. They result from unstable 
waves generated from laminar flows as the Reynolds number increases downstream. 
With velocity gradients increasing, the flow becomes rotational, leading to a vigorous 
stretching of vortex lines, which cannot be supported in two dimensions. Thus, turbu- 
lent flows are always physically three-dimensional, typical of random fluctuations. This 
makes 2-D simplifications unacceptable in most of the numerical simulation. 

In turbulent flows, large and small scales of continuous energy spectrum, which 
are proportional to the size of eddy motions, are mixed. Here, eddies are overlapping 
in space, with large ones carrying small ones. In this process, the turbulent kinetic 
energy transfers from larger eddies to smaller ones, with the smallest eddies eventually 
dissipating into heat through molecular viscosity. In direct numerical simulation (DNS), 
a refined mesh is used so that all of these scales, large and small, are resolved. This is 
known as the deterministic method. Although some simple problems have been solved 
using DNS, it is not possible to undertake industrial problems of practical interest due 
to the prohibitive computer cost. 

Since turbulence is characterized by random fluctuations, statistical methods rather 
than deterministic methods have been studied extensively in the past. In this approach, 
time averaging of variables is carried out in order to separate the mean quantities 
from fluctuations. This results in new unknown variable(s) appearing in the governing 
equations. Thus, additional equation(s) are introduced to close the system, the process 
known as turbulence modeling or Reynolds averaged Navier-Stokes (RANS) methods. 
In this approach, all large and small scales of turbulence are modeled so that mesh 
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refinements needed for DNS are not required. We discuss this topic in Sections 21.3 
and 21.7.1. 

A compromise between DNS and RANS is the large eddy simulation (LES) which 
has become very popular in recent years. Here, large-scale eddies are computed and 
small scales are modeled. Small-scale eddies are associated with the dissipation range 
of isotropic turbulence, in which modeling is simpler than in RANS. Since the large- 
scale turbulence is to be computed, the mesh refinements are required much more than 
in RANS, but not as much as in DNS because the small-scale turbulence is modeled. 
Governing equations and examples for LES are presented in Section 21.4 and 
Section 21.7.2. 

Finally, we examine the physical aspects associated with DNS in Section 21.5, 
followed by numerical examples in Section 21.7.3. 


21.2 GOVERNING EQUATIONS 


Turbulent flowfields can be calculated with the Navier-Stokes system of equations aver- 
aged over space or time. When this averaging is performed, the equations describing the 
mean flowfield contain the averages of products of fluctuating velocities. In general, this 
will result in more unknowns than the number of equations available. Such difficulty 
can be resolved by turbulence modeling with additional equations being provided to 
match the number of unknowns. Such models are designed to approximate the physi- 
cal behavior of turbulence. There are numerous ways of averaging flow variables: time 
averages, ensemble averages, spatial averages, and mass averages. 


Time Averages 
Any variable f is assumed to be the sum of its mean quantity f and its fluctuation 


part f", 


fG t) = fG t0) + Р(х, 1) (212.1) 
where f is the time average of f, 

_ 1 t+At 

f@,t)= ~ | f Gc t)dt (21.2.2) 

At J, 

with 

__ 1 t+At 

ee ‘dt = 0 212.3 
Y= а | f (21.2.3a) 


The time average of the product of fluctuation parts of two different variables f' and 
2' is given by 


t+At 


= 1 
f'g! = — Реа £0 (21.2.3b) 
At J, 
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Here, the time interval Аг is chosen compatible with the time scale of the turbulent 
fluctuations, not only for the variable f but also for other variables within the physical 
domain. 


Ensemble Averages 
In terms of measurements of N identical experiments, f(x, t) = f(x, t), we may 
determine the average, 


fat) = lim. x 3 faxt) (21.2.4) 


n=1 


Spatial Averages 
When the flow variable is uniform on the average such as in homogeneous turbu- 
lence, we may choose to use a spatial average defined as 


TO= dim 5 [ ло. 045 2125) 


Mass (Favre) Averages 
For compressible flows, it is often more convenient to use mass (Favre) averages 
instead of time averages, 


= +" (21.2.6) 

where the mean quantity f is defined as 
of - 7 f 
fall ЖЕ. (21.2.7) 
р р 

and the fluctuation f" has the property 

рј"=0 (21.2.8а) 
whereas 

F" = –р' f'/p #0 (21.2.8b) 


for the case of a time average. It is clear that the correlation of density fluctuations, p’, 
with the fluctuating quantity, f’, gives rise to a nonzero mean Favre fluctuation field, 
f". Thus, it is seen that the Favre average makes the turbulent compressible flow equa- 
tions simpler with their form resembling those of incompressible flows. Despite these 
simplifications, however, the density fluctuations or compressibility effects must still be 
resolved; only the mathematical simplifications are achieved through Favre averages. 

With time averages for incompressible flows and mass averages for compressible 
flows, the conservation equations can be derived as follows: 


Time-Averaged Incompressible Flows 


Continuity 
Vii =0 (21.2.9a) 
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Momentum 


ду 
p. ру = p (ту тај (21.2.9b) 
a J P = * 5 
Tij = 2udij, dij = 56%.) + Ун), Tij = —PViVj 
— + У Та = -(d; — qi)i (21.2.9c) 


qi =—eT ; ф IT 


Mass (Favre)-Averaged Compressible Flows 


Continuity 

Ш + (6%): = 0 (21.2.10а) 

Мотетит 

x (pv;) + (py; У); = —p,j + (ту +7): (21.2.10b) 
with 


= 1— — 
Tij = (а, — мб), т = —pvivj 


Energy 


д = —~ re * // 1 ЈОД ТЕ I! m. жу 
РС Е) + [6% Н]; = -(а CTq;-UVPT 299; vw) + [rig Vile 
(21.2.10c) 
with 


1 ~ 1 -— 
E=é+ Д H= Н+ ОД а; = —pv; Н”, 


For time averaged incompressible flows, —pv;v; in (21.2.9b) and —v; T” in (21.2.9c) 
are identified as the Reynolds (turbulent) stress and Reynolds (turbulent) heat flux, 
respectively. The counterparts for mass-averaged compressible flows are —pv;v; in 
(21.2.10b) and —pv/ Н” in (21.2.10c), respectively. If time averages are used for com- 
pressible flows, the Reynolds stress components would be much more complicated. For 
this reason, mass averages are preferred for compressible flows. 

These Reynolds stress tensors and Reynolds heat flux vectors are additional un- 
known variables. Therefore, additional governing equations other than those given in 
(21.2.9) and (21.2.10) matching the same number of unknowns must be provided. This 
is the process known as the turbulence closure or turbulence modeling. We discuss this 
subject in the next section. 


21.3 TURBULENCE MODELS 


21.3 TURBULENCE MODELS 


There are many options in providing the closure process: zero-equation (algebraic) 
models, one-equation models, two-equation models, second order closure (Reynolds 
stress) models, and algebraic stress models as applied to incompressible flows. They 
are presented in Sections 21.3.1 through 21.3.4 with the effects of compressibility in 
Section 21.3.5. 


21.3.1 ZERO-EQUATION MODELS 


The purpose of zero-equation models is to close the system without providing extra 
differential equations. This may be achieved by the classical method of Prandtl mixing 
length [Prandtl, 1925]. Recent and more popular models are those advanced by Cebeci 
and Smith [1974] or Baldwin and Lomax [1978]. These models provide the Reynolds 
(turbulent) stress in terms of eddy (turbulent) viscosity рт, 


тј = —pvjv; = 2. rdi = т (Vij + Vja) (2584) 


where uy is computed by various approaches as described below. 


Prandtl’s Mixing Length Model 
Historically, this is the earliest model proposed by Prandtl [1925] which applies to 
2-D boundary layer problems: 


du 


2132 


wr = pl? 


where the Prandtl mixing length £ is given by 
€=ky 


with к being the von Karman constant (к = 0.41). 
The turbulent shear stress for the incompressible boundary layer flow is given by 


ап du. 
d сүр з= (2) (21.3.3) 


Upon integration of ће above expression and using the empirical constant of integration 
from experiments, it can be shown that 


Й = а yt + 5.5 (21.3.4) 
with ut = u/u, and yt = уи, /% being the nondimensional relative velocity and nondi- 
mensional relative distance, respectively. A part of the turbulent velocity profile, called 
the law of the wall as given by (21.3.4) is valid only to the relative distance of 
approximately у" = 30; below this is the buffer zone and viscous sublayer as shown in 
Figure 21.3.1. From experiments, the viscous sublayer is identified by the range where 
yt is approximately equal to и“. A smooth curve connects between the points yt = 
and y* = 30. For flows such as in pipes or flat plates, the log layer deviates (defect layer) 
significantly at у" = 500 and above. 
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Relative velocity (u*-u/u.) 
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Figure 21.3.1 Two-dimensional turbulent boundary layer velocity profile showing various layers 
in terms of shear velocity us = ./t/p- 


Cebeci-Smith Model 


The Cebeci-Smith model [1974] is designed for boundary layers consisting of i aner 
ій (1) (о) 
yer region (Figure 21.3.2) with vr = уг for y < у, and outer region with vr = ур for 
y > у; Where у, is the critical height at which v andy (? coincide, 


v = og|v х v| (21.3.5a) 
T 
2 — 0.0168рт, 8* F (21.3.5b) 


Here £ is the Van Driest [1956] correction of the Prandtl mixing length, 


£= ку |1 — exp( -y*/ A*)] (21.3.6) 


with 


yoy, и, = |=, At = 26 
v р 


то = wall shear stress, We = external velocity at ће boundary layer 
8" = boundary layer displacement thickness. 
1 
©ОТ+5.5(у/8)# 


Неге F denotes the intermittence а ће edge of the boundary layer and 8 5 the boundary 
layer thickness. 
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Boundary layer 


Inner region 


Figure 21.3.2 One-equation model [Cebeci-Smith, 1974; 
Baldwin-Lomax, 1978]. 


Baldwin-Lomax Model 

The model given by (21.3.5) often encounters difficulties due to an uncertainty of the 
external velocity at the boundary layer и; in (21.3.5b). To rectify this situation, Baldwin 
and Lomax [1978] proposed that the outer eddy viscosity be defined as 


v = 0.01688 F ya max (21.3.7) 
1 

=] + 5.5 (ay / Ymax)? 

Fmax = y [1 – exp (-y*/A4)]IV x vl 

a=03, В=1.6 


F 


For shear layer applications, only the outer eddy viscosity will apply. In general, the 
zero-equation models fail to perform well in the region of recirculation and separated 
flows. 


Turbulent Heat Flux Vector 
The unknown quantity in (21.2.9c) is the turbulent heat flux q*; = —v; Т’. This may 
be modeled as 


* ШтСр + 
рј====<, 21.3.8 
q p ( ) 


where Ргт is the turbulent Prandtl number. 
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In the absence of thermoviscous dissipation, the governing equations (21.2.9a,b,c) 
together with any one of the turbulence models discussed above are closed. They can be 
solved simultaneously using suitable computational schemes of the previous chapters. 


21.3.2 ONE-EQUATION MODELS 


In the one-equation model, the eddy viscosity is defined as 
vr=CylVK, су = 0.09 
where K is the turbulent kinetic energy, 
— 
| qua 
"Y 


Note that we have introduced one new variable К, зо we must introduce one additional 
governing equation. This can be provided by the transport equation for the turbulence 
kinetic energy K, 


DK _ 

Dr = KD + Givi) (21.3.9) 
with 

Vk =V + ът 


This turbulent kinetic energy transport equation (21.3.9) is added to the Navier- 
Stokes system of equations for simultaneous solution, with ут calculated as shown in 
Section 21.3.1. 


21.3.3 TWO-EQUATION MODELS 


K-e Model 

There are many two-equation models used in practice today. Among them is the 
K-e model, which has been used most frequently for low-speed incompressible flows 
in isotropic turbulence. In this model, the turbulent stress tensor is given 


= 2 
"ij = 2, rdij — ЗР Kj (21.3.10) 
where the turbulent (eddy) viscosity рт is defined as 
К? 
Шт = Poy (21.3.11a) 


Е = уу; у (21.3.11b) 


Thus, the turbulent viscosity in (21.3.11a) contains two unknown variables, K and e. It 
is therefore necessary that transport equations for K and e be provided, which can be 
derived from the momentum equations. To obtain the turbulent kinetic energy transport 
equation, we take a time average of the product of the fluctuation component of the 
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velocity with the turbulent flow momentum equations. After some algebra, we arrive at 
ОК __ 
Pa Tew Ki = Aw + Bw + Cw (21.3.12a) 


with Ак), Вид, Ск denoting the production, dissipation, and diffusion transport, 
respectively, 


Аф) = TijVji 


Во = -p€ 


= Hl 
С = (ux, moo ps) | 


where the first, second, and third terms of C; represent the molecular diffusion, turbu- 
lent diffusion, and pressure diffusion, respectively. 

Similarly, the dissipation energy transport equation can be derived by taking a 
time average of the product of 2vv’; ; with the derivative of momentum equations, 
resulting in 


p + pV;£; = Ae) + Bey + Се) (21.3.12b) 
with 

Ag) = LAN, + УУК jij 

Be) = —2мУУ; jV; jk а 21У; КУ} {Vij — 2| VV; kj V; gj 

Се = (pE, j — МУЎУ; КУ К — 2up';V ;),j 


which represent production of dissipation, dissipation of dissipation, and dissipation 
transport terms, respectively. Here, the first, second, and third terms of Сү) indicate 
molecular dissipation, turbulent dissipation, and pressure dissipation, respectively. 

As a consequence of (21.3.12a,b), we are now confronted with more unknowns than 
we originally started in (21.3.11a,b). To avoid such additional unknowns, Launder and 
Spalding [1972] proposed the so-called K-& model in which the turbulent kinetic energy 
and dissipation energy transport equations can be written as follows: 


д 

a4; (PX) + (pKvi); = (rijVj); — PE + (К): (21.3.13a) 

дре __ E £g 

t + (p£v;).; = се (туУј)а — Cgop K + (peg); (21.3.13b) 
with 


MT MT 
Uk = + —, Вере 


к Е 


Cu = 0.09, са = 1.45 ~ 1.55, со = 1.92 ~ 2.00, о = 1, о = 1.3 (213.14) 


Notice that the first, second, and third terms on the right-hand side of (21.3.13a,b) 
correspond to the production, dissipation, and transport terms, respectively, as defined in 
(21.3.12a,b). The closure constants given in (21.3.14) are obtained from the experimental 
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data. They may also be correlated (calibrated) by direct numerical simulation discussed 
in Section 21.5. It is seen that no new variables other than K and e are contained in 
(21.3.13a,b). These two equations can now be combined in the solution of the Navier- 
Stokes system of equations. 


Nonlinear (anisotropic) К-= Model 
An improved version of the K—e model was proposed by Speziale [1987] in which 
the turbulent stress tensor includes the frame indifferent Oldroyd derivative. 


= 2. . 
"ij = 2, rdij = 3P Kàij cT (21.3.15) 
where 7;; represents the nonlinear anisotropic turbulence, 


т (dy o а 
Фу = 4p Сре у ij — дЧшб + dikdij — = 


дау | _ = = y 
di; = m) + Vkdijk — kj Vik — Диу] 


with C p — 1.68 as calibrated from the experimental data. 


К-о Model 
The basic idea of the К-® model was originated by Kolmogorov [1942] with 
turbulence associated with vorticity, w, being proportional to K?/£, 


© = сте (21.3.16a) 


where c is a constant. Thus, the eddy viscosity may be written as 


ur = рКјо (21.3.16b) 
The transport equations for k and о [Wilcox, 1988] may be written as 

д SN = 2 = 

3; (PK) + (PKvii) = (MKi) + (ту) – BP Koo (21.3.17a) 

ð _ = Q, _ К. 

aL (09) + (роу) = (рео) + ау (туу) — BPO (21.3.17b) 


with the closure constants, 


a=5/9, 6=3/40, В* =9/100, o=1/2, ot =1/2 


Wall Functions 

At the wall boundary, the velocity gradients are high, requiring excessive mesh 
refinements. In order to alleviate such excessive mesh refinements, the so-called wall 
function [Launder and Spalding, 1972] is needed. To this end, the boundary conditions 
for K and in the near wall regions may be specified as 


[Tul = ITw| 


к= 
Кт 


a? 
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where the wall shear stress т, is given by 


аји, | [o к) 


ш, (21.3.18) 


|т„| = 


with the turbulent kinetic energy К computed iteratively at a distance 6" > 12, 
a = 0.419, 2 = 9.793, and 


òt = Re&(c^ K)” 


For 6" < 12 the laminar stress is given by 


[tol = (21.3.19) 


where the viscosity in the near wall regions is estimated as 


[Tw | 


[ux] 


p. = Red 


If the flow velocity increases, however, it has been observed that the role of the 
wall function becomes unrealistic and ће Ке model is considered unreliable. The K-e 
model described here is based on isotropic turbulence and is referred to as standard 
K-e model. 

The following boundary conditions are typically imposed for a wall-bound turbulent 
flow: 


(a) Inflow: specify и, К, ande 
(b) Outflow: specify у by extrapolation, и by mass balance; р, К, and є by extra- 
polation 
(c) Wall boundaries 
(i) Standard two-layer form of the law of the wall 


1 1 
ut = —Iny* +5, — E, Ee (21.3.20) 
K 


These conditions are applied at the first grid point y away from the wall 
if yt = yu,/v > 11.6 with ut = u/u,. If yt < 11.6, then и, К,ара є are 
interpolated to the wall values based on viscous sublayer constraints. 

(ii) Three-layer form of the law of the wall 


y* for «5 
ut = ])-305-51Iny* for5 < yt < 30 (21.3.21) 
1 
5.5 + — in y* for у" > 30 
к 


For the K—w model, Wilcox [1989] proposes the wall function for о in the form, 


Ki? 
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and further argued that the pressure gradient must be included for high-pressure 
gradient flows. 


Ux y dp 
= 1— 0.32 21.3.22b 
0.41y р, ( p и 2) ( ) 


21.3.4 SECOND ORDER CLOSURE MODELS (REYNOLDS STRESS MODELS) 


Effects of streamline curvature, sudden changes in strain rate, secondary motion, etc. 
can not be accommodated in the two equation models presented in Section 21.3.3. The 
second order closure models or Reynold stress models are designed to handle these 
features. The stress tensor is given by 


Tij = т +T) 
with т/ being the Reynold stress 


E J xl. 
T; = —PViV ] 


The Reynolds stress transport equation is of the form 


ж 


дт; 
= Ge) e= Ау + Ву + Су + Dij ee) 


where А, Bij, Су, and Dij, denote production, dissipation (destruction), diffusion, 
and pressure strain, respectively. 


Aij = трк Тр (21.3.24) 
Bij = —2НУ' КУ j,k (21.3.25) 
Су = |-(ругујуј + DV Dj + РУ ди) + WA pl: k (21.3.26) 
Dij = p'(vi Ум) (21.3.27) 


Note that new variables are introduced in C;; and D;;, whereas 4;; and Bj; contain по 
new variables. Thus, we must model the diffusion transport and pressure-strain tensors. 
Although dissipation occurs at the smallest scales and one can use the Kolmogorov 
hypothesis of local isotropy, it may become anisotropic close to the wall, and thus 
modeling is needed. We discuss below some of the well-known second order closure 
models. 


Dissipation Tensor 

Since £ is the dissipation rate, this may be treated similarly as in the К—є model. 
However, Hanjalic and Launder [1976] propose to add an extra term representing 
anisotropy close to the wall. 


2 
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where f is a damping function and bj; denotes the dimensionless anisotropy tensor, 
respectively, 


f-(-01Re*)!, Re*- K?/(ev) 


bij — m ЕМ = 
2р K 
Diffusion Transport Tensor 


The turbulence transport is characterized by the diffusion tensor Су. Launder, 
Reece, and Rodi [1975] proposed that this tensor be modeled as 


2 К? 
Ск = — 30 (пр uL EU (21.3.29а) 
with c = 0.11. They also postulated a more general form, 
K 
Cijk = Og Cam. ттн F Temmi) + те (21.3.29b) 
with с' = 0.25. 


Pressure-Strain Correlation Tensor 

This is an important contribution in turbulence since the terms involved in the 
pressure-strain tensor are of the same order of magnitude as the production terms. 
Pressure can be obtained by solving the pressure Poisson equation in which the forcing 
functions consist of slow and rapid fluctuations. To see this, we examine the pressure 
Poisson equation in the form, 


Ри = —p(vijVj)i = —P (Vi ji Vj + Vi, jV ji) 
In terms of mean and fluctuating components, we obtain 
Ри =—р(Б5 + f) (21.3.30) 
where the slow forcing function f; and rapid forcing function f, are given by 
f = (vv; - УУ) 5 (21.3.31a) 
fh = Мјур (21.3.31b) 


The solution of (21.3.30) via Green functions results in integral forms corresponding to 
(21.3.31a) and (21.3.31b) such that the pressure-strain tensor can be written as 


Di = Е;; + FijkmVkm (21.3.32) 


where Fj; and Г; һу т denote the slow pressure strain and rapid pressure strain, 
respectively. For inhomogeneous turbulence, the mean velocity present in the rapid 
pressure strain (21.3.31b) implies the process is not localized, leading to the argument 
that the single-point correlation may not be adequate. This would require that the prod- 
ucts of fluctuating properties be correlated at two separate physical locations (two-point 
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correlation). This task is difficult, and the so-called locally homogeneous approximation 
may be adopted as described below. 
Rotta [1951] postulated that the slow pressure strain is of the form 


£ 2 
Ei; = ax(s; + SP Ka) 1.4 <c < 1.8 (21.3.33) 


whereas Launder, Reece, and Rodi [1975] (known as LRR method) proposed that the 
rapid pressure-strain for homogeneous turbulence may be correlated by 


= 1 1 
FijkmVkm = «(A = = Aus) = в(9 = 95) — yp Kdij (21.3.34) 
with 
Dij = тУт) + T inm (21.3.35) 
8+ c» 8c), — 2 60c2 — 4 
= = = —___ 0.4 < с) x 0.6 21.3.36 
Q 11 , В 11 , y 55 , жы CoS ( ) 


There are many other schemes for second order closure models. Among them are the 
tensor invariant method [Lumley, 1978], multi-scale method [Wilcox, 1988], nonlinear 
stress method [Speziale, Sarker, and Gatski, 1991], and modified LRR method [Launder, 
1992]. 


21.3.5 ALGEBRAIC REYNOLDS STRESS MODELS 


The purpose of algebraic Reynolds stress models is to avoid the solution of differ- 
ential equations such as (21.3.23), and to obtain the Reynolds stress components di- 
rectly from algebraic relationships. If mean strain rates are ignored in the Reynolds 
stress transport equations (21.3.23), it follows from the strain-dependent generalization 
of nonlinear constitutive relation that the turbulent stress tensor may be written as 
[Rodi, 1976; Gatski and Speziale, 1992], 


K 
Tjj = Pu + Bij) (21.3.37) 
with 
ef, 2 
ру = ciel + ур Кё (21.3.38) 
2 
Ву = – 3783) (21.3.39) 
Thus, if the mean strain rate vanishes, then we have 
2 


This suggests that the algebraic stress model is confined to isotropic turbulence. Thus, 
the algebraic stress model fails to properly account for sudden changes in the mean 
strain rate. If this algebraic Reynolds stress model is combined with the K-e model, 
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however, it may be possible to obtain satisfactory results for secondary motions as 
reported by So and Mellor [1978] and Dumuren [1991]. 

A fully explicit, self-consistent algebraic expression for the Reynolds stress, which 
is the exact solution to the Reynolds stress transport equation in the weak equilibrium 
limit can be derived as shown by Girimaji [1995]. Preliminary tests indicate that the 
model performs adequately, even for three-dimensional mean flow cases. 


21.3.6 COMPRESSIBILITY EFFECTS 


The turbulent models discussed above are applicable to incompressible flows with time 
averages. For compressible flows, however, it is more convenient to use Favre averages 
than time averages as mentioned in Section 21.2. The Favre-averaged unknowns in 
(21.2.10) are modeled as follows: 


Favre-averaged turbulent stress tensor 


== 1 2 
Tjj = ругу; = dur (ai = duò) — 30 Кё) HESSE 
Favre-averaged turbulent heat flux vector 
"20277 PTCp = ET pj 
* — pv! H" = Т; = Я; 21.3.42 
dj = pv; Pe P. ( ) 


Favre-averaged turbulent molecular diffusion and turbulent transport 


1 
туу — УРУУ = (> e) K; (21.3.43) 


The kinetic energy transport equations and Reynolds stress transport equations for 
compressible turbulent flows are written as follows: 


Compressible turbulent kinetic energy transport equation 


дрк Е 

= + (p; К); = Aw + Bw + Cw + Dw (21.3.44) 
with 

Аб) = т 

Ви = —p&£ 


e не ли СЕН 
Co = (suivi - оруу, - РМ) 
ob 


D = —V/p,; + PV; 


The first three terms on the right-hand side of (21.3.44) are similar to the case of incom- 
pressible flows with extra terms іп Di) representing the pressure work and pressure 
dilatation due to density and pressure fluctuations. 
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Compressible Reynolds stress transport equation 


дт А 

u и) Aij + Bi; + Cij + Dij + Di (21.3.45) 
with 

Aij = —т Nik — туў к 

Bij = тра —Т Уук 


С = [ругујуј + РУ; бк + руди — (туку + тим] i 
= H H 

Dij = —p'(v;; + Vi) 

f^ EE SIS 

Dij =V; Pj + ViDi 


Here again the first four terms on the right-hand side of (21.3.45) have analogs for the 
incompressible flow with the last terms in D;; for nonvanishing pressure gradients. 

With additional new unknowns appearing in (21.3.44) and (21.3.45), we are faced 
with the difficult task of modeling them. Modeling in compressible turbulent flows for 
Reynolds averaged Navier-Stokes (RANS) system of equations has not been developed 
to a satisfactory extent. This is because the large-scale motions are difficult to model 
particularly in compressible flows. One way to resolve this problem is to use the large 
eddy simulation (LES) in which only subgrid (small) scales need be modeled. This will 
be discussed in Section 21.4.3. 


Modifications From Incompressible Flows 

Although the K—& model has been applied to an incompressible flow with reasonable 
success, its performance in high-speed compressible flows met with difficulties. Sarkar 
et al. [1989] and Zeman [1990] independently proposed schemes which take into account 
the compressibility corrections by providing the so-called dilatational component £4 in 
addition to the solenoidal component £ of the turbulence kinetic energy dissipation rate 
for the source term of the turbulence kinetic energy transport equation. Thus, (21.3.13a) 
is modified as 


S t(pKvi); = (рК): + (717): — р(Е + ea) (21.3.46) 


where 


Eq = &' F(M))t 


Sarkar Model 
= 
F(M) = М? 


2K 
М, = —- (Turbulent Mach Number) (21.3.47) 
а 
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Zeman Model 
3 
* L 
= 4 


Е(М,) = 1—ехр[—5(у + 1)(М, – Mo /X] Нм, – Мо) 


Н = Heavy side step function 


Мо = 0.1/2/(y +1) 


| free shear flows 


À = 0.6 
Мо = 0.25 /2 1 
M fore | wall boundary layers 


Wilcox [1992] suggests that the Sarkar model can be improved by using 


. 3 
== 9 
F(M) = (M? — M2.) H(M, – Мо) 
1 
Mio 5 4 


The К-о model with compressibility effects may be given by [Wilcox, 1992] 
д = MN 
э; (PK) + (pK vi); = (и + o'er) Ki]; + (ту) – B'poK (21.3.48) 


д — x Q, _ 2 
g PO) + (pov) = (ш +о*рт) oi]; + а (тууу) — Bpo [о + E у |20, Q5] 


(21.3.49) 
with 
Е 
PK В* = В [1+ &' F(M))] 
pK Il ss = 
ьт = ——, ут = 5 Vii — Vii) 


B =  – Во&*Е(М,) 


where В* and Bo are the corresponding incompressible values of 8“ апа В as given in 
(21.3.16). 

Hanine and Kourta [1991] reported comparisons of the performance of various 
turbulence models to predict the near wall compressible flows and emphasized the 
importance of compressibility corrections. Wilcox [1992a] also studied the supersonic 
turbulent boundary layer flows. He showed that neither the Sarkar nor the Zeman 
compressibility term is completely satisfactory for both the compressible mixing layer 
and wall-bounded flows [Wilcox, 1992b]. The compressibility corrections cause a de- 
crease in the effective von Karman constant, which yields the unwanted decrease in skin 
friction. However, for the K-e model, the constant in the law of the wall varies with 
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density ratio in a nontrivial manner. Wilcox [1992] then combines Sarkar’s simple func- 
tional dependence of dilatational dissipation on turbulence Mach number with Zeman’s 
lag effect to produce a compressibility term that yields reasonably accurate predictions. 
Subsequently, Huang, Bradshaw, and Coarley [1992] reexamined the independent stud- 
ies of Wilcox, Zeman, and Sarkar and concluded that the extension of incompressible 
turbulence models to compressible flow requires density corrections to the closure co- 
efficients to satisfy the law of the wall. They further suggest that the K-e model is 
more attractive than the K-e model at high Mach numbers, because the coefficients 
of the unwanted density gradient terms are smaller. In view of these observations, the 
compressibility corrections which were originally developed for incompressible flows 
should be used with caution for applications into high-speed compressible turbulent 
flows. 

The various turbulence models discussed in Section 21.3 represent a brief summary 
of historical developments for the period of nearly half a century. In Section 21.7, we 
present some limited numerical applications for the K—& models. It appears, however, 
that the current interest in turbulence research is directed toward large eddy simulation 
and direct numerical simulation. We discuss these subjects in the following sections. 


21.4 LARGE EDDY SIMULATION 


Despite a great deal of effort and advancement in turbulence modeling for the past 
century, difficulties still remain in geometrically and physically complicated flowfields. 
The large eddy simulation (LES) is an alternative approach toward achieving our goal 
for more efficient turbulent flow calculations. Here, by using more refined meshes than 
usually required for Reynolds averaged Navier-Stokes (RANS) system of equations 
discussed in Section 21.3, large eddies are calculated (resolved) whereas small eddies are 
modeled. The rigor of LES in terms of performance and ability is somewhere between 
RANS of Section 21.3 and the direct numerical simulation (DNS) to be discussed in 
Section 22.5. There are two major steps involved in the LES analysis: filtering and 
subgrid scale modeling. Traditionally, filtering is carried out using the box function, 
Gaussian function, or Fourier cutoff function. Subgrid modeling includes eddy viscosity 
model, structure function model, dynamic model, scale similarity model, and mixed 
model, among others. These and other topics are presented below. 


21.4.1 FILTERING, SUBGRID SCALE STRESSES, AND ENERGY SPECTRA 


In order to define a velocity field containing only the large-scale components of the 
total field, it is necessary to filter the variables of the Navier-Stokes system of equations, 
resulting in the local average of the total field. To this end, using one-dimensional 
notation for simplicity, the filtered variable f may be written as 


f- [oe E) f(E)dé (21.4.1) 


with || G(x,£)d£ =1 
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where G(x, ё) is the filter function which is large only when x and ё are close together. 
They include box (tophat) function, Gaussian function, and Fourier cutoff function. 


Box 
ЈА if |x| S A/2 
pc | otherwise Со 
Gaussian 
6 6x? 

G(x) = GAL ev( 5) (21.4.3) 

Fourier cutoff 

А 1 ifkzm/2 

ete |, otherwise (Alaka) 

The filtered momentum equation takes the form 

дУ; PS 

ru (vivj); = Tp tij (21.4.5) 
with 

УУ] = (У; + У (Vj + vj) = ViVj + VVj + viv'j + МА 

= ў; + VV; — ҮҮ) + УТУ + МУ + УТУ 
= #9; – тў (21.4.6) 

Substituting (21.4.6) into (21.4.5) yields 

OV; 2 1 EN * 

- + (МУ) = р +F Tiji + Tiji 
with the subgrid stress tensor т} identified from (22.4.6) as 

=f; = Li; + Су + Rij = ViVj — ViVj (21.4.7) 


where Lij, Cij, and Rj; are known as the Leonard stress tensor, cross stress tensor, and 
subgrid scale Reynolds stress tensor, respectively. 


Cy 2 VA VT (21.4.8) 
Rij = vj 


Here,the Leonard stress represents the interaction between resolved scales, transferring 
energy to small scales (known as outscatter). The Leonard stress can be computed 
explicitly from the filtered velocity field. The cross stress represents the interaction 
between resolved and unresolved scales, transferring energy to either large or small 
scales. The subgrid scale Reynolds stress represents the interaction of two small scales, 
producing energy from small scales to large scales (known as backscatter). 
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The cross stress tensor may be simplified in terms of resolved scales using the so- 
called Galilean scale similarity model [Bardina et al., 1980], 


Су = үү; ФУ у = viv; — УУ) (21.4.9a) 
Summing (22.4.8a) and (22.4.9a) leads to 
Ку = Li; + Су = VIV; — УУ; (21.4.9b) 


It is seen that the sum of the Leonard and cross stresses can be calculated from the 
resolved scales and thus only the subgrid scale Reynolds stress need be modeled. Thus, 
the turbulent stress tensor to be modeled is given by (21.4.6) or (21.4.7) as 

"ij = —(МУ; = viV;) (21.4.10) 

Before we discuss subgrid scale models, it is informative to examine the physical 
significance of the filtering in terms of the Kolmogorov' *—5/3 law" for the energy 
spectrum [Kolmogorov, 1941]. The energy spectrum Е(к) is related by the turbulent 
kinetic energy, 


= УМ = | Е(к)ак (21.4.11) 
0 


The distribution of energy spectrum Е(к) vs wave number к is divided into three regions 
as shown in Figure 21.4.1: the region of energy containing large eddies, followed by the 
inertial subrange and energy dissipation range, between the wave numbers identified by 
the reciprocals of the energy bearing length scale £ (integral scale) and the Kolmogorov 
microscale n, 


n= (?/e)^ (21.4.12) 


Note that the inertial subrange is characterized by a straight line, known as the 
Kolmogorov’s “—5/3 law,” 


E(x) = ag? K (21.4.13) 


where a is a constant. In this range, eddies are small and dissipation becomes important 
at smallest scales. Thus, the filtering process is designed to identify this range with a 
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Figure 21.4.1 Energy spectrum vs. wave number space (log-log scales). 
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suitable filter width. In what follows, our discussion will be based on filtering by the box 
function. 


21.4.2 THE LES GOVERNING EQUATIONS FOR COMPRESSIBLE FLOWS 


The Navier-Stokes system of equations for LES may be written in terms of Favre 
averages using the filtering process presented in Section 22.4.1. The filtered continuity, 
momentum, and energy equations for compressible flows are described below. 

Construction of turbulent closure models for high Mach numbers and high Reynolds 
numbers in hypersonic flows is difficult, particularly for large turbulence scales. For this 
reason, one may wish to explore the possibility of LES in the hope that the subgrid scale 
(SGS) modeling is still feasible. To this end, we rewrite the Favre-filtered compressible 
flow governing equations as follows: 


+ (ps,), =0 (21.4.14a) 
д 2 —= = = = * 
T (pV;) + (р9:9;): + Pj — (7 t 15)i = 0 (21.4.14b) 


(H) (T) 


д. E Ор ОЕ 
g PE) * KE pi — 9 + Gis + (a ai +4): =0 (21440) 


where the SGS variables are the turbulent stress т“, turbulent heat flux 40, turbulent 
diffusion gs, and turbulent viscous diffusion 4) . They аге expressed as 


т = —p (Viv; — ViVj) 

qe? = pêt- VT) 
(ту lo, "M (21.4.15a,b,c,d) 
р = 5р VN — #99) 


qi) = — (sv; — #9) 
These unknown variables may be modeled by several different ways. Among them are 
(1) eddy viscosity model, (2) scale similarity model, and (3) mixed model. We describe 
these methods in the next section. 


21.4.3 SUBGRID SCALE MODELING 


The solution of the filtered Navier-Stokes system of equations enables only the large 
eddies to be resolved, leaving the small eddies still unresolved. Since these small eddies 
are more or less isotropic, the modeling is much easier than in the case of RANS. How- 
ever, for compressible flows, particularly for supersonic and hypersonic flows in which 
turbulent heat flux, turbulent diffusion, and viscous diffusion may become significant, 
the SGS modeling process is far from satisfactory. 

There are three different approaches for developing the SGS turbulent stress mod- 
els. The eddy viscosity modelis most widely used in which the global effect of SGS terms 
is taken into account, neglecting the local energy events associated with convection and 
diffusion [Smagorinsky, 1963; Yoshizawa, 1986; Moin et al., 1991; Gao and O'Brien, 
1993]. 
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The scale similarity model assumed that the most active subgrid scales are those close 
to the cutoff wave number and uses the smallest resolved SGS stresses. This approach 
does account for the local energy events, but tends to underestimate the dissipation 
[Bardina et al., 1980]. 

To compensate the drawbacks of the eddy viscosity model and scale similarity model, 
Erlebacher et al. [1992] proposed the mixed model in which the dissipation is adequately 
provided to the scale similarity model. 

Germano [1992] proposed that the closure constants involved in the SGS turbu- 
lent stress tensors be calculated dynamically (flowfield dependent), known as the dy- 
namic model. The advantage of the dynamic model has been demonstrated by many 
investigators. 

Attempts have been made to provide SGS modeling for turbulent diffusion and vis- 
cous diffusion in the energy equation by some investigators. Among them are Normand 
and Lesieur [1992], Meneveau and Lund [1997], and Knight et al. [1998]. 

In what follows, we introduce some of the well-known models of SGS turbulent 
eddy viscosity, turbulent heat flux, and turbulent diffusion. 


SGS Eddy Viscosity Model for Stress Tensor with Time Averages 
In this model, the traditional gradient-diffusion approach (molecular motion) is used 
so that the turbulent stress tensor for compressible flows is written as 


= 15 2 
т = да — ydus) = д 505 (21.4.16) 


= = 1 = — an 
ит = (СА), ASC  4у= + 9), —d-Qdijdi)^ 
where С, is the Smagorinsky constant and K is the subgrid scale turbulent kinetic energy. 


This constant can be evaluated by assuming the existence of an inertial range spectrum 
given in Figure 21.4.1. To this end, it has been suggested in [Lilly, 1966] that 


= T/A T/A 3 a \4/3 
d? 2:2 | к^ Е(к)ак = 2C,£?? | kdk = осе (=) (21.4.17) 
0 0 2 A 
where C; = 1.41 is the Kolmogorov constant. Thus, we arrive at 
1/2\3/4 
С. 2 (2) = 0.18 (21.4.18) 
т \ Зо 


The isotropic parts, К and За terms, on the right-hand side of (22.4.16) may Бе 
neglected for incompressible flows. For further details on the subgrid scale modeling 
for the isotropic parts in compressible flows, see Squires [1991], Erlebacher et al. [1992], 
and Vreman, Geurts, and Kuerten [1995]. 


SGS Eddy Viscosity Model for Stress Tensor with Favre Averages 
The subgrid scale stress tensor as given by (21.4.15a) may now be written for the 
compressible flow Favre averages as 


= d 
т = —p(ViVi — 49) = (4, -3 


А а 
дә) - 3f; (21.4.19) 


21.4 LARGE EDDY SIMULATION 


with 


ит = p(C,A)’|d| 
жо (21.4.20) 


with С; = 0.16 and С; = 0.09. 

Moin et al. [1991] extended the Germano’s dynamic model [Germano, 1992] for 
Favre averages. The Favre averaged mixed model was developed by Speziale, Zang, 
and Hussaini [1988] and used by Erlebacher et al. [1992]. 


SGS Structure Function Model 
Metais and Lesieur [1992] proposed the structure function model in the form 


ут = 0.105CL 7 Ax[ F(x, Ах)]!? (21.4.21) 
where F is calculated as 


AQ ) 


F(x AQ) = $ D Uuo) = щх+ Ахад? + ћи) = и Ani 28 
i=1 i 


(21.422) 


with AQ = (Axı Axa2Ax3)!?. In the limit of Ax — 0, Comte [1994] suggested that 


vr = 0.777(C, Ах)” J 244 + гә; (21.4.23) 


where C; is the Smagoronsky's constant and oj is the vorticity of the filtered field. 


Dynamic SGS Eddy Viscosity Model with Time Averages 
It has been shown in the literature that superior results may be obtained by updating 
the model coefficients based on the current flowfields, known as the dynamic model 
[Germano, Piomelli, Moin, and Cabot, 1991]. Here, in addition to the subgrid scale 
filtering, a test filter is introduced with the test filter width А, larger than the grid filter 
width A (usually А, = 2A is used) in order to obtain information from the resolved 
flowfield. Based on this model, Lilly [1992] suggested that 


wr = Cap A^|d| (21.4.24) 
with 
(icu 21.4.25 
= MoM ( ) 
ЯНЕ (руг) (pvj) 
Aij = (pviVj) — = 
ка. (р) 


T е T- — f T- 
Mij = -2А{ф)0й(&, = хаа) + 2o (ра (a, = 0) 


where ( ) implies a test filtered quantity. 
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The test filter operation can be performed as 


(Fe) = | (GG. E) E, да (21.4.26) 
If the box function is used, we have 


— ifx;—A,/2< & < xi + 4А,/2 
(G(x — &)) = 4 Ar неи (21.4.27) 


0 otherwise 


The test filter can be calculated using the trapezoidal rule, Simpson’s rule, or inter- 
polation function methods. For example, the one-dimensional filtering operation with 
the trapezoidal rule assumes the form, 


1 x+A,;/2 1 
(f= = | ЛЕ = FFs + 2Fi + fin) (21.4.28) 
ДА, Jx—A,/2 4 

We then apply this one-dimensional approximation successively in each coordinate 
direction for multidimensional problems. 


SGS Heat Flux Closure with Favre Averages 

The subgrid scale modeling for the energy equation has not received much atten- 
tion. This is because, for low Mach number flows, the effect of turbulence modeling is 
negligible. For high Mach number flows, we may use the standard gradient diffusion 
model (eddy viscosity) 


qP = рт те “РТ, (21.4.29) 
Pr T 
with 
ут = CA?|d| (21.4.30) 


The eddy viscosity in (21.4.30) may be expressed dynamically as shown in (21.4.25). 


SGS Turbulent Diffusion and Viscous Diffusion Closures 

Vreman et al. [1995] shows further details of subgrid modeling for the energy equa- 
tion using the Fabre averaged variables. The SGS turbulent diffusion closure has been 
proposed by Knight et al. [1998] and the SGS viscous diffusion closure model studied 
by Meneveau and Lund [1997]. The scale similarity approach was applied in both cases. 
Future developments in these areas are needed to substantiate the accuracy of models, 
particularly for high Reynolds number and high Mach number hypersonic flows. 

As a result of the LES solution of the Navier-Stokes system of equations, we obtain 
the flow variables which contain not only the mean quantities but also the fluctuations. 
We then compute the mean flowfield values by various schemes of averaging or filtering 
methods (time averages, spatial averages, or filtered Favre averages, etc.). The difference 
between the LES solution and the averages will lead to the turbulence fluctuations. From 
these fluctuations, detailed turbulence statistics can be computed. Among them are 
the turbulent intensities, distributions of energy spectra with respect to wave numbers, 
production, dissipation, and diffusion of turbulent kinetic energy and Reynolds stresses, 


21.5 DIRECT NUMERICAL SIMULATION 


compressibility effects as reflected by dilatation, high-speed flow heat transfer, details of 
shock wave turbulent boundary layer interactions through transition to full turbulence, 
and physics of relaminarization. Some examples on LES computations will be presented 
in Section 22.8, Applications. 


21.5 DIRECT NUMERICAL SIMULATION 


21.5.1 GENERAL 


As we have seen in the previous chapters, turbulence modeling is not an easy task. 
Even in large eddy simulation, in which we only need to model small scales of isotropic 
motions, the process becomes complicated in dealing with energy equation for high- 
speed compressible flows. Thus, our final resort may seem to be a direct numerical 
solution in which no turbulence modeling is needed. However, we require excessive 
mesh refinements and higher order accurate numerical schemes. The computational 
cost for DNS particularly in high-speed compressible flows will be prohibitive. 

In direct numerical simulations (DNS), the Navier-Stokes system of equations is 
solved directly with refined meshes capable of resolving all turbulence length scales 
including the Kolmogorov microscale, 


n= (eg) ^ (21.5.1) 


All turbulence scales ranging from the large energy-containing eddies to the dissipation 
scales, 


0.1 x kn x1 


with k being the wave number must be resolved (see Figure 21.4.1). To meet this re- 
quirement, the number of grid points required is proportional to [/т ~ Ве?/ where L 
is the characteristic length and Re is the Reynolds number referenced to the integral 
scale of the flow. This leads to the number of grid points in 3-D to be proportional to 


N = Ке?“ (21.5.2) 


The number of grid points required for a channel flow may be estimated in terms 
of turbulence Reynolds number Кет [Moser and Moin, 1984; Kim, Moin, and Moser, 
1987] as 


N = (3Вет)?/* (21.5.3) 
with 
H 
Rer = E (21.5.4) 
v 


where ит is the shear velocity (approximately 596 of the mean average velocity) and Н 
is the channel height. 

Similarly, the time step is limited [Kim et al., 1987] by the Kolmogorov time scale, 
т = (ује) 2, as 


0.003 H 
ge (21.5.5) 


иту Кет 
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These restrictions are clearly too severe for DNS to be a practical design tool in industry 
in view of currently available computer capacity. 


21.5.2 VARIOUS APPROACHES TO DNS 


The DNS applications have been carried out most successfully using spectral methods in 
simple geometries. Fourier series are applied to the streamwise and spanwise directions 
whereas Chebyshev polynomials or B-splines are used for the wall-normal direction. 
However, the spectral methods are not suitable for practical industrial problems with 
complex geometries and boundary conditions. The use of FDM, FEM, or FVM, although 
not as accurate as spectral methods, is more flexible in handing arbitrary geometries and 
boundary conditions. In view of the fact that turbulence is three-dimensional in nature 
and DNS requires excessive grid refinements, FDM calculations with uniform structured 
grids have been used predominantly in the past. DNS in unstructured arbitrary practical 
geometries and boundary conditions at high Reynolds number flows are severely limited 
by available computer resources. 

Applications of DNS in incompressible or subsonic flows and compressible or super- 
sonic flows are distinguished by several factors: (1) For incompressible simulations, the 
viscous terms are treated usually implicitly, allowing the viscous stability limit to be re- 
laxed, whereas for compressible flows the time discretization is explicit and the allowable 
time step is limited by the viscous stability limit rather than by the convection condition; 
(2) Toward transition to turbulence, instability growth rates are slower in compressible 
flows than in incompressible flows. This will require longer time integration; (3) High- 
speed transitional disturbance modes have high gradients for compressible flows requir- 
ing much more mesh refinements and higher order accuracy in spatial approximations 
than for incompressible flows. 

In DNS, we may use either the temporal or spatial simulation approach. The tem- 
porally evolving simulation is usually limited to periodic inflow and outflow bound- 
ary conditions and a parallel flow without the consideration of the boundary layer 
growth. The spatially evolving approach is more general and practical in which non- 
periodic inflow and outflow boundary conditions are used and the evolution of non- 
parallel boundary layer is accounted for. Some recent advancements for both tem- 
porally and spatially evolving simulations are reported in Guo, Kleiser, and Adams 
[1996]. 

The earlier works on transition and turbulence in boundary layer flows using 
DNS include Kim, Moin, and Moser [1985], Spalart and Yang [1987], Fasel, Rist, and 
Konzelmann [1990], Rai and Moin [1993], among others. 

The DNS solution of the Navier-Stokes system of equations provides the flow vari- 
ables which contain not only the mean quantities but also the fluctuations similarly as in 
LES discussed in Section 21.4. The objective of DNS is to obtain more accurate results 
for turbulence statistics than in LES at the expense of computing costs. Since the disad- 
vantages resulting from possible inadequate subgrid scale modeling are eliminated in 
DNS, it is anticipated that the DNS results may be used as a guidance of improving any 
or all modeling processes for turbulence presented in the previous sections. Details of 
applications in DNS will be presented in Section 21.7. 


21.6 SOLUTION METHODS AND INITIAL AND BOUNDARY CONDITIONS 


21.6 SOLUTION METHODS AND INITIAL AND BOUNDARY CONDITIONS 


Although explicit methods may be used in turbulent flows in general, it is often neces- 
sary to employ implicit methods in order to handle viscosity in wall-bounded turbulence. 
Various numerical schemes such as Runge-Kutta, Crank-Nicolson, Adams-Brashforth, 
among others, have been used in RANS, LES, and DNS calculations using FDM and 
FVM via FVM. For FEM formulations, the FEM equations may be solved using conju- 
gate gradient or GMRES. 

Initial and boundary conditions in turbulent flows are more sensitive to the solution 
as compared with laminar flows. This is because a small change in the initial state 
of turbulent flow is amplified exponentially in time. Since this is physical rather than 
numerical, it is difficult to assess the numerical error if one changes the numerical 
methods to improve the numerical methods or refine the mesh to obtain more accurate 
results. So, the question is: how do we know if we have a good solution? This question 
can be answered with reference to Figure 21.4.1. If the energy spectrum in the smallest 
scales with the wave number larger than the inertial subrange is much smaller than 
the peak in the smaller wave number region, then we may assume that the solution is 
satisfactory. 

For inflow initial and boundary conditions, periodic boundary conditions are conve- 
nient to use (particularly suitable for spectral methods) if flows do not vary in a given 
direction. Otherwise, the initial and boundary conditions may be obtained from other 
simulations, adopted from isotropic turbulence. 

For outflow boundaries, one may use the extrapolation conditions, requiring the 
derivatives of all variables normal to the surface set equal to zero, 


(ри) гт; = 0 (21.6.1) 


If the flow is unsteady, then it appears that time-dependent boundary conditions be 
implemented by enforcing the time-dependent mass flux conservation at the outflow 
boundary, 


A(pu) = —Atuo(pu) ini (21.6.2) 


with uo being the average velocity of the outflow boundary. This tends to keep the 
reflected pressure waves from moving back to the domain. 

On the solid boundary, the standard no-slip condition can be applied. Because of 
turbulence microscales close to the wall leading to complicated turbulent structures 
including separated flows, one must use highly refined meshes adjacent to the wall. 
Furthermore, in this region, turbulence may remain unsteady even when the flow away 
from the wall has reached a steady state. 

In DNS and LES, the resolved flow may become unsymmetric even if the geometry 
and the flow boundary conditions are symmetric. Thus, the symmetry condition should 
not be used in the simulation of turbulence using DNS or LES. 

As we have seen in multigrid methods (Section 20.2) in which low frequency (small 
wave number) errors are eliminated in coarse mesh, large-scale turbulence can be re- 
solved quickly in the coarse mesh so that computational efficiency can be realized if the 
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solution is then performed on the fine mesh subsequently. This suggests that multigrid 
methods are particularly useful in DNS and LES. 


21.7 APPLICATIONS 


21.7.1 TURBULENCE MODELS FOR REYNOLDS AVERAGED NAVIER-STOKES (RANS) 


Exhaustive numerical demonstrations for turbulence model applications are not at- 
tempted in this section. Instead, we focus on some representative incompressible flow 
applications for RANS. In this illustration, we introduce the work of Thangam and 
Speziale [1992] which shows the comparison of various types of K-e models as applied 
to the backward-facing step shown in Figure 21.7.1.1a. The finite volume method via 
FDM [Thangam and Hur, 1991] is employed with a computational grid of 200 x 100 
mesh (a coarser version is shown in Figure 21.7.1.1b) and Re = 1.32 x 10°. Computed 
results for the standard К-е model with the wall boundary conditions of the two-layer 
case are shown in Figure 21.7.1.2a. 

As compared with the experimental data of Kim, Kline, and Johnston [1980], it is 
seen that reattachment length for the two-layer model (X, = 6.0) is about 15% un- 
derestimated (experimental value, X, — 7.1, from Kim et al [1980]). Despite this dis- 
crepancy, the mean velocity profiles appear to be in good agreement (Figure 21.7.1.2b), 
although the turbulent intensity profiles (Figure 21.7.1.2c) and shear stress profiles 
(Figure 21.7.1.2d) show some deviations from the experimental data. 

For the three layer model, the reattachment length is X, — 6.25 (Figure 21.7.1.3a), 
about 596 improvement from the two-layer case. Mean velocity profiles (Figure 
21.7.1.3b), turbulent intensity profiles (Figure 21.7.1.3c), and shear stress profiles 
(Figure 21.7.1.3d) appear to be the same as in the two-layer model. 


х/н 
(b) Computational grid: Y/H=3, Re=1.32x10°, 200 x 100 mesh 


Figure 21.7.1.1 Incompressible turbulent flow backward facing step, 2-D 
geometry for Ке model analysis, С, = 0.09, Ce1 = 1.44, Cc? = 1.92, ok = 
1.92, ое = 1.0, CD = 1.68 [Thangam and Speziale, 1988]. 
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Figure 21.7.1.2 Results with the standard К-е two-layer model [Thangam and Speziale 1988], compared with 
Kim et al. [1980]. (a) Contours of mean streamlines. (b) Mean velocity profiles at selected locations, compared 
with experiments [Kim et al., 1980]. (с) Turbulence intensity profiles. (d) Turbulence shear stress profiles. 
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Figure 21.7.1.3 Results with the standard K-e three-layer model [Thangam and Speziale, 1988]. (a) Contours 
of mean streamlines. (b) Mean velocity profiles at selected locations, compared with experiments [Kim et al., 
1980]. (c) Turbulence intensity profiles. (d) Turbulence shear stress profiles. 
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Figure 21.7.1.4 Results with the nonlinear (anisotropic) K-e three-layer model [Thangam and Speziale, 1988]. 
(a) Contours of mean streamlines. (b) Mean velocity profiles at selected locations, compared with experiments 
[Kim et al., 1980]. (c) Turbulence intensity profiles. (d) Turbulence shear stress profiles. 


It is interesting to note that significant improvements for the reattachment length 
(X, = 6.9), only 3% deviation from the experimental data, arise when the nonlinear 
(anisotropic) K-e model is used (Figure 21.7.1.4a). Other data for the mean velocity, 
turbulent intensity, and shear stress profiles (Figure 21.7.1.4b,c,d) still show some devi- 
ations from the experiments. 


21.7.2 LARGE EDDY SIMULATION (LES) 


(1) Incompressible Flows 

We consider here turbulent incompressible flows for a 3-D backward-facing step ge- 
ometry (Figure 21.7.2.1) using LES as reported by Fureby [1999]. In this example, the 
results of the various LES models including the Smagorinsky model (SMG), dynamic 


Figure 21.7.2.1 Backward-facing step 3-D geometry for LES analysis 
[Fureby, 1999]. 
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Table 21.7.2.1 Overview of Simulations, Grids, and Global Quantities 


Case/ Grid; Sr, x1 / 
run Re, 10% 505 mode resolution A/h 09,/80X h=6 


Al 15 OEEVM 87,1042л 68 025 | 0.07 
A2 15 OEEVM  2044603A/2 6.6 026 | 0.07 
Bl 22 OEEVM  366/503A/] 71 027 i 0.06 
B2 22 OEEVM  1704002A 71 025 | 0.06 
B3 22 SMG 170,4002A 72 0.24 0.07 
BA 22 DSMG 1704002^ 71 027 | 0.07 
BS 22 MILES  1704002A 74 025 | 0.05 
B6 22 OEEVM — 1,152,600;A 70 028 | 0.06 
Cl 37 OEEVM  366,502^ 69 026 0.06 
Exp* 15 65 028 
Exp* 22 70 028 
Exp* 37 68 028 


*Pitz and Daily [1981]. 


Smagorinsky model (DSM), one-equation eddy viscosity model (OEEVM ) [Lesieur 
and Metais, 1996], and monotonically integrated large eddy simulation (MILES) 
[Fureby, 1999] are compared with those of the experimental results of Pitz and Daily 
[1981]. In MILES, the Navier-Stokes system of equations are solved using the monotonic 
integration with flux limiters in which high-resolution monotone methods with embed- 
ded nonlinear filters providing implicit closure models so that explicit SGS models need 
not be used. Various test cases are summarized in Table 21.7.2.1. 

Contours of streamwise instantaneous velocity as shown in Figure 21.7.2.2a indicate 
the free shear layer terminating at approximately x;/h = 7. Figure 21.7.2.2b shows the 


eis pue S£ oth 
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Figure 21.7.2.2 Instantaneous velocity and velocity fluctuation contours in 


the centerplane [Fureby, 1999]. (a) Streamwise velocity component. (b) Ver- 
tical velocity component. (c) Spanwise velocity component. 
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Exp. Re=15000 
Exp. Re=22000 
Exp. Re=37000 


Figure 21.7.2.3 Streamwise mean velocity profiles < v; > downstream of the step at (a) х1/Н = 2, 
Re = 15 x 10? (b) x1 /H = 5, Re = 22 x 10°, and (c) xi /H = 7, Re = 37 x 10? [Fureby, 1999]. 


vertical flow patches, with alternating positive and negative V2 regions of spanwise 
Kelvin-Helmoltz vortices. Spanwise velocity fluctuations are shown in Figure 21.7.2.2c, 
with peak values reaching as high as 0.5 ио near reattachment. The near wall region 
appears laminar-like in the simulation as well as in the experiment [Pitz and Daily, 
1981]. 

Streamwise mean velocity profiles at various downstream locations are shown in 
Figure 21.7.2.3. The results of MILES and LES results using OEEVM, SMG, and DSMG 
models are compared with the experimental data [Pitz and Daily, 1981] for various cases 
given in Table 21.7.2.1. Itis seen that all LES models perform well as compared with the 
experimental data, whereas the K-e model deviates considerably toward townstream. 

Figure 21.7.2.4 shows the power density spectra as a function of the nondimen- 
sional frequency ог the Strouhal number Sr = fh/v;. Spectra are presented at two 
locations downstream of the step for run B1 (Figure 21.7.2.4a,b), for different Reynolds 
numbers (Figure 21.7.2.4c) and for different SGS models (Figure 21.7.2.4d). Note that 
all spectra exhibit a well-defined 5775/3 range over one decade. The energy in the 
smaller scales is found to be more evenly distributed among the velocity components 
(Figure 21.7.2.4a,b), indicating a trend toward isotropy. The energy distribution in the 
larger scales is anisotropic, the v; component being the most energetic. 

Instantaneous spanwise vorticity оз and streamwise vorticity o; contours with the 
step height and inflow velocity in typical x; — x2 and x? — x3 planes are shown in Figure 
21.7.2.5 for runs А2, B1, B2, and С. The shear layer separating from the step rolls 
up into coherent w vortices due to the shear layer instability. They undergo helical 
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Figure 21.7.2.5 Instantaneous spanwise @3 and streamwise vorticity ©; contours 
normalized with the step height and inflow velocity in typical x1 — x2 and x2 — x3 
planes: (а) 3 run A2, (b) @з run ВІ, (с) 3 run B2, (d) o; run C1, (e) 01 run A2, 
(f) &1 run ВІ, (g) o1 run B2, (h) o; run C1 [Fureby, 1999]. 


pairing as they are advected downstream to endure vortex stretching effects due to the 
three-dimensionality of the flow. 


(2) Compressible Flows 

The large eddy simulations for compressible flows have been studied by many in- 
vestigators. Among them are Speziale et al. [1988], Moin et al. [1991], Erlebacher et al. 
[1992], Spyropouros and Braisdell [1995], and Ducros et al. [1999]. 

The LES applications to compressible flows require higher order upwinding approx- 
imations of variables, particularly for shock wave/turbulence interactions. TVD or ENO 
schemes for FDM in Chapter 6 and stabilized FEM schemes in Chapter 13 may be used. 
Here we briefly describe the work of Ducros et al. [1999] on LES for shock/turbulence 
interactions. 

In this work, a second order finite volume central scheme with FDM is used together 
with the artificial viscosity of Jameson et al. [1981] as shown in Section 6.6.1 and the 
filtered structure function (FSF) model [Metais and Lesieur, 1992] (see Section 21.4.3). 
Here a sensor (limiter) for triggering artificial dissipation is developed to perform LES 
of the shock/turbulent interaction by multiplying the standard limiter Y as given in 
(6.6.2) by the local function Ф defined as 


(У-у)? 


_ 1721 
(У - у)2 + 02 += ыз 


where о is the resolved vorticity and ғ = 10730 is a positive small number so that this 
function varies between 0 for weakly compressible regions to about 1 in shock regions. 
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М1=1.2 


Free stream 
conditions 


Imposed 
inlet conditions 


Figure 21.7.2.6 Schematic diagram of the computational domain for sim- 
ulations ST-1 to ST-5. Periodic conditions are applied in the y- and 
z-directions [Ducros et al., 1999]. 


Thus, the artificial viscosity takes the form modified from that in (6.6.1) as 
(2) 


£i = KO Кра р а Фин /2 (21.7.2.2) 
with 
V;,1/;,1/? = max(V;6;, УФ) (21.7.23) 


The geometric configuration for the analysis is shown in Figure 21.7.2.6. The mean 
flow is in the x-direction, with the periodic boundary conditions applied in the y- and 
z-directions. Table 21.7.2.2 shows the various test cases, ST-1 through ST-5, with Ҹ and 
ФУ indicating the unmodified and modified versions, respectively. Figure 21.7.2.7 shows 
the distributions of the mean streamwise velocity, pressure, and Mach number. Note 
that the refined mesh gives a closer Rankine-Hugoniot jump condition. 

Figure 21.7.2.8a,b shows the evolution of the normalized turbulent kinetic energy 
and turbulent Mach number for some simulations of Table 21.7.2.2. It is interesting to 
note that only the modified limiter ФУ predicts a correct decay of turbulent kinetic 
energy for the preshock region, whereas the standard limiter [Jameson et al., 1981] 
exhibits a spurious dissipation (ST-1 and ST-3). As observed in Lee et al. [1993] and 
Lee et al. [1997], the isotropic flow becomes axisymmetric through the shock. This is 


Table 21.7.2.2 Parameters of Simulations for the Three-Dimensional Shock/Turbulence Interaction 


Ny, Пу, Nz Grid к? Limiter 
(Nx, ny, nz) 


Simulation 


ST-1 
ST-2 
ST-3 
ST-4 
ST-5 


Note: The resolutions are referred to as resolution 1 (respectively, 2, 3) for 64 x 32 x 32 (respectively, 


64 x 32 x 32 
64 x 32 х 32 
262 x 32 x 32 
262 x 32 х 32 
156 x 32 x 32 


262 x 32 x 32 and 156 x 32 x 32). 


Source: [Ducros et al., 1999]. Reprinted with permission from Academic Press. 


Isotropic 
Isotropic 
Locally refined 
Locally refined 
Locally refined 
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15 
15 
15 
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(b) 
Figure 21.7.2.7 The x distribution of mean streamwise velocity, pressure, and Mach number [Ducros et al., 
1999]. (a) X distribution of mean steamwise velocity 1 (top) and mean pressure p (bottom) accross the 
shock wave for simulations ST-1, ST-2, and ST-4; dashed lines denote the laminar values satisfying Rankine- 
Hugoniot jump conditions. (b) The x distribution of mean Mach number for simulations ST-1, ST-2, and ST-4 
with the same legend as the previous figure. 


shown in Figure 21.7.2.8c by the streamwise distribution of the Reynolds stresses (ST-2 
and ST-4). 

The streamwise and spanwise distributions of normalized vorticity fluctuations are 
displayed in Figure 21.7.2.9. Note that the cases of standard limiter (ST-1 and ST-3) 
leads to a spurious decay of vorticity, whereas this non-physical behavior is corrected 
by means of the modified limiter (ST-2, ST-4, ST-5). 

Figure 21.7.2.10a shows a cut of instantaneous streamwise and spanwise components 
of vorticity for ST-1. No change in size and intensity of the scales for both components 
is visible, although the size of the smallest scales is larger than the width of the shock. 
The same variables for ST-4 are shown in Figure 21.7.2.10b. Here, the x-component 
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Figure 21.7.2.8 The x distribution of normalized turbulence kinetic energy, turbulent kinetic Mach number, 
and normalized Reynolds stresses [Ducros et al., 1999]. (a) The x distribution of normalized turbulence 
kinetic energy E(x)/ E(0) for simulations ST-1-4. (b) The x distribution of turbulence Mach number M, for 
simulations ST-1, 2, 4. (c) The x distribution of normalized Reynolds stress Rj;(x)/ К (0) for stimulations 


ST-2, 4, 5. 
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Figure 21.7.2.9 The x distribution of normalized fluctuation vorticity components [Ducros et al., 1999]. 
(a) The x distribution of normalized fluctuations vorticity component 92 (х) /92(0) for simulations ST-1-5. 
(b) The x distribution of normalized fluctuations vorticity component o? (x) /® (0) for simulations ST-1-5. 
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Figure 21.7.2.10 Instantaneous cut of the streamwise vorticity components [Ducros et al., 1999]. (a) Instan- 
taneous cut of the streamwise wx, (top) and of the transverse to w; (bottom) vorticity field for simulation 
ST-1. Isopressure lines show the instantaneous position of the shock. The mean flow goes from left to right. 
(b) Instantaneous cut of the streamwise wx, (top) and of the transverse to о; (bottom) vorticity field for 
simulation ST-4. Isopressure lines show the instantaneous position of the shock. The mean flow goes from 
left to right. 


undergoes a little change in intensity, while the intensity of the z-component increases 
through the shock and some structures of smaller scales appear in the post-shock region. 


21.7.3 DIRECT NUMERICAL SIMULATION (DNS) FOR COMPRESSIBLE FLOWS 


The research on DNS was primarily concentrated on incompressible flows [Kim et al., 
1987; Spalart, 1988; Moser and Moin, 1984, among others]. Recently, DNS calculations 
have been extended to compressible flows [Pruett and Zang, 1992; Rai and Moin, 1993; 
Huang et al., 1995, among others]. From the numerical viewpoint, the direct numerical 
simulation is much more difficult in compressible flows dealing with higher Reynolds 
numbers and higher Mach numbers. As an example, we present here the work of Rai 
and Moin [1993]. 

In this example, the analysis is carried out using the temporally fully implicit and 
fifth order accurate spatial discretization with FDM for the primitive flow variables as 
shown in Section 6.6.2. Also, the inlet boundary conditions include the perturbation 
velocity components given by the Fourier series representation for the 3-D channel 
flow. 

The geometry with a zonal grid system and the two grid options (A,B) are presented 
in Figure 21.7.3.1a,b. The computed power spectrum, skin friction, and mean velocity 
profiles are shown in Figure 21.7.3.2, whereas turbulence intensities and Reynolds stress 
distributions are presented in Figure 21.7.3.3. The results appear to be qualitatively in 
agreement with experimental data. 

Figure 21.7.3.4a represents spanwise vorticity contours in an (x, y) plane at different 
times in the transition region with the y-direction expanded by a factor of 10 and the 
letter “d” on the ordinate indicating the laminar boundary layer thickness at Ке, = 
2.5 x 109. This figure shows the rollup of its tip into a spanwise vortex. Streamwise 
vorticity contours at yt = 34.5 are presented in Figure 21.7.3.4b. The letter “s” on the 
ordinate denotes the dimension of the computational region in the z-direction. Here. 
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(b) 
Figure 21.7.3.1 The geometry of 3-D duct and zonal grid system [Rai and Moin, 1993]. (a) 


Schematic of computational region (not to scale). (b) Zonal configurations used in grids 
A and B. 


it is seen that the transition boundary is marked by the appearance of counter-rotating 
vortex pairs in the region Re, < 4.0 x 109. Figure 21.7.3.4c shows crossflow velocity 
vectors in a (y, z) plane cutting through the largest pair of vortices. The letter *d" on 
the ordinate represents the laminar boundary layer thickness at Re, = 4.0 x 109. The 
cross sectional structure of this pair of vortices is clearly seen in this figure. Further 
details are given in Rai and Moin [1993]. 

Some recent contributions in DNS include Pointsot and Lele [1992], Pruett and 
Zang [1992], Choi et al. [1993], Lee et al. [1993], Huser and Biringen [1993], Huang 
et al [1995]. Pruett et al [1995], Mittal and Balachandar [1996], and Guo et al. [1996], 
among others. In all cases, the main features in DNS are that higher order accurate 
computational methods must be used with refined mesh, and thus the computer cost 
will be very excessive. 


727 


728 


APPLICATIONS TO TURBULENCE 


(x10) 
8 


а Computation, grid А 
Computation, grid B 


o Experiment, Suder et al. 
10! Van Karman spectrum о Experiment, Sohn et al. 
9 Computation 
~ 
€ Turhulent correlation 
E 
а 
2 
~ 
= 
~ 
610 
— 
m 
8 
2 
МУ 
Blasius (laminar) 
101 
10? 107 10° 0 25 50 75 10.0 12.5105 
fA/u.. Re, 
Blasius profile 
40 (Re, 22.5 x105) 
Re,x105 
30 
ut 20 
10 #7 u*-2.5én(y*)--5.0 


109 10! 10? 10? 10* 
y* 
Figure 21.7.3.2 Power spectrum, skin friction, and mean velocity profiles [Rai and Moin, 1993]. Reprinted 
with permission from Academic Press. 


21.8 SUMMARY 


In this chapter, we have provided a brief review of the current state of the art on tur- 
bulence, including not only the theory of turbulence but also the examples of compu- 
tations. Turbulence models with Reynolds averaged Navier-Stokes equations (RANS), 
large eddy simulation (LES), and direct numerical simulation (DNS) are covered. 

Turbulence models include zero-equation models, one-equation models, two- 
equation models, second order closure models (Reynolds stress models), algebraic 
Reynolds stress models, and models with compressibility effects. Their advantages and 
disadvantages are noted. 

Although the turbulence model approaches are still used in practice, there is a trend 
toward favoring LES for more accuracy, in which large scales are calculated and only the 
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(a) 


362,500 412,500 462,500 512,500 
(b) 


5/3 7 5/2 
(с) 
Figure 21.7.3.4 Spanwise and streamwise vorticity contours and crossflow velocity vectors 
[Rai and Moin, 1993]. (a) Spanwise vorticity contours in (x, y) plane, 2.5 x 10° < Re, < 
4.0 x 10°, t = 51.258*/uso. (b) Streamwise vorticity contours in (x, y) plane, y+ = 34.5, 3.6 x 
10° < Re, < 5.1 x 105,0 < Z < 5. (c) Crossflow velocity vectors at the streamwise location 
Re, = 384,375. Reprinted with permission from Academic Press. 
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small scales are modeled. However, the small scale modeling is still in need of further 
research for high-speed compressible flows and reactive flows. 

Our ultimate goal is then the DNS in which no modeling is required. Unfortunately, 
the state of the art on DNS is far from practical applications due to demands in un- 
available computer resources. If and when DNS becomes a reality, then our concern 
is the most accurate numerical simulation approaches from those introduced in Parts 
Two and Three. This will be the focus of our research in the future. In this vein, the 
ЕРУ theory introduced in Sections 6.5 and 13.6 will be particularly useful in resolving 
turbulence microscales as accurately as possible. Some examples of FDV applications 
with K-e turbulence models for combustion are presented in Section 22.6.2. 
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CHAPTER TWENTY-TWO 


Applications to Chemically Reactive 
Flows and Combustion 


221 GENERAL 


In this chapter, we examine computations for reactive flows in general with computa- 
tional combustion in particular. In reactive flows, the conservation equations for chem- 
ical species are added to the Navier-Stokes system of equations. This addition also 
requires a modification of the energy equation. Furthermore, the sensible enthalpy is 
coupled with the chemical species, which contributes to the heat source and diffusion 
of species interacting with temperature. Chemical reactions in high-speed turbulent 
flows with high temperatures are of practical interest. They are involved in hypersonic 
aircraft and reentry vehicles. In this case, it is necessary that the vibrational and elec- 
tronic energies be taken into account, in which the ionization of chemical species may 
be important. Thus, the chemically reactive flows and combustion require significant 
modifications of not only the governing equations but also the existing computational 
methods discussed in previous chapters. 

In general, we are concerned with characterizing ordinary flame and detonation by 
different time scales. These scales range over many orders of magnitude. When reaction 
phenomena are modeled such that characteristic times of variation are shorter than the 
time step used, the equations describing such physical phenomena become numerically 
stiff with respect to convection and diffusion. 

Another type of difficulty is the disparity in spatial scales occurring in combustion. To 
model the steep gradients at a flame front, an extremely small grid spacing is required. In 
addition, complex phenomena such as turbulence, which occur on intermediate spatial 
scales, lead to difficult modeling problems. 

The third set of obstacles arises because of the geometric complexity associated with 
real systems. Most of the detailed models developed to date have been one-dimensional. 
Thus, they give a very limited picture of how the energy release affects the hydrody- 
namics. Even though many processes in a combustion system can be modeled in one 
dimension, there are others, such as boundary layer growth or the formation of vortices 
and flow separation, which clearly require at least two-dimensional hydrodynamics. 
Combustion in the presence of shock wave turbulent boundary layer interactions de- 
mands a complete three-dimensional analysis. 

The final consideration is the physical complexity. Combustion systems usually have 
many interacting species. These are represented by sets of many coupled equations 
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which must be solved simultaneously. Complicated ordinary differential equations de- 
scribing the chemical reactions or large matrices describing the molecular differential 
equations are costly and increase calculation time by orders of magnitude over ideal- 
ized or empirical models. The fundamental processes in combustion include chemical 
kinetics, laminar and turbulent hydrodynamics, thermal conductivity, viscosity, molecu- 
lar diffusion, thermochemistry, radiation, nucleation, surface effects, evaporation, con- 
densation, etc. Before a model of a whole combustion system can be assembled, each 
individual process must be identified. These submodels are either incorporated into the 
larger model directly or, if the time and spatial scales are too disparate, they must be 
incorporated phenomenologically. In this process, microscopic details of chemistry and 
physics are not considered. Instead, we take a macroscopic or continuum view of the 
domain under study. 

It is quite common that reactive flows and combustion occur in turbulent environ- 
ments. The subject of turbulence, discussed in Chapter 21, then plays a new role in 
reactive flows and combustion. Both spatial and temporal scales must be reevaluated. 
Reynolds numbers and Damkohler numbers affect suitable selections of numerical 
schemes. For high-speed flows, the situation is even more complex. High Mach num- 
bers associated with shock waves must be compromised in determining both spatial 
and temporal scales. Thus, the reactive flows and combustion in shock wave turbulent 
boundary layer interactions represent extremely difficult physical phenomena for a nu- 
merical simulation. Most likely, in this case, temperature gradients are high and the 
role of Peclet numbers is crucial as well. The reaction rates for many common chemical 
reactions are affected by turbulent flow. Thus, much of the data on file for reaction rates 
is also altered. 

With these basic items of consideration in mind, our focus then will be the com- 
putational strategies in solving the governing equations involved in reactive flows in 
general with combustion in particular. These governing equations are summarized 
in Section 22.2, followed by computation of chemical equilibrium in Section 22.3, 
chemistry-turbulence interaction models in Section 22.4, and hypersonic reactive flows 
in Section 22.5. Finally, we examine some applications in Section 22.6. These examples 
include supersonic inviscid reactive flows (premixed hydrogen-air), turbulent reactive 
flow analysis with RANS models, PDF models for turbulent diffusion combustion, spec- 
tral element methods for spatially developing mixing layer analysis, spray combustion 
for turbulent reactive flows, LES and DNS analyses for turbulent reactive flows, and 
hypersonic nonequilibrium reactive flows with vibrational and electronic energies taken 
into account. 


22.2 GOVERNING EQUATIONS IN REACTIVE FLOWS 


22.2.1 CONSERVATION OF MASS FOR MIXTURE AND CHEMICAL SPECIES 


Before we discuss the reactive flow governing equations, let us summarize definitions 
of variables involved in reactive flows. 


Mass Concentration, р: 
The mass of species k per unit volume of the mixture. 
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Molar Concentration, Ck = p, /W; 
The number of moles of species k per unit volume with У; being the molecular 
weight. 


Mass Fraction, У; = p/p 
The ratio of mass concentration of species k to the total mass density of the mixture, 
psum Y; = 1, with N being the total number of species. 


Mole Fraction, X; = C/C 
The ratio of molar concentration of species k to the total molar density C of the 
mixture, with Y^? Ху = 1. 


Number Density, N; = Се/р = УМ 
Actual number of moles of species К. 


Partial Pressure for a Mixture 


N 
p= b» Pe, with Xy,— EE 
k=l Р 


Equation of State 


isis 

=ркту — 

р=р уз " 
with R° being the universal gas constant (8.3143 J/g-mol K). 


Stoichiometric Condition 

This is the most stable condition of chemical reactions, defined by the equivalence 
ratio 
bz F/O E 
(F/O)si 
with F = mass of fuel, О = mass of oxidant, and the subscript st denoting the stoichio- 
metric condition (most stable condition). 


Mixture Fraction 


where & denotes any extensive property (total energy, mass, etc.), ё = Yr — (F/O)s: Yo, 
with subscripts F, A, and M representing fuel, air, and mixture, respectively. 


The Law of Mass Action 
Chemical reactions are characterized by the chemical reaction equations ofthe form 


N к, N 
Y мк У > Me = 1... M) (22.2.1) 
k=1 ky к=1 
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in which уд is the stoichiometric coefficient of the species k for the reaction step i, 
with the prime and double primes representing the reactant and product, respec- 
tively. M, is the chemical symbol for the species k, and ky and Къ denote the specific 
reaction rate constants for the forward and backward reactions, respectively. These 
reactions are governed by the so-called law of mass action related by the reaction 
rate wx, 


M 


N s N pl 
ok = We У vi — Hr Ic? -“ JT] zd (22.2.2) 
j=1 j=1 


i=1 


where С; is the molar concentration. Using the Arrhenius law, the specific reaction rate 
constants of species k are in the form 


E А N (=, 
kri = Ат“ _ А , ky = ==, К. = с 2223 
f exp ( RI ) а ( ) 


Here, Aj is the frequency factor, o; is the constant, Е; is the activation energy, апа R° is 
the universal gas constant, K, denotes the equilibrium constant, and Cj; e refers to the 
molar concentration at thermodynamic equilibrium. 

The law of mass action, as confirmed by numerous experimental observations, states 
that the rate of disappearance of a chemical species is proportional to the products of 
the concentrations of the reacting chemical species, each concentration being raised to 
the power equal to the corresponding stoichiometric coefficients. Thus, it follows from 
(22.2.1) and (22.2.3) that the forward reaction can be given by 


N 


M v^. 
Ei Хур ji 
ок = We) (vj — Vig) Ai T" exp (- ) (32) (22.2.4) 
» СВ ЈЕ 


j=l 


where the pressure p is related by the partial pressure p; and mole fraction X; as 
pe ве = 
Í 


Chemical kinetics and thermodynamic models and constants for various chemical 
reactions are available in the literature [Gardiner (ed), 1984; Westbrook and Dryer, 
1984]. 


Mixture Conservation Equations 

Let us now consider the continuity equation for component A in a binary mixture 
with a chemical reaction at a rate од (kg m^? вес“!), known as the mass rate of produc- 
tion of species A, 

др A 


ETE +V. (р AV A) = 0A (22.2.5а) 


Similarly, the equation of continuity for component В is 


ð 
P + V- (peve) = ов (22.2.5b) 
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Adding (22.2.5a) and (22.2.5b) gives 


a 
=> + У. (ру) = 0 (22.2.6) 


The above equation results from (ће law of conservation of mass 
од + ов = 0, ра+рв = р, PAYA + рвув = pv 


where the mixture velocity у is related by the diffusion velocity V, and the species 
velocity vx 


Vk=Vk— V (22.2.7a) 


with 
у=} ркук I Ур (22.2.7) 
k k 


which leads to 


У peVi = У р Ук=0, У ИУ =0 (22.276) 
k k k 

In terms of the molar units, the continuity equation takes the form 

С 

3 + У: (Сдуд) = ФА (22.2.8) 


where од is the molar rate of production of А per unit volume. 
The species mass flow may be written in terms of the Fick’s first law of diffusion, 


paVa=—p DaApV Үд (22.2.9) 


where Dag is the diffusion constant for rigid spheres of two unequal mass (m4, тв) and 
diameter (d4, dg) [Hirschfelder, Curtis, and Bird, 1954; Gardiner, 1984] 


и RE x E 
АВ 3X2) (ста 2тв cur 
p 


2 


with k being the Boltzmann constant. More elaborate forms of diffusion constant will 
appear in Section 22.5. 
It follows from (22.2.5)-(22.2.9) that 


д 

P +V- (pav) = V : (p Digg ҮА) + wA (22.2.10) 
Similarly, we have, from (22.2.8) and (22.2.7), 

СА = 


where X4 denotes the molar fraction for the species A. 
Notice that if chemical reactions are absent and all velocities vanish, then 


5а — раву?Са (22.2.12) 
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which is called Fick’s second law of diffusion, and is valid in solids or stationary non- 
reacting fluids. 

In view of (22.2.7) and (22.2.5), the continuity equation for a multicomponent system 
for species becomes 


a 
aL PY) + У руку + У] = в, (k= 1,2,...,N) (22.2.13) 


where we have used the relation рк = р Yp. Carrying out differentiation in (22.2.13) and 
satisfying (22.2.7), we obtain 


дҮ, 
p + p(v- V)Y + У (рум) = wx (22.2.14) 
Using the Fick’s first law of diffusion in (22.2.14), we obtain the conservation of mass 
equation for У; in the form 


РЖ + p: у) У (РУ) = ов (22.2.15) 
which indicates the existence of N species equations. Thus, (22.2.6) and (22.2.15) consti- 
tute the conservation of mass for the mixture and individual species. It is now obvious 
that any one of these N equations may be replaced by the continuity equation for the 
mixture in any given problem, indicating that only N — 1 equations of the У; species 
are independent. 


22.2.2 CONSERVATION OF MOMENTUM 


For reacting fluids with a mixture of species k, the body force, pF, acting on species k 
will contribute to the rate of change of the momentum. 


N 
РЕ = рУ Уб 
К=1 


in which f; is the external force per unit mass on species k. Thus, ће momentum equation 
takes the form 


N 


дт 
‚У)уу=—У Ji; ҮТ, 22.2.16 
+ p(v- V)v pr а * ^ 2- kfk ( ) 


əv 
ot 


р 


where 7;; is the viscous stress tensor, 


OV; ду; 2 дуд 
ја = б; 22.2.17 
i x + OX; 3 дхк ») ( ) 


with being the viscosity and $; is the Kronecker delta. Substituting (22.2.17) in 
(22.2.16) we obtain: 


д 1 N 
P + р(у- Ују = –Ур + [© + 4 “(У : »| +p у, Mn (22.2.18a) 
К=1 
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The momentum equation may be written in the conservation form 


д д д ду; 1 OV; 
3; 0"? "t 3; PVA) ш OX; [ «(2 3 OX; 


N 
) =p) Ий;  (22218b) 
К=1 


in which both continuity (22.2.3) and momentum (22.2.18а) equations are satisfied. 
Throughout this chapter, the subscripts for species and indices for tensors are inter- 
changeably used, so the reader should distinguish them from the physical aspect of 
each case. 


22.2.3 CONSERVATION OF ENERGY 


The reactive flow energy equation may be written in various forms. Let us define the 
stagnation energy E as 


1 
E=e+ МАЈ (22.2.19a) 
where £ is the specific internal energy density 
ы р 
e= у, ҮН, – = (22.219) 
k= р 
with Н being the enthalpy given by 
Не = He + Н, (22.2.20a) 
where Н is the sensible enthalpy above the zero-point enthalpy Н, 
T 
H; = / Cp d T (22.2.20b) 
Т, 
so that the static enthalpy is of the form 
N T = 
Н=у ње у, v (n «f cud) =) YH? +H (22.2.21) 
k к=1 T, k 


with H = Y^, Y. Hy. A general form of the specific heat for k species (thermodynamic 
model) is given by 


Cok = Ak + BeT + CT? + DAT? + ЕТ 22.2.22a 
p 


If we consider a linear form (first two terms on RHS above), then the integral in (22.2.21) 
becomes 


T 
1 
| cpkd T = АкТ + "Lun (22.2.22b) 
T 


The coefficient of these polynomials are available from the general data bank in the 
JANNAF Tables, or Hirschfelder et al. [1954]. 
The nonconservation form of the energy equation may be written as (2.2.9c) 


De 
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with 


where q and qP) are the heat fluxes due to conduction and chemical species diffusion, 
respectively, 


q© = -kvT (22.2.24) 
N 

qP =p Y њим, (22.2.25) 
k=1 


Using the Fick’s first law of diffusion, we have 


N 
qP = –р У Ору Yi (22.2.26) 
k=1 


The additional heat fluxes from the Dufour effect (influence of species gradient on 
temperature), and Soret effect (influence of temperature gradient on species diffusion), 
and radiative heat transfer may be added as necessary [Hirschfelder, Curtis, and Bird, 
1954]. 

It follows from (22.2.23) that the energy equation takes the form 


DH Dp 
воет У (КУТ)+У · (X p Pk Den Ya) + TijVji (22.2.27) 


Take a substantial derivative of (22.2.21) in the form, 


DH | DH s 
"e D o (22.228) 
Inserting (22.2.14) into (22.2.28), we obtain 
DH DH 
Pa =P г + з Hg (-V -рУУ + ex) (22.2.29) 


Equating (22.2.27) and (22.2.29) and using the Fick’s first law of diffusion lead to the 
nonconservation form of the energy equation, 


DH D H 
(a= = - V-(kVT) - У. (X еН Du VY) = TiVi =- } , Hook 
k k 
(22.2.30) 


Using the relation (22.2.20), we may write (22.2.30) in the conservation form as 
йй T EE, A H Dy Үк + Tijv 
az Lm i p T {ЕТУ 
ar P Th i дх; Ш Д 


=S- Но, (22.2.31) 
k 
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Here, the total energy E is given by 


E-H4Y HY. т + мг; (22.2.32а) 


N 
$=р) Yide-v (22.2.32b) 


Equation (22.2.31) is the most general expression of the energy equation for reacting 
flows. By carrying out differentiation as implied in (22.2.31) and having satisfied con- 
servation of mass (22.2.6), momentum (22.2.18a), and species (22.2.14), the remaining 
terms represent the nonconservation form of energy equation, given by (22.2.30) or 


oT др 
DE + (у · vyr|-2 —(v- V)p = тууу: kv?T 2, рсре От (У Yk - V)T 


=- У` Нш (22.2.33) 
К 
in which substitutions 


A=y xf 


T T 


C ped T =c pT and m= | Cpkd T — cp T 
Т 


are made for the zero-point enthalpy. 

It should be noted that the energy equation (22.2.27) does not include coupling 
with species equations through (22.2.28). The direct influence of the reaction rate 
appearing on the right-hand side of (22.2.31) is important if chemical reactions domi- 
nate the diffusion process. The chemical reaction as represented by the energy equa- 
tion in (22.2.31) can be either exothermic or endothermic if the relative enthalpy 
change (ratio of the enthalphy change to the total energy) is positive (heat release) 
or negative (heat absorption), respectively. Thus, combustion is the exothermic 
process. 


22.2.4 CONSERVATION FORM OF NAVIER-STOKES SYSTEM OF EQUATIONS 
IN REACTIVE FLOWS 


Grouping all governing equations for continuity, momentum, energy, and species, the 
conservation form of the Navier-Stokes system of equations in reactive flows is written 
as follows: 


90 OF; об; 
+ 


=В 22.2.34 
ot È OX; OX; ( ) 
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where U, F;, and G; are the conservation variables, 


0 
р ру; — Tij 
руу pviv; + Pdi N 
U = m F; == Е С; = —— 
pE p Evi + ру; —тојУ] = kT i – У pADim Ye: 
p Yk р Үсу; к=1 
—р Dim Yi 
0 
М 
р у, Yk fij 
К=1 
В = = 
S-29 Mok 
К=1 
Wk 


To prove that (22.2.34) is indeed the correct conservation form, we perform the differen- 
tiation implied in (22.2.34) and recover the nonconservation forms of the equations for 
momentum (22.2.16), energy (22.2.33), and species (22.2.15). If integrated, however, 
conservation properties across discrete boundaries are guaranteed through physical 
discontinuities such as shock waves as observed in Section 2.2. 

Relationships between chemical reactions and flowfield phenomena which con- 
trol the mixing process are characterized by Damkohler numbers. Each term in the 
species equation and energy equation influences such relationships, with temperature 
changes closely linked to the chemical reactions. Thus, the Damkóhler number, Da, is 
defined in many different ways (see Table 22.2.1): as the ratio of the mass source to 


Table 22.2.1 Various Definitions of Peclet and Damkóhler Numbers 


У:(рЕ+ р)у  kV?T | V-:(pHxDys NV У) _ —Нўок 


А В C D 
Ve (p Үү) ve (р Dy, V Ук) _ ок 


convective heat transfer 


Peclet number, I | 
conductive heat transfer 


convective mass transfer 


Peclet number, II - - 
diffusive mass transfer 


mass source 


Damkóhler number, I - 
convective mass transfer 


mass source 
Damkohler number, II 


diffusive mass transfer 
heat source 


Damkóhler number, III - 
convective heat transfer 


heat 
Damkohler number, IV мис 


conductive heat transfer 
heat source 


Damkóhl ber, V ———. 
И diffusive heat transfer 
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the species convection( Daz) ог to the species а ичоп( Паг) of the species equation. 
Similarly, Damkohler numbers are defined also as the ratio of the heat source to the 
heat convection( Daz), to the heat conduction( Рау), or to the heat diffusion( Day) of 
the energy equation. For example, the Damkóhler number Dar is defined as 


oj L Td 


Da = Рај = (22.2.35) 


риү; EE 
where L is the characteristic length, 7; and v, are the characteristic diffusion time 
and characteristic reaction time, respectively. If the reaction is very fast, т, « 74 Or 
Da — оо, this is known as the equilibrium chemistry. The so-called frozen chemistry 
results if т, >> та or Da — 0. The finite rate chemistry prevails for 0 < Da < оо. It will 
be shown later that the Damkóhler numbers are instrumental in determining appropri- 
ate numerical schemes as dictated by the dominance of each of the terms in both the 
energy and species equations, indicative of stiffness or time and length scales (Section 
13.6 for FDV methods). 

In correspondence with the above definitions, the equilibrium chemistry may be 
represented by the last equation of (22.2.34) with 


д дү, 
(orn —pDim— | = 0 
OX; OX; 


which leads to 


M "M (22.2.36a) 
or 
d dp x M | Ej Хур ” 
aco gO YO = д = We) Wa — А ТУ exp E wr) | Ger) 
(22.2.36b) 


The frozen chemistry occurs for o; = 0 so that the species equation takes the form 


д д дуг 
—(pY. — | рум; = p D =0 22.2.3 
Z oY + z- (рум — p Dena ) (22.237) 


Our objective is to solve simultaneously the Navier-Stokes system of equations for 
the compressible reacting flow given by (22.2.34). The main variable solution vector 
is the conservation flow variables U. Once the solution is obtained, it is necessary to 
convert (decode) the conservation variables into the primitive variables. Although the 
process is trivial for nonreacting equations, this is not the case for the reacting flows. In 
order to calculate temperature, we utilize the Lagrange interpolation polynomials for 
the total enthalpy as follows. 

To begin, we equate the total enthalpy for the chemical species to the total flowfield 
static enthalpy. 


N 

1 
) Vit = E+ RT – avi (22.2.38) 
k=1 
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Consider the j discrete temperature abscissa, j = 1,..., J, such that 
Ни) = Неј forT; Z(j-1)AT with T<T<T; 
Applying the Lagrange interpolation polynomials to Hx, ; leads to 


He, -| (T- TT - Tj) | А | (T= TT a) LT 


pa = a= Туы) (Т; — faa = Ta) 
| (T- T, XT - 7) Ё " 


(Tja — Ty) (T+ — Tj) (22.2.39) 


with 
П | АТ (j=2,...,J—1) 


Assuming that AT is constant, we have 
1f Т T T T 
Aj = [—1 i | Ak j- j—2 | A j 
k, j Jp (j | i К,]—1 [хт G JE i kj 


*3lar G ЈЕ G D Hus 


= Ao? + Ba + C 


(22.2.40) 
with 


1 1 
A= EZ — Неј + 2 un] 


1. | i 
в= (503 - DH- Qj - 2; – 50) Эњ) 


T na — ls Е 
С = ЕД -DH.;a = 1G — 26) + 530 - DU — дна | 
Т 
а = — 
АТ 
Substituting (22.2.40) to (22.2.38) leads to 
ao? + ba - c 20 


or 


+ УБ 4 
“= a (222.41) 
а 


уућеге 


N 
a= у, ҮКА 
К=1 


М 0 
RAT 
b= }су(в+ T ) 


у 1 
с= у, v(c = E4 jx) 


К=1 
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Thus, the temperature and pressure are determined as 


Т= алт 
N 
у (22.2.42) 
= р Кот — 
р=р 3 TF 


The solution of the Navier-Stokes system of equations in conservation form is de- 
sirable for high speed compressible flows. However, as indicated earlier (Section 6.4), 
the preconditioning of the time dependent term is an important choice particularly 
for low speed incompressible flows, in which the solution vector is altered already 
in terms of primitive variables and thus the cumbersome process of conversion of 
the conservation flow variables to primitive variables as shown above can be eli- 
minated. 


22.2.5 TWO-PHASE REACTIVE FLOWS (SPRAY COMBUSTION) 


The combustion of liquid fuel sprays has numerous important applications in diesel 
engines, gas turbines, and space shuttle main engines. The prediction of the flow prop- 
erties of spray flames requires the consideration of two phases in the flowfield. Various 
approaches [Faeth, 1979; Sirignano, 1993; Sirignano, 1999, among others] have been 
suggested to model the coupling of the discontinuous gas-liquid phase. There are three 
approaches to spray combustion modeling: Eulerian-Eulerian formulation, Eulerian- 
Lagrangian formulation, and probabilistic formulation. 

The Eulerian-Eulerian approach treats both gaseous and liquid phases as contin- 
uum. In the Eulerian-Lagrangian approach, the gas field is described in Eulerian co- 
ordinates and the liquid droplet field is described in the Lagrangian formulation. This 
approach employs computational particles to represent a collection of physical particles 
having the same attributes such as spatial location, velocity, mass, temperature etc. The 
motion of the droplet is simulated using a Lagrangian formulation to predict the droplet 
behavior under the gas phase. The influence of the liquid phase on the gas phase is 
treated by inclusion of coupling source terms arising due to the gas and liquid phase 
interaction. In the probabilistic formulation, we define a droplet number density func- 
tion or, in other words, a droplet number probability density function (PDF). This func- 
tion f(x, t, R, , у, ег) depends upon spatial position x, time t, droplet radius R, droplet 
velocity v, and droplet thermal energy e;. An excellent discussion of spray combustion 
and other related topics may be found in Sirignano [1999]. We introduce below a portion 
ofthe governing equations on Eulerian-Lagrangian formulation whose applications will 
be presented in Section 22.6.2. 

If all external effects except the drag force are neglected, the equations of motion 
for the droplet can be expressed as 


= Uik (22.2.43) 


dUik = 3C pp Кек 
dt 16pxr? 


(U; — Vix) (22.2.44) 
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with 
2r kp 
Re; = — |U; = Ui, (22.2.45) 
H 
24 ве? 
Со К 22.2.46 
= | ш 6 ) ( ) 


where х; is the displacement of the droplet characteristics kin the coordinate direction 
i, Uj, is the corresponding droplet velocity component, U; is the gas velocity component, 
Re; is the relative Reynolds number, and Cp is the drag coefficient. 

The droplet evaporation rate and heat balance equation are given as 


my = Ca С 
ат (22.2.47) 
т = OL/MKC px 


where С, and С; denote the evaporation coefficient and the correction factor for the 
convection effect, respectively; 1; is the droplet surface temperature, О; is the heat 
transferred into the droplet interior, ту is the droplet mass, and cy, is the droplet 
specific heat at constant volume. The parameters involved in (22.2.47) have been pro- 
posed by various investigators [Lefebvre, 1989; Abramzon and Sirignano, 1988, among 
others]. 

Chin and Lefebvre [1983] proposed that 


Са = AnryNg/cpg 10(1 + Bn) 


Cp = 1 + 0.276 Rej" Ргуз (22.2.48) 


T — T, 
o= nE и 
m 
where Bm is the mass transfer number, 
By, = Life 
1- Ys 


Here, Y, and ру; are the mass fraction and the fuel vapor pressure at the droplet surface, 

р and Уј are the ambient pressure and the fuel mass fraction at the outer boundary 

of the film, and W, and И; are the molecular weights of air and fuel, respectively. 
Another approach proposed by Abramzon and Sirignano [1988] is given by 


Са = 4ar kp g D, In(1-- Bm) 
Cp = 1 + (Sho/2 — D) /E(BS) (22.2.49) 
cpr(T — То 
————- —H, 
В 


т 


ог => 
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with 
(1 + B 
F(B)=(14 ppl + 8) 
В 
Sho =1 + (1 + Ке, Sc)? f(Rex) 
1 for Кек x 1 
(кер) = Ж, for 1 < Re, < 4,00 
cpf Sh* 1 
B, — (1+ Bn)? – 1, = 200 Sht=C 
t ( + п) ф Cpg Nu* L b 


Le = Ng/P g DeC pg 
Ми“ = 1 + (Nuo/2 — 1)/F(B) 
Nuo = 1 + (1 + Rez Pr)? f(Rex) 


cpf(T — T, 
Ay eff = art B, 2 
where F(B) is the film thickness correctin factor and D, is the diffusion coefficient in 
the film. 

Recent advances in two-phase reactive flows or spray combustion may be found 
in Sirignano [1999]. Further discussions on reactive turbulent flows in fluid-particle 
mixtures will be presented in Section 25.3.3. 


22.2.6 BOUNDARY AND INITIAL CONDITIONS 


Boundary and initial conditions for reacting flows are similar to those for nonreacting 
flows except that inflow boundary conditions must include chemical species based on 
reactant species being either premixed or nonpremixed. For the nonpremixed case, 
reactants are specified at separate inflow boundaries, whereas they are specified together 
at the inflow boundaries for the premixed case. 

The Neumann boundary conditions are applied on Гу at the wall and outflow 
boundaries as 


(Е; + Gi) ni; =N (22.2.50) 
Mixture Mass Flux 
ру = A (22.2.51а) 
Momentum Flux 
(pviVj + рбу — Tij) ni = Bj (22.2.51b) 
Energy Flux 
N 

(0 Ev; + ру: — тууу - КЛ ЊУ, px HV ји =C (22.2.51с) 

К=1 
Species Mass Flux 


(рум + p YkVri)ni = Dk (22.2.51d) 


22.2 GOVERNING EQUATIONS IN REACTIVE FLOWS 


Р; (pv?), 


t t 


(с, = Tj n) (рм), 


(а) 


(рум), (оК), 


4 


+ 
PEE  - 


(рум), 
(b) 


| | Рт) (ову), б), 
4 A A + 


y 


4 
T vl uL. 
| z) | > ти) (pE), (vp) 


(c) 
Figure 22.2.1 Neumann boundary conditions for burning of solid fuel. 
(a) Momentum flux Neumann boundary conditions (Burning of solid fuel). 
(b) Species mass flux Neumann boundary conditions (Burning of solid fuel). 
(c) Energy flux Neumann boundary conditions (gas-liquid interface). 


The momentum and species mass flux Neumann boundary conditions for a typical 
burning surface of solid fuel are shown in Figure 22.2.1a and Figure 22.2.1b, respectively. 
Similarly, the energy flux Neumann boundary conditions for a liquid fuel burning surface 
are depicted in Figure 22.2.1c. 

If Dirichlet boundary conditions are specified on Гр, then the Neumann bound- 
ary conditions need not be specified. The Dirichlet boundary conditions are not to be 
specified for the case of Neumann boundary conditions vanishing along the walls and 
outflow boundaries. 

Initial conditions for all chemical kinetics, equation of state, molecular, and thermal 
transport data should be provided at the beginning of the calculation, rather than ap- 
pended as constraints at each time step. Care should be exercised, as these data may be 
the cause for large errors. 
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22.3 CHEMICAL EQUILIBRIUM COMPUTATIONS 


Numerical solutions of the ordinary differential equations (ODE) of the type charac- 
terized by (22.2.36b) representing the equilibrium chemistry are difficult due to the fact 
that a kinetic system is composed of many species whose concentrations can decay (or 
grow) at widely disparate rates (a broad range of reaction rate constants). The numer- 
ical solution is dominated by the species that have the fastest reaction rates. Such a 
system constitutes stiff governing equations. Our objective in reactive flows is to exam- 
ine, by solving such stiff equations, the interactions of many reacting chemical species 
with fluctuating temperature and velocity fields. It is important to provide a numerically 
efficient scheme for calculating chemically complex equilibrium distributions of species 
mole numbers or mass fractions both in equilibrium and/or finite rate chemistry. 

The solution of equilibrium species equations is sought for the following cases: 
(1) we model the reaction mechanisms describing the consumption of fuels and pollu- 
tant formation and destruction in which the nonlinear stiff ODEs are integrated, and 
(2) multidimensional modeling of reactive flows, which includes the equations of fluid 
motion, thus repeating the process of (1) for every grid point in the domain. 

Many numerical techniques and computer programs are available for the solution 
of stiff ordinary differential equations arising in combustion chemistry. There are three 
approaches that have been used to develop some of the well-known computer pro- 
grams. They include DIFFSUB or LSODE [Gear, 1971]; CHEMEO [Young and Boris, 
1977]; CREKID [Pratt, 1983]; GCKP84 [Zeleznik and McBride, 1984], among others. 
In LSODE, backward finite difference schemes are used to resolve stiffness of the non- 
linear equations in conjunction with Newton procedure. CHEMEO utilizes an explicit 
method for regular equations whereas the stiff equations are solved using an asymptotic 
integration. In CREK1D and ССКР84, exponentially fitted methods are used together 
with the Newton-Raphson process. 

Some of the basic equations and computational procedures associated with these 
programs will be discussed in the following section. 


22.3.1 SOLUTION METHODS OF STIFF CHEMICAL EQUILIBRIUM EQUATIONS 


The ordinary differential equations given by (22.2.36) may be recast in the form 


dY, 

= = ОМ, Т) k,i=1,n (22.3.1) 
1 m LÁ / 

је = Б у (vi; — vg)(Rri — Кы) (22.3.2) 


i 
with the initial conditions Y(t = 0) and T(t = 0) given. Here, Ry; and Ку are the 
forward and backward molar reaction rates per unit volume, respectively, with 


n n 
Rfi = ка| | ФУ). А = [оуу (22.3.3) 
1=1 1=1 
| -Tři Ең 
ky; = Api T°" exp (=). Тр = qo (22.3.4a) 


— Ты Ер 
Кы = Ат“ exp ( T ) dc n (22.3.4b) 
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where ky; and ky; are the forward reaction rate constant and backward reaction rate 
constant, respectively, and 


| i n 
Кы = kpi(R°T)A™ exp (кт 2. (vj; — 29 (22.3.5) 
1 ш H / 
Ты = Thi + RO >. (vj; — Vri) Hk (22.3.6) 
k=1 


where g? is the 1 atm molar-specific Gibbs function of species k, Н is the molar-specific 
enthalpy of species k, and AN; is given by 


AN = 2 (uL =v) (22.3.7) 


Equating the temperature exponents in (22.3.4b) and (22.3.5) for k;, we obtain 


âi = a; + AN; (22.3.8) 
To solve (22.3.1), we require the enthalpy constraint condition given by 

n 
У YH, = Н? = constant (22.3.9) 
k=1 


-o (22.3.9) with respect to time and using (23.3.1) leads to 
У пси + 2 fi Hy =0 (22.3.10) 


To implement the constraint condition (22.3.10) for the nonlinear equation solvers 
such as in the Newton-Raphson method, it is necessary to have derivatives of quan- 
tities dT/dt and f, in (22.3.10) with respect to temperature and the mass fraction as 
follows: 


д ат\ $ а 
з урну Лем + (Fe) уусу 


ð (dT\ _ ӘТ 
aT\ dt) — N 
Peco 
=1 
"9 dT 
Ease 
(Тү ш 2 (22.3.11) 
дуда) — n gi 
Yen 
k=1 


д} _ i + RL Ch — vi) 


1 


i <x i < 
x С (5 == Ум) — Кы (= о = 3l 
T k=1 Т 1=1 


In addition to these constraint derivatives, we must have the derivatives of f; with 
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respect to the mass fraction У. 


jy. = 0397 Y Oh wo} Би = у 


-1 
h ( У x) 
DY 
k=1 


x Yon = пр (у Ел — v^; Кы) (22.3.12) 


The derivatives given above constitute the Jacobian matrix J for the Newton- 
Raphson solution of (22.3.1) (see Section 11.5.1 for Newton-Raphson methods) such 
that 


JAy, = -R (22.3.13) 


where R; represents the residual of (22.3.1). 

In CREKID and GCKP84, the Gibbs function is minimized in order to achieve equi- 
librium. Chemical equilibrium is reached when the Gibbs function G and the Helmholtz 
free energy Ф are minimum. The partial molar Gibbs function for a species k is given by 


= hy — TS, = €k + рук — T Sy = Oe + pVk (22.3.14) 
where o, is the Helmholtz free energy, 
Фк = €k — TS, 


Minimization of (22.3.14) gives 


d d 
dgk = d, + (рУ) = d, + RTT + RTT (22.3.15) 
k 
Setting 
Ук pR М 0. 70 0 
d®,=0, — === = —, and = h,— Т, 22.3.16 
k vo б N Sk k k ( ) 
and integrating (22.3.15), we obtain 
М 
єк = gi RT In 2E + RT In 2 (22.3.17) 
N Po 


The mass specific Gibbs function for the mixture is given by 


G- x gi NK (22.3.18) 
К=1 


subject to the conservation of atomic species, 


n m 
У У (ажМк-Ь)=0, k=1,n, i=1,m (22.3.19) 
k=1 i=l 
where aj, represents the number of atoms of element i per mole of species k, b; is the 
atom number of element i in the mixture, and m is the number of reaction equations 
for atomic species. 
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Multiplying (22.3.19) by the Lagrange multiplier \;, adding it to (22.3.18), and min- 
imizing the sum with respect to Му, we obtain 


У (s + У » vas) ам = 0 (22.3.20) 


k=1 k=1 i=1 


which leads to the equilibrium equation, 


= 8+ У Nair=0,  N(k=1,n), X(i = 1,т) (22.3.21) 
1=1 


The minimization process of the mass specific Gibbs function consists of the 
following: 


(a) Minimize (22.3.17) and (22.3.8), 


n 


ә п п 
J (к=1 ] 


yel i=1 


п п ЕТ RT 
=). ps Bear = ~ | + 2 ov =0 (22.3.22) 
j=l 


k=l 
or 

n 

dG= У. g.dN, = 0 (22.3.23) 

К=1 
(6) Multiply (22.3.19) by the Lagrange multiplier \; and minimize, 
n 
N У aid Ny = 0 (22.3.24) 
k=1 


(c) Add (22.3.23) to (22.3.24), 


x (s F » T =0 (22.3.25) 


К=1 i-l 
The final form (22.3.25) leads to 


+ У Nau 20 Кејп i=1,m (22.3.26) 
i=l 


This is in addition to the m constraint equations given by (22.3.19). 

We now have (и + т) equations for the (n + m) unknowns, (N&(k = 1, п)) and 
Qu(i = 1, т)), which is a greater number than the n equations and unknowns required 
in the equilibrium constant formulation. However, it is possible to reduce the system 
to an m-dimensional system of equations and unknowns. It follows from (22.3.26) and 
(22.3.19) that 


Sk 

fe = $5- У Biar k-ln (22.3.27) 
RT = 

fi 2bi-b i=1,m (22.3.28) 


with B; = =Ni / RT, bi = ак Му. 
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These functions must vanish at equilibrium. To this end, the Newton-Raphson pro- 
cess for f; with unknowns (correction variables) x; can be carried out as follows. 


> 20 =-аАј; к= 1, п (22.3.29) 


ј=1 OX j 


Here, the appropriate equations are expanded in Taylor series with all terms containing 
derivatives higher than the first omitted. In view of the Gibbs function being given in the 
logarithmic quantities (23.3.17), the derivatives (Jacobians) are carried out with respect 
to the log function of N;, N, and T, 


»» д} д} 


Of 
А №; AlnN 
да Nj n pt Ы T 


ain N эшт^®1=-А/« k-ln (223.30) 


j=l 


Similar derivatives are required for f; (22.3.28) and the enthalpy function (22.3.9). 
This process leads to the determination of corrections to the initial estimates of com- 
positions N;, Lagrange multipliers ~, mole number N, and temperature T. See further 
details in Gordon and McBride [1971] or Pratt and Wormeck [1976]. Comparisons of 
performance of various codes are presented in Radhakrishnan [1984]. 


22.3.2 APPLICATIONS TO CHEMICAL KINETICS CALCULATIONS 


In order to solve (22.3.1) and (22.3.10), it is necessary to have information on elementary 
chemical reaction rates for a given reaction mechanism. To illustrate, let us consider the 
global system of hydrogen and oxygen: 


Н» + O2 = OH + OH 


for which the reaction rate is calculated from 


T S E 

к= 1077" exp (5) 
with В = 13, 5 = 0, Е = 43 kcal/mole. Such information is available from the existing 
literature. For example, the reaction rates data for hydrocarbon combustion chemistry 
are provided by Westbrook and Dryer [1984] and the C-H-O system by Warnats [1984]. 
In most of the combustion calculations, there are several hundred reactions that can 
be considered. However, due to limited computational resources, it is customary to 
select only important reaction mechanisms, neglecting those that are less important. 
For the purpose of illustration, some computed results for the H-N-O systems reported 
by Radhakrishnan [1984] using LSODE [Gear, 1971] are presented in Figure 22.3.1a 
for the reactions given in Table 22.3.1a and in Figure 22.3.1b for the reactions given 
in Table 22.3.1b. Notice that the mole fractions for all species appear to have reached 
equilibrium at approximately t = 1073 seconds for both cases. 

For the nonequilibrium finite rate chemistry, it is necessary that the complete Navier- 
Stokes system of equations (22.2.34) be solved, in which the convection and diffusion 
terms are included in the species equations. Modifications in (22.2.34) will result in 
various types of simplified reactive flows. As in nonreactive flows, CFD calculations 
may be divided into reactive inviscid flows, reactive laminar flows, and reactive turbulent 
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(a) Data from Table 22.3.1a (b) Data from Table 22.3.1b. 


Figure 22.3.1 Variation with time of species mole fractions and temperature. 


flows. Computational schemes dealing with these topics have been introduced in earlier 
chapters. However, the method of the probability density function (PDF) as applied to 
reactive turbulent flows has not been covered in Chapter 21. This subject is introduced 
in the next section. 


22.4 CHEMISTRY-TURBULENCE INTERACTION MODELS 


Although many different turbulence models for RANS have been used extensively for 
nonreacting flows, detailed studies of applicability of such models in reacting flows are 
incomplete. Among the various alternatives, probability density function (PDF) meth- 
ods have been found very favorable in applications to reacting flows. In the following 
subsections, we summarize some of the representative probability density function ap- 
proaches used along with two-equation models. 


2241  FAVRE-AVERAGED DIFFUSION FLAMES 


In reacting flows, the temperature of the products is higher than that of the reactants 
since the chemical reactions are exothermic. This trend is more prominent in turbulent 
flows due to the possibility of more enhanced mixing, leading to inhomogeneous density 


Table 22.3.1 Reaction Mechanisms and Rate Constants for H-N-O 


(a) System A 


Rate Constants 


Reaction B N E, kcal/mole 


CO OH 2 CO; +H 11.49 0.596 
H4 0; - OH 14.34 16.492 
H, +O=H+OH 13.48 9.339 
H,0+0=OH+0OH 13.92 18.121 
H+H,0 =H) +OH 14.0 19.870 
N+0,=NO+0 9.81 6.M 

№ +О=М+МО 13.95 75.506 
NO+M=N+0+M 20.60 149.025 
H+H+M=H+M 18.00 

O+0+M=0,+M 18.14 

H +OH+M=H0+M 23.88 

H: 4-0; = OH + OH 13.00 


(b) System B 


Rate Constants 


Reaction B N E, kcal/mole 


Н+О=ОН+О 14.342 
О+Н›=ОН+Н 10.255 
H,+OH=H,0+H 13.716 
OH-- OH 2 O4-H;O 12.799 
НО 4M-HO; +M 15.176 
O+M=0),+M 13.756 
H+M=H, +M 17.919 
ОН+М=Н›О+М 21.924 
Н, + HO; = H,O + OH 11.857 
НО, +M =0H+OH+M 17.068 
H +0; 2OH + OH 13.000 
H + HO; = OH + OH 14.398 
O+HO:=0H+0: 13.699 
OH+ HO; —ЊО + 0; 13.699 
НО, + HO; = Н,О, + О, 12.255 
OH + H;0; = НО 4-HO; 13.000 
O4-HM - OH 4- HO; 13.903 
H + H,O, 2 H,O - OH 14.505 
НО, + NO = NO; + OH 13.079 
O+NO:=NO + 0; 13.000 
NO+0+M=NO,+M 15.750 
NO; +H=NO+0OH 14.462 
М+О,=МО+О 9.806 
O+N2=NO+N 14.255 
OH=NO 13.602 
14.152 
13.794 
O+N20=NO+NO 13.491 
N+NO,=NO+NO 12.556 
OH+N2=N20+H 12.505 


16.790 
8.900 
6.500 
1.093 

—1.000 
—1.788 


© 
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distributions. Thus, the mass average (often known as Favre average) is particularly 
useful in turbulent reacting flows. 
For completeness, we record the summary of the mass-average process below: 


Vi (x 
$, (х) = оо (22.4.1) 
р 
in which the bar indicates the conventional time average, whereas the tilde denotes а 
mass-averaged quantity. Thus, the velocity v; consists of 


vi(x) = 9 (х) у(х, t) (22.4.2) 


where the double prime denotes the fluctuations about the mass-averaged mean. 
The mass-averaged conservation equations are given by 


Continuity Equation 


д = 
=> + (pVi); = 0 (2243) 
Мотетит Едиапоп 
дру; S. o E 8 рүү” у” 
ар РУМ +P, + (Тр — Di (22.4.4) 


к Едиайоп 


др. др 

21 + (phi i)i— = Ўр; + MPa muta — Go p ту; 
m" (22.4.5) 

Ку (pc, D DT"Y,/;) - Ms hp pw 

Species 

д == В - 

3, P Y9 + (py; Уб) — (p DYki — pv? №) = Ok (22.4.6) 

Equation of State 

pete Y (PTY. +0 TM (22.4.7) 


i=1 


where й and W; are the static enthalpy and molecular weight, respectively. 

A variety of closure models for reacting turbulent flows have been proposed. The 
most widely used approaches are the K—e model and the Reynolds stress model (second 
order closure) written in terms of the Favre average as follows: 


_9К _ ок a | aK yni =. op др _ 
i = € 22.4.8 
P в OX; E +) | Ат: i p 2 Ox; OX; p ( ) 


_де __ ðe f/m ðe € (_, „0% p Op Op E 
Par P au бщ Є D | store an; pean au) K 


(22.4.9) 
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with 
2 0%; Ovi ov; 
руу =Z; (pK р : J 22.4.10 
ТЕ fo кыа) d) add 
ull _ Ma ad 
i Or OX; 
VP D РК? 
K= =. e= vi, w= ы (22.411) 


The Reynolds stress model calls for the following transport equations: 


n 1 _у'9Ё 
; OX; 1 9x; 


др' др' —— 0v; — 0v; 
v’. y” pv/v! J pv! v! J 
GE. ye) PY; (ЕРИ PY; kx, 


БУУ] Ур + рс? ma v" CIA // "у j Rm io 


—— 8; ду; avy 
рујуј — uL + тр — 22.4.12 
рУ Ук aX, (s xi + Tkj М) ( ) 
_д—— _. 0 —— д _— др Op _ 0%; 
— (N! dy! . Уу — MM dy! / "у"! 
ЈА )+ pv; 3x; Vi? ) RD ) ф əxi ф дх; ру;ф ax; 
SOI дф дф” — y” 
arm (2 Tij ax. + г) + ; Od) 


(22.4.13) 


Here Q(¢) is the source or sink term and ¢ denotes any variable other than pressure 
(b= T, or b= У, etc.). 


22.4.2 PROBABILITY DENSITY FUNCTIONS 


The mean reaction rate cannot be expressed in terms of mean concentrations. For 
diffusion type flames, it is convenient to assume fast reactions and an appropriate shape 
for the probability density distributions of a conserved scalar, known as the probability 
density function (PDF). This can be taken to be the mixture fraction defined as the mass 
fraction of fuel in both burned and unburned forms. 

The PDF, РС f, x;), is usually described in terms of two parameters f (mixture frac- 
tion) and g (square of fluctuations of mixture fraction, /"?), 


" 1 
F= | FPG ду (22.4.14) 
0 


1 
=}? = | (f — FP PCF x)df (224.15) 
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which may be obtained by solving the partial differential equations 


af ә af 
рӯ; P. ZH (22.4.16) 
дх; дх; С; OX; 
„ОВ 9 [pr 98 u (Of af pe. 
= 2 22.4.1 
PNT ax; x x). Or 0x; OX; Cog? ( М 


Various forms of probability density function [Bilger, 1980] include (1) double-delta ог 
rectangular-wave variation of mixture fraction with time, (2) clipped Gaussian distri- 
bution, (3) intermittency function, (4) beta probability density function, and (5) joint 
PDF for mixture function and reaction progress variable. 

The PDF is inapplicable to phenomena such as ignition and extinction where direct 
kinetic effects are important. Furthermore, the definition of the mixture fraction, f, 
is not suitable for premixed flames. For premixed flames, therefore, the mean reaction 
rate must be evaluated. 

In physically controlled diffusion flames, it is assumed that the chemistry is suffi- 
ciently fast and intermediate species do not play a significant role. The reaction takes 
place in an irreversible, single step as follows: 


Oxidizer + Fuel = Product 


For fast chemistry and the one step irreversible reaction, there will be no oxidant 
present for mixtures richer than stoichiometric and no fuel present when the mixture is 
weaker than stoichiometric. Both will be zero when the mixture is stoichiometric. 

For the physically controlled diffusion flames, the mixture composition can be related 
to one conserved scalar quantity. In a two-feed system, the mixture fraction is conserved 
under chemical reactions and is defined by 


= (5 Уји = Y) + Yox,A 


£ S Yfu,F + УА 


(22.4.18) 


Here, Үл, and Y, denote the mass fractions of fuel and oxidizer, respectively; s, the 
stoichiometric oxidant required to burn 1 kg fuel; the subscripts A and F, the air and 
fuel stream conditions at the inlet. At the location where У = 5 Уу’, combustion is 
complete and the mixture fraction is in stoichiometric condition. 


Yos: A 


ы = SY pup + Yox, A 


(22.4.19) 


The corresponding location is called the flame sheet. The assumption of chemical equi- 
librium is now made so that 


0 = & < Est, Үш = 0, Yox = РОХ,А 


(22.4.20) 


Rete) Yok a (22.421) 


Es 


Тће mass fraction of the products can be obtained by the mass conservation 


Y, = 1.0 — (Yor + Ур) (22.4.22) 
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For adiabatic operation of gaseous flames, the enthalpy is a conserved scalar, and for 
unit Lewis number, the instantaneous enthalpy (л) and thermochemical properties are 
related to the instantaneous value of the mixture fraction 


h(é) = Ећр + (1—&)ЛА (22.423) 
f "тат = h(E) — Ypu Hg, (22.4.24) 

0 
eb) >. ¥i(E)epi(E) (22.4.25) 
p(é) = WES (22.4.26) 
1 = У (5) ЕЗ Ү„(&) d Y, (£) (22.427) 


M(&) E Mfu Mox Mor 


The density-weighted mean values (ф) of any property are evaluated by convoluting 
the property functions with a probability density function: 


Е 1 
b= | Ф(&)Р(&, x;)d£ (22.4.28) 
0 


Let us consider, for example, two of many possible probability density function ap- 
proaches: (1) double-delta PDF and (2) beta PDF, as described below. 


Double-Delta PDF 


P(E, xi) =a8(E_) + (1 — a)8(Es) (22.4.29) 

&-f-/g. t -f-Jg (22.4.30) 

8(E-)le <0 = 600), ^ 86, so = 9(1) (22.4.31) 
0.5 for0 < ё «1 

a= l^ = бдА = f+g/(1- f) rti (22.4.32) 
g/[fCfg/f)] for&£ <0 


where 8(£) is the Dirac delta function. 


Beta PDF 
“И &-!(1 Ep 
PREx)s feci Ерла (22.4.33) 
– ар ae 
а = [E | (22.4.34) 
b=(1 ^| а | (22.4.35) 
8 


The fluctuations g must satisfy the following conditions 


Vege sides) (22.4.36) 
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The constraints of (22.4.36) imply 
а>0 and b-0 (22.4.37) 


The integration of (22.4.28) with B-PDF can be performed using a standard procedure, 
but singularities € — 0 or 1 must be analytically removed before weighting any property 
with B-PDF. 

There are many other options to the PDF methods such as the rectangular-wave 
variation of mixture fraction with time [Spalding, 1971; Khalil, Spalding, and Whitelaw, 
1975], clipped Gaussian distribution [Lockwood and Naguib, 1975], and joint PDF for 
mixture fraction and reaction-progress variable [Janicka and Kollmann, 1980]. An ex- 
cellent account of PDF approaches can be found in Pope [1985] and a review paper by 
Kollmann [1990]. 


Boundary Treatments and Numerical Solutions 
The general boundary conditions for axisymmetric cylindrical coordinates are u or 
ту and v or т,, specified as 


ду ди ди 2 
Ту = „(5 + 5) № + "(25: = 3" 5 v)u (22.4.38) 
д 2 д д 
m =n (22 EN -y dba A ТИ (22.4.39) 
ər 3 Ox дг 


where n, and n, are the direction cosines of the outward normal to the boundary Г. For 
other scalar variables ф (i.e., К, =, f, and g), general boundary conditions are simply ф 
or дф/дп specified on Г. 

For the inlet boundaries of a coaxial jet, all variables (и, v, К, е, f, g) are specified. 
The turbulent kinetic energy is specified by experimental data or reasonable profiles. 
Since no measurements are available for the length scale, the following expression is 
used for the calculation of the dissipation rate: 


3 
_ Су K? 


— 22.4.40 
© = 0030, ( ) 


where Dj is the hydraulic diameter. The mixture fraction at the inlet stream is, by 
definition, fa = 0.0, fr = 1.0 and thus, the fluctuations (g) of the mixture fraction are, by 
definition, zero for the inlet of the oxidizer and fuel side. At outlet boundaries, traction- 
free boundary conditions (ту = т, = 0) or (т. = v = 0) are used with дф/дп = 0. At 
symmetry, the normal gradients of all scalar variables (дф/дп) are zero, and the radial 
velocity component (v) and tangential surface traction (7, ) are zero. 

The wall regions present several flow characteristics that distinguish them from 
the other regions of the flow, such as steep gradients and a relatively low level of 
turbulence. To account for flow phenomena in wall regions, the wall function method is 
commonly employed. In the context of finite elements, the wall function method can be 
implemented by assuming a constant shear stress up to a distance 6 within the near-wall 
region of the flow. With this assumption, the shear stress is calculated by the modified 
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log law 
ТЕ 
pKus Ср К? 
„= rM 22.4.41 
Диу: | | 
T. 22g 
бс К? 
eo (22.4.42) 
u 


in which u, and K are the potential values computed at the previous time step. Once 
the near-wall values of the shear stresses are evaluated, near-wall values of K and € can 
be calculated from 


g = 1] (22.4.43) 
с 

_ т/р (22.4.44) 
кб 


In finite element formulation, т, is used as a Neumann boundary condition for calcu- 
lating the new tangential velocity component with the normal component being zero. 
The surface integral form for the wall function can be written as 


1 
iKi 
| D artun, dr = | of аи И о (22.4.45) 
r r In Её+ 
The near-wall heat flux is determined by 
T—T, 
Bor) for 5" < 11.6 
Pro , 
ju = T — Т,)рсрсё К? 4. 
qw ( жсри {ог $^ > 11.6 (22.4.46) 


Pr, In Er) + 200 
peu 


where the function P(Pr) is of the form [Launder and Spalding, 1974], 


PIU ooa Ea | 1||14+0.28 0.0072" (22.4.47) 
Pr; =>. Pr; — +0. exp =; Pr; 4. 


Here т, and дў, are specified as Neumann boundary conditions in the momentum and 
energy equations, respectively. 

In turbulent reacting flows, the strong coupling between the velocity and pressure 
fields and the nonlinear stiff source terms in the turbulence equations have a dominant 
influence on the solution strategy. In treating the continuity and momentum equations, 
a coupled velocity-pressure formulation leads to an improvement of the solution con- 
vergence. Such a coupled solution eliminates the need for the transformation of the 
continuity equation into a pressure or pressure-correction equation as required in the 
sequential solution method. The coupled solution is relatively insensitive to Reynolds 
numbers, grid density, and grid aspect ratio. Other scalar transport equations (К, е, f, 
and g) are solved sequentially. The stiff source terms in the K—e turbulence equations 
are treated implicitly for numerical stability. 
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The overall solution procedure is outlined below: 


(1) Guess the values of all variables. 

(2) Calculate auxiliary variables such as temperature, density, etc., from the associ- 
ated combustion model. 

(3) Solve the coupled continuity and momentum equations. 

(4) Solve the transport equations for other variables (K, £, f, and 2). 


Treat the new values of the variables as improved guesses and return to Step 2 and 
repeat the process until convergence. 

For solutions with the conservation form of the Navier-Stokes system of equations, 
it is necessary to obtain appropriate modeling for the energy and species equations. 
These topics are discussed in the next section. 


22.4.3 MODELING FOR ENERGY AND SPECIES EQUATIONS IN REACTIVE FLOWS 


Favre Averages 
Additional governing equations for reacting turbulent flows include the energy equa- 
tion and species equations in terms of Favre averages: 


дрЕ т\р = = ay 
ET ков (5+ т )й, + (к+ ED) + +1) = rho: 
(22.4.48) 
друг m Br \~ = 
Y ijs i — P == ЈУ; Ер. — 4 22.4.4 
та (р) Ie + Sc; ] 1^ Ok ( 9) 


in which the standard K—e model is used. Additionally, we must model the reaction 
rate «x. To this end, we return to the law of mass action given by (22.2.2). Here, the 
forward reaction rate constant in (22.2.3) is modified to 


A 


kysz А (И ET e= 22.4.50 
f i( ) »( ТЕ =) ( ) 
where 7; is the species activation temperature. Assuming that = < 1 and expanding 
the sum 7 + T” in series, we obtain the Favre averaged reaction rate constant, 


A 


- 2 T; 
Ку = (1+5)4 Т“ exp (->) (22.4.51) 
with 
a; Т 177, X TU T* 
= TS : E, E d ul 22.4.52 
i С (жж a n end 


where the terms higher than second order in 7"/T are neglected. 


Direct Stress Model 
An alternative approach is to use the direct stress method in which we introduce 
the transport equation for the Reynolds (turbulent) heat flux in the form, 


D ~ А 
PHT) = At B +G + D+ D; (22.4.53) 
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where A;, Bj, С, D;, and D; denote production, dissipation (destruction), diffusion, 
pressure strain, and nonvanishing pressure gradient, respectively [Launder, Reece, and 
Rodi, 1975]: 


Ai = —р(у” Т"; эй + viv КА) 


[r 
T n // v 


K 
Bj = Viq о о Vi ЧТт 


G = 9-09 са viv) v/ (v HH VT"), | Е" (22.4.54a,b,c,d,e) 
= = рт, = = —РТ,-— Сим ЛТ? де Corp VT T'v n 
D; = -T Pi 


with C, = 1, Cr = 0.15, Ст = 3.0, Сәт = 3.3 [Gibson and Launder, 1978; Launder 
et al., 1975]. The Favre averaged temperature is modeled as 
" mad T? T" T? 
gibt XP И Ц (22.4.55) 
p pT T 
where the Favre mean temperature fluctuation can be determined from the transport 
equation, 
| DT” 
PD 


К ~ 
= | ст ам via | s 28 T T" T, „+217 а" [Cp – С, 41" 
(22.4.56) 


with Cz = 2. It should be noted that all unknowns have been defined (correlated) 
except for qr in (22.4.54b) and T"q" in (22.4.56). They can be correlated with the 
laminar flamelet model and thermochemical approach [Bray, 1979; Bradley et al., 1990; 
Al-Masseeh et al., 1990] as follows: 


qr = enf{ s) [ qi(0) P(0)d0 (22.4.57) 


— 1 
Т = об) T [ 6 - «exe (22.4.58) 


Here, s, is the critical flame quenching value, 0 = (T — Т„)/(Ть — T,) is the dimen- 
sionless reaction progress variable with the subscripts b and u implying fully burned 
and unburned gaseous temperatures, 4; (0) is the heat release rate for a one-dimensional 
laminar flame, 5 is the mean strain rate acting on the flamelets, and P(0) is the Gaussian 
PDF of the reacting progress variable. Further details are given in Al-Masseeh et al. 
[1990]. 
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For applications of LES in combustion, we may consider two approaches: the conserved 
scalar method discussed in Section 22.4.2 and the direct closure method [Bilger, 1980]. 


22.4 CHEMISTRY-TURBULENCE INTERACTION MODELS 


Here, we consider an exothermic, single-step, irreversible chemical reaction of the type 

А+тВ— (14 ғ) Р wherer represents the stoichiometric ratio of oxidizer to fuel mass. 
Derivation of the direct closure models begins with the reaction rate for the kth 

species, өк, appearing in (22.2.14). The spatially filtered reaction rate is of the form. 


®к = olp, T, Yı, Ү»,... Ка) (22.4.59) 


which may be decomposed in two different ways. 


Ou = olp, 7, Ў, Yo, ... Y.) + osasi (22.4.60) 
OW = =к(р, Т, У, Y>, TE 1.) + 05652 

with 
05651 = op, T, Yi, Yo, ... Yn) — окр, T, У, Yo, ... Yn) (22.4.61) 


05682 = wx(p, Т, Yı, у, ttt Y) ini ox(p, Т, у, Ў, ... Y.) 


The first decomposition breaks the filtered reaction rate into filtered large-scale and SGS 
contributions, whereas the second decomposition leads to resolved large-scale and SGS 
contributions, with wsgsı and wsgs2 representing the contribution of SGS fluctuations, 
but requiring models. To this end, these terms are filtered again at the same filter level, 
resulting in 


Ou = olp, T, Yi, Yo,... Yn) + osos (22.4.62) 


ою = ож(р, T, Yi, Yo, ... Yn) + 05052 


which may be expressed in terms of large-scale and SGS contributions to the twice- 
filtered reaction rate, using the same decomposition strategies as in (22.4.60) as follows: 


Ok = olp, Т, 1: 12, .-.. n) + Oy + 05651 (22.4.63) 
ою = ож(р, T, Yi, Y2,... Yn) + 02 + 95652 

уућеге 
ð = =к(р, T, Yi У, "E Y.) — olp, T Y Yo. sas у (22.4.64) 


n) 
92 = ox (p. Т, Fis Y, ... Y.) m ox (p, Т, Vig 2)... Y.) 


with 4 = pá/p for any variable a. Invoking scale similarity, we may express o scs; = 
K181, 05652 = K262 with K1, Кә as model coefficients. Thus, returning to (22.4.60), the 
so-called similarity filtered reaction rate model (SFRRM) and scale similarity resolved 
reaction rate model (SSRRRM ) are given by, respectively, 


(Gx)srngu = ox(p. T, Уа, Ў,..... У) + Куфи 


к е : (22.4.65) 
(©k)ssRRRM = ex(p. Г, Yi, Yo, ..... Yn) + K282 


There are other options for SGS reaction rate modeling such as in Pope [1990], 
Moller, Lundgren, and Fureby [1996], Norris and Edward [1997], among others. Appli- 
cations of these models will be demonstrated in Section 22.6.6. 
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22.5 HYPERSONIC REACTIVE FLOWS 


22.5.1 GENERAL 


Computations in hypersonic flows present new challenges. The reason for this is that, 
when the Mach number is higher than about 5, most or all variable gradients increase 
significantly close to the wall. Typical cases of external and internal flows are depicted 
in Figure 22.5.1. We are concerned with high pressure gradients, high entropy gradients, 
high velocity gradients, and high temperature gradients. 

For the external flow (Figure 22.5.1a), high pressure gradients will result in thin 
shock layers on sharp nose and highly curved shock layers on a blunt nose. A possible 
merging with the viscous boundary layer will complicate calculations for high Mach 
numbers coupled with low Reynolds numbers. Across the shock wave, entropy increases 
sharply particularly at the nose, thus forming the entropy layer which flows downstream. 
In this process, strong vortical flows are generated, contributing to turbulence. In the 
vicinity of the wall, high velocity gradients are prevalent. This will cause turbulence 
microscale motions, resulting in high pressure and high skin friction on the wall. The 


— Shock layer 
Entropy layer 


Velocity boundary layer 


Thermal boundary layer 


(a) 


Figure 22.5.1 Hypersonic external and internal flows. (a) External flow over a blunt 
body. (b) Internal flow through fins and a ramp. 
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Figure 22.5.2 Ranges of vibrational excitation, dissociation, and ionization for air at 
1 atm. 


viscous boundary layer due to the high velocity gradient will grow as the Mach number 
increases. As the boundary layer moves closer to the entropy layer and shock layer, 
the so-called viscous interaction with inviscid regions leads to difficulties in obtaining 
accurate computational solutions. 

For the internal flow (Figure 22.5.1b), high temperature gradients close to the wall 
lead to the rise of temperature due to viscous dissipation of energy. Most of the currently 
available CFD methods encounter difficulties in predicting the correct heat flux. Triple 
shock waves are formed with two fin shocks interacting with the ramp shock. In the vicin- 
ity of triple shock interactions, complex boundary layer separations and reattachments 
also cause numerical difficulties in predicting turbulence microscale behavior. 

In case of a reentry vehicle, the kinetic energy of a high speed, hypersonic flow is 
dissipated due to friction, resulting in a thermal boundary layer with extremely high 
temperatures (Figure 22.5.2). This will excite vibrational energy within molecules and 
possibly cause dissociation and even ionization within the gas, leading to a chemically 
reacting boundary layer. For air at 1 atm, О; dissociation (O2 — 20) begins at about 
2000 K and the molecular oxygen is essentially entirely dissociated at 4000 K. At this 
temperature, N dissociation (N2 — 2N) begins and is essentially totally dissociated at 
9000 К. Above 9000 K, ionization takes place (N > N*4- e^, О > Ot+ e^) and the 
gas becomes a partially ionized plasma. These high temperature gases are known as 
real gases. If the vibrational excitation and chemical reactions take place very rapidly 
in comparison with the flow diffusion velocity, then this is referred to as the equilibrium 
flow. If the opposite is true, then we have nonequilibrium flow, which is much more 
difficult in computations. High temperature chemically reacting flows influence lift, 
drag, and moments for a hypersonic aircraft and if the shock-layer temperature is very 
high, then heat transfer may be dominated by radiation. When ionization takes place, 
the free electrons absorb radio frequency waves, causing the communication blackout. 
Examples of chemical reaction equations are shown in Table 22.5.1. 
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Table 22.5.1 Kinetic Mechanism for High-Temperature Air (T > 9000K) 


Reaction Cr ky 


O.+N=20+N 3.6000 218 118800 
O; +NO=20+NO 3.6000 218 118800 
М +0=2N+0 1.9000EI7 226000 
№ +NO=2N+NO 1.9000EI7 226000 
№ +02 22N 1.9000EI7 | 226000 
NO+0,=N O» 3.9000E20 151000 
NO4N;-N № 3.9000Е20 151000 
O+NO=N+0; 3.2000Е9 39400 
о+љ=мМ+ 7.0000EI3 76000 
N+N2=2N 4.0850E22 | 226000 
O4N-NO* 1.4000E06 | 63800 
е-=0+ 3.6000E31 316000 
e- = № 2e7 1.1000E32 338000 
+O=Ot +е- 1.6000EI7 161600 
- OF = Or + OF 2.9200EI8 56000 
+Nt+=N+N} 2.0200E11 26000 
-N=N} +e- 1.4000E13 135600 
NO* =NO +0+ 3.6300 215 101600 
+ Ot =О+М? 3.4000EI9 46000 
NO* 2NO-«N* 1.0000Е19 122000 
МО = МО + ОЎ 1.8000EI5 66000 
O+NO*=0,+Nt 1.3400EI3 154540 
O,+0=20+0 9.0000Е19 119000 
О» +О»=2О+О» 3.2400Е19 119000 
О; + =20 +> № 7.2000EI8 119000 
№ +Ny =2N + NS 4.7000EI7 226000 

O=N+20 7.8000E20 | 151000 

N=0+2N 7.8000E20 ; 151000 
-NO=N+0+NO 7.8000E20 | 151000 
КМ; = МО + NO* 1.3800Е20 282000 

№ =NO* +e- 2.2000EIS 216000 


For high-altitude flights, about 150 km or above, the Knudsen number Ky is Ky > 1, 
where the continuum theory (Euler and Navier-Stokes system of equations) fails, and 
we must resort to the kinetic theory of gas (or free molecular flow theory). A hypersonic 
vehicle entering the atmosphere from space will experience the full range of these low- 
density effects. 


22.5.2 VIBRATIONAL AND ELECTRONIC ENERGY IN NONEQUILIBRIUM 


The statistical thermodynamics and kinetic theory of gases are used in derivations of the 
governing equations for hypersonic flows. The basic foundations are well established 
in the literature [Wilke, 1950; Hirschfelder et al., 1954; Brokaw, 1958; Lee, 1985; Park, 
1990]. The Navier-Stokes system of equations governing the hypersonic flows includes 
not only the conservation of mass, momentum, and species, but also the conservation 
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of vibrational energy and electronic energy. Thus, the conservation form of the Navier- 
Stokes system of equations is written as 


9U OF; ӘС; 
3i + ax. + m =В (22.5.1) 
р ру: 
p Vi pViVj + pij 
pE (p E + p)vi 
U- F; — 
P Yk рум; 
p E, p Ёрм; 
p E. p Ee + Pe)Vi 
( м (22.5.2) 
0 0 
—"ij N 
G, = | "UYi di tdi B= У, Hox 
' =P Dim Yui k=l 
Qvi ок 
dei Ey 
Ee 
with 


ф = kp Ti F ke Tei 


ф = |- У (Erk + Eve + Eek + НО У, А] 


[4 J 
Ni = Бэ» 7] 
k j i 
qei = — feke Тел — [rea vivi] 
k Í 


1 


i 


3 


E= » Nm Е, = = №КТ, + 2 «(ТМ 
E = Е + Е + Ez + Ед + Es + Es + E; 
3 А А 
Е = Akt у, Мк Translation (heavy particle) 
3 
Е = akTeNe Electron translation 
Ез = кту? №, Rotation (molecule) (22.5.3) 


Ед = у, £y ( T;) №, Vibration (molecule) 
Es = 3 E ( Te) №, Electronic excitation 
Bg У. НЕМ Chemical 


Е = 5 ViVi Kinetic 
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where k is the Boltzmann constant, with the subscripts v and e indicating the vibration 
and electronic energy, respectively, and i denoting the number of heavy particles or 
molecules as well as the coordinates x; (for simplicity of notation). The rates of change 
of the vibrational and electronic energy in the source terms are given by 


È, = Ёл + Ер + Ё,з 
ЕЁ, = Ед + Ед + Ёз + Ёд F Ед F Es T Ёл 


А : ; А EvE—E Р 
Vibrational relaxation energy rate, Ед = у Ny (=) „Буе = equilibrium 
= TL k 
k=m 
internal energy 


А | А БЈЕ(Т;) — € | . 
Vibrational № energy exchange rate, Еу = је ТӘ = ey те = relaxation time 
e 
uum А _ ON, _ 
Vibrational molecule energy exchange rate, Ёз = D Ey = average re- 
k= 
moved energy 
ON | Ə Nk — 
Electronic ionization energy exchange rate, Ед = — b Ecok iR Ek = ioni- 
k=ion F 


zation potential 


Electronic impact dissociation energy rate, Ee = pov (575 a. D — dissociation 


energy 
: 3 
Electronic energy gain rate, Ез =2М b VETAT — Te), vy — collision fre- 
iu Mk 2 
quency 
; £ye( Т) — € 
Electron—vibration energy exchange rate, ЕЁ = —(N3) ve(Te) — е, 
Te 
| aN, 
Electronic excitation energy rate, Ees = Eck 
каї 
А 9 №, 


Electronic associative ionization energy, Ees = 2 —— 
kl 


Electronic radiative energy rate, Ед = — Ор 


The diffusion velocity V; in (22.5.3) may be obtained by solving the multicomponent 
diffusion equation of the form 


d Ур px 
уХк= У, Dy ©! V+ Ye X) + у Yr t) 


j=l j=l 


" > А ( Dj Diı\ VT (22.5.4) 
p Dij у; Yi Т UU 


j=l 
Thus, it can be shown that 


N pj\1 N; 1 
Ү; = —— У m Du] v X, + (X; У Vp ек| DVT 
eX, '°| 77 NV pp m pT * 


(22.5.5) 
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where Ру is the binary diffusion coefficient, D, is the thermal diffusion, Z; is the 
number of electrostatic charge (= 0 for neutral species, = 1 for positive ions, and = —1 
for electrons), e is the electronic charge, and E is the electrostatic field intensity. A 
simplification of the diffusion velocity given in (22.5.5) leads to the Fick’s first law of 
diffusion (22.2.9). 

Following Vos [1963], the diffusion coefficients Ру may be written as 


(22.5.6) 


es 8] 2т т, (Ls) 
INI USE Qr. (essa 22.5.7 
kj 3 mkT(my + ту)" kj ( $ ) ( а) 


© рт e-Y^425*3(1 — cos! у Maroy; dx d 
лако _ Ar Лету х)4тоуіҳ d (22.5.7b) 
ho f e Y 35? (1 — cos’ x) sinxdx dy 


with ox; and x being the differential cross section and scattering angle, respectively, 
and 


тту 
s LL I 22.5.8 
Y 7 Um + m kT? (229 


where 2 is Ше relative velocity of the colliding particles. 
The thermal conductivity Ку for heavy particles and k, for electron energy are defined 


as 
15 X 
kk 2 ‚ (6,8 = 2) (22.5.9) 
k У ay ХА?” 
је! 
15 Х, 
kn = Ку = £ ‚ @,s=2) (22.5.10) 
4 & (Ls) 
У ој X; ^i (Te) 
j=l 
with 
1 — m,/m;)(0.45 — 2.54m,/m; 
ag = 1+ ( к/ X - k/ j) (22.5.11) 
( + my/m;) 
The viscosity constant pu associated with the stress tensor is given by Wilke [1950] as 
my Xx 
TS у, == т (22.5.12) 
FOX 
jzk 
with 


(6,5) 16 2ткт} (£s) 
А | Qi. (65=2 22.5.13 
kj 5 тКТ(тк n" kj ( 5 ) ( ) 
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It is apparent that the inclusion of vibrational and electronic energy components will 
be computationally intensive. 
The chemical species Y; in (22.5.2) consist of 


Y, = [O, N, О, №, NO, O+, №, OZ, N}, NOt, е“]! 
with typical chemical reactions in air occurring in six different ways. 


(1) Thermal dissociation of О; 
О»+М<О-+О+М 
Dissociation of N5 
No+e &e&N-N-e- 
Exchange reactions of NO (known as Zeldovich reactions) 
О+№ @NO+N 
NO+0802+N 
(4) Associative ionization, dissociative recombination 
Х+О 5 МО +е“ 
О+0О Ф О +е“ 
М+М № +е“ 


(2 


— 


(3 


— 


(5) Ionization of O 
Orc eOtcre +e -e 
Exchange reactions 


NO* + 0 > № + О, 


— 


(6 


~ 


With all ingredients that enter the most general form of the governing equation 
(22.5.1), the solution undergoes a laborious process. For applications to numerical simu- 
lations, we must provide adequate thermochemical models. They include the vibrational 
model, electronic excitation model, and chemical reaction model. Note that there are 
six different temperatures corresponding to six different energies shown in (22.5.3) with 
the kinetic energy excluded. Candler [1989] shows an illustration of effects of these tem- 
peratures upon the computational results for all other variables. Park and Yoon [1991] 
demonstrate the validity of using two temperatures (corresponding to translational and 
vibrational energies only). The thermochemical model in Park [1990] is described below. 

Neglecting the ionizing phenomena, only five neutral species, p; = Ох, p? = №, 
рз = NO, p4 = Od, and p5 = №, are considered. We further note that О» and № can 
be expressed as a linear combination of other species from the elemental conservation 
condition. Thus, only the first three species can be treated as the species variables. 


Vibrational Model 
The vibrational energy is then given by 


Ey = У nea, (Mm?) (22.5.14) 
k 
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where 

Ok 
ехр[(0‹7; — 1)]' 
with Ө; being the characteristic vibrational temperature of the molecules, 0; = 2740, 
2273, 3393 K for k = 3, 4, and 5, respectively. 


The rate of change of the average vibrational energy of the molecules k by collisiosn 
with species ] is of the form 


£y = 8.314 (J/mole) (22.5.15) 


Т; — 1, 
T; — Ts 


"T EvE — Бук 
kj — 
TLkj + Tc 


81 (J/mole:s) (22.5.16) 


where =; is the average vibrational energy of the species k per mole evaluated as the 
translational temperature. The quantity туу is the vibrational relaxation time of the 
Landau-Teller model [Millikan and White, 1963], 


ті) = ехрбА ТУ — Bij)/ pc (22.5.17) 


where p, is the partial pressure of the colliding particles in atm. The quantity 7, is the 
average collision time, 


Te = (cro)! 


where с is the average molecular speed с = {/8КТ/тт, п is the total number density 
of the mixture, and o, is the limiting cross section, o, = 10721(50,000/ Т)2. T, and T;, 
are the translational temperature-rotational and vibrational-electronic temperatures 
immediately behind the shock wave, respectively. The exponent s is given by 


s = 3.5 exp(— 1,5000) 


The parameters Aj; апа Вк; are adjusted for conformity with experimental data [Park 
and Yoon, 1990]. 

The rate of change of vibrational energy per unit volume of the flow in J/m? · s takes 
the form 


ё,= У) » (v. оц = 2-3] (22.5.18) 


k 


J 


where Еј is the average vibrational energy removed in the dissociation of molecule k, 
approximately 80% of the dissociation of molecule К. In a rapidly expanding flow or in 
a boundary layer, this model may not be valid. 


Electronic Excitation Model 
The electronic excitation energy of the species is given by 


E.(ny, Ty) = nea (J/m?) (22.5.19) 
k 


where the expression for the electronic energy ғ, is given in Lee [1985]. The rate of 
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change of electronic excitation energy of the flow is 


; Wk 
Bo ) ент, (22.5.20) 


Chemical Reaction Model 
With the vibrational and electronic energies calculated as described above, the 
translational-rotational temperature can be determined by the equation 


Е = (x cum T+ E, E+ У. Heng + AT (J/m?) (22.5.21) 
k k 


where cy, is the frozen specific heat at constant volume for species К for translational and 
rotational energies (cy; = ср = 12.47 and суз = са = Cys = 20.79 J/mole). The quantity 
Н? is the energy of formation of species k (H? = 246.81, 470.70, 89.79, 0, 0). 

The average temperature [Park, 1990] is given by 


TL = J RT (22.5.22) 
The forward reaction rate coefficient for reaction j with the third body k is 

Tu 

Куж = Cj Tal exp ue 


a 


) (mole/m?.s) (22.5.23) 


where Сук and n are the rate parameters (Table 22.5.2). The backward reaction rate 
coefficient is given by 


Кык = Куук/ Кеј (Tà) (22.5.24) 


The equilibrium constants K,; are calculated using partition functions from the atomic 
and molecular constants [Park, 1990]. 


1 
са КЕ upa Ө кч a (22.5.25) 
Z 


with z = 1,/10,000 and the coefficients a; given in Table 22.5.3. 


Table 22.5.2 Reaction Rate Parameters Су, ny; and Ту in (22.5.23) 


Reaction С ; m?/moles j Taj, K 


1.0 x 10 : 59,500 
1.0 x 10 ; 59,500 
2.0 x 105 : 59,500 
1.0 x 10 ; 59,500 
2.0 x 10? ; 59,500 
1.8 x 105 ; 76,000 
2.2 x 10? j 19,500 
3.0 x 10 у 113,200 
3.0 x 10 Е 113,200 
7.0 х 105 j 113.200 
7.0 x 10^ j 113.200 
7.0 x 10° А 113,200 


j 
1 
2 
3 
4 
5 
6 
7 
8 
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Table 22.5.3 Coefficients a; in (22.5.25) 


а 4; аз а a5 


0.55388 16.27551 1.77630 —6.5720 0.03144 
0.97646 0.89043 0.74572 —3.9642 0.00712 
0.004815 —1.7443 —1.2227 —0.95824 —0.045545 
1.53510 15.4216 1.2993 —11.4940 —0.00698 


In the following section, some selected example problems for various topics in ге- 
active flows and combustion are presented. 


22.6 EXAMPLE PROBLEMS 


22.6.1 SUPERSONIC INVISCID REACTIVE FLOWS (PREMIXED HYDROGEN-AIR) 


(1) Global Two-Step Model (Quasi-1-D and 2-D Analysis), Rapid Expansion Diffuser 

Examples of combustion with hydrogen-air reactions are numerous. Among them 
are Janicka and Kollmann [1979], Evans and Schexnayder [1980], Rogers and 
Schexnayder [1981], Rogers and Chinitz [1983], Drummond, Hussaini, and Zang [1985], 
Kim [1987], and Chung, Kim, and Sohn [1987]. To illustrate the simplest cases of 
hydrogen-air combustion, we begin with a two-step global model of Rogers and Chinitz 
[1983], 


Ку 


Н, + O2 —>20Н (22.6.1a) 
Кы 
Кр 
20H + Њ < 20 (22.615) 
Kyo 
with 


E 
Кук= Ao) exp (- тт! 


Ai() = (8.9176 + 31.433/ф — 28.95) x 10" (cm?/mole-s) 
E; = 4865 cal/mole 

N, 2 —10 

А(ф) = (2 + 1.333/ф — 0.8336) x 109^ (cm$/mole?.s) 

E» = 42,500 cal/mole 

N: =—13 


These data are for initial temperature of 1000-2000 K and equivalent ratio, 0.2 < 
b<2. 
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Using the law of mass action (22.2.2), we can construct from (22.6.1a,b), four non- 
linear simultaneous ordinary differential equations of the form 


dC 
о = Ета = –а СС, + bC2 – cC,C2 + dC} 
ас 
о2/ W2 = Em = -асС С + hs 
4C (22.6.2a,b,c,d) 
оз W = a = 2aC,Cy – 2bC2 – 206,62 + 24C2 
ас 
w4/ W4 = ae = 2cC4C2 – 2462 
with 


C; =Ch,. C2=Co,, C3= Con, C4 = Cho. 
а= Ку, b= Кр, с = Кр, а = Кр. 


More complete models have been proposed by various investigators. For example, 
an eighteen-step model of Rogers and Schexnayder [1980] is shown in Table 22.6.1.1. 

In what follows, we demonstrate quasi-one-dimensional calculations for the su- 
personic inviscid reactive flows in a diffuser, as shown in Figure 22.6.1.1a with the 
two-step global model (22.6.1a,b). The various approaches used in this analysis 
include: (1) Implicit Adams-Moulton finite differences [Drummond et al., 1985], 
(2) Spatial Chebyshev spectral method with the temporal Runge-Kutta iterations 


Table 22.6.1.1 Combustion Mechanism Тог Eighteen-Step Hydrogen-Air 


Reaction A (moles) N (cm?) E (cal/gm-mole) 


(1) Oz + H2 = OH + OH 1.70 x 10 0 48150 
(2) O;--H2 OH - O 1.42 x 1044 16400 
(3) Ho-- OH—- HO +H 3.16 x 107 р 13750 
(4) н›+О=ОН+Н 2.07 x 104 13750 
(5) OH+ OH=H20+4+0 5.50 x 108 7000 
(6) H+OH+M=H,0+M 2,21 x 1022 
(7) H- H4 M-H; 4M 6.53 x 1077 
(8) Н+0; -M- HO; +M 3.20 x 108 
(9) OH-- HO; 2 O; + ЊО 5.0 x 103 
(10) H+ HO; =H) + O; 2.53 x 103 
(11) H+ HO; = OH - OH 1.99 x 1044 
(12) O + HO; = О, + OH 5.0 x 1013 
(13) НО + HO; = О + H207 1.99 x 10? 
(14) H5 + HO, =H+ H202 3.01 x 101 
(15) OH + НО, = H20 + HO; 1.02 x 103 
(16) H + H205 = H? + НО; 5.0 x 104 
(17) О+ЊО, = OH + HO 1.99 x 103 
(18) НО -M— OH + OH M 1.21 x 107 


ooooocoocoo 


Source: [Rogers and Schexnayder, 1981]. 
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Y, -0231 
Yy, =0.00874 


г= 0,5 0,5sin(ZX) 


Pete) center line 


(а) (b) 
Figure 22.611 Global 2-step chemical reactions (Ho-air), rapid-expansion diffuser. (a) Rapid expansion 
supersonic diffuser for quasi-1-D analysis. (b) Upper half of (a) for 2-D analysis. 


[Drummond et al., 1985], and (3) Operator splitting/point implicit Taylor-Galerkin 
method (Section 13.2.2) [Chung and Karr, 1980; Kim, 1987; Chung et al., 1987]. 
The governing equations are of the form 


* T =B (22.6.3) 
pA puA d 

U= ier Е = en B- = (22.6.4) 
p YA риҮкА "T 


where Ais the cross-sectional area as defined in Figure 22.6.1.1a with initial and bound- 
ary conditions. The thermodynamic model for the specific heat and the total enthalpy 
is as given in (22.2.22). 

То compare the results of the quasi-one-dimensional analysis with those of two- 
dimensional analysis, we show the analysis using the operator splitting/point implicit 
Taylor-Galerkin method (see Section 13.2.2) with the discretization as shown in 
Figure 22.6.1.1b [C. S. Yoon, 1992]. In this case, we use the conservation form of the full 
Navier-Stokes system of equations (22.2.34) without the diffusion terms. 

Although not shown, normal shocks are formed at the inlet, contrary to the nonre- 
active flows of a similar case shown in Figure 13.7.2. Due to chemical reactions, inlet 
normal shocks and high gradients of temperature, pressure, and mass fractions of all 
reactants and products are clearly evident in Figure 22.6.1.2. Approximately 2,000 it- 
erations are required before convergence to the steady state. This is contrary to 1,000 
iterations for the case of non-reacting flows demonstrated in Figure 13.7.2. 

Our intention here is to compare the effect of quasi-one-dimensional analysis with 
the two-dimensional calculations and also to compare the results of the finite rate 
chemistry with those of equilibrium chemistry. The steady state quasi-1-D results of 
Drummond et al., [1985] and Kim [1987] with the finite rate chemistry are identical, 
both shown by the solid lines, whereas the 2-D results (along the center line) of Yoon 
[1992] (dash-dot-dash lines) show considerable differences. Both temperature and pres- 
sure are higher for the 2-D analysis, indicating the significant convection effects which 
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Quasi-1-D, finite rate chemistry [Drummond et al. 1985; Kim 1987] 
—e— 2-D, finite rate chemistry [Yoon, 1992] 


2-D, equilibrium chemistry [Yoon, 1992] 


Figure 22.6.1.2 Hydrogen-air reactive supersonic inviscid flow, comparison between quasi-1-D and 
2-D analyses, and comparison of finite rate chemistry with equilibrium chemistry and frozen chemistry 
for 2-D calculations [Drummond, 1985; Kim, 1987; Yoon, 1992]. (a) Axial temperature profile. (b) Axial 
pressure profile. (c) Axial mass fraction distributions. 
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promote the reaction process. This leads to a more rapid consumption of reactants 
(H2, O2), causing the product (H20) to be produced in a larger amount with (OH) re- 
maining about the same as in the quasi-1-D simulation. The equilibrium solution shows 
that temperature is higher with an increase of H) consumption and H5O production, 
resulting in a decrease in the radical (OH) dissociation. This trend shows the inadequacy 
of an equilibrium model in which the effect of convection and diffusion is absent. 


(2) Comparison of Global Two-Step Model with Eighteen-Step Model, Ramjet Combustion 

To investigate the effect of different reaction models, we examine in this example the 
comparison of the global two-step model with the eighteen-step model (Table 22.6.1.1) 
using the ramjet combustor (15° ramp) shown in Figure 22.6.1.3a [Yoon, 1992]. The 
supersonic inflow and outflow and adiabatic wall conditions are assumed. 

Because of the inlet temperature of 900 K, which is less than the ignition temper- 
ature of 1,000 K, there should not be any reaction until the corner shock raises the 
temperature beyond this limit. Contour lines for temperature and mass fractions of var- 
ious species clearly indicating corner shocks for the eighteen-step model are shown in 


M.-4 

P, - latm 

T. =900K 
Y, =0.226 
Ү,, - 0.0285 
Y, 70.0 
Үн =0.0 


(e) Hydroxyl distribution 


temperature (k) 


0.010 


hydrogen mass fraction 
о 
= 


00.00 А —— 
0 0102 030405 06 07 08 09 1 0 0.102 03 04 0.5 0.6 0.7 0.8 0.9 1 


X/Lx X/Lx 
(f) Temperature distribution (g) Hydrogen distribution 


Figure 22.6.1.3 Ramjet combustion (hydrogen-air reactions), comparison of the result of 18-step with 2-step 
reactions [Yoon, 1992], —— 18-step, ----- global 2-step. 
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(j) Hydroxy] distribution 
Figure 22.6.1.3 (continued). 


Figure 22.6.1.3b,c,d,e. These shock waves then dictate the profile distributions of temper- 
ature and various mass fractions along the wall surfaces as shown in Figure 
22.6.1.3f,g,h,i,j. Note that the global two-step model shows a sharp increase іп tem- 
perature due to its higher ignition flame temperature. This is because the two-step 
model has only the limited number of products and predicts a nondissociative flame 
temperature. Note also that there is an ignition delay for the global two-step model as 
seen in the profile distributions of hydrogen and oxygen, x/L, = 0.33 for the two-step 
model vs х/1„ = 0.27 for the eighteen-step model. In this process, the eighteen-step 
model allows a gradual buildup of free radicals without any significant temperature 
changes. The two-step model is inaccurate for flow situations of long ignition delays, 
whereas the eighteen-step model is superior for the prediction of ignition. 


22.6.2 TURBULENT REACTIVE FLOW ANALYSIS WITH VARIOUS RANS MODELS 


(1) Turbulent Premixed Combustion Analysis 
In this example, we examine the work of Al-Masseeh et al., [1990] in which the 
К—є model and the direct stress model (Reynolds stress model) are compared with 
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the experimental data for turbulent reactive flows (premixed CH, air). The turbulent 
(Reynolds) heat flux transport equation and its related equations as shown in (22.4.53- 
22.4.58) in addition to the standard Reynolds stress transport equation are used. The 
geometry, initial, and boundary conditions are shown in Figure 22.6.2.1a. Using the 
SIMPLE algorithm (Section 5.3.1), the following results are obtained. Both nonswirling 
and swirling cases are included. 

The temperature contours of nonswirling gases with an annular axial velocity of 
60 m/s are shown in Figure 22.62 15. Both К—е model and the direct stress model 
predict a conelike turbulent flame and the velocity vectors similar to the experimental 
data. The flame length temperature of 1700 K occurs at approximately 80 mm for all 
cases. However, the predicted temperature contours differ considerably from those of 
measured data with the predicted flame thickness being much thinner. 

Figure 22.6.2.1c shows the temperature distributions for the lower inlet velocity of 
30 m/s. Here, instead of the conelike flames, the direct stress model exhibits an annular 
jet flame as expected and confirmed in the experiment. This is not the case for the К—е 
model, which predicts a rather different field and a threshold velocity of about 24 m/s. 

In the case of swirling flows (Figure 22.6.2.1d) (swirling numbers, 5 = 0.53 and 
S = 0.69) with the inlet velocity of 30 m/s, both sets of prediction are in better agree- 
ment with the experimental data. It is seen that the contours are substantially thicker 
and shorter for the swirling flames. Note that the K—£ model overpredicts the flame 
thickness due to the higher turbulence dissipation rate in the К—е model solution and 
consequent increased strain rate, causing error function in the heat release rate expres- 
sion in (22.4.57) to be less than that with the direct stress model. 


(2) Turbulent Scramjet Flame Holder Combustion Analysis 

The purpose of this example [W. S. Yoon, 1992; Yoon and Chung, 1991, 1992; Chung, 
1993a,b] is to compare the results of the turbulent scramjet flame holder combustion 
with K—e model with those of laminar and inviscid flame. Calculations are carried out 
using the flowfield-dependent variation (FDV) method (Section 13.6). In this example 
all ЕРУ parameters (51, 52, з, 54) are made independent of the flowfield (Mach number 
and Reynolds number) and set equal to 0.5. The geometry (10° ramp) and finite element 
discretization is shown in Figure 22.6.2.2a. The inlet initial and boundary conditions are: 


р —0.4437kg/m?, p=0119MPa, T=900K, M=4, 
Yo, = 0.2356, Yu = 0.0029, You = Yno = 0, 
b=01, M=4.0, Ке= 106. 


The calculated contours of the various variables are plotted in Figure 22.6.2.2b for 
the turbulent flow. The temperature and various species mass fraction distributions 
along the vertical direction at different axial locations are shown in Figure 22.6.2.2c,d. 
At an upstream position (x = 0.4), the inviscid flame remains constant along the ver- 
tical plane, whereas the laminar flame oscillates slightly in the vicinity of both upper 
and lower walls with Hz and О» remaining still constant. For turbulence, the tempera- 
ture and products close to the boundary edges rise sharply due to mixing. Somewhere 
downstream (x — 2.5) the trend rapidly changes for the inviscid flame. Temperature 
rises sharply toward the lower wall due to the shock wave interactions, causing chemi- 
cal reactions predominantly at the lower wall. For the laminar flame, the viscous effects 
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(a) Geometry and discretization 


(4) Temperature 


(b) Flowfield contours 
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Figure 22.6.2.2 Turbulent (k—e model) scramjet flame holder combustion, comparison with inviscid and 
laminar flames [Үооп, 1992]. 
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closer to the walls cause the chemical reactions to be enhanced at the upper wall as well. 
This trend becomes more significant for turbulence. 

In Figure 22.6.2.2e, we examine the effect of viscosity and turbulence along the 
centerline. For the case of an inviscid flame, all variables remain constant or linearly 
vary about two-thirds of the way downstream and suddenly undergo perturbations at 
the ramp corner where expansion waves begin to emerge. In contrast, for the laminar 
flame these variations are gradual throughout the domain. This trend also prevails for 
the turbulent flame. 

In order to examine the effects of viscosity and turbulence more clearly we observe 
that, in Figure 22.6.2.2f, along the centerline, temperature variations are shown for 
inviscid, laminar, and turbulent flames with peaks occurring at x = 5.5. Temperature 
rises sharply at x = 2.5 for turbulence, whereas the inviscid flame remains constant until 
x = 4.5 is reached with the laminar flame somewhere in between. Similar trends exist 
for Нә and ЊО. For the case of H2O, however, at the ramp corner, the mass fractions 
for inviscid, laminar, and turbulent flames coalesce. All indications are that combustion 
appears to have been completed at x = 5.5. 


(3) Transverse Hydrogen Jet Injection 

In this example, the FDV theory is applied to the FEM analysis to the trans- 
verse hydrogen injection combustor with the eighteen-step finite rate chemistry model 
(Table 22.6.1.1) [Moon, 1998]. Here, all of the ЕРУ parameters (51, 52, 53, 54, 55, 56) 
are utilized and calculated as prescribed in Sections 6.5 and 13.6 except that only the 
species convection Damkohler number Da; is applied. The mixing and combustion 
of a sonic transverse hydrogen jet injection from a slot into a Mach 4 airstream in a 
two-dimensional duct combustor is involved in shock wave turbulent boundary layer 
interactions. The combustor geometry, initial and boundary conditions are shown in 
Figure 22.6.2.3. 

Because of the hydrogen fuel jet introduced into the freestream from the wall at 
a right angle, a detached normal shock wave forms just upstream of the jet, causing 
the upstream wall boundary layer to separate. Both upstream and downstream of the 
injector, recirculation regions develop so that flow separation occurs at the wall. Note 
also that the two recirculation regions provide longer fuel residence times as well as 
better mixing of fuel, air, and hot combustion gas, resulting in acting as the subsonic 
flame stabilization zone in a gas turbine combustor primary zone or the wake of the 
flameholding gutter in ramjet combustors and turbojet afterburners. Furthermore, the 
nearfield mixing is dominated by the stirring or macromixing driven by the large-scale 
vorticies generated by the jet and freestream interaction, whereas the far-field mixing 
depends on the small-scale turbulence within the plume and mixing layer. 

The static pressure contours are presented in Figure 22.6.2.3b. The leading edge 
shock and the incidence and reflection of the bow shock to and from the symmet- 
ric plane of the duct can be seen. Velocity distributions in the vicinity of the injector 
are shown in Figure 22.6.2.3c. For clarity of presentation the velocity components for 
every other grid point are shown. Both recirculation zones and mixing layers can be 
identified. The mass fraction contours of Hz and H20 are shown in Figure 22.6.2.3d,e. 
It is noted that high reaction rate regions spread downstream along the mixing 
layer. 
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Figure 22.6.2.3 Transverse hydrogen jet injection combustor analysis with K-e model [Moon, 
1998]. (a) Schematics of injection slot, М= 1, T=300 К, P=0.404 Mpa. (b) Pressure contours. 
(c) Velocity field near the injector. (d) Hz mass fraction (max = 1.0 min=0.0, A=0.01). (е) НО 
mass fraction (max = 0.2158, тіп = 0.0, A = 0.08). 


22.6.3 PDF MODELS FOR TURBULENT DIFFUSION COMBUSTION ANALYSIS 


The use of PDF approach in combustion is widespread. In PDF applifications, we employ 
the assumed-PDF approach. On the form ofthe assumed PDF, however, various choices 
are available such as the modeling of scalar mixing with mapping closure methods [Pope, 
1985; Girimaji, 1991; Frolov et al., 1997], among others. 

In this example, we demonstrate the PDF approach presented in Section 22.4.2 using 
the K-e model with GPG-FEM [Kim, 1987]. The geometry of a coaxial combustor is 
shown in Figure 22.6.3.1a. The fuel properties and inlet conditions are: Stoichiometric 
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A/F ratio = 10.6, heat of reaction = 2.63 x 107 (J/kg), inlet A/F ratio = 15.75, inlet fuel 
velocity = 21.57 m/s, inlet air velocity = 1.46 m/s, inlet fuel density = .474 kg/m), inlet air 
density = 1.165 kg/m?. Calculations are carried out using the B-PDF and double delta 
PDF and without PDF for comparisons. 

The turbulent reacting flow calculations begin with the uniform cold-flow conditions. 
Figures 22.6.3.1b,c,d show the contours of streamline, mixture fractions, and temper- 
ature, respectively. The results of only the B-PDF are shown. The radial variations of 
temperature, density, and mixture fractions at various locations in the axial direction are 
shown in Figure 22.6.3.1e through Figure 22.6.3.1g. The general trend appears to be that 
the B-PDF provides the results between the double delta PDF and those without PDF. 


22.6.4 SPECTRAL ELEMENT METHOD FOR SPATIALLY DEVELOPING MIXING LAYER 


Spectral methods are preferred in turbulent combustion when the domain and boundary 
conditions are relatively simple. The reason for this is that the accuracy derived from the 
mathematical approximations in the spectral methods is superior, compared to other 
methods. Some of the earlier contributions are reported in [Rogallo and Moin, 1984; 
Hussaini and Zang, 1987; Givi, 1989; McMurty and Givi, 1992; Givi and Riley, 1992], 
among others. The basic concept of the spectral method is extended to the spectral 
element methods (SEM) as developed by various authors [Patera, 1984; Korczak, 1985; 
Karniadakis, 1990; Maday and Petera, 1989], among others. Applications of SEM to 
combustion have been contributed by Givi and Jou [1988], McMurtry and Givi [1992], 
Frankel, Madina, and Givi [1992], Korczak and Hu [1987], and Hu [1987], among others. 

In the example presented below, we examine the results of a spatially developing 
mixing layer analysis by the spectral element method [Frankel et al., 1992; Hu, 1987] as 
reported in Givi [1993]. Chebyshev functions introduced in Section 14.1.1 are used in 
the SEM applications. 

The discretization in the cross-stream direction (x2) is done by the spectral collo- 
cation method, whereas the discretization in the streamwise direction (x1) is done by 
means of a spectral-element method using Chebyshev polynomials [Frankel et al., 1992]. 
The assembly of the elements in the streamwise direction and the Chebyshev collocation 
points within one element are shown in Figure 22.6.4.1а. Based on this SEM process, the 
plots of concentration contours of a conserved scalar in a spatially developing mixing 
layer at two different times are presented in Figure 22.6.4.1b. 

Instead of discretizing only the streamwise direction, Hu [1987] performs the dis- 
cretization in both streamwise and cross-stream directions (х1, x?) by mean of the spec- 
tral element method using Chebyshev polynomials as shown in Figure 22.6.4.1c. The 
corresponding results of vorticity contours in spatially developing mixing layers at sev- 
eral times are demonstrated in Figure 22.6.4.1d. 


22.6.5 SPRAY COMBUSTION ANALYSIS WITH EULERIAN-LAGRANGIAN FORMULATION 


As mentioned in Section 22.2.5, spray combustion represents a two-phase flow and 
may be analyzed by either one of the three approaches: Eulerian-Eulerian, Eulerian- 
Lagrangian, and probabilistic formulation. From the computational point of view, the 
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Table 22.6.5.1 Initial Conditions Used in the Prediction 


Gas-Phase Boundary Conditions Liquid-Phase Initial Conditions 


Velocity (m/s) Fuel 
Temperature (K) Liquid density (kg/m?) 


Pressure (atm) Droplet temperature (K) 
Density (kg/m?) Droplet velocity (m/s) 
Duct wall temperature (K) Equivalent ratio 
Centerbody wall temperature (K) Air flow rate (kg/s) 
Turbulent kinetic energy (m?/s?) Fuel flow rate (kg/s) 


Eulerain-Lagrangian approach has been preferred. We present below the n-decane fuel 
centerbody combustor analysis [Kim and Chung, 1990] using the Eulerian Lagrangian 
formulation. 

Consider the centerbody geometry as shown in Figure 22.6.5.1a. The initial and 
boundary conditions are given in Table 22.6.5.1. In the Eulerian-Lagrangian approach 
described in Section 22.2.5, we require approximations for the droplet evaporation 
rate in the heat balance equation (22.2.47). In this analysis, the evaporation model of 
Abramzon and Sirignano [1988] will be used. 

The finite element analysis with GPG utilizes the discretization of 29 x 24 mesh 
with finer mesh in the vicinity of the recirculation zone. The injected spray is assumed 
to comprise four conical streams with half-angles of the corresponding streams given 
by 0 =5, 15, 25, and 35 degrees. In the limiting cases of the droplet impingement on 
the chamber walls, the droplet is considered when 97% of the mass of the droplet 
is vaporized. In case of the droplet passage through the plane of symmetry, another 
droplet with similar instantaneous properties and physical dimensions, but with the 
mirror image velocity vector, is injected into the flowfield. The time steps for the steady 
state calculations are: 


Atinj = 1.6 m/s, At, = 1.6 m/s, Ate m = 0.04 m/s 
The overall solution procedure is as follows: 


(a) Integrate the gas-phase equations from the Eulerian locations to the character- 
istic location. 

(b) Integrate the liquid-phase equations with At, m. 

(c) Evaluate the characteristic source terms at the Eulerian nodes surrounding the 
characteristic. 

(d) Steps (a) through (c) are repeated until the liquid-phase numerical time catches 
up with the gas-phase numerical time (nAte n = Аг) 

(e) Solve the gas-phase equations. 

(f) Steps (a) through (e) are repeated until the iteration converges before advancing 
to the next step for unsteady calculations. 


Figure 22.6.5.1b shows the droplet trajectories and vaporization process. The four 
droplet groups are identified by the volume ofthe droplet and the characteristic location. 
It is seen that the droplet motion is initially governed by the droplet inertia force 
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(д) Radial profiles of fuel mass fraction for three vaporization models 


Figure 22.6.5.1 Spray combustion of center body combustor [Kim and Chung, 1990]. 


before the inertia force causes the droplets to decelerate and the droplet path is eventu- 
ally determined by the gas-phase flowfield. Most of the vaporization occurs within the 
recirculation zone because the smaller droplets are unable to penetrate downstream. 
Because of the strong negative radial gas-phase velocity field near the injector, the 
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droplet trajectories are significantly affected by the gas-phase velocity field, especially 
for the droplet characteristic with the lowest injection angle, 0 = 5 degrees. The strong 
negative radial gas-phase velocity field in the injection region results from the large 
drag force portion of the interaction source terms in the radial momentum equation. 

The velocity vectors are presented in Figure 22.6.5.1c. The secondary recirculation 
Zone as seen is due to the gas-droplet interaction in the recirculation zone having the 
high vaporization rate. Contours of temperature and their radial profiles at various 
locations are presented in Figure 22.6.5.1d and Figure 22.6.5.1f, respectively. The tem- 
perature difference between two adjacent lines is about 150°K. The maximum and 
minimum temperature of the gas field are about 2800°K and 700^ K, respectively. The 
low temperature near the injector results from the cooling effect of the vaporization 
process. The contours and the radial profiles of the fuel mass fractions are shown in 
Figure 22.6.5.1e and Figure 22.6.5.1g, respectively. The large concentration of fuel va- 
por in the recirculation zone is due to the insufficient mixing of the fuel and air. 

In a separate analysis using the Eulerian coordinates for the gas phase and the 
method of characteristics with the Runge-Kutta for the droplet liquid phase, the sensitiv- 
ity of time steps, injection pulse time, grid spacing, and number of droplet characteristics 
were investigated [Lee, 1987; Lee and Chung, 1989]. It is shown that multivaluedness 
of solution occurs when the initial droplet size or droplet velocity distribution is poly- 
disperse. Multivaluedness with a monodisperse spray can also occur in the interior of 
the calculation domain whenever the particle paths cross each other. 


22.6.6 LES AND DNS ANALYSES FOR TURBULENT REACTIVE FLOWS 


(1) Comparison of LES and DNS for Non-premixed Reacting Jet 

The purpose of this example is to examine the two-dimensional flowfield of a non- 
premixed reacting jet and to compare the results of several SGS combustion models 
for LES with DNS as reported by DesJardin and Frankel [1998]. The computational 
domain for the planar jet flowfield, shown in Figure 22.6.6.1a, is 15 jet widths in the axial 
direction and 10 jet widths in the transverse direction. Fuel is injected through a central 
slot of width D, with oxidizer in the surrounding co-flow. The inlet velocity and scalar 
profiles are specified as hyperbolic tangent functions. 

For DNS calculations, the governing equations (22.2.34) are numerically integrated 
using a predictor-corrector FDM approach which is second order accurate in time and 
employs a fourth order accurate compact finite-difference scheme in space. For LES 
analysis, the SGS turbulence dynamic model (21.4.25) and SGS combustion models 
described in (22.4.65) are used. 

Figure 22.6.6.1b shows an instantaneous contour plot of product mass fraction from 
the LES with the SSFRRM [see (22.4.65a)], which is qualitatively (not at same times) 
compared with the counterpart calculated from DNS as shown in Figure 22.6.6.1c. The 
difference in appearance is attributed to the effects of the SGS model. 

In Figure 22.6.6.1d,e, LES predictions of mean and rms product mass fraction are 
compared to DNS results. Here, DNS, denotes a coarser grid used. The notations FRRM 
and RRRM refer to SSFRRM and SSRRRM with the model coefficients Ку, К» set 
equal to zero, respectively, in (22.4.65). Also, SLFDM and SLFBM are the strained 
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Figure 22.6.61 LES and DNS analysis of non-premixed reacting jet [DesJardin and Frankel, 
1998]. (a) Schematic of computational domain: LES grid and inflow conditions. (b) Product 
mass fraction, LES. (с) Product mass fraction, DNS. (d) Transverse mean mass product. (е) 
Transverse rms mass product. 


laminar flamelet delta model and strained laminar flamelet beta model, respectively, 
as related to the double delta and beta PDF models discussed in Section 22.4.2 [Cook, 
Riley, and Kosary, 1997]. As seen in Figure 22.6.6.1d,e, LES model predictions appear 
to be in agreement with DNS better than the flamelet models. 
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| h=0.120m 


(ii) case 2 


(b) 
Figure 22.6.6.2 LES analysis for bluff body flame stabilizer [Moller, Lundgren, and 
Fureby, 1996]. (a) Geometry for bluff body flame stabilizer. (b) Temperature fluctu- 
ations and CO mass fractions, Z = 0.348, Z = 0.460, Z = 0.686, measured temper- 
ature (+), measured temperature fluctuations (x), measure CO mass fraction (0) 
model А(—), and model В(-----), model С(----). 


(2) LES analysis for Bluff Body Flame Stabilizer 

In this example, the 3-D LES analysis for the bluff body flame stabilizer (Figure 
22.6.6.2a) carried out by [Moller et al., 1996] is introduced. Combustion of C3H5 is 
modeled under the following conditions: 


Casel: = 0.62, Ке = 47.5 х 10°, M=0.056, u=17m/s, T=288K 
Case 2: ф = 0.62, Re = 31.6 х 10°, M=0.113, u=34m/s, T= 600K 


There are three cases for combustion modeling. Model A: the eddy viscosity model 
of Fureby and Moller [1995], Model B: PDF reaction rate modeling of Dopazo and 
O’Brien [1973], and Model C: MILES model by Fureby [1996]. Computed results are 
compared with their own measured experimental data. 

The domain is discretized with 40 x 80 x 340 mesh. The governing equations 
(22.2.34) are solved using FVM with the third order accurate upwinding for convection, 
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Figure 22.6.6.2 (continued) (с) Instantaneous isocontours at x = 0.12,0.31 < Z < 
0.87 (case 1) (2) and (3): flame surface for model B, superimposed on contours of 
the spanwise vorticity at the same section for cases 1 and 2; normalized pressure 
(...), normalized Rayleigh parameter are also shown. 


fourth order accurate finite differencing for diffusion, and Crank-Nicolson for temporal 
approximations. 

In Figure 22.6.6.2b, the time-averaged temperature and its rms fluctuations together 
with the time-averaged CO mass fraction and the flame front dynamics in terms of 
temperature PDFs are shown for reacting cases, along with experimental and simulated 
profiles. The formation of CO is restricted to the reaction zone along the flame front, 
which coincides with regions of high temperature fluctuations. Note that the amount of 
CO in Case 3 is larger than in Case 2. The increase of reaction rate for conversion of 
C3Hs to CO in the preheated case is larger than the increase of rate of formation of СО» 
from CO. Consequently, more CO is accumulated in the reaction zone in the preheated 
case. 

The instantaneous isocontours of the spanwise vorticity іп a section between z = 0.31 
and z= 0.87 at x = 0.12 are shown in Figure 22.6.6.2c. For Cases 2 and 3, the flame surface 
is superimposed. An important effect of the energy release on the macroscopic features 
of the flow is that the vorticity is less structured in Cases 2 and 3 compared with Case 1 
and that multiple local extremes occur. Another effect of the heat release is to decrease 
the magnitude of the vorticity at the center of the vortex structures. 
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(3) DNS Analysis for Interaction of Isotropic Turbulence and Chemical Reactions 

In this DNS analysis, the interaction of isotropic turbulence and chemical reactions 
in a hypersonic boundary layer is introduced here as reported by Martin and Candler 
[1998]. A simplified version of (22.2.34) and (22.2.2) is used for a three-dimensional 
domain with a mesh of 96 x 96 x 96. A sixth order accurate finite difference method 
based on a compact Pade scheme (see Section 6.7) and fourth order Runge-Kutta 
time integration scheme (Section 4.4.3) are used. The mesh discretization provides 
a resolution of Ку = 1 at the end of the simulation, where k is the maximum wave 
number resolvable and «is the Kolmogorov scale (21.5.1). The computational domain 
is a periodic box with nondimensional length 2« in each direction. 

The velocity field is initialized to an isotropic state prescribed by the following energy 
spectrum: 


E(k) ~ K* exp (-(5)) (22.6.5) 
0 


where Ку denotes the most energetic wave number. The relative heat release A H? is 
defined as the ratio of the enthalpy change to the total energy, proportional to the energy 
released (positive, exothermic) or absorbed (negative, endothermic) in the formation 
of product species. Thus, an increase or decrease in A H? increases or decreases the 
energy in the flowfield, respectively. This will be used as an input to determine the 
various features of the flowfield. In this example, it is assumed that the reactant and 
product have the same molecular weight and the same number of internal degrees of 
freedom; thus the mixture gas constant and specific heats do not change as the reaction 
progresses. In this case, the reaction equation is given by 


S1+ M > 52 + М 


In Figure 22.6.6.3a, we notice a large increase in the rms magnitude of the temper- 
ature when the heat release is increased. A positive temperature fluctuation causes an 
exponential increase in the reaction rate. However, because of the turbulent motion, 
the heated fluid may move to a different location before the reaction progresses fur- 
ther, reducing or eliminating the feedback process. Thus, the interaction between the 
chemical heat release and the turbulent motion should depend on the amount of heat 
released. 

The energy spectrum as defined in (21.4.11-21.4.130) along with (22.6.5) may be 
decomposed into its incompressible and compressible components at several different 
times during the simulations. Figure 22.6.6.3b shows these spectra for the nonreacting 
solution. Note that the compressible modes are about two orders of magnitude less en- 
ergetic than the incompressible modes at all but the smallest scales. It is seen that there 
seems to be aliasing errors near kn > 1, indicating that small scales are not resolved. 
As time evolves, the compressible energy spectrum decays slightly at all scales, whereas 
the incompressible modes decrease at the large scales, and increase at the small scales. 
Figure 22.6.6.3c plots the endothermic case and the trend is similar to the nonreact- 
ing case. For the case of exothermic reaction (Figure 22.6.6.3d), however, the energy 
spectrum rises about two orders of magnitude larger than in the case of the endother- 
mic reaction, closer to the incompressible counterpart. It is interesting to note that, in 
Figure 22.6.6.3e, the compressible mode becomes more energetic, whereas the incom- 
pressible mode is not affected by the increase of the heat release. 
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10° 


kn 
(d) (e) 


Figure 22.6.6.3 DNS calculations for interaction between chemical reaction and turbulence [Martin and 


Candler, 1998]. (a) Time evolution of rms temperature fluctuations showing the effect of A НО. (b) Energy 
spectra, nonreacting. (c) Energy spectra, endothermic, A H? = —1. (d) Energy spectra, exothermic, 
A H? — 2. (e) Energy spectra, nonreacting and exothermic (A H? — 2.) 
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22.6.7 HYPERSONIC NONEQUILIBRIUM REACTIVE FLOWS WITH VIBRATIONAL 
AND ELECTRONIC ENERGIES 


In the following example problems, we introduce the work of Argyris et al. [1991] in 
which the vibrational energy is included in hypersonic inviscid and viscous reactive 
flows. The governing equations (22.5.1) including the vibrational enegy, but without the 
electronic energy are solved using the Taylor-Galerkin finite element method. 


(1) Inviscid Hypersonic Reacting Flow with Vibrational Energy 

The geometry and finite element discretization for the inviscid flow around a 
simple ellipse (а = 6.0 cm, b= 1.5 cm) at Mẹ = 25 are shown in Figure 22.6.7.1a. 
The thermal data are based on ISO standard atmosphere at the altitude of 75 km. 
(Poo = 3.99 х 1075 kg/m?, poo = 2.4 N/m’, T4, = 208.4 К.) Figure 22.6.7.1b presents 
the pressure distribution for various test cases which shows that the effect of the 
vibrational energy is to reduce the shock standoff distance. The perfect gas assumption 


ки 
жи ї — рова. ү ow 1.4 
treig шг: 
эю У" 
Ton) == == vibration 
|: an 
h E өю 
ЫГА rm 
Vh їй 
ai 
Ae ay ий 
; Liit modes жй 
2100 aiiargpulur РЕА T 
b 
#7: 21] -521 ET ET hl 
x [mni] 
18 [bl 
= fool. gat, = 14 = 
15} re = — si 
| maling aer та paren = = 
mi __ um сы пећи ыг: ^ 
мы == вид тривцав TT] "= ТАРА 


= 
т, 
T тз 
Lt) 
ш 
an 
15 
L:] 
45 Mn ARS a „ЗА Bl 
EIL 
ic) {di 


Figure 22.6.7.1 Inviscid hypersonic reacting flow with vibratonal energy [Argyris et al., 1991]. (а) Geom- 
etry and finite element discretization. (b) Normalized pressure profiles along the stagnation on streamline. 
(c) Normalized temperature profiles along the stagnation streamline and body surface. (d) Normalized density 
profiles along the stagnation streamline and body surface. Reprinted with permission from Elsevier Science. 
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without the vibrational energy provides the largest standoff distance. In Figure 22.6.7.1c, 
it is clearly shown that the inclusion of vibrational energy causes the temperature to 
decrease significantly as compared to the case of perfect gas without vibration. This 
results in an increase in density as shown in Figure 22.6.7.1d. 


(2) Viscous Hypersonic Reacting Flow with Vibrational Energy 

In this example, we examine the viscous hypersonic reactive flow with vibrational 
energy. The geometry and finite element discretization and schematics of the shock wave 
and boundary layer are presented in Figure 22.6.7.2a,b. The effects of various conditions 
including the frozen flow, equilibrium flow, and finite rate chemistry with and without 
mass diffusion on the Stanton number, St = qw/|Poo€poolloo( Too — Тр) are shown in 
Figure 22.6.7.2c. In this case, the vibrational energy is not included. Note that the finite 
rate chemistry without mass diffusion provides the lowest wall heat flux with the frozen 
chemistry giving the largest magnitude. There is an indication that the thin boundary 
layer is not sufficiently resolved for the case of frozen chemistry, as seen from the fact 
that the peak value of Stanton number fails to occur at the stagnation point as it should. 
The results with vibrational energy are shown in Figure 22.6.7.2d. We observe that the 
Stanton number increases for some distance downstream of the stagnation point before 
it decreases further downstream. The effect of mass diffusion is clearly evident, causing 
the heat flux to be reduced. In Figure 22.6.7.2e, the influence of vibration and mass 
diffusion on the species distribution is shown. Note that the mass fraction of atomic 
oxygen (Yo) is reduced significantly due to vibration and mass diffusion. The excitation 
of vibrational energy reduces the flow temperature and subsequently decreases the 
dissociation process. 


(3) Thermochemical Nonequilibrium Hypersonic Flows with Two-Temperature Model 

In this example, the work of Park and Yoon [1991] is introduced to illustrate an 
implementation of vibrational, electronic excitation, and chemical reaction models de- 
scribed in (22.5.14—22.5.24) for thermochemical nonequilibrium flows at suborbital flight 
speeds. Here the nonequilibrium vibrational and electronic excitation and dissociation 
are taken into account without ionization. The steady-state of the resulting system of 
equations is carried out by using lower-upper factorization and symmetric Gauss-Seidel 
sweeping technique through Newton-Raphson iteration, together with the Roe's up- 
winding scheme. 

Sample calculations are made for flows over a circular cylinder of 1-inch diameter 
with its axis perpendicular to the flow direction, placed in the test section of a shock tun- 
nelasused by Hornung [1972] for interferometry experiments. The diameter ofthe cylin- 
der is 2 inches. The freestream conditions are: nitrogen density = 5.349 x 1073 kg/m’, 
velocity = 5.59 km/s, nitrogen atom mass fraction = 0.073, and temperature = 1833 К. 
Тће flow Mach number is 6.13, and the Reynolds number based on the body diameter 
is 24,000. The nitrogen flow is calculated using the 5-species model (Table 22.5.3) by 
setting the mole fraction of oxygen to be 1079. 

To compare with the experimental interferometry results of Hornung [1972], the 
interferometric fringes are computed from 
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Figure 22.6.7.2 Viscous hypersonic reacting flow with vibrational energy [Argyris et al., 1991]. (a) Geometry 
and finite element discretization. (b) Schematics of shock wave and boundary layer. (c) Stanton number (St) 
on the cylinder surface at 0° < 0 < 45° for different chemical models. (d) Stanton number (St) on the cylinder 
at0? < 0 < 45° for different internal degress of freedom. (e) Profiles of mass fraction of atomic oxygen normal 
to the cylinder surface at an angle of 0 = 20°. Reprinted with permission from Elsevier Science. 
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Figure 22.6.7.3 Comparison of hypersonic flows over a cylinder [Park and Yoon, 1991; Candler, 
1989]. (a) Hypersonic flow analysis, 2-inch diameter cylinder. (b) Hypersonic flow analysis, 
2 inch diameter cylinder. 


where F is the fringe number, Х is the wavelength, and £ is the experiment's geometric 
path. 

In Figure 22.6.7.3a(1), the calculated shock standoff distance for a perfect gas is 
very much larger than the measured value [Hornung, 1972]. The calculated fringes 
have no resemblance to the experimental fringes. It is interesting to note that as shown 
in Figure 22.6.7.3a(2), the shock standoff distance for the equilibrium gas is shorter than 
the measured value with the appearance of fringes still quite different from those of the 
experiments. 

In contrast, the results of the one-temperature model [Figure 22.6.7.3a(3)] become 
closer to the experiment. With the two-temperature model, the shock standoff distance 
and fringes match very well with the experiment as shown in Figure 22.6.7.3a(4). 


(4) Thermomechanical Nonequilibrium Hypersonic Flows with Multi-Temperature Model 

In this example, we compare the two-temperature model of Park and Yoon [1991] 
with the multi-temperature model of Candler [1989]. Here, we consider seven species 
(N2, O2, NO, МО“, М, O, e^) and six temperatures, with all other data being equal to 
those of Park and Yoon. However, the vibrational temperatures of different molec- 
ular species are calculated independently and the electron temperature is calculated 
separately. 
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Shown in Figure 22.6.7.3b(1) is the result of the one-temperature model of Candler 
[1989], indicating that the shock standoff distance is much shorter than that for the one- 
temperature model of Park and Yoon. When the six-temperature model is used, how- 
ever, the results are improved drastically as shown in Figure 22.6.7.3b(2), matching very 
well with the experiment. Such agreement is demonstrated also by the two-temperature 
model of Park and Yoon [1991]. 


22.7 SUMMARY 


In this chapter, the basic governing equations of reactive flows and combustion as well 
as their applications are presented. Equilibrium chemistry and finite rate chemistry are 
controlled by temporal and spatial scales which in turn dictate computational require- 
ments. They constitute the unique features of the reactive flows which are different from 
nonreactive flows. Complex physical properties involved in reactions and combustion 
processes must be represented in the computational schemes. 

Computations in reactive flows and combustion are difficult. Difficulties are mul- 
tiplied when turbulence dominates in reactive flows and combustion. This is because 
spatial scales in turbulence and time scales in reactive flows are coupled and the nu- 
merical resolutions of these physical scales represent a formidable task. The key to 
the issue is to use fine mesh, small time steps, and sophisticated numerical schemes 
with controlled implicit treatments as demonstrated in numerous example problems in 
Section 22.6. As pointed out in Section 21.8, the full-scale direct numerical simulation 
(DNS) with high resolution and high accuracy numerical methods will lead to our goal, 
hopefully when computer resources become available. 

As mentioned in Chapter 21, the role of FDV theory with various variation parame- 
ters, particularly in terms of the Damkóhler numbers, should be investigated. Only with 
the most accurate numerical schemes will DNS be fully effective. 
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CHAPTER TWENTY-THREE 


Applications to Acoustics 


23.1 INTRODUCTION 


Acoustics is the science that deals with sound waves such as in a combustion chamber, 
jet noise, oceanography, meteorology, architectural acoustics, and environmental acous- 
tics. Sound waves may occur in the quiescent air even with extremely small pressure 
disturbances. This could lead to a noise audible to the human ear. In this case, changes 
in all flow variables other than the pressure remain constant. On the other hand, the 
noise level can be extremely high (thunder or explosion), but still with fluctuations of all 
variables other than the pressure remaining more or less constant. This phenomenon 
may be referred to as the pressure mode acoustics. When fluids undergo circulations 
causing significant velocity gradients, vortical waves are generated, which then produce 
pressure disturbances. The noise coming from this action (vorticity) may be catego- 
rized as the vorticity mode acoustics. In many instances in nature or in engineering, we 
encounter rapid changes in temperature such as in hypersonic flows over a spacecraft 
creating an entropy boundary layer between the shock layer and velocity boundary 
layer, subsequently leading to pressure fluctuations. Entropy waves are predominant in 
this case. We may identify the noise generated by entropy waves as the entropy mode 
acoustics. 

The categorization suggested above was actually originated by Kovasznay [1953]. 
It is our intention to follow his suggestion in this chapter. However, it appears that 
the research in the acoustics community in general has been centered around acoustic 
waveforms (linear and nonlinear-N-waves), sound emission (radiation), and sound ab- 
sorption (viscous dissipation), under which a large number of subdivided disciplines can 
be identified. Selection of example problems under such vast subject areas is difficult 
for the purpose of this chapter, which is concerned only with an introduction of compu- 
tational acoustics. Thus, instead, in adopting the suggested categorization by pressure 
mode acoustics, vorticity mode acoustics, and entropy mode acoustics, it is necessary 
that appropriate governing equations be identified. For example, we may select suitable 
topics for the pressure mode acoustics in which the Helmholtz equation or its variant 
such as the Kirchhoff’s formula is used. For the vorticity mode acoustics, standard vor- 
ticity transport equation(s), Lighthill’s acoustic analogy, or Ffowcs Williams-Hawkings 
equation may be invoked. Pressure disturbances arising from the solution of these equa- 
tions will contribute to the vorticity mode acoustics. Using the first and second laws of 
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thermodynamics, the energy equation can be derived in terms of entropy in a variety 
of forms. In this process, the pressure disturbances and the entropy noise from this 
calculation is identified as the entropy mode acoustics. In all cases, it is useful to obtain 
analytical expressions for the pressure fluctuations from the governing equations used 
for each of the modes. Here, the concept of Green’s function will play a major role. In 
general, however, solutions of the Navier-Stokes system of equations can provide the 
most useful information. With proper filtering process (or time averages), the fluctua- 
tion components of all variables including the pressure fluctuations and the root mean 
squared pressure (ms) are calculated to determine the noise level. 

It is quite possible that the noise level calculated may actually be the combination of 
all three modes in a given physical situation, regardless of the equations being used for 
the solution. Thus, the quantitative determination of the magnitude of the noise level 
from the dominant mode and from the possible contributions of other less dominant 
modes in the system would be of interest. This is not attempted in this chapter. Instead, 
our focus will be to select suitable example problems under the suggested categorization, 
discuss the governing equations and computational methods, and evaluate the results. 

Some basic definitions used in acoustics are introduced below. The time-averaged 
value of a fluid property, say f, is defined as 


_ 1 t+At 
Ј=(ћ= ~ | f dt (23.1.1) 


where the symbols ‘~~’ and '( y’ imply time averages to be used interchangeably in what 
follows. From this result, the acoustic intensity I (Watt/m?) is defined as, with f — p 


t+At 
I= (pv) = xl pv dt (23.1.2) 
t 


from which the acoustic power тт can be calculated: 
T= | I: ndT = роао(и2)Г (23.1.3) 
r 


where Г denotes the surface area. The noise level is then determined either by the 
acoustic intensity level (IL) or by the sound pressure level (SPL). 


I 
IL = 101og,, Ty in dB (decibel) (23.1.4) 
re 


SPL = 20108) = 
Pref 


те, 


in dB (decibel) (23.1.5) 


where Lef = 10~'? Watt/m? at 1000 Hz (barely audible sound to human ear) and 1 
is the scalar acoustic intensity normal to the surface as determined from (23.1.2). The 
reference pressure (ру = 2.04 x 107> N/m’) corresponds almost to Zefin a plane wave, 
and рх; is the root-mean square pressure. 

In many engineering problems, we are concerned with unstable waves rather than 
the noise generation such as occur in combustion instability. They are undesirable phys- 
ical phenomena in view of efficiency of the engineering performance. In this case, the 
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acoustic energy tends to grow without bound in resonance, leading to an inefficient 
combustion and/or severe vibrations of the system. In this chapter, we shall address this 
subject as well as the acoustic noise generation. 

Acoustic problems are generally classified as a function of the generating source. 
For each class of problems there are standard techniques used to solve them. In the 
following sections, the most commonly used equations are described along with the 
solution methodology. 


23.2 PRESSURE MODE ACOUSTICS 


23.2.1 BASIC EQUATIONS 


The most commonly used equation in acoustics is the wave equation. It is derived from 
the continuity and momentum equations (in the absence of body forces and sources and 
sinks of mass) by writing the variables as the sum of the freestream and a fluctuation, 


р= р+р 
апа linearizing the equations around the freestream state. This leads to 


1 8? p! 
а OP 


— Vip = 0 (23.2.1) 


where ао is the speed of sound. Equation (23.2.1) assumes a zero convection velocity 
(i.e., v = 0). For a nonzero v, the convected wave equation is given by 


1/39 ~ 5 
— | Фу У) р Угр=0 (23.22) 
аб \ ot 


where the prime in (23.2.1) is neglected for simplicity. Multiplying (23.2.1) by e! and in- 
tegrating by parts over an appropriate time interval results in the well-known Helmholtz 
equation 


[+ (3) вео (23.2.3) 


where р = pe!” and о is the circular frequency. Equation (23.2.2) can also be written 
in the form of (23.2.3) using a change of reference frame defined by xy = x — vt and 
т = 1. 

In order to study the linear acoustic wave propagation generated by a known source 
(say a vibrating sphere), one can either use the various CFD methods presented in the 
previous chapters or, if possible, find a close form solution. For instance, depending upon 
the complexity of the source, a time domain Green’s function solution can be found 
for (23.2.1) and (23.2.2) and a frequency domain one for (23.2.3) [Howe, 1998]. For 
acoustic waves generated by large amplitude pressure disturbances, the nonlinear Euler 
equations should be used to capture the nonlinear wave propagation phenomena. In 
more complex problems involving shocks, boundary layers, and jets, the Navier-Stokes 
system of equations should be used (see Section 2.2.11). 
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23.2.2 KIRCHHOFF'S METHOD WITH STATIONARY SURFACES 


Kirchhoff’s formula is used in the theory of diffraction of light and in other electro- 
magnetic problems. It also has many applications to problems of wave propagation in 
acoustics [Pierce, 1981]. The idea of Kirchhoff’s formula is to surround the region of a 
nonlinear flowfield and acoustic sources by a closed surface. In the domain inside the 
surface, a nonlinear aerodynamic computation is carried out, which provides the pres- 
sure distribution on the surface as well as its time history. Outside this surface the acous- 
tic disturbance satisfies the stationary wave equation (23.2.1). To determine р(х, t), 
consider the homogeneous Helmholtz equation given by (23.2.3) whose solution is the 
Green's function G(y, x; о). It can be shown that 


др да 
pao) = ф | буге) еу, ө) — p ce n | nidst) 0324) 
5 ду; ду; 
where п is the unit normal on 5 directed into the fluid. Making use of the convolution 
theorem, the time domain solution can be written as 


p.n ф |-o6. yt =) Pet) + ролт) (куи = 1)} naso: 
(23.2.5) 


where the retarded time integration is taken over (—oo, oo). The linearized momentum 


equation gives poo = – it in the absence of the body forces, which leads to 
21 


п) = ф [66 yit тро ул) p буи = т)| пйда. 
Ј 
(23.2.6) 


Using the free space Green function given by 


1 
= $ 
4т |х — y| 


G(x, yt — 7) (t — т — |x — yl/ao) 


equation (23.2.6) becomes 


po 9 f уп(у, t — Ix — yl/ao) 
t)- d 
pon 4m af Ix — у! Sty) 


1 ə jf a 
Ат 0x; Js |х – у! 


njdS(y). (23.2.7) 


Equation (23.2.7) can be reduced to the following form: 


por Тор 1 ar ap 
4 = dS 23.2.8 
А, / E дп ron " dor дп дт ( ) 


where |x – y| = r is the distance between the observer and the source, dr/dn = cos 0 
where Ө is the angle between the normal vector and the radial direction and п the 
outward normal vector. In (23.2.8), the notation “[]” is used to denote the retarded 
time. 
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23.2.3 KIRCHHOFF’S METHOD WITH SUBSONIC SURFACES 


Hawkings [1977] proposed using the formula for predicting the noise of high-speed 
propellers and helicopter rotors. His idea consisted of surrounding the rotating blades 
by a closed surface, which moves at the forward speed of the helicopter. A nonlinear 
computation is carried out inside the closed surface, which gives the pressure distribution 
on the surface and its time history. Outside this surface, (23.2.6) is modified to account 
for the motion and is written as follows: 


д 19 1 др(д д 
E a Eder ( пм 2) us (23.2.9) 
ri anı Ti on, aori дт ony ony 


4np(x.t) = f 


5 
where the subscript ‘1’ denotes the transformed coordinates. The transformation used 
is that given by Prandtl-Glauret: 

x = х, у= Ву and zı = 32 
In (23.2.9), we have 


т = [бе – ху + ВУ) 0 20], в=(1— му“ 


and the retarded time becomes 
_ [1 — Мо(х – x')] 
ag? 
where Му is the freestream Mach number. The position of the source is given by 


(x', у, 2). For a zero freestream velocity, (23.2.9) reduces to (23.2.8), as can be eas- 
ily shown. 


23.24 KIRCHHOFF'S METHOD WITH SUPERSONIC SURFACES 


The convective wave equation (23.2.2) is still the governing equation; however, for a 
supersonically moving surface the time delay 7 is not uniquely defined. It is given by 


т = [Ен - М(х – x)]/aB where B= (М – 1). 


The radiated pressure field takes the form 


p or, 1 др 1 ap 
[| Oni ri on, aor B2 дт 


ә ә 
„= м :3] d$, (232.10) 
T 


атрхо) = | 


Si p дп1 ony 


where + notation indicates evaluation for both retarded times 1 * and t~. This equation, 
however, still presents a singularity at Mo — 1. In order to overcome this difficulty, 
Farassat [1996] and Farassat and Farris [1999] recently developed a Kirchhoff formula 
applicable across the whole speed range, but particularly useful for supersonic surfaces. 

The theories presented here allow the computation of farfield sound given the de- 
tailed flow field in the vicinity of the source. The choice of theory to be used is problem 
dependent. In Section 23.5.1, several examples are presented and solved. 


23.3 VORTICITY MODE ACOUSTICS 


23.3 VORTICITY MODE ACOUSTICS 


23.3.1 LIGHTHILL’S ACOUSTIC ANALOGY 


The sound generated by vorticity in an unbounded fluid is generally referred to as 
aerodynamic sound [Lighthill, 1952, 1954]. Most fluid flows of engineering interest are 
unsteady in nature, of high Reynolds number and turbulent. These flows are known 
to generate noise; that is, turbulent boundary layers, jets, and shear layers. Though 
the acoustic radiation is a very small by-product of the fluid motion, which creates a 
numerical challenge, it is becoming an important part of the flow solution. 

The theory of aerodynamic sound was developed by Lighthill [1952], who rewrote 
the Navier-Stokes equations into an exact, inhomogeneous wave equation whose source 
terms are important only within the turbulent region. Furthermore, at low Mach num- 
bers, the sound generation and subsequent propagation can be decoupled from the fluid 
motion. The momentum equation for an ideal, stationary fluid of density ро and sound 
speed ао subject to the externally applied stress 7;; is 


д(ру;) РМ 9(ag(p — ро)) eT 


23.3.1 
ot OX; OX; ( ) 


Using the continuity equation to eliminate (ру;) results in the well-known Lighthill 
acoustic analogy equation 

1 22 2Yr.2 92 Tj 

5 - У — = — L, 23.3.2 
(аат - Y lito – во] = та 0332) 
In the derivation of (23.3.1) an ideal, linear fluid is assumed. In such а fluid, the mo- 


mentum transfer is produced solely by the pressure. In (23.3.1) and (23.3.2), Ti; is the 
Lighthill stress tensor given by 


Ту = pvivj + ((p — po) — a&(p — ро))®у — ту. (23.3.3) 


Solution of (23.3.2) requires an accurate determination of the Lighthill stress tensor 
given by (23.3.3). When the mean density and sound speed are uniform, the variation 
in p produced by low Mach number, high Reynolds number velocity fluctuations are of 
order py M°, and ру;у j © poviv; with a relative error ~ O(M?) « 1. Similarly, we have 


P — po — ад(р — po) ~ (p — po)(1 — аб /а“) ~ O(pov? M2). 


Therefore, Tij ~ povjvj, when viscous stresses are neglected, the solution to Lighthill 
equation can be written as 


92 f рому; (у, t — |х — у|/ао) ву 
OXj OX; 4m|x — y| 


p(x,t) © 


2 
XiXj д || 3 
x L—M— viv;(y.t — Ix – у|/ао)ау, |х| > oo 23.3.4 
Amis ӨЙ | у, 1 — 1х — yl/ao)d"y, |х| ( ) 
where p(x, t) = ад(р — po) is the perturbation pressure in the far field. In general, in 
order to compute farfield noise from a jet, a shear layer or turbulent boundary layer; it 
is necessary to carry out an accurate CFD computation in the near field to determine 
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the Reynolds stresses and then use (23.3.4) for the farfield computations. Examples of 
accurate CFD computations include Direct Numerical Simulation (DNS), Large Eddy 
Simulation (LES), or even a well-resolved Unsteady Reynolds Averaged Navier-Stokes 
(URANS). 


23.3.2 FFOWCS WILLIAMS-HAWKINGS EQUATION 


When Lighthill’s acoustic analogy is used in flows with moving boundaries, moving 
sources or in turbulent shear layers separating a quiescent medium from a high-speed 
flow, it is necessary to introduce control surfaces. These surfaces can coincide with 
existing physical surfaces or correspond to a convenient interface between fluid regions 
of widely differing mean properties. Suitable boundary conditions are applied on these 
surfaces. 

Let f(x, г) be an indicator function that vanishes on the surface S and satisfies 
f(x, t) > 0 in the fluid where Lighthill’s equation is to be solved, and f(x, t) < 0 else- 
where. Multiply (23.3.1) by H( f) and rearrange into the form 


È (pv HGP) + => (НСЛаёФ — po)) 


д 


= —3x; РОЂ) + (рупу) – vj) + (р — ројћу пр). (23.3.5) 
; 1 


A similar process сап be applied to the continuity equation to obtain 


a; UI — рођ) + Eoi) = (pesi — %) + рой) (D. (233.6) 


Elimination of Hpv; between the two equations above leads to the well-known Ffowcs 
Williams-Hawkings equation 


2 
(292 - 77) LHC Юа - 00) 
0 


_ НТ) 9 
дх;дх; OX; 


+ (iei voe mln). 0332) 


(lev; - + (P= роу = s] = о) 


This equation is valid throughout the whole space. Using Green’s function, опе сап 
write down a formal outgoing wave solution. Written in an integral form, the Ffowcs 
Williams-Hawkings equation [1969] is 


92 By 
H(f)a2(p — ро) 2 ——— (| 
(Die - во) = козу}, ту 

д 

OX; 


dS;(y) 
4т |х — y| 


dS;(y) 
4т|х — y|’ 


$ [pvi(v; — vj) + pij] 
S(t) 


д _ Е 
dens [p(v; — vj) + pov;] (23.3.8) 
ді S(t) 
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where p;; = (p — Роја — ту, and the square bracket “[]” denotes the retarded time 
(т =t — |x — y|/ao). The surface integrals indicates a monopole and a dipole source 
contribution from the surface while the volume integral indicates a quadripole source. 
When v is zero in (23.3.5) (i.e., stationary surface), the generalized Kirchhoff formula 
is recovered. 
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2341 ENTROPY ENERGY GOVERNING EQUATIONS 


If temperature gradients are high, the fluctuation components of temperature can be 
very large, leading to entropy waves. In this case, we invoke the first and second laws of 
thermodynamics. At equilibrium in a continuous flowfield domain, the combined first 
and second laws of thermodynamics and Maxwell’s relations lead to [Chung, 1996] 


j= н 5) (23.4.1) 


Dt D "p 


p 
DS DH 1Dp 

T -= 23.4.2 
Б: Dr pD а 
р DT втр 

Ш рр (23.4.3) 


= Cp 
Dt Dt p Dt 


where S is the specific entropy, B is the thermal expansion coefficient, 


and other variables are defined in Section 2.2 and Section 22.2. It can be shown that the 
equations of momentum, energy, continuity, and vorticity transport for 3-D compress- 
ible flows are of the form 


Momentum 
ду А > 1 
ap УН“ ухе= ТУбфу WME ЕАУ, (23.4.4) 
Energy 
pc вт2? туы — kV? T = 0 for sound emission (23.4.5а) 
"Di п 
DS 2 | 
р T» = тууун — КУТ = 0 for sound absorption (23.4.5b) 
Continuity 
1 D TD 
LN ИЕ c GL (23.4.6) 
pa? Dt cy Dt 
Vorticity Transport 
д 
op TW: Vet oV v – (ы: Ују= VT x 75 + v»V3o (23.4.7) 
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where Й denotes the total enthalpy. Taking a time derivative of (23.4.5) and combining 
with (23.4.4), we obtain the acoustic analogy equation which may be used for determin- 
ing unstable entropy waves, 


a(1 др 1 a (BT DS 
Vel Vr edv dcn 23.4.8 
e x) Е p) суда + a(S 2j ( ) 


Although unstable entropy waves can be calculated from (23.4.8), it is more con- 
venient to use a form in which the entropy term is replaced by thermodynamic rela- 
tionships. This approach, known as the entropy-controlled instability (ECI) method, is 
intended to include pressure and vorticity modes as well as the entropy mode. Following 
Yoon and Chung [1994], the mathematical formulation is described below. 


23.4.2 ENTROPY CONTROLLED INSTABILITY (ECI) ANALYSIS 


In this approach, the energy equation is first written in conservation form. Upon dif- 
ferentiation of the convective terms, we isolate the derivative of total energy in terms 
of pressure gradients and subsequently in terms of entropy gradients. All variables are 
replaced by the sum of their mean and fluctuating parts. Furthermore, the logarith- 
mic form of entropy changes is replaced by truncated infinite series to retain highly 
nonlinear physical aspects of the system. The energy equation is then integrated by 
parts spatially, resulting in both domain and boundary surface integrals. These surface 
integral terms constitute the nonlinear, nonisentropic acoustic intensity acting on the 
solid boundaries. These terms are driven by the fluctuation of the enclosed fluid. The 
next step is to take time averages of all terms of the time-dependent domain integrals 
and time-independent surface integrals. These processes convert the partial differen- 
tial equation of energy into a nonlinear ordinary differential equation, characterizing 
the stability or instability of wave motions with the energy growth factor as the main 
dependent variable. 
For a nonisentropic flow, the pressure gradient is written as 


рі = api + (pa*/cp) Si (23.4.9) 
The spatial derivative of the stagnation energy E is given by 
р 1 
Ei = (cor - 5 + P). 


“урн + vivi (23.4.10) 


where R is the specific gas constant. Substituting (23.4.9) into (23.4.10) yields 
рЕ; = RI + 5 Si Tpvjvii (23.4.11) 


Consider now the energy equation written in the conservation form 


à 
a; 0D + (pEv; — о;у; + qi); = 0 (23.4.12) 


23.4 ENTROPY MODE ACOUSTICS 


Substituting (23.4.11) into (23.4.12) yields 


д р р 
3; 0D + (pEvi), + ДЕ + Ре + Ж = pv; Eji — (оуу) + qii =0 
(23.4.13) 


It is interesting to note that for large entropy gradients, (23.4.13) will be dominated 
by the term v;(p/ R)S;;, instrumental in nonlinear, nonisentropic wave oscillations. 

The most general form of the nonlinear, nonisentropic wave equation may be ob- 
tained by integrating (23.4.13) by parts spatially and taking a time average of the re- 
sulting equation. 


5 (ов)а9 а Егру; +p но weist S + (pvivj);v; | dQ 
| / 3! А), 


+ (| + 462 + Sn + мт) — gijVjhi — 21 аг) = 0 
is р 
(23.4.14) 


where О and Г represent the domain and boundary surface, respectively, (-) implies time 
averages and n; denotes the ith component of the outward normal vector to the surface. 
Physically, the time derivative term (first term) and spatial derivative terms (next five 
terms) represent the temporal growth and spatial growth of waves, respectively. The 
last six terms of boundary integrals imply the so-called acoustic intensity on the solid 
boundaries. 

From thermodynamic relations for an ideal gas, we may write the entropy difference 
in the form 


1 


pw р'\97 
$— S, = Rin (1 + =) (1 dk E) (23.4.15) 
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Expanding the right-hand side of (23.4.15) in infinite series we obtain 


5 = R[Sa) + 80) a S3) + S(4) T -] + So (23.4.16) 
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Note that the higher order terms (fifth order or higher) are neglected as they are small 
in comparison with lower order terms. 


23.4.3 UNSTABLE ENTROPY WAVES 
At this point, all variables may be written as 
р=р+єРр, vj = V; феу, p=ptep’, Т=Тљет (23.4.17) 


where the symbols, bar and prime, denote the spatial or temporal mean and fluctuating 
parts, respectively; and ғ signifies the energy growth factor (0 < = < оо) which is tem- 
porally dependent but spatially independent. Notice that є = 0 indicates vanishing of 
the fluctuating parts whereas € = oo implies an unbounded growth of fluctuations as а 
function of time. 

Substituting (23.4.16) and (23.4.17) into (23.4.14) yields 


a 
4€B + єЗЕ› + Е4Ез) – е2 – е1 – еВ = 0 (23.4.18) 


where 


E, -(j aaa), ве] aa), ве] aa) (23.4.19a-c) 

Q Q Q 

h =| | pag) - | || d"nar) (23.4.20a) 
Q Г 

= | || pean) - | | cP mdr (23.4.20b) 
Q Гг 

[^ -(j saa) - (f Par) (23.4.20c) 
Q Г 


where a(?, b, and c (i = 1,2, 3) consist of mean and fluctuating parts of variables. 

A glance at (23.4.18) indicates that the zeroth-order terms in € are canceled and first 
order terms vanish due to time averages, and Eg) is no longer an explicit function of 
time because of its time averages. Thus, the partial derivative with respect to time in 
(23.4.18) involves only е, not Ебу, so that 


de £I; - £3 b + e^ Lb 


= 23.421 
dt 2e E, + 3g Б + 4e3 Ез ( ) 
Or 
de 1 ЗЕ 9 E, 2 Es 
— = (eh -£b-- eger 1 " 23.4.22 
di а. Ок "2m e (22 E ) ( ) 


where higher-order terms and those terms much smaller than unity have been neglected. 
With some algebra we arrive at the nonlinear, ordinary differential equation, known as 
the stability equation, of the form 


de 
dt 


оце — oo£? — озе? = 0 (23.4.23) 
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with the energy growth rate parameters о; (i = 1,2, 3) defined as 


1 ЗЕ, 9/EN 25 
= I I 1 
Е | ! 2E e (2) al |] 


Notice that (23.4.23) is identical in form to Flandro [1985], although the basic approach 
to the formulation and the solution procedures differ, resulting in the energy growth 
rate parameters aç) entirely different from those in [Flandro, 1985]. For the case of 
linear and isentropic acoustic behavior, (23.4.23) is reduced to the results of Cantrell 
and Hart [1964] as demonstrated in Chung and Yoon, 1991 and Yoon and Chung, 1994. 

The energy growth factor e and energy growth rate parameters o; are so named 
because they both represent energy growth. However, 2 is devised such that it changes 
only as a function of time, which determines the stability of the entire domain as solved 
from the ordinary differential equation, (23.4.23). It does not change from point to point 
in the domain. On the other hand, the energy growth rate parameters o; are spatially 
dependent, calculated through numerical integrations of quantities a, 50), and c? in 
(23.4.19) and (23.4.20) as a result of the time-dependent flowfield solutions of Navier- 
Stokes system of equations. Through these combined processes, both = and о; can now 
be considered to depend on time and space, because (23.4.23) cannot be solved without 
the updated spatially dependent o;. 

It is seen that for linear stability (a2 = a3 = 0), we have 


de 
aa = 0 23.4.24 
m o ( ) 


This is a special case of (23.4.23) for linear and isentropic waves which Cantrell and Hart 
[1964] obtained from the integral method. Since the solution of (23.4.24) ise = e?!', given 
the initial condition, £(0) — 1, this condition is satisfied as follows: 


stable whene = 0, for a; = —oo (23.4.25a) 

neutrally stable when e = 1, foro; = 0 or t=0 (23.4.25b) 

unstable when = = oo, fore = 0, foro; = oo (23.4.25c) 
From (23.4.25a) and (23.4.25b) we have 

O0<e<l with -œ <œ <0 (23.4.25d) 


and from (23.4.25b) and (23.4.25c), we obtain 
l<e<oo with 0< a x oo (23.4.25e) 


Stability is assured with —oo < a, < 0 which implies that 0 < е < 1. This criterion ap- 
plies only to linear and isentropic waves. 

The linear stability criteria discussed above do not hold true for nonlinear and 
nonisentropic waves with a2 4 0 and оз Æ 0. The initial condition for ғ for the case of 
оо Æ О and оз Æ 0 is unknown at t = 0. The magnitude of £ is no longer the measure 
of stability. Instead, the time rate of change of e determines the state of instability 
regardless of initial conditions for ғ at t = 0. Thus the stability criteria for nonlinear and 
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nonisentropic waves are determined by the time rate of change of e (energy growth or 
decay) as follows: 


d 
stable when + <0 (23.4.26а) 
йє 
neutrally stable when = 0 (23.4.26b) 
de 
unstable when k 0 (23.4.26с) 


The variables involved in the energy growth parameters a1, oo, and оз are obtained 
from the numerical solution of Navier-Stokes system of equations. For this purpose 
the energy growth factor € becomes a scaling factor at a neutral state (e = 1) which 
corresponds to the standard definition such that, for any variable f, we write fore = 1 


= РЫ (23.4.27) 


This is in contrast to (23.4.7) in which fluctuations of all variables were scaled by the 
energy growth factor e. Once the Navier-Stokes solution for f and its time average 
f is obtained, then the difference between the two represents the fluctuating part f'. 
The scaling of f’ (or £f") is then required in the sense of (23.4.7) so as to determine 
whether the fluctuations may have a tendency to grow or decay. Thus f’ = f — f for 
e = 1, initially, allows us to provide data to compute a1, оо, and оз so that (23.4.23) 
can be solved. The initial values of € at t = 0 are independent of the stability criteria 
of (23.4.26a), (23.4.26b), and (23.4.26c). A numerical example using this concept of 
entropy-controlled instability (ЕСТ) method will be presented in Section 23.5.3. 
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23.5.1 PRESSURE MODE ACOUSTICS 


(1) Fluid-Structure-Acoustic Interaction 

Kirchhoff’s equations are widely used in the theory of light diffraction and other 
electromagnetic problems, boundary elements [Morino and Tseng, 1990], as well as in 
problems of wave propagation in acoustics [Pierce, 1981]. The example presented in 
this section deals with the special case of acoustic radiation from a vibrating structure 
[Frendi, Mastrello, and Ting, 1995]. The goal of the study is to establish the efficiency 
of Kirchhoff’s equation for the computation of acoustic radiation from vibrating struc- 
tures. In order to do this, two models are used: one in which the acoustic field is fully 
coupled to the structural vibration, and in the other, the two are decoupled. In the 
fully coupled model, the nonlinear Euler equations are used to describe the acoustic 
wave propagation and the nonlinear plate equations are used to describe the structural 
vibrations. These vibrations are excited using a harmonic plane wave acoustic source 
placed on the opposite side of the propagation domain. 

In addition to (23.2.4) and (23.2.5), the ideal gas law given by p = p RT is used, 
where р is the pressure, R the gas constant, and 7 the temperature. The initial con- 
ditions in the acoustic fluid are: u = v = w = 0, p= po and р = po. The boundary 
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conditions on the rigid and flexible structure are: v(x, 0, z, t) = 0 on the rigid surface 
and v(x, 0, z, t) = n(x, 2,1) on the flexible part with n(x, z, t) being the transverse 
velocity of the surface. The motion of the flexible surface is described by a system of 
three-dimensional, nonlinear partial differential equations, given by 


Eh 


1 ji 
DV + pphn + ут = Ар + т? [C + jos + vnz) + С T re) 


X (nz; + vn) + (1— vn (ud xin wy Ss wn) , 


0 0 0 
Ux T dyu s dwy = (т F din ) = Фу 1:2, 

Ие Е и UT (23511) 
ш а di Wix T du; = —т (т + дүт\ху) 7 Ф: 


where Vin = тх + 2Mexee + Тш. i = (1 — v)/2, d = (1 + v)/2 and D = El?/ 
12(1 — v?). In (23.5.1.1) u? and ш? are the in-plane displacements, and nis the transverse 
displacement. The physical constants appearing in (23.5.1.1) are the stiffness, D, the 
density, рь, the thickness, Л, the physical damping, у, the modulus of elasticity, E, and 
the Poisson ratio, v. Equations (23.5.1.1) are solved subject to the initial and boundary 
conditions, 


te, ид = w? == тү = 0, 


X = Xo, Xo + L, uw = ид =т= т; = 0, (23.5.1.2) 


z= 50, zo + W, u? = w =т= т; = 0. 


In (23.5.1.1), the load Ap is defined by Ap = 2p — [p? + p™], where p, p? and 
p? are the transmitted, incident and reflected pressures, respectively. The sum [p + 
p?] represents the loading and is chosen to be of the form p? + p = [e sin(wt) + 
e* sin(2ot)] H(t), where е, £* and o аге the amplitudes and frequency of the wave, and 
H(t) denotes the Heaviside unit step function. For small values of g, £* = 0 (linear), 
while for large values of £, £* = 2/2 (nonlinear). 

In the uncoupled model, the velocity potential Ф(7, x, y, 2) is governed by the simple 
wave equation given in (23.2.1) and the acoustic pressure and velocity are related to 
the potential by p — —po 2? and v = ae To produce the incident excitation given above, 
the incident potential should be of the form 


sal еи m PC [ше 


which is a solution to (23.2.1). In the case of a rigid surface d") (t, x, у, 2) = b(t, x, 
—y, 2), the total potential on the incident side is ф = 6 + ф() + фе) and that on the 
transmitted side is 6 = 6”, with both 6” and ф( satisfying (23.2.1). Since the ambi- 
ent fluid above and below the flexible structure is the same, the velocity potential in- 
duced by the structural vibration is anti-symmetric in y, in other words, b(t, x, у, z) = 
—e9»(t, X, —y, 2); this leads to a pressure difference across the structure of 


ab РО 


феб х, y, z) = 


Ap = 2n] 6t ^ gi 
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Solving the wave equation for фе) subject to the initial and boundary conditions given 
above we obtain Kirchhoff’s equation 


1 t / / 
$9 (tx, y > 0,2) = || || Im xs 2) гаг (23.5.1.4) 
2m R 


where the R = [(x — x’)? + y? + (z — zY?]!? denotes the distance from a point (x, y > 
0, 2) to a source located at (x', 0, 2) and [-] denotes the retarded value as defined in 
earlier sections. Since the time derivative of фб) is needed in the pressure difference 
equation, one can differentiate the above equation to obtain 


$ 1 t, P 
Ot, x,y >0,z)= Tf In, ыш (23.5.1.5) 
27 R 


Equations (23.5.1.1) and (23.5.1.5) are solved together to obtain the structural response 
and acoustic radiation. These equations form the decoupled model. 

The nonlinear Euler equations are solved using an FDM scheme developed by Got- 
tlieb and Turkel [1976], which is a modified version of the McCormack scheme, while the 
plate equations are solved by an FEM method [Robinson, 1990]. The integral given by 
(23.5.1.5) is computed by a combination of Simpson's and the trapezoidal rule. Results 
are obtained using both models for an excitation frequency of 751 Hz which corre- 
sponds to a natural frequency of the structure. At high levels of excitation, a harmonic 
is used (1502 Hz) in addition to the fundamental (751 Hz), in order to simulate an ex- 
perimental study. The structural parameters are considered to be uniform and are given 
by: density pp = 4450.15 kg/m?, modulus of elasticity E = 1.013 x 10° N/m?, Poisson 
ratio v — 0.33, and a damping ratio of 0.01 is used. The acoustic fluid properties are: 
temperature 7) = 288.33 K, density ро = 1.23 kg/m°, pressure ро = 1.013 x 10° N/m’, 
sound speed ао = 340 m/s, specific heat at constant volume cy = 1.004 kJ/(kg К), and 
the ratio of specific heats is y = с/с, = 1.4. 

For a small amplitude excitation, 130 dB or 6.8 x 107^ atm, the structural response 
is linear as shown by Figures 23.5.1.1 and 23.5.1.2. The nondimensional time histories 
of the displacement and near-field radiated pressure are shown in addition to their 
respective power spectra. The displacement is nondimensionalized with respect to the 
thickness, while the pressure is nondimensionalized with respect to poaz. Both the power 
spectra and the time histories show the presence of a single frequency indicative of a 
linear behavior. When the excitation level is increased to 174 dB, 0.22 atm, the response 
of the flexible structure becomes nonlinear as shown by both the time history and the 
power spectra (Figure 23.5.1.3). The response predictions obtained using both models 
are in agreement. In addition, both the near-field and far-field acoustic pressure results 
obtained using both models compare well (Figures 23.5.1.4 and 23.5.1.5). This is an 
important result since the cost, in terms of CPU time, is an order of magnitude lower 
in the uncoupled case. One can use the uncoupled model to predict, with reasonable 
accuracy, the structural response and the resulting acoustic radiation. 


(2) Blade-Vortex-Interaction Hover Noise 
Xue and Lyrintzis [1994] carried out three-dimensional computations of the noise 
generated by the blade-vortex-interaction (BVI) in a transonic regime. The near field 
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Figure 23.5.1.1 (a) The time history and (b) power spectral density of the 
panel center displacement for an excitation amplitude 130 dB (linear). 
[Frendi et al., 1995]. Reprinted with permission from Academic Press. 


is assumed inviscid and irrotational, which allows a potential flow formulation. These 
assumptions are reasonable since the flow is dominated by the inviscid effects and the 
shocks are not strong enough to generate sizable vorticity. The potential equations are 
solved using FDM. These near-field results are then coupled with a rotating Kirchhoff 
method to obtain the far-field noise. 


The full potential equations written in a strong conservation form and in generalized 
coordinates are 


д fp 9 (pU 9 (pV 9 (pW) _ 
(5) *x Gr) * ЕЗУ C) =° PES 


with the density given by 


p= fı = 1— pe, + (О + &)Ф + (V + п)Ф, + (У/ + sel" (23.5.1.7) 


and U,V, and W are contravariant velocities along the ё, т, and с directions, 
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Figure 23.5.1.2 (а) The time history and (b) power spectral density of 
the transmitted near-field pressure, 2.54 cm from the panel center, for 
an excitation amplitude 130 dB (linear) [Frendi et al., 1995]. Reprinted 
with permission from Academic Press. 
respectively, and are given by 
U = & + АФ + АФ, + ASO, 
У = ту + АФ; + АФ, + АФ. (23.5.1.8) 
W = с + БФ: + АФ, + АФ; 
апа 


A =& + E +E? 

А; = т> + " F т 

Аз = e +52 + e 

Ag = Em + буту + Епа (23.5.1.9) 
As = ёс; + бубу + 6,62 

Аб = "6x + тубу + 1:6: 

J = Er (Mysz — тебу) + ти (6 бу — EySz) + ба (буте — бту). 
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Figure 23.5.1.3 (a) The time history and (b) power spectral density of the 
panel center displacement for an excitation amplitude 174 dB (nonlinear) 
[Frendi et al., 1995]. Reprinted with permission from Academic Press. 


Here, A; through Аб are metric quantities, and J is the Jacobian of the transforma- 
tion |9(Е, n, с )/9(x, y, z)|. A tangency boundary condition is used on the blade surface 
and a nonreflecting boundary condition at the outer radial position. In order to carry 
out the Kirchhoff integration to the far field, a rigid control surface wrapped around 
the rotating blade is used. Therefore, the control surface rotates with the blade. 

Using Morino's rotating Kirchhoff formulation, we obtain the pressure of an ob- 


server in the rotating coordinate system as 


1 —19р a(-1 _1ap (a0 
ж.) = 
Ps.) эк // [5 Эп x; )e+5 Р (224 


with 


= —n- V, +M-nM- У, 


S| 


il "| dS 
ао т, 


(23.5.1.10) 


(23.5.1.11) 


The above equations are valid for any arbitrary moving surface. For the case of a rotating 
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Figure 23.5.1.4 (a) The time history and (b) power spectral density of 
the transmitted near-field pressure, 2.54 cm from the panel center, ex- 
citation amplitude 174 dB (nonlinear) [Frendi et al., 1995]. Reprinted 
with permission from Academic Press. 
surface (i.e., hover) 
1 1 А 
M--—(oxX, М, = (ох X,) ô = (1 M). (23.5.1.12) 
do а0 


The location having the subscript **' represents the observer's location, the other rep- 
resents the source. The symbol Ө in (23.5.1.10) is given by 0 = т“ — tx, with 7* being the 
source emission time and is the solution to 
Xt.) — X(T 
„ PRO) = Хеј _ 
do 


0 (23.5.1.13) 


where т represents the source time. 

Farassat and Myers [1988] derived a rotating Kirchhoff formula for a stationary 
Observer and a rotating control surface. Their formulation is mathematically identical 
to that of Morino (above) after making a coordinate transformation. The advantage of 
Farassat and Myers' formula is that it allows direct comparison with experiments. 

The model and numerical techniques were tested using a problem with a known an- 
alytical solution. The results showed good agreement between all the solutions. Results 
were then obtained for a nonlifting rotor with the NACA 0012 airfoil section shown 
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Figure 23.5.1.5 (a) The time history and (b) power spectral density of the 
transmitted far-field pressure, 203.2 cm from the panel center, excitation 
amplitude 174 dB (nonlinear) [Frendi et al., 1995]. Reprinted with per- 
mission from Academic Press. 


in Figure 23.5.1.6. An 80 x 25 x 25 grid was used, and 600 time-steps were taken. Each 
time step corresponds to a 0.3-deg rotor azimuth per time step. It should be noted that 
to get better results for lift coefficient versus blade rotation V, 0.125 deg should be used 
for AW. The observer position is defined using distance d and angles o and (3 shown in 
Figure 23.5.1.7. Figure 23.5.1.8 shows the noise signal for a = 60 and B = —30. It can be 
seen that with increased tip Mach number the two disturbances increase proportionally. 
Figure 23.5.1.9 shows the effect of vortex strength and location. Both parameters have 
a significant effect in the resulting noise as shown in Figure 23.5.1.9. A higher vortex 
strength increases both disturbances, while a higher distance decreases both of them 
and especially the second one. A low vortex strength and a higher distance are desirable 
for low BVI noise. 


(3) Noise Level in Rocket Nozzle Exhaust 

To illustrate, let us consider the rocket nozzle investigated by Carofano [1984] 
using FDM/TVD and subsequently by Chung and Yoon [1993] with FEM/FDV. The 
geometry, initial and boundary conditions shown in Figure 23.5.1.10a, along with the 
shock positions of both computations at t = 0.0012 sec favorably compared in 
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Figure 23.5.1.6 Hover parallel blade-vortex interaction and rotating Kirchhoff surface S [Xue 


and Lyrintzis, 1994]. 


Figure 23.5.1.10b. The noise level variations as a function of time at points A and B 
are shown in Figure 23.5.1.10c,d. Note that the initial discontinuities are indicative of 
the secondary shock and adjacent vorticity formation. The noise level reaches the con- 
stant value of approximately 193 dB at t = 0.00045 sec for A, with some delay (0.0005 


sec) at point B. 


Figure 23.5.1.11a shows the density distribution at t = 0.0012 sec in which the pri- 
mary shock wave dominates the front, followed by slip (contact) surface and by the 
secondary shock. Vorticity develops at the upstream region. Expansion waves start at 
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Figure 23.5.1.7 Observer's position for a rotating blade [Xue and 
Lyrintzis, 1994]. 
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Figure 23.5.1.8 Different Mach numbers for hover parallel BVI, M = 
0.8, 0.75, 0.7, and 0.6, Г, = 0.2, Z = —0.26 at position d = ЗК, а = 60, 
В = —30 [Xue and Lyrintzis, 1994]. 


the exit separation points, which are connected to the secondary and slip surface. These 
physical phenomena are consistent with a typical plume flowfield. The corresponding 
pressure, temperature, and Mach number distribution are shown in Figures 23.5.1.11b-d. 
In Figure 23.5.1.11e, the two-dimensional distributions of noise level at t = 0.0012 sec 
are shown. Note that beyond regions of vorticity and second shock, the noise level 
once again becomes constant, reflecting the flowfield. Similar plots are shown in Figure 
23.5.12a-e for t — 0.0025 sec, demonstrating the progress of flowfield and noise level. 


(4) Noise Control in Perforated Muzzle Brake 


The geometry of flow through a vent hole in a perforated muzzle brake is shown 
in Figure 23.5.1.13a initially investigated by Carofano [1987] using FDM/TVD and 
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Figure 23.5.1.9 Different Mach numbers for hover parallel BVI, M = 
0.75 at position d = 3R, a = 60, B = —30 [Xue and Lyrintzis, 1994]. 
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Figure 23.5.1.10 Geometry, initial and boundary conditions for the rocket nozzle exhaust. (a) Geometry and 
initial and boundary condition. (b) Shock locations at t = 0.0012 sec. (c) Noise level at point A. (d) Noise level 
at point B. 


subsequently by Chung and Yoon [1993] using FEM/FDV. The computed density 
distributions in the test section and the vent hole are shown in Figure 23.5.1.13b. Note 
that expansion waves fan out from the left corner and coalesce into a strong shock at the 
right corner extending into the vent. Above these expansion waves and shock waves, no 
significant flowfield develops as expected. The corresponding distributions of pressure, 
temperature, and Mach number are shown in Figures 23.5.13c,d,e. 

To accentuate details of the flowfield in the vent, the distributions of density, pressure, 
temperature, and Mach number are redrawn in Figures 23.5.1.14a-d. Note that density 
and pressure distributions exhibit sharp changes in gradients toward downstream of the 
vent. This indicates that the role of the vent is to reduce the noise at the expense of 


23.5 EXAMPLE PROBLEMS 


(a) (b) 


(d) 


1000.0 


bi 
|| 


(е) 


Figure 23.5.1.11 Noise level (dB) distribution апа correspond- 
ing flowfields at t = 0.0012 sec. (a) Density distribution. (b) Pres- 
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Figure 23.5.1.12 Noise level (dB) distribution and corresponding flowfields 
at t = 0.0025 sec. (a) Density distribution. (b) Pressure distribution. (c) Tem- 
perature distribution. (d) Mach number distribution. (e) Noise level (dB). 
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(b) (d) (e) 
Figure 23.5.1.13 Geometry and flowfields іп a perforated muzzle break at steady-state. (a) Geometry and 
initial boundary conditions. (b) Density. (с) Pressure. (4) Temperature. (е) Mach number. 


heat exhaust. Thus, the proper sizes and geometries of the vent can serve as an excellent 
noise control device. 

For the purpose of comparison of these results with the experimental data of 
Carofano, we examine the pressure ratios at various locations (Figure 23.5.1.15a). At 
x/ D = 0.0 the pressure ratio (р/р,) vs. y/ D are shown in Figure 23.5.1.15b. The re- 
sults of FEM/FDV (solid line) are identical to the experimental results (solid circle) 
at y/ D « 0.3. Some deviations of the Carofano calculations (dotted line) from the 
FEM/FDV solution are noted. For the rest of the locations (Figure 23.5.1.15c-g) the re- 
sults of the FEM/FDV are compared favorably with the experiments. It should be noted 
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Figure 23.5.1.14 Flowfields through a vent hole in a perforated muz- 
zle break at steady-state. (a) Density distribution. (b) Pressure distri- 
bution. (с) Temperature distribution. (4) Mach number distribution. 


that Carofano used the low-resolution TVD scheme. Had the high-resolution scheme 
been used, however, it is anticipated that a closer agreement with the experiments and 
FEM/FDV would have been achieved. 


23.5.2 VORTICITY MODE ACOUSTICS 


(1) Isotropic Turbulence 

Applications of the Lighthill acoustic analogy are numerous. Recently, Sarkar and 
Hussaini [1993] developed a Hybrid Direct Numerical Simulation for the computation 
of sound radiated from isotropic turbulence. This method consisted of using DNS to 
resolve the turbulent flow together with the Lighthill acoustic analogy for the farfield 
sound. They suggested that using the first form of (23.3.1.4) would be more advantageous 
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834 


APPLICATIONS TO ACOUSTICS 


computationally because it requires less storage. Due to the retarded time effect in the 
acoustic analogy, the velocity field at time т is associated with the observer point at time 
t = т + т/ао where ғ is the distance between the source and the observer. Two methods 
are used to account for the effect of retarded time: time accumulation and spatial 
interpolation. In the time accumulation method, the observer time t was approximated 
by t = [(т + r/ao)/ At|At where the quantity between brackets is an integer and At 
denotes the time step used for time advancement of the flow. The advantage of this 
method is that it doesn't add to the memory requirements of the computation. Its 
disadvantage is that it is a zeroth order interpolation in time and causes errors of order 
At. In the spatial interpolation method, one finds the surfaces in the computational 
volume that lie at distances nao At from the observer, computes the source at these 
points by spatial interpolation of the fluid velocity on the computational grid, and then 
obtains the contribution from these source points with appropriate time delays at the 
Observer point. 

In order to test these numerical techniques, known monopole and quadrupole 
sources located at the center of the computational domain were used. Exact solutions 
for the radiated acoustic field can be obtained in these cases and are given by 


p(x, t) = ic cos[w(t — r/ao)] (23.5.2.1) 


for the monopole and 


2co? d? 
p(x, t) = 5 sin 26 sin 0(cos[o(t — r/ao)]) (23.5.22) 
4nrag 


for the quadrupole. In (23.5.2.2), (r, 0, ф) are the spherical coordinates of the observer 
point with respect to the source and 2d is the length of a small square at the center of the 
computational domain at the vertices of which the monopoles are placed to simulate a 
quadrupole. The quadrupole is located at the cartesian coordinates (т, т, п), while 
the sound source is measured at (100, 100, 100). The nondimensional values used are 
œ = 2, d = 0.78, and ао = 25. For the monopole case, the computed solution, which was 
obtained with 6 points per time period of the oscillation, has the correct amplitude but 
had a phase error of the order of o Ar. For the quadrupole case, a time step of 0.1 was 
used (i.e., 30 points per time period), the computed acoustic pressure was zero; it took 
3,000 points per time period to obtain a good agreement with the analytical result. The 
phase error has disastrous consequences in the case of a quadrupole, because the sound 
amplitude is very sensitive to phase cancellation, unlike the case of a monopole. It is 
shown that in the case of turbulent flow, the number of time points needed per oscillation 
of the source is of the order of 1/ M? where M, is the turbulent Mach number. 

In the quadrupole case, when a spatial interpolation technique is used to account for 
the retarded time effects, the number of points needed to resolve the smallest acous- 
tically important scale of the turbulent flow must be of the order M” (+) Where В 
is the order of the interpolation scheme. This implies that a high order interpolation 
scheme is needed for low Mach number turbulence (third order or higher). Because of 
the severe time step restrictions in low Mach number turbulence, the second form of 
(23.3.1.4) is used in the following example. 
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Once these initial tests were completed, the actual problem of sound radiation from 
an isotropic turbulence is addressed. The turbulent flow inside a cubical domain is com- 
puted by solving the Navier-Stokes equations numerically. Since the turbulence is ho- 
mogeneous, periodic boundary conditions are used in all three directions. A Fourier 
collocation method for the spatial discretization of the governing equation is used 
together with a third order low storage Runge-Kutta scheme for time advancement. 
Initial conditions are needed for v;, p, p, and T. The initial velocity field is divided into 
two components: solenoidal and compressible velocity fields. The solenoidal velocity 
field which satisfies V · v = 0 is chosen to be a random Gaussian field with the power 
spectrum E(k) = К exp(—2k?/k2,) where km corresponds to the peak of the power 
spectrum. The compressible velocity field which satisfies V x v€ — 0 is also chosen 
to be a random Gaussian field satisfying the same power spectrum. The power spec- 
tra of the two velocity components are scaled so as to obtain a prescribed v,,4,, and a 
prescribed x = УС, /v,,4, which is the compressible fraction of kinetic energy. The pres- 
sure associated with the incompressible velocity is evaluated using the Poisson equation 
V?p! = —ру{ уу. The mean density p is chosen to be unity, p is chosen so as to obtain 
a prescribed Mach number characterizing the turbulence (7 У, / У у p/p). The fluc- 
tuating density and compressible pressure are chosen as random fields with the same 
power spectrum as that given above. 

The results are obtained for a Lighthill tensor of the form 7;; = pv;v;. Two com- 
putations are carried out using two different time steps, the second case having half 
the time step of the first, that is, At£o/ Ko = 0.00375. The spatial discretization used 
is a uniform 64? grid, while the initial parameters are: viscosity vo — 1/225, the tur- 
bulent Mach number М; o = 0.05, and the Taylor microscale Reynolds number К о = 


Ds 


sound). Figure (23.5.2.1a) shows the evolution of the acoustic pressure at a far-field 
point as a function of eddy turnover time. The acoustic pressure decreases with time 


38 (Ro = qA/v,q = J VIV, = 4/41 о1о, while М, = д/а where а is mean speed of 
1 1 р 
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Figure 23.5.2.1 Acoustic pressure at a farfield point. [Sarker and Hussaini, 1993]. (a) Case 1, Ateo/ko = 
0.00375. (b) Case 2, At£o/ ko = 0.0075. 
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because of the decay in turbulence. Reducing the time step by half leads to the far-field 
acoustic pressure shown on Figure 23.5.2.1b. A small difference in the details of the 
time history can be seen. 


(2) The Ffowcs Williams-Hawkings Equation 

Singer et al. [1999] examined the difficulties involving the use of a hybrid scheme 
coupling a CFD flow computation with the Ffowcs Williams-Hawkings equation to 
predict noise generated by vortices passing over a sharp edge. Three sound radiation 
model problems are studied: a circular cylinder in a cross flow, a two-dimensional vortex 
filament moving around the edge of a half plane, and vortices convecting past the trailing 
edge of an airfoil. Following Brentner and Farassat [1998], the differential form of the 
Ffowcs Williams-Hawkings equation (23.3.7) is used. An integral representation of this 
equation can be written directly by utilizing formulation 1A of Farassat and Myers 
[1988] and Brentner [1986]: 


р(х, t) = pr(x, t) + pix, t) + pol, t) (23.5.2.3) 
where 
_ po(Un T Un) poUn(r M, + ao( M, = M’)) 
барта) = f, EE |. o је 
(23.5.2.4) 
апа 
o1 E, 1 L,(r M, + a«( M, — M?)) 
о“ је |a - uy J^" aj lal P(r — My је 
L, = Ly 
+ ] Е Er (25525) 


Here the dot indicates a time derivative, Гу = L; M; where M; is the Mach number in 
the i-direction, r is the distance from a source point on the surface to the observer, and 
the subscript r indicates the projection of a vector quantity in the radiation direction. 
The quadrupole term po(x, t) can be determined using a method developed by Brent- 
ner [1997] (or some other technique). However, in the examples presented here, it is 
neglected. 

The Navier-Stokes system of equations is solved using a Finite Volume Method 
implemented in a code known as CFL3D [1997]. Results from the CFD code are inter- 
polated onto the integration surface used in the Ffowcs Williams-Hawkings equation. 
Equations (23.5.2.6) and (23.5.2.7) are integrated using a code developed by Xue and 
Lyrintzis [1994]. 


(3) Circular Cylinder 

The first example problem considered is that of a circular cylinder in a cross flow. 
The diameter D of the cylinder is 0.019 meters and a span of 40D is used. The freestream 
Mach number is 0.2. Viscous two-dimensional computations are performed with a 
Reynolds number of 1000 based on freestream velocity and cylinder diameter. The 
acoustic signal is observed at a position 128D from the cylinder center along a line 
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Figure 23.5.2.2 Acoustic signals computed for various integration surfaces 
[Singer et al., 1999]. 


mutually perpendicular to the freestream direction and the cylinder axis. The CFD 
grid about the cylinder is stretched both radially and circumferentially such that more 
points are concentrated in the cylinder wake than upstream of the cylinder. The Ffowcs 
Williams-Hawkings integration surfaces are taken on the cylinder itself and at distances 
1.5D, 2.5D, and 5.1D. 

Figure 23.5.2.2 shows the computed pressure signals at the observer point for the 
different integration surfaces and using both Kirchhoff and the Ffowcs Williams- 
Hawkings formulations. The computed acoustic signal is not expected to vary with 
the integration surface location because the contribution of the quadrupole sources are 
negligible [Cox, 1997]. The use of integration surfaces that cut through the cylinder wake 
does not appear to adversely affect the results with the Ffowcs Williams-Hawkings for- 
mulation. However, the figure shows that widely varying results are obtained from 
a standard Kirchhoff formulation for the same problem with the same integration 
surfaces. 


(4) Vortex Line 

The next model problem to be considered is that of a line vortex moving around 
the edge of a half plane. An analytical solution was derived by Creighton [1972] for low 
Mach numbers. The velocity potential, ф, is given by 


£^  — MV?sin(9/2) 


where r is the nondimensional distance from the edge and 0 is the angle measured 
relative to the positive x axis. To test the ability of the Ffowcs Williams-Hawking 
equation to propagate a scattered acoustic field, the exact acoustic solution to the 
problem, (23.5.2.8), with M — 0.01 is used to establish flow conditions on an integra- 
tion surface defined by a rectangular prism with —200a < x < га, —2a < y < За and 
—500a « z « 500a where z is the spanwise coordinate. 

Figure 23.5.2.3 shows a comparison between the exact solution derived from 
(23.5.2.6) and the numerically propagated solution for observers at a radius 50a from 
the edge. To achieve these results, 250 cells are used in the x-direction, 50 cells are used 
in the y-direction, and 2500 cells are used in the z-direction. Reduction of the number 
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Figure 23.5.2.3 Acoustic pressure squared at r = 
50a for line vertex moving around semi-infinite 
plate with M = 0.01 [Singer et al., 1999]. 


of cells or a significant shortening of the domain will result in a degradation of the 
results. The good agreement between the numerical and analytical solutions shown by 
Figure 23.5.2.3 is obtained using a large z-direction domain. This is due to the no- 
penetration boundary condition used which makes much of the plate appear to radiate. 
Therefore, the domain must be made large enough to contain all the acoustic sources. 


(5) Airfoil Trailing Edge 

The next model problem studied is that of vortices convecting past the trailing edge 
of an airfoil. In order to avoid the Reynolds number variation for different Mach num- 
bers, inviscid computations are carried out. The small amount of numerical dissipation 
was thought to be enough to produce vortex roll-up shortly downstream of the vortex 
generator plate. A 2.6% thickness NACA 00 series airfoil was used. The chord C is 
chosen to be 1 meter. For purposes of the acoustic calculation, the span of the airfoil is 
twice the chord. The flat plate (or vortex generator) is introduced at 98% of the chord 
and extends from 0.0015C to 0.0025C above the airfoil chordline. In the presence of 
flow, vortices roll up just downstream of the flat plate, alternately near the plate’s top 
and bottom edges. The dominant shedding frequency f, is related to the plate height 
via the Strouhal number St = Lf; / Оо where Up is the freestream velocity. 

Figure 23.5.2.4 shows the seven-zone patched grid computational domain used. This 
partition is chosen so as to capture the relevant physics. The computational domain 
extends 2C upstream of the leading edge, 2C downstream of the trailing edge, and 2C 
above and below the airfoil chordline. The boundary conditions used are freestream 
conditions upstream, farfield conditions above and below the airfoil, and extrapolation 
at the downstream boundary. The effect of time and grid resolution on the CFD results 
is shown on Figure 23.5.2.5 where the spectra of the pressure coefficient at a location 
directly under the vortex generator are shown. Increasing the resolution makes the 
spectrum fuller and shifts the dominant frequencies to slightly lower values. In order 
to calculate the acoustic field using the Ffowcs Williams-Hawking equation, two inte- 
gration surfaces are considered, one on the airfoil and the other 1% of the chord off 
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Figure 23.5.2.4 Grid resolution in the various com- 529x113 K 337x145 
putational zones [Singer et al., 1999]. 97x257 
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the airfoil. Far-field acoustic signals are obtained at several locations 10C away from 
the trailing edge of the airfoil. Figure 23.5.2.6 shows spectra of the acoustic signal for 
several observer positions. The angular measurements are increasing conterclockwise 
from the 0 degrees position pointing directly upstream of the trailing edge. The figure 
shows much reduced noise levels directly upstream and downstream from the trailing 
edge. 


23.5.3 ENTROPY MODE ACOUSTICS 


(1) Entropy Controlled Instability (ECI) Analysis Rocket Motor Combustion 

We have shown that the thermodynamic formulation of unstable wave phenomena 
characterized by the pressure, vorticity, and entropy modes leads to the nonlinear or- 
dinary differential equation in Section 23.4. However, to determine the energy growth 
rate parameters сц, o2, and оз, it is necessary that the mean and fluctuating parts of all 
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Figure 23.5.2.5 Spectra of pressure coefficient under vortex- 
generator plate for different grid resolutions M — 0.2 [Singer 
et al., 1999]. 
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Figure 23.5.2.6 Spectra of acoustic signals (referenced to 
20 Pa) for various observers all located 10C from trailing 
edge of airfoil. On-airfoil-body integration surface used, 
M = 02 [Singer et al., 1999]. 


variables be calculated. Toward this end, we must first solve the Navier-Stokes system 
of equations using any of the CFD methods discussed in Parts Two and Three. In this 
analysis, the finite element Taylor-Galerkin scheme is used. The initial time-dependent 
oscillatory pressure (initial condition at boundaries) is assumed to be of the form 


p — p(1- dsinot) (23.5.3.1) 


where p is the mean pressure, d is the percent disturbance from the mean pressure, and 
€ is the fundamental driving frequency. The fluctuating part is obtained from 


p =p-p (23.5.3.2) 


where р and р are the Navier-Stokes solutions with and without the disturbances, 
respectively. Similar calculations are carried out for all other variables to determine the 
fluctuating parts of density, temperature, and velocity components. 

Once the fluctuation parts of all variables are calculated, we then evaluate all do- 
main and boundary integrals of (23.4.19) and (23.4.20) to compute the energy growth 
parameters in (23.4.23). Now it is a simple matter to solve the nonlinear ordinary differ- 
ential equation (23.4.23) using a standard method such as the fourth order Runge-Kutta 
scheme. At this point, since (23.4.23) is nonlinear and the initial condition for the en- 
ergy growth factor, =, is unknown, we begin with e equal to a very small number. As the 
solution process continues with small discrete computational steps (At), € may either 
increase or decrease, resulting in limiting or triggering behavior, regardless of initial 
values of £ used for the analysis. 

The procedure described above is based on the assertion that the linear stabil- 
ity criteria for (23.4.24) may not be applied to the nonlinear stability as predicted by 
(23.4.23), contrary to the earlier analysis of Chung and Yoon [1991]. Thus, it is expected 
that, with certain combinations of the energy growth rate parameters од, оо, and оз 
which are dictated by the solution of the full Navier-Stokes system of equations, two 
prominent stability phenomena can be identified: limit cycles and triggering toward an 
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Figure 23.5.3.1 State flowfield for side-burning rocket motor, burning surface boundary conditions: p = 


29.7 kg/m?, У = 1.22 m/s, T = 1134 К, Р = 1400 psi, Mach no. = 0.0018, laminar calculations [Yoon and 
Chung, 1994]. (a) Geometry. (b) 096 disturbance. (c) 6% disturbance. 


unbounded instability as discussed by Flandro [1985]. We shall examine these physical 
aspects through oscillations of a typical rocket combustion chamber, based on Yoon 
and Chung [1994]. 

Consider an axisymmetric typical side-burning rocket shown in Figure 23.5.3.1a. The 
bottom face represents the axisymmetric centerline. The initial and boundary conditions 
are: On the burning surface the tangential and axial velocity components are zero, with 
M = 0.0018, P = 1400 psi, p = 29.6742 Колт, Т = 1095 K, and y = 1.4. 
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The time-dependent solutions of the Navier-Stokes system of equations using the 
Taylor-Galerkin methods together with pressure corrections for low Mach number flow 
are obtained first without disturbances and subsequently with disturbances of 4%, 6%, 
and 8%. With the integration time increments At = 0.0005 s, calculations are carried 
out until a steady state is reached. Thus, the fluctuation parts of any variable f are 
calculated from (23.4.27) as the difference between the Navier-Stokes solution and its 
time average. Turbulent flow calculations with the K—e model as well as laminar flows 
have been carried out. 

The steady-state Navier-Stokes solutions for streamlines, Mach number, pressure 
temperature, and density without disturbance are shown in Figure 23.5.3.1b for the 
laminar flow. They represent typical side-burning rocket flowfields in which low ve- 
locities and high pressure prevail in the combustion chamber, but high velocities and 
shock waves combined with turbulent flows dominate toward downstream. Note that 
the isocontours are shown only for the downstream edge of propellant. 

Figure 23.5.3.1c shows the same analysis as in Figure 23.5.3.1b except that the 6% 
pressure disturbance is applied to the system. Note that spatial oscillatory motions of 
pressure, temperature, and density appear even at the steady state due to the distur- 
bance applied at the burning surface. With fluctuation parts v;, р’, T', and p’ together 
with the mean quantities v;, p, T, and p now available, we then calculate the energy 
growth rate parameters a1, o? and оз via a?, Бе), and c? in equations (23.4.19 through 
23.4.20). 

In Figure 23.5.32, the energy growth factors versus nondimensionalized time for 
the laminar flow with 496 disturbances are shown. Here the nondimensionalized time is 
referenced to the time period used to solve (23.4.23), with t = O and t = 1 corresponding 
to the start and end (steady state) of Navier-Stokes solutions, respectively. For various 
initial values (0.001 < e < 0.01), the energy growth factors converge to zero as time 
increases. For the turbulent flow, however, the energy growth factors approach a sta- 
ble limit cycle with e = 0.0004 as shown in Figure 23.5.3.2a(2). It is interesting to note 
that, if disturbances are increased to 6% for the laminar flow [Figure 23.5.3.2b(1)], 
then the initial value of £ = 0.001 increases toward є = 0.006. Note that all other 
higher initial values of € move downward and converge toward є = 0.006 as shown in 
Figure 23.5.3.2b(1). On the contrary, in Figure 23.5.3.2b(2) for turbulent flows, all values 
of e move toward instability regardless of their initial values of £. For 8% disturbances 
(Figure 23.5.3.2c), the trend toward instability is drastic with the turbulent flow being 
much more severe. These results indicate that, although the initial values of ғ are ar- 
bitrarily chosen, the stable limit cycles prevail for smaller disturbances, but they are 
triggered into an unbound instability for larger disturbances. 

In Figure 23.5.3.3, the time rates of change of e, (d£/dt) vs. € itself are shown for both 
laminar and turbulent flows at various disturbance percentages. These results confirm 
the trend observed in the previous figures. It is seen that turbulence induces instability 
otherwise stable in laminar flows, and that the increase of percent disturbances drives 
the system toward instability. 

In order to demonstrate the role of nonlinearity in (23.4.23) with a2 = 0, оз = 0 in 
comparison with the linear analysis (23.4.24) with ор = 0, оз = 0, various cases of de/dt 
vs. energy growth factors are shown in Figure 23.5.3.4. It should be noted that most 
of the nonisentropic properties are associated with a2 and оз and that they are zero 
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Figure 23.5.3.2 Energy growth factors уз. nondimensionalized time [Yoon and Chung, 1994]. (а) 4% distur- 
bance. (b) 6% disturbance. (c) 8% disturbance. 


for the linear analysis. Non-isentropy is involved in energy dissipation and in nonlinear 
waves. Solutions of the linear equation (23.4.24) are, therefore, expected to overestimate 
the instability behavior. This prediction is clearly evident in Figure 23.5.3.4. As the 
% disturbances increase and the laminar flow changes to turbulence, the difference 
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Figure 23.5.3.3 Comparison of laminar and turbulent flow for de/dt vs. energy 
growth factors with 4%, 6%, and 8% disturbances [Yoon and Chung, 1994]. 
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Figure 23.5.3.4 Comparison of linear and nonlinear analysis for de/dt vs. energy growth 
factors [Yoon and Chung, 1994]. (a) Laminar with 4% disturbance. (b) Turbulence with 4% 
disturbance. (с) Laminar with 6% disturbance. (d) Turbulence with 6% disturbance. 
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between the linear and nonlinear analyses becomes smaller. The nonlinear analysis with 
nonisentropic properties becomes more critical when the % disturbances are small. 

Overall, the roles of acoustic, vortical, and entropy modes are clearly exhibited in 
Figures 23.5.3.3 and 23.5.3.4. For low Mach number flows such as at the head end, no 
pressure discontinuities (no shocks) occur. The pressure fluctuations are linear, sinu- 
soidal, and isentropic. For high Mach number flows such as prevalent at the throat and 
nozzle, the acoustic mode changes into entropy mode due to shock waves, irreversibil- 
ity, high temperature, or low density. For regions of recirculation or vortical motions 
such as at converging and diverging sections, the vortical mode dictates wave motions. 
The wave instability determined by (23.4.23) is associated with the wave motions due 
to the combination of all modes of acoustics. This is particularly true for a side-burning 
rocket motor such as examined here. However, because of high speeds downstream, the 
entropy mode eventually dominates. This is evident from the comparison of the results 
of linear and isentropic analysis with those of nonlinear and nonisentropic analysis as 
shown in Figure 23.5.3.4. It is seen that the linear and isentropic analysis greatly overes- 
timates the instability. As to the trends of the vortical mode evidenced in Figure 23.5.3.3 
by turbulent flows (large vortical mode effect) versus laminar flows (small vortical mode 
effect), it is seen that the effect of turbulence or vortical mode is reflected by higher 
energy growth rate (greater instability). The effect of acoustic mode is embedded in 
both Figures 23.5.3.3 and 23.5.3.4 and to the cases of laminar flows and linear waves 
as well. 


(2) Unstable Waves of Flame Propagation in a Closed Tube 

In this analysis, an acoustic instability problem associated with the premixed flame 
propagation in a closed tube is described as reported by Gonzales [1996]. It is shown that 
the flame front displays a cellular structure that has a close connection with the acoustic 
waves. First pressure oscillations are triggered as the flames reach the lateral walls 
and suddenly decelerate. Then, a slender cusp appears which subsequently collapses 
due to the periodic acceleration driving the flames to display a cellular pattern. This 
eventually leads to the total heat release (temperature fluctuations) oscillating in phase 
with pressure, causing a violent instability. For this reason, this example is identified as 
the entropy mode acoustics. 

The Navier-Stokes system of equations for reactive flows given by (22.2.34) is used 
with a single species reactant (Y, hydrocarbon) with all variables given by the nondi- 
mensional quantities. The standard FVM with predictor-corrector semi-implicit scheme 
is employed. Calculations cover a plane tube with the aspect ratio of 6. The reaction 
rate is given by 


o-r- (i-i) aG) 


with ф (equivalence ratio) = 0.97, ТА (activation temprature) = 33, T, (burned gas-temp) 
=7.67. 

Here, ће Damkóhler number is set equal to 1.1 x 10* with Re =25 апа M = 3 x 1073 
which ensures that the acoustic time has the same order of magnitude as the transit time 
of the flame. The time step (At) satisfying the CFL condition is used. 

Figure 23.5.3.5a shows the various stages of flame propagation. The first stage is 
identified by the initially curved, flat, and cusped [Figure 23.5.3.5a(i) through (vi)] flame 
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Unstable waves in flame propagation in a closed tube [Gonzales, 1996]. (а) Isolines 


of fuel mass fraction, 2500A: < t < 1550047. (b) Flowfield in the vicinity of the flame t = 3000Ar. 
(c) Temporal evolution of pressure at the unburned end of the tube. (d) Temporal evolution of total 
reaction rate. (e) Temporal evolution of longitudinal velocity on the plane of symmetry at x/ L = 0.9. 


23.6 SUMMARY 


shapes which are clearly evident as verified in experiments. A snapshot of a cusp at 
t = 3000At is shown in Figure 23.5.3.5b. The second stage begins with the collapse of 
the primary cusp and the formation of the cellular flame (Figure 23.5.3.5c). This is 
then followed by the third stage where the cellular shapes are severely distorted before 
vanishing at the end. 

The temporal evolution of pressure and total reaction rate are presented in 
Figures 23.5.3.5c,d. Unstable pressure oscillations and diminishing reaction rates аге 
evident in these figures. Finally, Figure 23.5.3.5e displays the time evolution of the log- 
itudinal component of the gas velocity in the unburned medium at a point located on 
the plane of symmetry, close to the bottom wall. It is shown that velocity oscillations are 
triggered as the flames reach the lateral walls, around t = 3000A:. Corresponding to 
the pressure variations, velocity oscillations become sharper and increase in amplitude 
as the flame approaches the end wall. 


(3) Unstable Waves in Combustion Dynamics 

Wave instabilities in combustion dynamics were investigated using perturbation ex- 
pansions of the conservation equations with all excited frequencies calculated by the 
eigenvalue analyses [Kim, 1985; Chung and Kim, 1985]. Unsteady oscillatory combus- 
tion waves were examined for the high-frequency responses across the long flame such 
as in the double-base propellants [Park and Chung, 1987; Park, 1988]. Another aspect 
of the combustion dynamics is the unstable waves due to the coupling of pressure and 
vortical modes. The Orr-Sommerfeld equation was solved to determine the wave num- 
bers and unsteady stream functions from which vortically coupled acoustic instability 
growth constants were calculated [Sohn, 1986; Chung and Sohn, 1986]. It is found that 
stability boundaries for coupled pressure and vorticity mode oscillations are similar to 
the classical hydrodynamics stability boundaries, but they occur in the form of multiple 
islands [Chung and Sohn, 1986]. 


23.6 SUMMARY 


In this chapter, it is shown that the subject of acoustics may be categorized into three 
areas: the pressure mode acoustics, the vorticity mode acoustics, and the entropy mode 
acoustics. The reason for this categorization is that the acoustic fields can be computed 
by the wave equation with the Kirchhoff's formula, the momentum equations with the 
Lighthill's stress tensor, or by the entropy energy equation with the first and second 
laws of thermodynamics. 

The pressure mode acoustics includes the Kirchhoff's method with stationary sur- 
faces, subsonic surfaces, and supersonic surfaces. It is shown that the basic idea of the 
Kirchhoff's formula is to surround the region of a nonlinear flowfield and acoustic 
sources by a closed surface. In the domain inside the surface, a nonlinear aerodynamic 
computation is carried out, which provides the pressure distribution on the surface as 
well as its time history. Hawkings surface pressure modifications are used for subsonic 
and supersonic flows. 

The vorticity mode acoustics is based on the aerodynamic sound theory of Lighthill’s 
acoustic anology as applied to the turbulent jet and shear boundary layers. The 


847 


848 


APPLICATIONS TO ACOUSTICS 


governing equations are shown to be derived from the Navier-Stokes system of equa- 
tions, resulting in an exact, nonhomogeneous wave equation with Ffowcs Williams- 
Hawkings modifications for moving boundaries. 

For high temperatures and high temperature gradients coupled with pressure mode 
and vorticity mode acoustics, unstable waves are likely to dominate the flowfield. In this 
case, it is shown that implementation of the first and second laws of thermodynamics 
into the energy equation leads to the nonlinear, nonisentropic wave equation in terms of 
entropy. Integration of this equation results in a total of six terms of the acoustic intensity 
on solid surface boundaries, representing the sources of acoustic intensity due to total 
energy, pressure oscillations, entropy changes, vortical oscillations, viscous dissipation, 
and temperature changes. 

Representative examples of numerical calculations for the pressure mode acoustics, 
vorticity mode acoustics, and entropy mode acoustics have been demonstrated. A cover- 
age of the entire field of acoustics is beyond the scope of this chapter, but the suggested 
categorization of acoustics into the three areas has been adequately represented by a 
limited number of examples. 
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CHAPTER TWENTY-FOUR 


Applications to Combined Mode Radiative 
Heat Transfer 


241 GENERAL 


In heat transfer, there are three different modes – conduction, convection, and radiation. 
We have included conduction and convection in the Navier-Stokes system of equations 
discussed in the previous chapters. Radiative heat transfer is another mode of heat 
transfer to be examined in this chapter. Heat transfer by radiation occurs in many 
engineering applications of nonparticipating and participating media. In this chapter, 
we study this subject as a separate mode of heat transfer first and then as a combined 
mode integrated into other modes. 

In nonparticipating media, conduction and convection are absent. Here we are con- 
cerned with view factors, radiative boundary conditions, and radiative heat transfer in 
absorbing, emitting, and scattering media. Radiative heat transfer is associated with 
the radiative heat flux which involves integrals with respect to the wavelength, solid 
angle, and optical depth. The governing equation for radiative heat transfer, then, takes 
the form of integrodifferential equations. This aspect of the radiative heat transfer is 
unique and requires a special computational treatment. 

Participating media combines the radiative heat transfer with conduction and/or 
convection. The most significant feature in the combined mode heat transfer is the 
fact that the radiative heat flux is always three-dimensional, even if the computational 
domain is chosen to be one- or two-dimensional. For this reason, special mathematical 
formulations and computational schemes must be developed. We discuss this subject in 
Sections 24.2.4 and 24.3.3. 

For the sake of completeness and future reference, some basic definitions and for- 
mulas in radiative heat transfer are summarized below. 


Planck's Law 
Monochromatic (spectral) emissive power of black body is given by 


(24.1.1) 


with v = frequency of radiation, co (speed of light in vacuum) = 2.998 x 10! cm/s, 
n = index of refraction (n = 1 for vacuum), Т = absolute temperature, K (Boltzmann's 
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constant) = 1.38 x 10716 erg/^K, h (Planck's constant) = 6.625 x 10727 cm/s. If n is in- 
dependent of frequency v or wavelength А, then v = cy/nd, dv = —codd/nd?. This gives 
ер = —epydv, and 


Ci 


О 
2v. — |-1 
п? exp er 


where ер (Т!) is known as the Planck's function and C1 = Хпедћ = 3.74 х 10? erg cm?/s 
and C; = Aco/ К = 1.4387 cm °K. 


ep ( T) = 


(24.12) 


Stefan-Boltzmann Law 
The black-body emissive power per unit time and area over all frequencies is given by 


e (T) = [| P ep ( T)dv = тот“ (24.1.3) 


where the integral is evaluated using (24.1.1) and o is the Stefan-Boltzmann constant, 
20? КА 


с = 374 = 5.668 x 107° erg/s cm? °K4 
15ch? 


Intensity of Radiation 
The amount of energy passing in a given direction is described in terms of the 
intensity of radiation i, as shown in Figure 24.1.1a, 
d® 
ү Ж == 
^" docos0 


(24.1.4) 


where Ф is the radiant energy per unit time and unit area leaving a given surface in the 
direction 0 (polar angle) from the normal and contained within a solid angle dw. The 
energy flux passing from the surface into the hemispherical space above the surface is 
then 


Ф = | iscosodo 


до 


(а) 
Figure 24.1.1 Basic geometry for radiation. (a) The intensity of radiation. (b) Integration of 
intensity over solid angle. 


24.1 GENERAL 
The solid angle is defined as the surface element on the hemisphere divided by the 
square of the radius 

dw = sin Ө404фщ (24.1.5) 


where ф is the azimuthal angle as shown in Figure 24.1.1b. Thus, 


2л п/2 
Ф = | ip cos Ө sin Ө404Фф (24.1.6) 
о Jo 


If the intensity of radiation is independent of direction, then, 
Ф = Tip (24.1.7) 


Note that this definition is limited to the case of radiation leaving a surface. For radiation 
through absorbing, emitting, and scattering media, the net rate at which energy is locally 
transferred within the medium must be considered. 


Absorption and Scattering 

Let a, be the monochromatic absorption coefficient for radiation of wave length X 
and intensity /,. The local monochromatic absorption per unit time and unit volume 
within the isotropic medium due to an incident beam is 


Оре, | Ido (24.1.8) 
Ат 


Similarly, the monochromatic energy that is scattered per unit time, per unit area normal 
to the pencil of rays, per unit solid angle, and per unit volume is 


О; = Yr || Ido (24.1.9) 
Ат 


where ул is the monochromatic scattering coefficient. We define В, as the monochro- 
matic extinction coefficient 


By =a), + YN: (24.1.10) 


which is related to the mean free path №, for photons of wavelength X as 


1 

hp = — (24.1.11a) 
Ву 

For nonscattering media, we have 

1 

àp = — (24.1.11b) 
ау 

Emission 


The local monochromatic emission of radiant energy J is expressed as (Kirchhoff's 
law) 


JI =а\ = —en(T) (24.1.12a) 
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The total monochromatic emission per unit time and per unit volume is obtained by 
multiplying (24.1.12a) by the total solid angle 47, 


Л, = даје (Т) (24.1.12b) 


Ifa, denotes the absorption coefficient characterizing true absorption including induced 
emission, then we have 


f= E (т) (24.1.12c) 
TF 


The total emission of radiation locally within a medium is obtained through integration 
of (24.1.12b) over all wavelengths, 


J = 4а,еь(Т) 
where 
| axen (T)dN 
gya 2 — 24.1.13 
P epl T) ( ) 


which is known as the Planck mean absorption coefficient, a property of the medium in 
local thermodynamic equilibrium. 

Similarly, in view of (24.1.8) and (24.1.9), the total absorption and scattering coeffi- 
cients are defined as, respectively, 


| a f Idod 
a= 0 Ат 
14 


о) 


Ат 
f vf Idod 
y= 0 Ат 
Тах 


Ат 


(24114) 


(24.1.15) 


Note that a and у are not equilibrium properties because Г, is a function of the medium 
and the surfaces. 


Surface Radiation 
In general, the monochromatic hemispherical emittance 2, is a function of both 
wavelength and temperature, 


jo (24.1.16) 
ёр 
The monochromatic hemispherical absorptance a, is given by 
Hy a 
== 24.1.17 
oF Ti ( ) 


where H, а is the energy absorbed and Н, ; is the spectral energy density of the radiation 
incident per unit area and time. 

A portion of the incident radiation, H, ,, may be reflected back into the hemispher- 
ical space, characterized by the monochromatic hemispherical reflectance p), 


A, 


= 24.1.18 
Hs ( ) 


Pr 
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which satisfies the relation for an opaque material, 


Q+p,=1 (24.1.19) 
On diffuse surfaces, Kirchhoff’s law states that 
ох = Ey (24.1.20) 


The total hemispherical emittance е is given by 


со со 
J | €) ep, dr || £yep dr 


0 0 
e= — = x = Т (24.1.21) 
eb || Ped cT 
0 
This gives 
e 2 go T^ (24.1.22) 
Тће total hemispherical absorption a is defined as 
оо 
|| Ол Н, ;а^ 
а = 20. (24.1.23) 
f њих 
0 
The total hemispherical reflectance р is given by 
оо 
|| Pr Ay id 
р === (24.1.24) 
] Нах 
0 
The following relationships hold for an opaque material and gray material, respectively, 
р= 1-а, p=l-e (24.1.25a,b) 


With these definitions, the governing equations and computational procedures 
involved in radiative heat transfer of nonparticipating media will be presented in 
Section 24.2 and the combined mode heat transfer of participating media in Section 
24.3. Numerical solutions can be carried out using a variety of methods (FDM, FEM, 
and FVM) presented in Parts Two and Three. For simplicity, however, finite element 
and finite volume formulations will be used to demonstrate numerical aspects of ra- 
diative heat transfer. In Section 24.4, we include and discuss example problems solved 
with various numerical schemes using FDM, FEM, and FVM. Although Monte-Carlo 
methods and discrete ordinate methods have been used extensively in radiative heat 
transfer in the past, they are not included in this chapter since they are unrelated to the 
CFD methods discussed in this book. 


24.2 RADIATIVE HEAT TRANSFER 


24.2.1 DIFFUSE INTERCHANGE IN AN ENCLOSURE 


Nonparticipating media include most monatomic and diatomic gases as well as air and 
vacuum. Consider a region within which there is a black-body radiation on an enclosed 
space whose walls have a uniform temperature T}. In view of (24.1.22), if there is a 
body with surface area Aat temperature T within the enclosure, the net rate of radiant 
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outflow О can be written as 
e = £o T^ — ac Т^ (24.2.1) 


Note that the first and second terms of the right-hand side denote, respectively, the 
radiant energy emitted per unit time and unit area by the body and the corresponding 
radiant flux. For the gray-body condition (€ = а), 


= го (T* — T7) (24.2.2) 
The view factor provides information on the fraction of ће diffusely distributed radiant 
energy leaving one surface, А;, that arrives at a second surface, Aj, denoted by Ёд, Ар 
having the following relationships: 


Ai FA, A, = AjFAj- A (24.2.3) 
N 
Уе (24.2.4) 
j=l 


where КА 4, = 0 for convex surface, F 4,— 4, == 0 for concave surface. 

Let us consider the surfaces A; and A; of the enclosure in Figure 24.2.1. The net 
radiative heat flux а; at the surface A; is equal to the difference between the leaving 
(B;) and incident (H;) fluxes 


qi = Bi- H; 


where B;, known as the radiosity, is given by the sum of radiative flux emitted at T; and 
incident radiative flux reflected by the surface, 


B; = sio T; + p; H; 


From the relation (24.2.3) the total radiative energy leaving all the zones of the enclosure 
and incident upon the surface A; 


1 N 
H = aa 


Figure 24.2.1 Enclosure filled with nonparticipating 
medium. 
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thus 
N 
qi = Bi- ` BF; (24.2.5a) 
j=1 
N 
B; = sio T} + pi У ВЕ) (24.2.55) 


j=l 


Substituting (24.2.5b) into (24.2.5a) yields 


_ cio T? = (1 = pi) В; = £j 


(oT; — В) (24.2.62) 
pi Pi 


The radiosities B; may be calculated by rearranging (24.2.5a—24.2.6a) 
Мв Кв = D, (1<о, B < № (24.2.6b) 
with N being the number of surfaces of the enclosure, and 


& 
Mag = бер + Bay Ay — AaF(a)-p 
P (B) 
E(a) 


Dy = Аст“ 
P (a) (a) 


where the subscript within the parenthethesis is not an index, not subject to summation. 
Solving the radiosities from (24.2.6b) and substituting into (24.2.6a) yield the heat flux q; 
at the surface A;. The unknowns in this process are the view factors (Table 24.2.1) which 
are described next. 


Table 24.2.1 View Factors F4 g for Two Square Planes, Two-Point Gaussian Quadrature 


Geometries 


Two Two Intersecting Planes 
Solution Parallel 


Schemes Planes 30 60 90 120 150 


0.19983 0.62020 0.37120 0.20004 0.08700 0.02151 
0.19980 1.53905 0.51115 0.23359 0.09541 0.02299 
Analytic 1.09247 0.45421 
Solution 0.19982 1.17043 0.45474 0.22015 0.09196 0.02236 
Finite 0.19982 0.96347 0.42319 0.21561 0.08998 0.02199 
Elements 0.79660 0.40214 
0.75673 0.39177 0.20506 0.08797 0.02160 
0.71082 0.38481 0.20339 0.08751 0.02152 
0.68786 0.38133 0.20255 0.08729 0.02147 
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24.2.2 VIEW FACTORS 


The view factors between various surfaces (Figure 24.2.2a) are given as follows: 


cos 0; cos 05 
Fi4-4 = | —>— аА 24.2.7 
ЧАЈА; ]. | жауу] 2 ( а) 
аА\ COS 0; cos 02 
аЕл-ад = —— | —————4X& 24.2.7b 
л-4л = -5 1. inr 2 ( ) 
1 cos 6; cos 05 
Ед-А„ = — — — а Ага А 242.7 
А-А а К тЇ? 2 d Aj ( c) 
1 COS 0; cos 05 
Ед—д„ = — ——— — а Аја А 24.2.7d 
А-А = 2 f | ГА ue-- 14А ( ) 
The net radiant interchange between the two surfaces is 
cos 6; cos Өз 0(T4 — T3 
Q- / | сез сызы ЫЛ ы ads (24.2.8) 
A; ЈА TL 


(a) (b) 


Figure 24.2.2 Geometries for view factor calculations. (a) Coordinates for view factor. (b) Normal and 
coordinate transformations between local and global coordinates. (c) Global view factor — assembly of 
local contributions. 
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where 6; and 6 are the angles between the normal and the line L separating the two 
surfaces d A, and d A5. 

Consider two diffusely reflecting, small gray bodies. The radiant interchange be- 
tween the two bodies is 


О = AFo (T — Ту) (24.2.92) 
where the reciprocity between the surfaces is given by 
AF = A, R = АБ 


For radiation interchange between large parallel gray plates, all reflected radiation 
is returned to the emitter. Here we note that the view factor is unity. Thus 


1 
О= 4—31—— Ао(1' - Б) (24.2.9b) 
—+—-1 
£1 22 


View factors for simple geometries can be analytically integrated. For complicated 
and arbitrary geometries, however, numerical integrations are required. There are 
numerous numerical methods available, as detailed in the open literature. One such 
method is the finite element calculations, described below. 

Evaluation of integrals involved in (24.2.7) can be carried out via Gaussian quadra- 
ture (Chapter 9). To this end, we first establish the coordinate systems as depicted in 
Figure 24.2.2b for isoparametric coordinates (&, m), local three-dimensional cartesian 
coordinates (x, y, z) with the origin at the node 1, the x-axis along the nodes 1-2, and 
x-y plane on the surface element 1-2-3-4, and the global coordinates (X, Y, Z). Let us 
now consider the normal vectors on the surface to calculate the angles 04 and 05 and 
coordinate transformations between the local and global coordinates (Figure 24.2.2b), 


Surface A 
The unit vector e412 in the direction from node 1 to node 2 is of the form 
€A12 — X Ai і; (24.2.10) 
where 
X, Y, Z 
jupes An jus A21 8 A21 
Lai Lai Lai 


Lan = (Xa — X41)? + (Ya — Ya? + (Za — 241)? 
Xan = X42 — Ха, ete. 


Similarly, the unit vector in the direction from node 1 to node 4 is written as 


€A14 = Wail; (24.2.11) 
where 
MAI = Xam MA2 = Yan MA3 = Zan 
Lau Lau Lata 


Гаја = JO — X41)? + (Уда — Ya + (Zag — Zar)? 
Xas = Хад — Xan, etc. 
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The unit normal vector out of the surface Ais 
na = €412 X €414 = Vail; 
where 


уд] = АА2&Аз — МАЗМ. А2 
VA2 = АХАз& A1 — NAL A3 


VA3 = АА1&д2 — NA2 ША 


Surface B 


The unit vectors egi2, ев14, and ng for the Surface В can be derived similarly as the 


Surface A. 


ев12 = Авгї 
еві4 = Meili 


Пв = p12 X ёві4 = Увђ 


Angles Өд and 05 


(242.12) 
(242.13) 
(242.14) 


Let L be the length of the line connecting the two surfaces A and B at arbitrary 
points. The angles 04 and 05 are measured from their normals to the surfaces of the line 


L. The unit vector along this line is 
едв = Kapil 


where 


XBA yBA ZBA 


KABI = CE KAB2 = EE KAB3 — UE 


L= Joe — ХА)? + (УВ — YA + (Z8 — ZAy 
AB. yP?. X4 eic. 


The angles 04 and 05 can be determined from the relationships 


Пад. САВ 
cos Өд = -— 
|пА||елАв| 

апа 
np-epA 
cos Өв = —————— 
[na||enAl 


The local and global coordinates for the Surface A аге related by 


А __ АУА 
х = aj X; 
where 
A A A 
а= ХАТ, а, = № д2, ü13 = № дз 


The unit vector in the direction of у on the Surface А is obtained by 


A А. 
€, = ПА Хх едр = ү; V 


(242.15) 


(242.16а) 


(24.2.16b) 


(24.2.7) 


(242.18) 
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Thus 
А _ „А 
44, =, а = ү, аз = Үз 
апа 
А А А 
аз] = VAT. 3) = V42, зз = VA3 


Similarly for the surface B, 


xP = д8 x? (24.2.19) 
ай = Авј, ар, =p, аб =p 

e? = ng x egi = y ij (24.2.20) 
ад =, a» = y, аз, =y 

аў = vat, аў = vm, аў, = увз 


The transformation between the isoparametric coordinates and the local cartesian 
coordinates is related by 


ахау = |J |d&dm (24.2.21) 
where 
дх ду 
_ |95 95 
|| = Әх ду (24.2.22) 
дт an 


At this point, we introduce isoparametric finite element functions to relate the variation 
of the global coordinates with nodal values, 


XA = ФА, та) ХХ (24.2.23a) 
or 
XP = Фу(Ев, тв) XN; (24.2.23b) 


where Ф and ФЗ may be chosen as linear isoparametric interpolation functions. It 
follows from (24.2.17) that 


x^ = aft X44 ad Y^ + a Z^ 
y^ = ай X^ аду“ + ад Z^ 


and from (24.2.23), 
ax4 aot дФА дФА 
= af SE xt + a Shy + a o zA 
ağa дёд дёд * дёд 
ду“ A095 А A095 A A0 5 A 
= XN у ZN 
EA EET Td» DEA ta 73 EA 


etc., and similarly for the surface B. 
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From (24.2.21) for the surfaces Aand B, we have 
dA, = dXAdyA = |] АДЕ AdmA (242 244) 
а Ав = dxpgdyg = || ваёватв (242. 245) 


Let us consider two finite surfaces А апа В, each discretized into М апа М numbers 
of isoparametric elements, respectively (Figure 24.2.2c). The view factor F4 p is 
obtained as 


1M. 

Pi » 3 Faase = T У > Кане (24.2.25a) 
a-1 В=1 «=1 В=1 

where 

Ад = У) Ала (24.2.25b) 
COS = cos COS Өдо COS Ogg 
Ёд, вв = d A4, d Age (24.2.25c) 
Ала У Bap P e Bp 


To utilize the Gaussian quadrature integration, we write 


iod ud dd 
Ёл вр = | || | || C |J | а | | ва As Ата d£ pg dang 
- dada 


where 
COS Өд« COS Opp 


2 
т ШУ, 


which is determined by combining (24.2.23) with (24.2.15) and (24.2.16). Thus 


ed pt ИИИ ЫЕ , 4 a 5) 
i Lea Ала 


The function f contains the integrand С |J | 4q|/ | gg and the routine Gaussian quadrature 
integration may be carried out [Chung and Kim, 1982]. An example problem for view 
factor calculations are shown in Section 24.4.1(1). 


Га в (24.2.26) 


Radiation Boundary Conditions with View Factors 
Radiation boundary conditions in nonparticipating media can be implemented in 
the energy equation of the form, 


д д _ 
э €» Dy ax, (РТ v; — kT) = 0 (24.2.27) 
Here the convection velocity v; is taken as a constant, but should be treated as a variable 


when the energy equation (24.2.27) is solved simultaneously with the equations of 
continuity and momentum. For simplicity of discussion, let us consider the Galerkin 
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finite element formulation of (24.2.27b) in the form 


ð 
| Фа 3 (pes T) + (pco T v; – КТ) | dQ = 0 (24.2.28) 
Q ot OX; ý 


Integrating (24.2.28) by parts, 


0 T; 
(/ рсьФ„Фв ES «f Фа(рерТ Vini = kT;n;) dT = (/ PCpVi Doi Pp до) Тв 
9 Dp Q 


+ (/ ko, Фр; а) Тв = 0 
Q 


[PO Agta + Both + Кат – Ga) dé =0 (24.2.29) 
E 


or 


where 


Heat capacity matrix Ав = | рсрФо Фр dQ 
о 
Heat convection matrix By = — | КФа Фа, dQ 
о 


Heat conduction matrix Kag = f pcpV; Pa „Фр dQ 
2 


The Neumann boundary vector is contributed by 
pco T У; — kT jn; =g on Гу (24.2.30) 


The heat flux normal to the boundary surface takes the form 


—kT jn; = qo?) + qe) + 2‹® (24.2.31) 


where the superscripts (C D), (CV), and (К) denote conduction, convection, and ra- 
diation, respectively. Here 9С) represents the conduction heat flux applied on the 
boundary surface, 7 €" is the convection heat flux 


4" = PCpT Vini = a(T — Т) оп re (24.2.32) 


with а and Т” being the heat transfer coefficient and ambient temperature, respectively. 
The radiation boundary heat flux 279 is of the form 


10% = Foe(T*- T^) опг? (24.2.33) 


Here F is the view factor and 7; denotes the radiation boundary temperature of a 
separate body to which radiation exchange occurs. 

It should be noted that the Neumann boundary conditions contain the variable 
T in (24.2.32) and (24.2.33). This implies that temperature is unknown and must 
be computed. Thus, the surface integral containing the temperature variable consists 
of the boundary surface convection matrix Cag and the boundary surface radiation 
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vector Ra 
Cop = | а Фе dg dT (24.2.34) 
г 
ka= | Foe da фф, ФФ d T T, ЪТ, ЪТ (24.2.35) 
r 


It follows from (24.2.34), (24.2.35), and (24.2.31) that the Neumann boundary condition 
Ga is the mixed boundary condition (sometimes called the Cauchy boundary condition), 


бре = Са = Re (24.2.36) 
where Са denotes the known data оп the boundary surface 

ба = | Ф, (400 +aT + FoeT*) аг (242.37) 
Substituting (24.2.36) into (24.2.29) 

[ 5 (Ав ве ва оф aT Calo „= а ей (24.2.38) 


As discussed in Chapters 10 and 11, the transient problem in (24.2.38) may be recast 
in a time-marching scheme. In terms of the temporal parameter т, we write 


[Aap + nAt( Bop + Kop + Cog)] Tg = [Ав — (1 — тд Вав + Kop + Сев)] Тр 


+ At(Ga — Ra) (24.2.39) 


The algebraic equations resulting from (24.2.37) are nonlinear because of the radi- 
ation boundary term: R a, and the standard Newton-Raphson iteration method should 
be used as described in Section 11.5.1. This will lead to 


TEAT ан = – Ertir (24.2.40) 

where 
* 
Јов = Aog + У Bog + Kap + Сов) + At Sop 
Sa = Sys KRY!" + Seam (ARRS + Se (I, BYE 
+ Sew (Tn П)" 
Е = [Aag + А Bag + Kag + Cag) Бр" 
– [Ae — (1 = 0) At( Bag + Ка + Су TE” + At(Ga- Rt") 

An alternative approach for R a is to assume a linear variation of 7; within a small 
element 

Т* = ФТ (24.2.41) 


where TŻ is calculated from initial and/or boundary conditions and subsequently from 
previous values during the time-marching process described in Chapters 10 and 11. 
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Numerical examples for the implementation of radiation boundary conditions are 
shown in Section 24.4.1(2) for both steady-state and transient heat transfer problems. 


24.2.3 RADIATIVE HEAT FLUX AND RADIATIVE TRANSFER EQUATION 


The governing equations for radiative heat transfer in participating media have been 
well established [Sparrow and Cess, 1970; Siegel and Howell, 1992, among many others]. 
Optical thicknesses measured in terms of absorption properties or the photon mean free 
path are involved in the radiative heat transfer. We define the monochromatic optical 
thickness of the medium as 


To = aL 
or 
L 
To = < 
р 


where Lis a characteristic length, a, is the absorption coefficient independent of tem- 
perature, and A, is the photon mean free path. It is seen that the optical thickness 
Ton 15 a reciprocal photon Knudsen number. We define то, «1 as optically thin and 
тоу >> 1 as optically thick. The limiting case a, = 0 would represent a nonparticipat- 
ing medium (transparent) where the radiative flux vector qr is constant ( -qr=0), 
whereas a, = co corresponds to an opaque medium in which ак = 0. 

Consider two surfaces depicted in Figure 24.2.3a for one-dimensional radiative trans- 
fer with the intensity of radiation directed at an angle 0 from the normal, denoted 


Surface 2 4 
Surface 1 
(а) 
14 cos8 I qra = fa cos6da 
0 5 4m 
n (74.1) 
I4 (0. и) 


(b) 
Figure 24.2.3 Geometries for one-dimensional radiative heat transfer. 
(a) Coordinate system for one-dimensional radiative transfer. (b) The 
radiation heat flux. 
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as [^(y, 0) and I~ (y, 0). The differential equations for these intensities assume the 


form 
417 а 
coso O + ву = Zeno) + 2 Gy) (24.2.42a) 
dy т Ат 
dl, = ay МА 
cos 0 —— + B1, = —ељ (у) + —G)(y) (24.2.42b) 
dy т Ат 


where О (у) is the radiation function given by 
С\(у) = 2s f (у, 9") sin 0' dé’ (24.2.43) 
0 


We may recast these equations as follows: 


dl am 1 Vr 
= + I. = —— Aye py (74) + — О (ту) (24.2.44a) 
ату тр, 4 
dl, 1 
eo ea | aussi ev dale EG) (24.2.44b) 
ату TB 4 
where 


ту = | Bady, То = 3 Bady, u = cos ð 
With the boundary conditions of the form, 

Rm и) = (0, u) n=0 

(ту, ш) = (ту. Ш), т = Tor 
we obtain the solution to (24.2.44) in the form 


1 ¢ 1 а 
Kons i) 0 ie - = | 5, [nen ^ EI ла 


By 
(24.2.45a) 


1o(^1 d 
K (n, м) = Б (под p) er + = | LOS + Xo) enn 
т ТА Ву 4 H 


(24.2.45b) 


As defined in Figure 24.2.3b, the radiative heat flux takes the form 


1 
qm(n)- | T(t, р) cos 0 do = т f (т, м) рају (24.2.46) 
Ат —1 


or 


1 —1 
qm(Q) =2n | [ч pdu ~2n | 1 рар 
0 0 
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In view of (24.2.45), we obtain 
1 -1 
дет) = т | K (n, р)е "p dy — 2s | K (то, —p)e C99)" dy, 
0 0 
Ту T Yr 
t2] —|aenlE)+ _ GrlE)| Bln — &) dé 
о By 4 
Тод 1 
-2 [7 5 |mem(é) овет) (24.2.47) 
о By 


where the E,,(é) is given by 


1 
E, (£) = | ul" eS qy 


This integral for n = 1, 2, 3 is evaluated as 


E? ы 
A t= шее = as рын (24.2.48a) 
E? E 
E())-it-(a-ichb&-iu tjt (24.2.48b) 
1 1 3 e 
Ез(6) = 5 є+5( a+; nt) +з: (24.2.48c) 


with a = 0.5772 (Euler’s constant). The total radiation flux is 


qr(y) = || ero 


The divergence of the radiation flux vector takes the form 


d * d ° d 
а= е || IR йу = | B, C1 an (24.2.49) 
dy o dy 0 ату, 
уућеге 
dqr Дау Ya 
= —С\у(т) + —enln) + — Gm) (24.2.50) 
ату, Ву Ву 


where G (ту) is the incidence radiation function given by 


1 —1 
Gin) =2т | iG w aw! –2т | бо ва 
[0] 0 


or 


1 1 
Gln) = л | Г} (0, ш) e^" dy + т | K (тол, =) е "Ра, 
0 0 


a 5. [nen EI Е(|т, — ё|)4ё (242.51) 


Here we note that Planck's function eb, is temperature dependent and thus equations 
(24.2.50) and (24.2.51) constitute nonlinear integrodifferential equations. 
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The gray-medium assumption leads to simplification of (24.2.50) and (24.2.51) in 
which the absorption and scattering coefficients are assumed to be independent of 
wavelength. Denoting that 


oo oo oo 
|| ep dÀ = oT", || Һал = I, | Сах= G 
0 0 0 


we rewrite (24.2.47) as 
1 1 
ак(т) = 2s | (0, p)e/"*pdp — on | K (то, —p) e C7" раар, 
0 0 


«a g [er " К) Ex —&)& 


то 1 y 
-2 | JL T*(£) + a) E(t — 5) dé (24.2.52) 
This gives 
AO) = - Gto) e A TG) 1060) (242,53) 


1 1 
С(т) = л | I*(0, р) e^"/* dy + ж | Г (то, —&) e Cu dy. 
0 0 


To 1 4 y 
a zberesioo|so – 60а (24.2.54) 


For radiative equilibrium, in which radiation is the predominant mode of heat transfer 
and the system is in steady state, we have -qr = 0 or here дав/ду = 0. Then from 
(24.2.53) we obtain, for y = 0, 


С(т) = 4o T*(«) (24.2.55) 


with the conservation of energy given by 


1 1 
20 T*(1) = Я! I* (0, м) e» dy + Я! Г (то, =) е—(то—т)/ь dy. 
0 0 


+o | THE Ein -Ea (24.2.56) 
0 


The nonscattering media can be represented by (24.2.47) and (24.2.50) with ~ = 0, 
thus, (24.2.51) is no longer necessary. For pure scattering (а, = 0), (24.2.50) becomes 


dqr 
ату, B 
which implies that the energy equation is uncoupled from the radiation transfer process. 
Thus, the governing equations for scattering can be obtained by (24.2.50) and (24.2.51) 
with a == 0. 
For a diffuse surface, Г; (0, н.) and Д (то, — p) are independent of direction, that 
is, independent of p. Thus, we set 


Bi = Boy 
p (0, ш) = um IA (тә, —м) = ш 
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where Bj, and B», are the surface radiosities. We then have 


1 
2т [| ГУ (0, и) е 7!" раш = 2.Вуу, Eln) (24.2.57a) 
0 
1 
2т | ІС (то, =p) e СУ udu = 2 Boy Elto — ту) (24.2.57b) 
0 
1 
2r | 1+ (0, p)e™ du = 2B Е›(ту) (24.2.57c) 
0 
1 
2т | Ik (to, =p) е C079 du, = 2 Ву Elto — ту) (24.2.57d) 
0 


To determine Bj, and Ву, we proceed as follows: Substitute (24.2.57a,b) into 
(24.2.47) with ту = 0 for Surface 1. Then 


ам (0) = Ву — Hy (24.2.58) 


Ton 
0 


Њу = 2 Boy Ез(то) + 2 | [nen T зе) Е(Е) dé 


Here Ву, is the radiant energy leaving Surface 1 and Ну is the incident energy. We may 
define the surface radiosity as 


By = Enep + (1 — ер) А 
This leads to 


Ton 
0 


By = епељу + 201 — Ey) [eo +2 | 5 [nen “о Eat] 


В 
(24.2.59а) 
Likewise, for Surface 2 


By = Enem + 2(1 — £n) 


Ton 
0 


x NUN + 2 | Es СС + T | Ez (Ton — oae) (24.2.59b) 


By 


For black surfaces, Bj, = еру and Ву = ерл. For nonblack surfaces, the radiosities Ву, 
and Ву, can be determined by solving (24.2.59a,b) simultaneously. 


Optically Thin Limit 
Using (24.2.48а), Б(&) = 1 + О(Е) and E3(£) = 1 — E + O(£)), we express the 
monochromatic radiation flux as 


аю (т) = Bu(1—2n) — Во] — 219 +27) + 2 | k С + сле) |а 
о Ё 4 
-2 | к ась) + Зое) dé (24.2.60) 
о Ё 4 


For the optically thin case, то <1, a further simplification can be made, 


qr = Ву — Bx (24.2.61) 
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With similar simplifications from (24.2.59), we obtain 
p, a те + (1 — €1, )E2x€ 520 
n= 
1— (1 = £1) (1 = En) 
p, — 660 + (1 — £zn)£ ne pix 
2, = 
Lee) Вечера) 


These expressions correspond to radiation transfer through nonparticipating media. 
Differentiation of (24.2.60) gives 


(242.622) 


(24.2.62b) 


dqr 
day 


4 

= 98 oH od faena = оъ) (24.2.63) 
A 

with 


Gln) = Ву +2Ba 


Thus, 
d 2 
JR _ -ATB + Ву, — Зе ()] (24.2.64) 
ату, By 
or 
d 
ie = —2a [Bi + Bn – 2еьх(у)] (24.2.65) 


This indicates that the radiation transfer to or from a volume element is independent of 
the scattering coefficient. It is realized that the optically thin conditions are free from 
integral equations. 

Integration of (24.2.65) over all wavelengths leads to 


dqr 


aa = 2а„(Т, Tj) B1 + 24m(T, Т»)В; — 4ap(T)oT*(y) (24.2.66) 
y 
with 
| о (Т)Вуах 
а„(Т, Т) = 29———————— (24.2.67a) 
Bı 
|| о (Т)Вљах 
аһ(Т, Th) = = —= (24.2.67b) 
2 


For black surfaces with the monochromatic absorption coefficient independent of tem- 
perature, we obtain 


| ауе p, (Тл)ах 

ат( Т, Ti) = — NP = ар(Тл) (24.2.68a) 
| aye p (Т>)ах 

ам(Т, Т) = 2 = ap(T;) (24.2.68b) 


еь(Т›) 
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Thus, from (24.2.66) 


а 
=, = 2е[аь(Т)Т* + а,(Ђ)Т — 2a,(T)T*(y)] (24.2.69) 
For a gray medium (а = a;), equation (24.2.57) yields 
d 
a = ea ym + 00] (24.2.70) 


Optically Thick Limit 
Let us define 


Sn) = 5 [nene + съ) 


Expanding 5 (&) іп a Taylor series about ё = 7), 


2 
SA(£) = (та) + = (Е т) + Y (Е т)? “ае (24.2.71) 


Let z = m — ё and 2 = ё — ту and substitute (24.2.71) into (24.2.47) with та > 0 or 
T, — oo and ту — ту — оо. Then we obtain 


dS, [7 
dm = —4—— | z (7) dz 
dt Jo 


or 

qm = — ы I | à [nent + 1 об) | (24.2.72) 
Similarly, we obtain 

о) = 45,(т) | | Ey(z)dz = 483(т) = 4e (7) (24.2.73) 
which leads to 

ci dem S den (24.2.74) 


3 dt 3B dy 


The total radiation heat flux is then 


% 4d 4 d 
die | = 2 (24.2.75) 
о 3% dy ЗВк dy 
where Вк is the Rosseland mean extinction coefficient defined by 
1 % 1d 
SN (24.2.76) 


Br Jo B. de, 
For nonscattering media (vy, = 0), this reduces to the Rosseland mean absorption 
coefficient 


1 *1d 
m || аси (24.2.77) 
ак o ах dep 


with ag = a, = a for a gray medium, a, > ag, otherwise. 
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Radiative Equilibrium 
For gray and diffuse bounding surfaces, the radiation flux is given 


n= 2B Ба) 284 т) +20 | ТЧЕ)Е(т — £) dt 
—9g | ТА(ЕуЕ,(Е — т) d (24.2.78) 
0 
Upon differentiating (24.2.78), we obtain 
20 T^(£) = By Ез(т) + В; Ез(то — т) + of T (E) Ex (| — £1) dé (24.2.79) 
0 


Introducing dimensionless quantities, 


c T*() = By QR 


$0)- Bi- В ’ ~ Bi- В 


we rewrite (24.2.78) and (24.2.79), respectively, 


О = Ек) +2 [ &(E)Ex( — £) d£ -2 | " (E) Ex(E — т) d£ (24.2.802) 
0 0 
298) = Боб) + | "ФЕЕЦ(т — Еђав (24.2.80b) 
Since да = —qg = фк, we obtain 
ак 1 (071 – B) = - (#74 – В) 
апа 
Bı — В» 1 


= (24.2.81) 
о(71- Т3) 1+(2+2-2)о 
£1 22 


This indicates that В, — В» can be found if О is known as a function of to. 
Let us now consider the more realistic case of a nongray medium. For black surfaces 
with y, = 0, equation (24.2.47) becomes 


qm (n) = 2enxes(m) — Зе Ез(То — ту) 
e NN ае a” nnde (24.2.82a) 
0 0 
and 


оо 
ак = || qm d = constant (24.2.82b) 
0 


Note that the previous problem of a gray medium was linear in 7^, but the present case 
is nonlinear with e,,(7) being a different function of T for every value of A. 
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24.2.4 SOLUTION METHODS FOR INTEGRODIFFERENTIAL RADIATIVE 
HEAT TRANSFER EQUATION 


It follows from (24.2.44) that the governing integrodifferential equation for radiative 
heat transfer in participating media takes the form 


TES = fale) vl s) + Ss) = (тз) Sis) 4283) 


where $ is the source function, 


S = а(т)1ь(т) + v. | П(у,8 )Ф(8, s) ао (24.2.84) 
Ат Ат 


with r denoting the position vector, s the unit vector in the direction of the ray, and Ф 
the scattering phase function. The boundary conditions for gray-diffuse surfaces are of 
the form, 

соТ, 1-е 
EU M Е I(s)s -ndo (242.85) 


т т n-s>0 


Iw 


where n is the unit vector outward normal to the boundary surface. If FVM is used, for 
example as in Figure 24.2.4a, this is one of the boundary surfaces for the control volume 
A, with n being normal to this surface. One such location is point 8 (Figure 24.2.4b,c) at 
the center of the boundary surface where the product s - n is to be calculated. 

The finite volume formulation of (24.2.83) with respect to the volume and solid angle 
leads to 


dl 
/ || (+ + Bl - Jr =0 (24.2.86) 
о Јо ds 
Integrating, we obtain 
[| (81 — Sedo | | isinarae = 0 (24.2.87) 
о JQ о ЈГ 


For the finite volume method via finite elements as described in Chapter 15, we notice 
that integration over the solid angle is combined with the domain integral [first term in 
(24.2.87)] and with the boundary surface integral [second term in (24.2.87)] as shown in 
Figure 24.2.4b,c. For example, it is shown that the integral of control angle coordinates 
for solid angles along s are fixed at node 8 for simultaneous numerical integration with 
the boundary surface integral along n. The integral equation (24.2.87) is transformed 
into a discrete finite volume summing process, 


Р (B + $)o,AQ — amar} In = У alo, AQ (24.2.88) 
CV CS CV 
with 


D у, Im®(m,n), т, п = index for solid angle 
Ат — 


— 1 
Ф(т, п) = || | Ф(8', s) do'do (24.2.89a,b,c) 


/ 
Wn On 


i= | Sido 
On 


Ü 
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Figure 24.2.4 Finite volume representation via finite elements 
for control boundary surfaces and control angle directions. 
(a) Finite volume representation at A with boundary nodes, 1-8. 
(b) Designation of n and s at boundary node 8. (c) Subdivision 
of directional solid angles at boundary node 8. 


where (24.2.89c) can be integrated analytically, using (24.1.5). By carrying out the sum- 
mation process indicated above, one obtains a system of algebraic equations to de- 
termine nodal values of the radiative intensity. The procedure described here can be 
extended to hexahedral elements for 3-D applications. The geometrical configurations 
are detailed in Chapter 7. 

The numerical solution of (24.2.83) has been studied extensively in the past, using 
a variety of methods such as Monte Carlo methods, discrete ordinate methods as well 
as FDM, FEM, and FVM. We present some of the FVM examples for the solution of 
(24.2.83) in Section 24.4.2. 


24.3 RADIATIVE HEAT TRANSFER IN COMBINED MODES 


24.3.1 COMBINED CONDUCTION AND RADIATION 


If the medium conducts heat as well as absorbs, emits, and scatters thermal energy, the 
total heat flux vector is the sum of the contributions of conduction heat flux q, and the 
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radiative heat flux qr. Thus, the energy equation becomes 

У. (qc + Gr) = 0 (2431) 
with 

—kV?T 4 V.qg 20 (24.3.2) 
For a one-dimensional case, we have 


ФТ _ dqr 


= CR 24.3.3 
ae a (24.3.3) 


For a gray and diffuse parallel bounding surface, the radiation equations follow from 
(24.2.47), (24.2.50), (24.2.51), (24.2.57), and (24.2.59a,b): 


ама) = 28 Exr) -2B Es, = 7) + = | от + toe | Eats - o4 


2а i 4 ү 
-2 |" [от« + Low] exe —т) (2434) 
448 _ ВЈ Ет) + 2Bo Ел, — v) 
-Z [7 [ere + Lo e - ete rto - Lae) 


(24.3.5) 


С(т) = 2B, Е(т) + 2) Е(т, — 1) + а [` lore) + 706) | Ei(|v — |) dé 
B Jo 4a 


(24.3.6) 
Denoting т = By, To = BL, equation (24.3.3) becomes 
ФТ  (1—y/B) 4 
XE kB [40 T^(*) — С(т)] (24.3.7) 
Introducing nondimensional quantities, 
Т(т) Ђ G(r) kB 3 B 
0 = Е 0 ==, => Я == 5 о = =, X= — 
(== елу К) т дату В oT! 
Equations (24.3.7) and (24.3.6) are reduced to 
а?ө 1 
№ = (1 — w) |0(т) – —тү(т) (24.3.8) 
dr? 4 


т(т) = –2Х1 E2(1) + 2X2 Е(т, — т) 


+2 [7 [a оде) no | Eit - 604 (243.9) 
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Т,, dt 
q-——k— tdg Fi | | : 
ду igure 24.3.1 One-dimensional combined con- 
duction and radiation. 
T, А 
where 


ху=е +210) Doro) + [^ |a - eos + Sn) | Ext] 
(24.2.10a) 


X ed 20 - e» pa Esc) f [а eoe + ese Ese - 4] 
(24.2.10b) 


The boundary conditions are 0(0) = 1, (т,) = 02, as shown in Figure 24.3.1. 

Note that N = оо and N = 0 indicate the conditions of solely conduction and radi- 
ation, respectively. The parameter о, = y/ is known as the albedo of scattering and 
represents the fraction of attenuated energy due to scattering. It is seen that w, = 0 
implies a nonscattering medium and equations (24.3.8) and (24.3.9) are reduced to a 
single equation, 


d?0 X X T. fte 
Маз = 90) – 5 EG) EEG 0) | POEN- 604 


di? /— 
(24.3.11) 


For the case of an optically thin medium, it follows from (24.3.61) and (24.3.62) that 


ti xS 
qn = o(T1 – T2) ( + 1) (243.12) 
£1 22 


ог 
k 
q=7(i—-b)+4r 


which indicates a nonparticipating medium. 
The radiation flux for an optically thick medium is given by (24.3.74) as 


4 d(o T^) " 160 T? dT 


= = 24.3.13 
QR 3B dy 3B dy ( ) 
or 
k 4o 
==( -T T =T 24.3.14 
а= Т - В) + 38 А i — Т») ( ) 
or in nondimensional form, 
1 ама — 63) + (1 — 9%) (24.3.15) 
T4? 2 4 2 3. 


QE 


For pure scattering (о, = 1), the energy equation is uncoupled from the radiation 
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transfer process with т, = у L and thus 
qr = (Bi — В›)О(то) (24.3.16) 
Formulation of Finite Element Equations 


For a gray and diffuse parallel bounding surface, the governing equations are given 
by (24.3.8) and (24.3.9), 


2 
vo = (1 — о) D = 400) (24.3.17) 
т(т) = 2X Ez(1) + 2X2 Е(то — 1) +21Е (|т — &]) (24.3.18) 
where 
Г[Е,(&)] = | |a — оојд (E) + ra) Е(&) dé (23.3.19) 


1 
X,=e14+ Ђ (220 — е) Ез(то)д; + 421 (1 — €1)(1 — 22) (то) 


+8(1—е1) (1 — e) Е (то) | (£)] + 4(1 — е1)(1 — £2) Ез(то) | Ер(то — €)]} 
4+2(1—e)I[ E(é)] (23.3.20a) 


X; = leid 201 — e2) Es) + {1 – e — e) Ето) ПРЕ) 


+2(1 – £2) [Exo — €)]} (23.3.20b) 

D =1—4(1— &) (1 — £2) (т) (23.3.21) 
Substituting (24.3.20) and (24.3.21) into (24.3.19) yields 

т(т)= ЛЕп(т) + RET- 7) fa (24.3.22) 


where 
fi = 81 + 821[E2(€)] + gI[Ez(vo — &)] 
Р = ga + gsI[Ex(&)] + ве ПЕ2(то — &)] 
fs = 2I[Ei(Iv — &])] 


81 = 261 + = ei — £1) E (To) Өз + 481 (1 — &i)(1 — £2) E$ (To)] 
вз = S -e0'0 e) ER) 40 а) 

gs = d e00 — e Ei) 

g4 = = [ent + 2(1 — £2) E (то) £i] 


gs = $ (1 - 00 — e E) 


4 
go = p (1 — 82) (24.3.23) 
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For applications of finite elements into the governing equations (24.3.18) and 
(24.3.19), we introduce the global functions ®,, such that 


E= oe, 98 = Ф090, 0*= Ф904 = On, (24.3.24) 


For simplicity, it is reasonable to assume linear functions for all of these variables. The 
Galerkin finite element representation for (24.3.18) and (24.3.19) takes the form 


та a0 (1-0) (4 1 
® dt =0 24.3.25 
flag (a) а 
| Palm- ЛЕг(т) - ЉЕдло –т) - В]ат =0 (24.3.255) 
0 
Here, a denotes the global nodes. Integrating (24.3.25) by parts, we obtain 
Асвда + Вавта = Fa + Ga (24.3.26) 
Cop ip = Н, (24.3.27) 


Note that the calculations of fi, f, and р in (24.3.23) can be carried out by use of 
Gaussian quadrature integration. To this end, we choose to use linear isoparametric 
coordinates such that 


1 1 
Фа = 4(1- 6), Ф = (1+0) 


Е 
Фа = | ЈФуА ле 
е=1 


where А ма is the Boolean matrix, and Е is the total number of elements. For example, 
consider 


I[E(£)] z |a — %)@%(&) + 2) Ex(£) dé (24.3.28) 

where from (24.3.48b) 
E E. 

Е(&) = 1—0.4228€ -£ln& — — + 12 (24.3.29) 

Let Л be the length of an element. M 
a = 

бер Фет 

Thus 


ЦЕ(Е)]= Us [ |a = о) ФОА дада + + Resa Nana ||1— 0.4228 PNA доба 


1 1 
T ÖNA хаё Ш(ФуА маба) — 5 Фу А лаб + — ФуА ме + ја 


12 
(243.30) 


The Gaussian quadrature integration can now be applied to (24.3.29) 


I[EX&)] =U 5 wi f(n) (24.3.31) 


e=1 i=] 
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Returning to (24.3.28) and (24.3.29), denoting v = t/h, dt = hdv, we write the 


explicit forms of the matrices, 


5 Е 


м 


= at Ал Амр = = 


1 = о) 
MON 


E 1 
1 
Сов = U h f. ФуФм ANa Аму 
е=1 = 


E Ө = h 
Е, =|] F7 Фм Ала 


0 


E 1 
1— о,)А 
Су = -|J con" | Py Oy Ала A мадрау 


Е 1 
Ha = Un | ttes. == 0.42289 y мА Na А MT 


+ ФУФМАм А мв In(®,A уту) Tee -] + Љ[0.5772Ф у А Na 
+ 0.42268ФуФ мА Na А мвтв + ФМА ма In(1 = ФмаА мртв) 
== ФУФМАм А мв In(1 = P pA руту) Tee ‘| + fS NANua)dv 


where the last term for H, is given by 


E 1 E 1 pl 
U Д] ВФуА аду = U | | ФуА м la = о) ® vA mp Og + 
е=1 =I е=1 –1Ј—1 


x [70.5772 — Ш(Ф,А руту — PpApyéy) 
+ ФА руту — 65,Ap,5, t Ја ду 


The boundary conditions are given by (Figure 24.3.1) 


д=1 atr 20 


0—0; аёт = 75; 


(24.3.33) 


(24.3.34) 
(24.3.35) 


(24.3.36) 


(24.3.37) 


Wo 
Филмот | 


Since the Dirichlet boundary conditions are provided at both ends, the Neumann 


boundary conditions F, (24.3.36) need not be prescribed. 


All matrices in (24.3.27) and (24.3.28) are integrated using the Gaussian quadrature. 
Here, 0* can be calculated initially from the Dirichlet boundary conditions and placed 
in Ga and H,. The solution of (24.3.28) and (24.3.29) is obtained iteratively by updating 
G, and H, until convergence, in which the nodal values M and ma on the right-hand 
sides of (24.3.28) and (24.3.29) are replaced by those values of the previous iterative 


cycle. 
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Emitting and Absorbing Media 

With о, = 0 which represents nonscattering media, the expressions (24.3.18) апа 
(24.3.19) are reduced to a single equation (24.3.53). The finite element analog takes the 
form 


App = Fa + Ga + На (24.3.38) 


where Ga апа Н, are the same as in (24.3.37) and (24.3.38), respectively, with the value 
of wo set equal to zero. 

The radiation flux for optically thin media is given by (24.3.13) which is a constant 
and indicates that the medium is nonparticipating. 

With the radiation flux given by (24.3.14), the Galerkin finite element equation for 
the combined conduction and radiation takes the form (with T = ФТ) 


|, dT 
| Фа +к(Т ду=0 (24.3.39) 
0 ау? 
where 
480 T? 
T) = —————— 24.3.40 
8(Т) = зк 16073 ( ) 


Integrating (24.3.40) by parts, we obtain 


АТ + Belg) = Е, (24.3.41) 
where 
L do, dog аФу doy 

Ав = Z Ra [ —— —— Ам А ма 24.3.42 

В o dy dy y= Э с dy dy No А NBC Y ( ) 

Ва = – Фу—— g( T)^NaA uad 24.3.43 

e(g) ОЈ vay Ан мау ( ) 
dT» || 

Fy = — Фа (24.3.44) 
dy 0 


Since Byg(g) is nonlinear, the Newton-Raphson iterations may be used to solve (24.3.42). 
To this end, it is particularly advantageous to use isoparametric coordinates and 
Gaussian quadrature for easy integration. An alternative method would be to write 


ЕС ТР (24.3.45) 


апа 
Ú dọ 
Bẹ(8) = — Uf p ® p^ No A Mg A py 8y dy (24.3.46) 


This will require updating of g, at each iterative cycle until convergence. 
Example problems for the combined mode conduction and radiation are presented 
in Section 24.4.3. 
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24.3.2 COMBINED CONDUCTION, CONVECTION, AND RADIATION 


The most general form of the energy equation is written as 


T 


PCy 
where 
—pV -v + pọ = ojjdi; 
4 = —kVT + дк 
An alternative form is 


DT р 
ОЛ =V-kVT+bT— рф Уак (24.3.48) 


where b is the thermal expansion coefficient of the fluid. 


Boundary Layer Energy Equation 
Let us consider a boundary layer form of (24.3.48) for a two-dimensional flow. 


aT ƏT 2T  bTudP = HN 
nm Е B (=) V- qR (24.3.49) 
p 


u a 
дх ду ду2 pcp dx рср ду 
where и апа у denote x апа у components of velocity, respectively, with x being the 


streamwise coordinate and y the transverse coordinate, and where a is the thermal 
diffusivity of the fluid. The simplification here is based on the large Peclet number 


1, 
Byz, 5e | 
Q 


Cp 


where Lis a characteristic dimension. For small Eckert number 
2 


u 
E, = —= 1 
cpAT > 


we may also neglect the second and third terms on the right-hand side of (24.3.49). 
Furthermore, if 


then it is reasonable to neglect the radiation in the x-direction. These simplifications 
lead to 


oT от T 1 дак 
и TV =а 
дх ду дух pc, ду 


(24.3.50) 


Flow through Ducts 
For a fully developed flow through ducts with E.«&1, we may neglect vdT/dy in 
(24.3.50) 
oT 9T 1 дак 
u— =a 
ax Əy? pcp ду 


(24.3.51) 
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where 


2 
и = биш (2 = 5) (24.3.52) 


and, for a nonscattering gray fluid and black plate surfaces, 


_ dan = 20 T^ F(t) + 20 Ty Е; (то — 1) + 20 ЈЕ T*(&) Ei(|v — ё&|) dé — 40 Т'(т) 


ат 
(24.3.53) 
The axial temperature gradient may be assumed as 
oT T, TY 9 
= 24.3.54 
дх (z E а јат ( ) 
where 7; is the local bulk-fluid temperature and qu is the total wall-heat flux, 
ƏT 18 
qw = (2) + 20 Т2[1 – Ез(т,)] – 20 | T (E) E2(é) dé (24.3.55) 
y y=0 0 
Upon combining (24.3.51) through (24.3.55), we now have 
d? брут 7? 1-60 
2 
= то (2 5) (==) 
= —E,(t) — E2(t — т) | e^(£) Ei(|v — &]) dé — 20*(7) (24.3.56) 
0 
with 
ka qw T T 
^ 4o T2 " cT) y ага 
d LV 
ф = —4N dc -2-2E»x,)- 2) o (E) Е(&) dé (24.3.57) 
т=0 0 


We have boundary conditions for (24.3.56) in the form 
0(0) = (T) = 1 


Nonviscous, Мопсопдис па Flow over a Flat Plate 
In this case, we have u = и, У = 0, and dP/dx = 0. The governing equation 
becomes 


aT 19 
Мы съш ЧЁ (24.3.58) 
дх pcp ду 


Setting o, = 0 and £,, = 1, т, = оо, we get 
ак = 20 T; Es(1) + 20 | T*^(x,t) Ex(s — &)а& — за | T (x, t) E(&£ — т) d£ 
0 T 
(24.3.59) 


"m = 20 T4 Ез(т) +20 | © T(x, (т EdE —40TM(x,7) (04.3.60) 
T 0 
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Furthermore, we may assume that temperature differences within the flow are suffi- 
ciently small such that 7^ can be expressed as a linear function of temperature. Toward 
this end, we expand 7^ in a Taylor series about T% neglecting higher order terms. 
Thus, 


T = АТ3Т – 312 (24.3.61) 
Introducing nondimensional quantities, 

ө T= Ty _ 20aT x 

Teo = Т рСрИсо 

we obtain 

од ii 

90“ А (c, 6) Е. (|т — 51) 45 — 89 (6,т) (24.3.62) 
with the boundary condition 

6(0,7) = 1 (24.3.63) 
In view of (24.3.61), (24.3.62), and (24.3.59) with т = 0 we have 

EL HN 2 e(t, E) Ex(é) dé (24.3.64) 

о(Т} ~ T5) 0 
with 

T4 — ТА = AT? (Т, — То) (24.3.65) 


Optically Thin Boundary Layer 
We consider effects of both viscosity and heat conduction in a laminar flow of a 
constant property gray fluid over a black isothermal plate governed by 


oT oT T 2 99 
uo tv тоа та) + | ТУ, El 6) 48 – 20 Тил) 
дх ду ду pCp 0 


(24.3.66) 


In the outer region the velocity in the x direction has the free stream и, and neglecting 
heat conduction, we have 


ƏT  2ca 
ig .———— 
0X рс 


ES + [| тА, уц — &) dé - 27 (x, D| (24.3.67) 


For an approximate solution, we substitute the incoming free stream temperature T, for 
the temperature on the right side as first approximation and then carry out the integral 
to obtain a second approximation. This yields (T = T, at x = 0), 


2ax 


Т(х,т) = T; o (T. = T;') Ex(1) Eos (24.3.68) 


CpUo 


At the edge of the thermal layer т = ay = аё where 6 is the inner boundary layer 
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thickness, which is small so that (аё) = (0) = 1. Thus, (24.3.68) becomes 


2ax 


PCpUo 


T(x, $) = T; + o (T; — Т) Tee (24.3.69) 
Now the last integral in (24.3.67) is carried out in two steps, one from т = 0 to аб and 
one from ад to oo. The first portion, neglected as the thermal layer, is optically thin and 
the second is evaluated via (24.3.68). This leads to 


oT oT ƏT 20a 
и Tv =a + 


T^ + T* — 27" 24.3.70 
Ox ду ду? рс и) + о ) ( ) 


The boundary conditions consist of (24.3.69) at у = 6 and T = T, at у = 0. 
Another approach in terms of dimensionless forms may be used. Denoting 


V Uo 


~ m Р f) (24.3.71) 


u = Up f, 


where f(m) is the dimensionless Blasius stream function, and 


Ио 
Му 
nx 


Let 7 = ay and 


t= 2íaT? x 
Е Dp СрИсо 
we obtain 
oT 1 on 
ƏT 1 4 ee А 
то T, ко. [| T4(¢, &)Е\(т — £) d& -2T*(6,7)| (24.3.72) 
0 
where 
N=., т = ЕЕ Рг = F 
4c ТЗ, 2 Pr NC а 


Setting N = 0( f'(m) < f'(oo) = 1) in (24.3.72) leads to 


0% 1 
ae ТЗ, 


LE + | TÄ E) ET — t) d£ – 27,6, D| (24.3.73) 


Note that this equation fails to satisfy temperature continuity near the surface. Assuming 
Pr = 0(1) and introducing 


T 


V2 PrN 


т = 
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it follows from (24.3.72) that 
‚ӘТ 


1, ӘТ 
Гага та. 
аг а [а [л Ие 


Note further that if (6, т) = 7,(¢, т) for >т, then we get 
| r'«o5es- | zone [ conos 
0 0 0 
+ [тас ова [тала 
0 0 


Here the second and third integrals on the right side аге of the order v2 Pr № and may 
be neglected, and 


Ж а (С, 0 
| ТОС. EEE) dE = re» +21 (6,0) – Tj 
Thus, 
QT 1 А IT LOT ао) 3. 3 "S 
fata Рат egg д cg ГС) 


(24.3.75) 
The boundary conditions аге 
T = Tw, т=0 
T > TAG 0), T — оо 
with 


T(t,oo)- T(¢,0) forN<1 


Optically Thick Boundary Layer 

Although, in general, the optically thin boundary layer is a physically realistic model, 
an optically thick model may be used if the thermal layer has become very thick or the 
medium is highly absorbing. Again for small Eckert numbers, it follows from (24.3.50) 
and (24.3.14) that, with B = a, 


Е 4с 9 T* 
Угу 
we obtain 
ӘТ ƏT 92 4o 
= T4 —TrT* 24.3.76 
МЕ“ ву «ss( * 3ka ) ( ) 


Using the similarity transformation 


T(n) = T(x, у) 
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(24.3.76) becomes 


1 92 (i 1 aT 
T =0 243.71 
rel * rex) +5755 ( ) 


with the boundary conditions 
T—T, 
То nd Ty 
and using (24.3.61), equation (24.3.77) reduces to 
2 

ы (1 + =x) Ё + sf » =0 (24.3.78) 
with 

6(0) = 0, Ө(оо) = 1 


д = 


Combined Conduction-Convection-Radiation in Scattering Medium 

When scattering is considered in the absorbing and emitting medium for a parallel- 
plate channel with the velocity and temperature profiles fully developed, we have the 
governing equation 


ƏT ӘТ иһ dP уы (дил 1 дак 
u— =a 
ax dy pcpdx рер ду рср ду 
It can easily be shown that, from (24.3.49) 


dé 1 ау 1 ae ease 
iacet p xL 2) (17) 


36Ec P 2: V? 
л (1-2) =0 (24.3.79) 


2 
то то 


where 0 = Т/Т, 0 = T,/ T, Ес = и; /cp T2 (Eckert number) and Pr = сџ/к (Prandl 
number) and «is defined in (24.3.9). The total heat flux V at у = 0 is given by 


Y= -an( E) +o (24.3.80) 
т=0 
уућеге 
© =2[X1 £0) - %Ез(ы1— [7 [а - eoe - 16] e«t 


Note that the last two terms on the right-hand side of (24.3.79) represent scattering 
and viscous dissipation. If they are dropped, then we recover (24.3.8) for the case of 
nonscattering. 


Flow through Ducts 

For a fully developed flow through ducts given by (24.3.51) and the nondimensional 
form of (24.3.56), the finite element equations may be derived in the form similar to 
(24.3.27). We proceed with 


Ө = Феб, 04= Ф,04, t=O yt, 
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and obtain 
Авер = Fa + Ga (24.3.81) 


where А.в and F, are the same as (24.3.33) and (24.3.36), respectively, апа О, represents 
the rest of the terms in (24.3.56). 

Although the boundary layer equations are simplified from the general form, the 
solution by numerical methods often leads to instability unless extremely small elements 
are provided in the boundary layer region. We consider finite element equations for the 
optically thin and thick cases. 

For optically thin boundary layers let us consider the nondimensional form (24.3.75) 
which results from (24.3.66). It is seen that the outer solution to (6, т) is required a priori. 
For linearized radiation, we assume 


^ T(t, T) – Tw 
=== -T 24.3.82 
6@т)= EI (24.3.82a) 
g TED- (24.3.82b) 
— То–Ћ dd 
Thus, the linearized equation takes the form 
80 1 98. d $6 dÂ O) -4 
á : = - 8006,0) — 80(C, 7 24.3.83 
Pata ате ру qp 08000-8907) 024388) 
The required boundary conditions are 
д— 0 ат=0 
Ө > 6(¢, 0) fort — oo 
The finite element representation of (24.3.83) is 
Aop Өв + Bog Og = Е + Ga + Ay (24.3.84) 
in which 
1 f 30, дФа 
ов = = dQ 24.3.85 
PU Реја дт OF nom 
Вв = | 8Ф Фра о (24.3.85b) 
Q 
1 аө + |"=% 
Fy = — = Фа 24.3.85 
Рг дт = 0 ( ©) 
Ib, a 
Ga = Pas + 8Ф, Фа )OgdQ (24.3.85d) 
Q 


ab ab 
H- -f (и On, fi + Ф, 26 $a) do (24.3.85е) 
о д6 , дт 
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where 
1 
ау = ЕЕС f- 0], (24.3.85f) 


To carry out calculations initially, the velocity field must be given and boundary 
layer thickness assumed. This will require once again an iterative procedure until 
convergence. 

For more rigorous analysis, the continuity and momentum equations can be solved 
simultaneously with the energy equation. In the presence of thermal buoyancy with 
natural convection, we have 


ə 
МИ а i (24.3.86а) 
дх ду 
д 9 92 
и” +v =v врт Ту) (24.3.86b) 
ax ду дуг 


OF aig oT 1 
и =а 
дх ду 3y? рс 


[24o (17 — T4 - 2T*)] (24.3.86c) 


Written in nondimensional form, we have 


QU | aV 

ax + 3Y =0 (24.3.87a) 
aU aU 1 970 0 

О + У— = + 2. (24.3.87b) 


a0 дө 1 920 б 


= 1 01 = 1 24.3.87 
U3x^ Vsy Берд * (m- i)! +m [1 + (m — 1) 6]} ( c) 
where 
и у x y 
= —, V = —, X= =; Ү = = 
Ио Ио 1, L 
bed. E Re _ 402 
Tw — То То у 
„= 2са1<1, R= gb(T,, — Too) Lt рг 
рСрИо vk a 
Boundary conditions are 
6 = 1, U=V=0 atx, Y=0 (24.3.88a) 
2 
пр ту (a7), pat (24.3.88b) 
СрИсо 
dx 
Y= va = C(m+1)(n? + 1) (24.3.88c) 
where boundary layer thickness is given by 
5 
i ee (24.3.88d) 
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To solve (24.3.87) we may use FDM, FEM, or FVM developed in Parts Two and 
Three. However, treatments of convective terms and the fourth order nonlinearity of 
temperature must be resolved. In particular, the optimal control methods (OCM) pre- 
sented in Section 14.2 and also in Kim, 1982, Chung and Kim, 1984, Utreja, 1982, and 
Utreja and Chung, 1989 are found to be efficient in the solution of (24.3.87). In this 
method the formulation begins with construction of the cost function, 


1 әш av? aU әш 120 RƏ V 
Is dQ U V dQ 
| Ge У «fi 0X ' 3Y Re3Y? zu) 


a0 a0 1 as 
2010 —a | ад 
«(vss vss RePray | 4$ а) 


ex f (а-у) es f(s- гу) «ој (24389) 


where м and № are the penalty constants, with R and S related by 


sy (24.3.90) 
90 
= sy (24.3.91) 
-= E Е (243.92) 
= Е (24.3.93) 
Minimizing (24.3.89) with respect to all nodal variables, we obtain 
6Ј = 72-80, + aM. + EN + DET T 79-08, = =0 (24.3.94) 


since Ua, 6V,, 60,, dR, and 6S, , are arbitrary, and for (24.3.94) to be valid with respect 
to every nodal value of these infinitesimal quantities, we must have 


ОЈ ОЈ ОЈ ОЈ oJ 
aU, = 0, a 0, TN 0, TA 0, 36. = 0 (24.3.95) 
which provide simultaneous algebraic equations. The boundary conditions given by 
(24.3.88) can be imposed easily in (24.3.95). 

For optically thick boundary layer flow, the procedure for a finite element analysis 
is now routine, either via Galerkin or optimal control methods. 

If the Galerkin approach is used for (24.3.76), then we get 


Aag Та + Bog Tp = Fa + Ga (24.3.96) 
where Aag and F, are the same as (24.3.42) and (24.3.44), respectively, and 
1 ОФ 1 дФ 
Bog = | иф +v, — јад (24.3.97) 
QN ax а. дх 


a® 
СЕ |. т Фа 1049 (24.3.98) 
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with 
ы; (24.3.99) 
m= —— 3. 
ЗКа а 
It is seen that simplification using the nondimensional form (24.3.78) leads to 
Асвда + Bagg = Fa (24.3.100) 
where 
dD, ОФ 
Ав = || вдо (24.3.101) 
о дт дт 
дФ 
Bug = | go. — 848 (24.3.102) 
а an 
1 
е M (243.103) 
an 0 
3Pr Nf 
= === 24.3.104 
E= з 4) ( ) 
The corresponding boundary conditions are 
6(0) = 0 (24.3.105) 
Ө(оо) = 1 (24.3.106) 


The formulation using ОСМ is self-explanatory and requires no further elaboration. 


Scattering Medium 

The combined conduction-convection-radiation heat transfer in a scattering medium 
governed by (24.3.79) and (24.3.80) can be solved most effectively by the optimal control 
penalty finite element method. This is because the Galerkin method is likely to suffer 
instability due to the convective term or nonself-adjointness of the differential equation. 

Following the ОСМ procedure, we write the cost function of the type (24.3.89) ina 
more general form 


1 "m 
d 3) (&R, + Мо) SQ) SQ) ) ао (24.3.107) 
а 


where А, (n = 1,2, ...) denotes the residual of the nth governing equation, Му refers 
to the mth penalty function corresponding to the mth auxiliary constraint equation 
introduced for a reduction of the second order derivative into first order such that 


SË = GO — Yn, (24.3.108) 


with Y,, the mth unknown and the comma denotes a partial derivative with respect to 
the coordinate x;. Thus, for the problem at hand, we write 


dG 1-—o 1 ЗФ {т т? 1-0 
Res = о ө“ 
1= Ят N [o (8) ro) xz 5) (==) 


36 Ec Pr 21V? 
+ 1 =) (24.3.109) 
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К = т(т) = | X, E»(1) = X Е›(т, = T) 


+ f |a — 0) 8 (Е) + 26) Е\(|т — ipa] =0 (24.3.110) 
0 
S=G- A =0 (24.3.111) 


It is implied that the unknowns to be calculated consist of the temperature 0 = У, 
the radiation function тү = Y, , and the temperature gradient С = Gt? . It is noted that 
the ranges of indices п, т, and i in (24.3.107) аге п = 1,2,3; m = 1, i = 1. At this point 
we require that all variables, И, Y», Go, be interpolated for finite elements, 


0 = Paba 

Yn = Фа Yna => (24.3.112) 
n= Фата 

G = Ф.С0 > G = $,G, (24.3.113) 


where Ypa and GË, are the values of У, and GË) at a global node a, and ®, denotes 
the global interpolation function [Razzaque, Klein, and Howell, 1982]. 
Finally, we minimize the cost function such that 
ОЈ ОЈ ОЈ 


рано p eye M eei 243.114 
i am TE ( ) 


Since 60,, бт, and 8G, are arbitrary, we must have 


ок, Р 3 
R R AS ао = 24.3.115 
|| 198, ^ ЕТ o) ( a) 
R R 
|| (2; 14 po "аи )аа =0 (24.3.115b) 
Q ON ON ON 
aR, ӘК» as, 
R R \5 ао = 24.3.115 
/( 136, 7 236. 7 sa) ( c) 


Combining these equations, we obtain 


Ai (X) X; = fi (24.3.116) 
with 
X; = (ду, Ne, Go) (24.3.117) 


Note that integrations are required along optical depth as indicated by (24.3.26, 27) 
plus the finite element domain of (24.3.115). However, the integration limits for both 
the optical depth and finite element domain are identical since all radiation and flow 
variables along the axial direction are constant. The significant feature of (24.3.115) is 
that the resulting nonlinear algebraic equations are symmetric, positive definite, and 
well conditioned with a proper choice of the penalty constant \. The solution of the 
nonlinear equations of (24.3.115) may best be carried out by the Newton-Raphson 
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technique in the form 


АА у (24.3.118) 

Ти 24.3119 
(п+1) __ (п+1) п) 

АХ Н xo (24.3.120) 


with f? denoting the ith finite element equation in (24.3.116). Note that, in (24.3.120), 
an inversion of the Jacobian matrix is avoided. The solution involves calculation of 
A P and the unknowns a are then determined from (24.3.120). 

Itshould be noted that the gradient boundary conditions can be specified simultane- 
ously at any given boundary node, which is not possible nor permitted in the Galerkin 
finite element method. This fact can be considered an advantage in the optimal control 
penalty finite elements, but at the same time deterioration of the solution may result 
due to non-specification of such boundary conditions. It is further reminded that the 
optimal control penalty finite elements offer no advantage over the standard Galerkin 
approach if the governing equation is self-adjoint, in which no convective terms are 
present. 

Example problems for the two-dimensional analysis of combined mode conduction, 
convection, and radiation are presented in Section 24.4.4. 


24.3.3 THREE-DIMENSIONAL RADIATIVE HEAT FLUX INTEGRAL FORMULATION 


Energy transfer in absorbing, emitting, and scattering media is an important considera- 
tion in rocket propulsion, plasma generators for nuclear fusion, ablating systems, hyper- 
sonic shock layers, nuclear explosions, etc. Equations governing such energy transfer 
may represent a combined mode heat transfer by conduction, convection, and radiation. 

Our objective is to compute the radiation function in terms of surface and vol- 
ume integrals through arbitrary optical coordinates. In this approach, no limitations 
on optical thickness are imposed. Numerical solutions of the governing equations are 
implemented through the Galerkin finite elements. It is shown that use of isoparametric 
elements facilitates numerical integration via Gaussian quadrature, unlimited by optical 
depths of the participating media. 

Example problems to demonstrate efficiency of the solution procedure include two- 
dimensional diverging and converging channels. Effects of combined mode (conduction- 
convection-radiation), albedo, optical thickness, etc., are investigated [Chung and Kim, 
1984]. 

In general, it is convenient to have the energy equation in terms of the fluid temper- 
ature and heat capacity rather than internal energy. It is also assumed that the radiant 
energy and the radiation stresses are much smaller than the corresponding molecular 
quantities and can therefore be neglected even at very high temperatures. Thus, if the 
radiating fluid is an ideal gas, we have, for a steady state 

oT oT да“ 


i = (24.3.121) 
Ox; 0 Xj OX; OX; 


рСри; 
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Consider a spectral optical volume, М, and a spectral surface area, A, as defined in 
Goulard [1962] 


dV, = тада о (24.3.122а) 
d Ay = туа®/созф (24.33.1225) 


where ф is the angle between the normal vector to the surface and the direction о as 
shown in Figure 24.3.2a. Note that V, and А, are the functions of the spectral optical 
length, ту measured from the point М at r in the direction w. Expressing the spectral 
optical space defined in equations (24.3.122a,b), we have 


—Thy —T 
q&(r) = || h (ro) 2-6 cos bd Ay + | SONES dV, (24.3.123) 
Ay Tw А T 
ew e 
ax (т) = 4na(r)&() - a) | hí(ru)—5 cospdA +a) | 5(7)— dV 
А Tw VW T 
(24.3.124) 
For a gray medium with gray bounding surfaces, it can be shown that 
q; (r) = — е; соофа А+ | S(r') —— 6; ау (24.3.125) 
A т т? v т? 
апа 
aq*(r) y «са lg 
= 48|1— = Т ——H 24.3.126 
mo = B(1- g) (oP 2 (24.3.126) 
where T, represents the surface temperature and H is an integral defined by 
s Готје“ et 
n- | eos ddA | scr) av (243.127) 
AT TÉ v T? 
with 
17 = 
МР ја | еј c (24.3.128) 
8/ т Ат 


Assume that all the radiative physical properties (1.е., B, a, and у) are constant through- 
out the flow domain and define dimensionless quantities 
a б<, Xe BL 
y= ——5 = =, = Xs y mmm 
1 U, T, 1 1 о 
where U,, To, апа L are, respectively, the reference velocity, temperature, and length. 
Then the energy equation can be written in dimensionless form as 


020 RePr 39 1— оба 1 
i H)=0 24.3.12 
0x; OX; то 5 OX; N (0 Ат ) v 


Here H is the radiation function given by 


Hed i av+ f 05 — cosbdA (24.3.130) 
ү Tr А т 
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(b) 


dz = d(tan@,7) 
t=T/cos¢, 


dA = dld(tan ф,7 „) 
COS 9 = совф, cos фр 


Ty=T, 1с08ф, 


x 
Figure 24.3.2  Three-dimensional heat flux integral formulation. (a) Radia- 
tion contribution of a surface element, dA, and a volume element. dv, to a 
point M in a direction o. (b) Geometry for volume integral. (c) Geometry 


for surface integral. 
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where ns is the dimensionless source function defined by у, = т S/o Т5. That is 
ть(т) = (1 – о») (o* + 28 сен) (24.3.131) 
4m 


To determine H, let us now consider an optical volume element, d V, centered at B as 
shown in Figure 24.3.2b, in which all distances are measured by the optical coordinates 
X, Y, and Z. Let 6; be the angle at which the point, M, sees the volume element, dV, 
with respect to a point B at Z = 0, and let т and т be the optical distances of M B and 
MB, respectively. The volume integral of H is then evaluated as follows: 


[aS av- [TT n (B) <> dZdXdY 
V T 


-fff no Beim d(tan фт) d XdY 


= || || љЕ(тахау (243.132) 


where В is a point in the two-dimensional domain of the Х- and Y-coordinates, and 
Е,(т) is a geometric function of the optical distance, т, measured from the point, M, 
involved in the volume integral, 


m/2 eg 7/008 Ф: 
ЕДТ) 22 Í ДЫ (24.3.133) 


To determine the surface integral of Н, we consider a surface element dA = ава Z, 
in which dé is a boundary segment of the two-dimensional domain (Figure 24.3.2). Let 
ф be the angle between the normal vectors to the surface element centered at C’ and 
the line MC. Also, let ф, be the angle at Z = 0. 

Noting cos ф = cos ф, cos ф, where ф, is the angle between MC and MC it follows 
that 


— Ти e" cos 
peas ——cosd,dA = |. 04 — — —— NE cos $ cos b, (tan фт) d£ (24.3.134) 
" (т, /соѕф.) 

Thus, the integral, H, at the point, M, atr in the domain can be evaluated with т; solved 
simultaneously by means of equation (24.3.131). 

Galerkin finite elements to solve problems such as equations (24.3.129, 24.3.130) are 
straightforward. We consider that the temperature, 0, and radiation function, H, are 
approximated as 


0 = Феб, H = Ф.Н, (24.3.135) 


where ®, denotes the four-node isoparametric interpolation function, with a repre- 
senting the global nodes. Substituting equation (24.3.135) into equation (24.3.129) and 
equation (24.3.130), we arrive at the Galerkin finite element equations in the form 


Aag 98 + Bop Өр + Cop Hg = Е + С (24.3.136a) 
Dag Hp = La + Ma (24.3.136b) 
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where 
ОФ, ОФ ReP ОФ 
Аз = | Pag Bog = E ТЕ? вао 
о OX; OX; To Q OX; 
1— 00 x 
Cop = а Ф„Фв dQ F, = || п Фа аг 
Ат М о r OX; 
1— wo 4 
G= Ф,Фр 40 |е Dog = | PaPgdQ 
Q Q 


L=- f [ra 6, dQ m=- | [ei eaa ©, dT 
Q V т? r A ir 


Here, Da represents boundary interpolation functions. 
Combining equations (24.3.136a) and (24.3.136b), we write the resulting equations 
in the form 


Кух; = (24.3.137) 
with 
Ө, 
= H 


The solution of nonlinear equations (24.3.137) may best be carried out by the Newton- 
Raphson technique in the form 


PAK = Eum (24.3.138) 
where 
of, 
у= aX; 
Axe = x = х" (24.3.139) 


with f™ denoting the ith finite element equation in (24.3.137). Note that, in (24.3.137), 

an inversion of the Jacobian matrix is avoided. The solution involves calculation of 

A ж, and the unknowns Х "aue are then determined from equation (24.3.139). 
Example problems for the combined mode conduction, convection, and radiation 


with three-dimensional flux integration are presented in Section 24.4.5. 


24.4 EXAMPLE PROBLEMS 


24.4.1 NONPARTICIPATING MEDIA 


(1) View Factors 
Calculate view factors for (1) two parallel 1 x 1 square planes, one unit apart and 
(Figure 24.4.1.1a) and (2) two intersecting 1 x 1 square planes at angles 30°, 60°, 90°, 120°, 
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Error of view factor, In || 


Feact- FA-B 


Error of view factor, In || 


Fexact 


0.9 
08 
0.7 
0.6 
-15 -20 -25 = 
Mesh refinement, in À < 
~ 0.5 
(а) 5 
E: 
-50 z 0.4 oe 
> 0.37120 
0.3 
-40 
. 8 = 90° 
ба 0.20040 
-30 
= ° 
01 В = 120 
did 0.08070 — 5.150» 0.02151 
0 
1 1/10 1/20 1/30 1/40 1/50 
Mesh size ћ 
-1.0 
(c) 
0 
о -1.5 -2.0 -25 
Mesh refinement, In A 
(b) 


Figure 24.4.1.1 View factor calculations, convergence studies. (a) Convergence curve of view factor error 
vs. mesh size for two parallel 1 x 1 square planes, one unit apart. (b) Convergence curve of view factor 
error vs. mesh size for two intersecting 1 x 1 square planes at angle of 30°, 60°, 90°, 120°, 150°. (c) View 


factors vs. mesh size, intersecting planes. ( 
) six-point Gaussian quadrature. 


and 150° (Figure 24.4.1.1b). Use linear isoparametric elements with 2-point Gaussian 


) exact solution; (— e —) two-point Gaussian quadrature; 


quadrature. 


The convergence curves for the results are presented in Figure 24.4.1.1b,c. It is 
shown that the most accurate results are obtained for parallel surfaces. In the case of 
intersecting surfaces with smaller angles, more refined grids and an additional number of 


Gaussian points are required for convergence. It is reminded that the power of the finite 
element method is its capability to handle irregular geometries other than a simple case 


as shown in this example. If convergence is guaranteed from the basic mathematical 


viewpoint, the accuracy of the solution for irregular geometries can be guaranteed. 
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Insulated 40 


is 
~ 
о 
= 


605.73°R (b) 


592.67°R 


Convection-radiation boundaries 
Insulated 


12.3 4 5 6 7 T=590°R 


Insulated | 
4.3" 


Figure 24.4.1.2 Heat conduction with convection and radiation boundaries. (а) 3 x 3 quadratic 
elements (40 nodes), Example 24.2.2 case 1. (b) Temperature distribution, Example 24.2.2 
case 1. 


Here, the numerical results are based on linear interpolation functions and two-point 
Gaussian quadrature integration. Higher order finite element interpolation functions 
and/or an additional number of Gaussian points may be used for further improvement 
in accuracy. 


(2) Radiative Boundary Conditions 

Case 1. Consider the geometry with convection and radiation boundaries as shown 
in Figure 24.4.1.2a. Calculate the steady-state temperature with v; = 0 and the following 
data: а = 1, Btu/hr f? ^R. T’ = 520°R, Т; = 520°R, F = e = k = 1, О = 300 Btu/hr ft? 
at the bottom, and #09) = 150 Btu/hr ft? at the top, linearly varying in between. Use 
isoparametric elements and the Newton-Raphson method. 

The results are shown in Figure 24.4.1.2b. Convergence is obtained after three or 
four Newton-Raphson iterations. 


Case 2. Consider the geometry as shown in Figure 24.4.1.3a for one-dimensional 
transient heat transfer. Initially, the domain is at a uniform temperature Т. Let the 
domain be exposed to ambient temperature, Т” = 0, and radiation temperature, 7; = 0, 
at boundaries with A= Foe Te =0,2,B= at = 0, 1. Calculate the transient wall 
and center temperature distributions. 

The computed results are shown in Figure 24.4.1.3b. These results are favorably 
compared with those of the Monte Carlo method by Haji-Sheikh and Sparrow [1967]. 


24.4.2 SOLUTION OF RADIATIVE HEAT TRANSFER EQUATION 
IN NONPARTICIPATING MEDIA 


Two examples problems using FVM/FEM are presented in this section. It should 
be noted that Chapter 7 discusses the finite volume methods via finite difference 
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ху 


1 


dT 
є„=0.85 


"$ 


T,=900K, є„=0.7 
(a) 


900K 


200K | 1100 400K 


(с) (d) 


Figure 24.4.2.1 Radiative heat transfer in nonparticipating media, 3-D combustion chamber, FVM/FEM 
solution [Baek et al., 1998]. (a) Geometry. (b) Grid (20 x 10 x 10). (c) Temperature contours, Bo = 0.1, z= zo/2. 
(d) Temperature contours, Bo = 5.0, z= 20/2. 


discretization, identified as FVM/FDM, whereas Chapter 15 presents the finite volume 
methods via finite element discretization. It is unfortunate that this distinction is ignored 
in the literature. It is emphasized that the discretization scheme via FDM or FEM used 
in FVM formulations always be clarified. 


(1) 3-D Combustion Chamber 

Inthisexample, the FVM/FEM solution of radiative heat transfer in nonparticipating 
media carried out by Baek, Kim, and Kim [1998] is introduced. A three-dimensional 
combustion chamber is modeled, with the initial and boundary conditions as shown in 
Figure 24.4.2.1a,b. 

The results are obtained for two values of extinction coefficients. Temperature 
contours at the midplane (2 = 20/2) for Во = 0.1 and Bo = 5.0 m^! are shown in Figure 
24.4.2.1с,а. It is shown that the small extinction coefficient leads to much higher tem- 
perature throughout the combustion chamber with steeper temperature gradient at the 
side walls than the case of higher extinction coefficient. 


(2) 3-D Enclosure and Reflective Walls 

The FVM/FEM analysis by Raithby [1999] for the 3-D enclosure and reflective walls 
is presented here. The geometry and solid angle discretization are shown in Figure 
24.4.2.2a,b. The section of the wall x = 0,0 < y x 12,0 < z x 17 is black and held at 
1000° С. АП other walls are diffuse and fully reflective (adiabatic to radiation). The 
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20 
2 
=0°C 
є,=1.0 ү 
X 
T, 21000°с #65 x 
€,=1.0 
(a) (b) 
o 
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Figure 24.4.22 Radiative heat transfer in participating median 3-D enclosure and reflec- 
tive walls, FVM/FEM solution, Raithby [1999]. (a) Geometry (with the ceiling removed), 
boundary conditions, and grid of a region with two interior obstacles. The radian energy 
leaving the heated surface on the left is either reflected back to this surface or enters 
the cooled surface on the right. (b) Solid-angle discretization used in the FVM solution 
of this problem. (c) Radiant heat flux vector. (d) Comparison results of the benchmark 
surface-to-surface predictions from the model of Hutchinson et al. [1987] with the FVM 
predictions for two spatial meshes. 


angular grid shown in Figure 24.4.2.2b has L — 32 solid angles. There are 8 solid angles 
in the range of polar angle 0 « ф < 60°, 8 in the range 120? « ф < 180^, and 16 in the 
range 60? « ф < 120°. AII the solid angles are equal in size. 

The radiation heat flux distributions are shown in Figure 24.4.2.2c on the plane 
z — 7.05 m. It is seen that the reflection of the radiation by the two interior walls 
and by the exterior walls transport the radiation to the cold walls. The effect of mesh 
discretization on the net heat flux is shown in Figure 24.4.2.2d, with the finer mesh 


approaching closer to the benchmark solution of Hutchinson, Stefurak, and Gerber 
[1996]. 
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Radiation function т] 


Dimensionless temperature 0 


.0 02 04 06 08 10 у ї 
T/To т/то 


(а) (b) 
Figure 24.4.3.1 Combined conduction-radiation heat transfer, effects 


of oo on the temperature and radiation function for N = 1, Tọ = & = 
ёз = 1.0. 


24.4.3 PARTICIPATING MEDIA WITH CONDUCTION AND RADIATION 


The governing equation is given by (24.2.79) with the last two terms of the right-hand 
side neglected, 
2 

d е ө) [r9 - зак 
in which scattering is included but no convection and viscous dissipation are considered. 
The boundary conditions are: 0(7) = 1 atv = 0,0(7) = 02 at T = «o with 0? = Ђ/ П. 

Furthermore, the dimensionless radiative heat flux \ is calculated from the ex- 
pression (24.3.80). Here we note that the governing equation is of self-adjoint and 
no gradient boundary conditions are to be specified. As mentioned in the previous 
section, the standard Galerkin finite elements would suffice and, in fact, they are the 
best approximation process for the self-adjoint problems. 

The results of this analysis (20 linear elements) by the Galerkin approach are 
shown in Figure 24.4.3.1. A comparison with the results of Viskanta [1965] and 
Fernandes, Francis, and Reddy [1980] appears favorable, the present study confirming 
the conclusions reached by Viskanta and others to include the following: (a) Radiation 
increases with less scattering, (b) An increase of emissivity results in an increase of heat 
flux, this rate being larger as scattering becomes less. 


24.4.4 PARTICIPATING MEDIA WITH CONDUCTION, CONVECTION, AND RADIATION 


(1) Combined Mode Heat Transfer Without and With Scattering and Viscous Dissipation 

The equation governing this subject is obtained from (24.3.79) by setting w, = 0 and 
EcPr = 0: 

d?0 1 1 3p (т 377 1-6 

ера есеј 9“ == 

dt? м! o | () TE Nt (2 5) 1— % 
Because of the presence of the convective term here, the standard Galerkin finite ele- 
ments fail and the optimal control penalty finite elements are shown to be effective. 


The boundary conditions for this problem (Figure 24.4.4.1а) are: 0 = Ө, = latt = 0 
and т = To. Due to symmetry about the center line, we may also use: 0 = 0, at 1 = 0, 
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(1) One-dimensional radiation example problem 1 
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(2) Fully developed duct flow Example problems 2 and 3 
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Figure 24.4.4.1 Combined mode conduction, convection, and radiation with and without scattering 
and viscous dissipation [Chung and Kim, 1984]. (a) Example problem. (1) One-dimensional radia- 
tion, example problem 1; (2) fully developed duct flow, example problems 2 and 3. (b) Combined 
conduction-convection-radiation heat transfer without scattering and viscous dissipation. N — 0.1; oo — 0; 
ЕсРг= 0; ту =£1 = €2 = 1. (c) Combined conduction-convection-radiation heat transfer with scattering 
and viscous dissipation. №= 0.1; & = #2 — 1. (1) to = 1.0; (2) t = 0.1. ( ) Ec Pr =0, w = 1.0; (— e —) 
Ec Pr=0.5, wo 20.5; (------ ) ЕсРг= 1.0, o9 =0. (d) Combined conduction-convection-radiation heat 
transfer, with scattering and viscous dissipation. N = 0.1; £1 = €2 = 1. (1) то = 1.0; то =0.1. ( ) Ec Pr = 0; 
(—e—) ЕсРг= 0.5; (------ ) EcPr— 1.0. (e) Combined conduction-convection-radiation heat transfer 
(temperature distributions) with scattering and viscous dissipation. N —0.1;£; = £2 — 1. (1) то= 1.0; 
то = 0.1. ( ) Ec Pr =0, о) = 1.0; (— e —) Ec Pr = 0.5, wo = 0.5; (------ ) Ec Pr = 1.0, wo = 0. (f) Combined 
conduction-convection-radiation heat transfer (heat flux distributions) with scattering and viscous dissi- 
pation. N=0.1;€, =€2 = 1. (1) то = 1.0; (2) to =0.1. (——) Ec Pr=0; (------ ) Ec Pr=1.0. 
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a = Оагт = =. In order to compare the present results with those of Viskanta [1963], 


however, we use the following boundary conditions: 0 = 0, at т = 0, 0 = 6, and a = 
0,т = 2. Specification of both Dirichlet and Neumann boundary conditions at a node 
(т = т,/2 here) is not permissible in the Galerkin finite element equations, but this can 
be handled easily in the optimal control penalty finite elements. 

In Figure 24.4.4.1b, the trends of optimum value of penalty constant are shown. Note 
that, for Nusselt number, total heat flux and temperature gradients, the optimum value 
of penalty constant is approximately \ = 10° at which convergence seems to have been 
reached. From the past experiences, the optimum values of penalty constant in general 
appear to ђе 10* < А < 10". 

If scattering and viscous dissipation are coupled with the combined mode heat trans- 
fer by conduction, convection, and radiation, no additional difficulty in numerical so- 
lutions are encountered with the optimal control penalty finite elements. The energy 
equation is now governed by (24.2.121), and the same boundary conditions prevail as 
in the previous example. Here the optimum value of penalty constant is again found to 
Бел = 10°. 

The most significant observation (Figures 24.4.4.1c,d) is that temperature suddenly 
rises (possible viscous heating) and reaches a peak at 7/7, = 0.1 and drops down to the 
specified value, Ө = 0.5, atthe center. This phenomenon occurs when the optical depth is 
small (т, = 0.1) and viscous dissipation is large (Ec Pr = 1 in this case). The albedo (wo) 
has no influence if less dominated by convection and radiation (М = 10). However, if 
the medium is significantly dominated by convection and radiation (N = 0.1), then the 
temperature decreases with an increase of albedo (Figure 24.4.4.1d). It is interesting 
to note that these features are completely absent for a large optical depth (т, = 1) 
(Figures 24.4.4.1c and 24.4.4.1d). Viscous dissipation leads to only a slight increase 
in temperature, but unaffected by albedo even when the medium is dominated by 
convection and radiation. The results of heat flux corresponding to these features are 
shown in Figures 24.4.4.1e and 24.4.4.1f. 

The effectiveness of the optimal control penalty finite elements has been demon- 
strated in the solution of combined mode heat transfer by conduction, convection, and 
radiation. It is also shown that scattering and viscous dissipation can easily be incorpo- 
rated in the solution process. Through an example for a fully developed duct flow, the 
following physical phenomena have been found: (1) For the constraint temperatures 
Ө = 1 at the wall and 0 = 1/2 at the center of the duct, a considerable amount of viscous 
heating develops with a peak temperature at t/t, 2 0.1. This phenomenon is observed 
only for a small optical depth (т, — 0.1), more significant as viscous dissipation increases. 
Note also that heat flux distributions are such that negative Nusselt numbers appear 
in the region where temperature jumps occur. (2) An increase of emissivity leads to 
alarge Nusselt number when scattering is absent in the convection-radiation dominated 
medium with a large optical depth. If the medium is dominated by convection and ra- 
diation (N — 0.1), temperature decreases with an increase of albedo of scattering. This 
influence disappears as the medium begins to be dominated by conduction (М = 10). 
For large optical depths (т, = 1), the effect of viscous dissipation diminishes and the 
temperature field is not affected by the albedo even when the medium is dominated by 
convection and radiation. 
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(ш) (iv) 
(c) 

Figure 24.4.4.2 Effects of radiation on natural convection [Han and Baek, 1999]. (a) Eccentric annular 
cross section. (b) Isotherms (upper, AT = 0.1) and streamlines (lower, Ду = 0.03) in an eccentric annulus 
(ey /L= 0.623) for various conduction to radiation parameters N with Ra = 1.5 x 104, 8=1, то =0.3, оу =0, 
and black boundaries: (i) without radiation, (ii) N=0.1, (iii) N=0.05, (iv) N=0.03, and (v) N=0.02. 
(c) Isotherms (upper, AT = 0.1) and streamlines (lower, Au = 0.03) in an eccentric annulus (ey / L= —0.623) 
for various conduction to radiation parameters N with Ra=1.5 x 10t, 8=1, то =0.3, оу =0, and black 
boundaries: (i) without radiation, (ii) N =0.1, (iii) N= 0.05, (iv) N =0.03, and (v) N = 0.02. 


(2) Effect of Radiation on Natural Convection 

This example presents the analysis investigating the effect of radiation on natu- 
ral convection in the eccentrically positioned cylindrical annulus (Figure 24.4.4.2a) as 
reported by Han and Baek [1999]. The flowfield equation is solved using the compress- 
ible SIMPLER [Karki and Patankar, 1989] ( similar to equation (5.3.20) for diagonal 
dominance), whereas the radiative transfer equation is solved using FVM/FEM. The 
spatial and angular domains are discretized into 41 x 63 nonuniform spatial control vol- 
umes and 2 x 24 control angles with uniform Аф and A9, respectively. Isotherms and 
streamline contours for the positive eccentricity are shown in Figure 24.4.4.2b. Here, 
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Figure 24.4.4.3 The effect of eccentricity on various Nusselt numbers for N = 0.05, Ra = 1.5 x 104, 
8 = 1, то = 0.3, wo = 0, and black boundaries: (a) Nuf, (b) Ми“, and (c) Nu” [Нап and Baek, 1999]. 


the convective motion is suppressed because of its thermally stable configuration, with 
the total average heat transfer from the hot inner cylinder reduced for a fixed (N 
conduction-radiation ratio) when the inner cylinder is moved upward. For the case of 
negative eccentricity (Figure 24.4.4.2c), a temperature inversion in isotherms over the 
upper section of the inner cylinder is more prominent because of the stronger convective 
motion. 

In Figure 24.4.4.3, the conductive, radiative, and total Nusselt number variations 
around the inner and outer cylinder walls are shown. It is seen that the conductive wall 
heat flux directed into the outer cylinder is dominant over the upper region, especially 
for the positive eccentricity. 


24.4.5 THREE-DIMENSIONAL RADIATIVE HEAT FLUX INTEGRATION FORMULATION 


Consider a divergent or convergent channel flow through two infinitely wide plates with 
an angle, ò, having different wall temperatures, as shown in Figure 24.4.5 Ја [Kim, 1982]. 
It is assumed that the velocity profile of the channel flow is fully developed, laminar, 
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(a) 


(b) 


Dimensionless temperature Ө 


(с) 


Dimensionless temperature 0 


Dimensionless temperature Ө 
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Figure 24.4.5.1 Two-dimensional analysis with three-dimensional 
heat flux formulation in combined conduction, convection, and 
radiation. (a) Geometry of two-dimensional radiation problem. 
(b) Effects of Reynolds number on the temperature profiles along 
СС and SS . to = 1.0; Pr = 1.0. (——) w; (------) w = 1. (c) Effects 
of Reynolds number on the temperature profiles along CC апа$Ў. 
to = 0.1; N = 0.001; Pr = 1.0. (——) wo = 0; (---) wo = 1. (d) Effects of 
N on the temperature profiles along CC’ and SS’. ту = 0.1; «9 = 0; 
Re Pr = 100. 
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(e) 


Dimensionless temperature Ө 


(f) 


Dimensionless temperature Ө 


(g) 


Dimensionless temperature Ө 


Figure 24.4.5.1 (continued.) (e) Effects of N on the tempera- 
ture profiles along CC’ and SS’. то = 0.1; wo = 0; Re Pr = 100. 
(f) Effects of albedo wo on the temperature profiles along 
CC’ and SS”. то= 1.0; №= 0.00; Re Рг = 100. (g) Effects of 
albedo wo on the temperature profiles along CC’ and SS”. 
то = 0.1; N=0.00; Re Pr = 100. 


and approximately given by 


2 
«Goo (У) | Gm pest - D 


where из (х) and D(x) are, respectively, the mean flow velocity and the channel width at 
asection, and D, denotes the width at the channel exit. The upper and lower surfaces are 
also assumed to have uniform temperature T} and T,, respectively, and they are assumed 
to be black for simplicity. Furthermore, the inlet and outlet sections of the channel are 
assumed to be imaginary porous black surfaces, through which the flowing medium 
passes without any restrictions. The outlet mean velocity and channel width, D,, are 
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used as reference velocity and length, respectively, and the lower plate temperature, Th, 
is assumed to be the reference temperature. 

With the foregoing assumptions, the energy equation (24.3.129) and the equation 
(24.3.130) are solved simultaneously using the Galerkin finite elements. The boundary 
conditions are: Ө = 0, on the lower surface, Ө = 0, on the upper surface where Ө, = 7,/ To 
and @ = Т;/ To. Note also that normal temperature gradients at the entrance and exit 
are set equal to zero. 

In this example, it is assumed that Ө, = 1.0, 6; = 0.2, and ё = 15 deg. For given 
Reynolds and Prandtl numbers, the temperature distributions along the center line СС 
and the middle section SS’, are investigated for selected values of conduction-radiation 
ratio, №, optical thickness, т, and albedo, wp. 

A total of 72 linear two-dimensional isoparametric elements with 91 nodes are 
used in this example. An average of 6 iterations for the Newton-Raphson process was 
required for convergence with 0.1% error. 

For the Prandtl number of unity, Figures 24.4.5.1b and 24.4.5.1c show the effects 
of the Reynolds number, Re, and the optical thickness, т,, on the temperature profiles 
for a small N = 0.001. It is noted that for pure scattering (wo = 1), the temperature 
profile at the center line CC’ is independent of Re and to, while the profile at the middle 
section SS’ is strongly dependent on the Reynolds number but not the optical thickness. 
If the medium does not scatter but only absorbs radiation (wo = 0), the center line 
temperatures become close to 0 — 0.8 for a lower Reynolds number when it is optically 
thick (7, — 1.0). However, they become close to 0 — 0.6 for a higher Re when optically 
thin (т, = 0.1). It is also indicated that the middle section temperature profile becomes 
closer to a straight line as Re increases for Tọ = 1.0 (optically thick) and о = 0, whereas 
the opposite is true in the case of o = 1.0. 

On the other hand, if conduction energy transfer dominates over radiation (large 
N), there are very little effects of т, on the temperature profiles for о, = 0, as noted 
in Figures 24.4.5.1d and 24.4.5.1e. Also, the figures indicate that the profiles strongly 
depend on N if it is optically thick, but the dependence on N is moderate for a small 
optical depth (7, — 0.1). The same trend also appears in Figures 24.4.5.1f and 24.4.5.1g, 
which show the dependence of the temperature distributions on albedo, o,, for a low 
N. However, for a higher N the profiles converge to those for pure scattering. 

Itshould also be noted that, for pure scattering, the temperature profile at the middle 
section, SS’, is strongly dependent on the Reynolds number, but along the centerline, 
CC’, it remains independent of Reynolds numbers since the temperatures for upper 
and lower boundaries are kept constant. 

The finite element solution for the two-dimensional radiation flux combined with 
convection and conduction has been obtained. The following conclusions are reached: 
(1) Isoparametric finite elements offer advantages of easy integration for the two- 
dimensional radiation function involving the specular volume and specular surface 
elements through Gaussian quadrature. (2) For the diverging channel, for pure scat- 
tering, the temperature profile at the center line is independent of Reynolds number 
and optical thickness. In the absence of scattering, however, the middle section temper- 
ature profile becomes linear as the Reynolds number increases for large optical thick- 
ness. (3) If conduction energy transfer dominates over radiation, there are very little 
effects of optical thickness on the temperature profile in the absence of scattering. (4) For 
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the converging channel, the radiation effect on the temperature profiles is small even 
when conduction and convection are small. (5) Standard Galerkin finite elements may 
be used if the convection domination is relatively small (Re Pr < 1000). However, for 
large Reynolds numbers (Re Pr >1000), it is concluded that the nonsymmetric form 
and ill-conditioning of the matrix from the convective terms would cause the solution 
to deteriorate. In this case, the optimal control penalty finite elements can be used to 
overcome such difficulties. 


24.5 SUMMARY 


The subject of radiative heat transfer in general is divided into the nonparticipating and 
participating media. Often, the term “radiation transfer” refers to the radiative heat 
transfer for the nonparticipating media. Both nonparticipating and participating media 
have been treated in this chapter. 

The highlights of the radiative heat transfer in the nonparticipating media are the 
view factor calculations and the solution of radiative heat transfer equations. For the 
participating media, detailed formulations are presented for the combined conduction 
and radiation problems and combined conduction, convection, and radiation problems. 
A special feature in this chapter is the integral formulation of three-dimensional heat 
flux with respect to the optical thickness and spatial volumetric domain. Although the 
coverage 15 not complete, it is intended that the subject of the combined mode radiative 
heat transfer be self-contained. 

Based on the theoretical foundations and numerical schemes presented in Sections 
2 and 3, various example problems are demonstrated, including view factor calculations, 
solutions of radiative heat transfer equations, participating media with conduction and 
radiation, participating media with conduction, convection, and radiation, and the so- 
lution of the energy equation for the combined mode radiative heat transfer with the 
three-dimensional radiative heat flux integral equation. In these examples, ЕРМ, FEM, 
and FVM are employed selectively. 
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CHAPTER TWENTY-FIVE 


Applications to Multiphase Flows 


25.1 GENERAL 


Multiphase flow is acommon observation such as occurs in evaporation or condensation 
in which a liquid particle is transformed into a gas or vice versa. Other examples include 
phase changes involved in the boiling of liquids, tracking of free surfaces between gas 
and liquid, or rocket solid propellants which, upon ignition, change into a liquid phase 
and subsequently into a gas phase. Furthermore, rigid body motions of solids in the 
presence of gases or liquids such as in sedimentation and fluidized beds, and reactive 
laminar and turbulent flows in fluid-particle mixtures, are the complicated physical 
phenomena in multiphase flows. 

Interfaces are present as a specified initial condition or as a result of phase changes 
through evaporation, condensation, melting, solidification, merging (coalescence), or 
breakup. Surface tension plays an important role in these interfaces. Interface kinemat- 
ics dealing with interface tracking in the free surface flows may be described and solved 
in many different ways. Among them are: volume tracking methods, front tracking 
methods, level set methods, phase field formulations, continuum advection schemes, 
boundary integral methods, particle-based methods, and moving mesh methods. A brief 
review of these methods is given below. 

Volume tracking methods, often known as the volume of fluid (VOF) method, were 
originated by Nichols and Hirt [1975] and Noh and Woodward [1976], and further 
extended by Hirt and Nichols [1981]. Since then, the VOF method has been improved 
significantly over the years [Rudman, 1997; Rider and Kothe, 1998]. The VOF method 
is based on the conservation of the volume fraction function F with respect to time and 
space, expressed as 


— (v. )F=0 (25.1.1) 


This method will be further elaborated in Section 25.2. 

The basic idea of the front tracking methods resides in the original marker and cell 
(MAC) formulation [Harlow and Welch, 1966; Daly, 1967]. The interface is represented 
discretely by Lagrangian markers connected to form a front which lies within and moves 
through a stationary Eulerian mesh. As the front moves and deforms, interface points 
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are added, deleted, and reconnected as necessary. Further details may be found in 
Glimm and McBryan [1985], Churn et al. [1986], and Tryggvason et al. [1998]. 

Level set methods have been successful as evidenced in the literature [Osher and 
Sethian, 1988; Sethian, 1996]. The basic premise of the level set method is to embed 
the propagating interface T(t) as the zero level set of a higher dimensional function 
ф, defined as ф(х, г = 0) = +d, where d is the distance from x to T(t = 0), chosen 
to be positive (negative) if x is outside (inside) the initial Г( = 0) = ф(х, t = 0) = 0, 
then a dynamical equation for ф(х, г) that contains the embedded motion for T(t) 
as the level set ф = 0 can be derived similarly as in the volume of fluid conservation 
equation (25.1.1). 

Phase field formulations are applied predominantly to crystal growth problems and 
Hele-Shaw flows [Caginalp, 1989; Kobayashi, 1993; Wang et al., 1993; Wheeler, Murray, 
and Schaefer, 1993]. Applications to the Navier-Stokes system of equations have also 
been made recently [Antanovskii, 1995; Jacqumin, 1996]. In these formulations, interfa- 
cial forces are modeled as continuum forces by smoothing interface discontinuities and 
forces over thin but numerically resolvable layers. This smoothing allows conventional 
numerical approximations of interface kinematics on fixed grids. 

In continuum advection schemes, the solution of (25.1.1) is carried out with schemes 
normally required for an hyperbolic system, as an integral part of the conventional 
fluid dynamics problems [Rider and Kothe, 1995; Chan, Pericleous, and Cross, 1991; 
Pericleous, Chan, and Cross, 1995]. High order approximations for the volume fraction 
function F will be the main factor for success. 

Boundary integral methods are designed to track the interface explicitly, as in front 
tracking methods, although the flow solution in the entire domain is deduced solely from 
information possessed by discrete points along the interface [Geller, Lee, and Leal, 1986; 
Hou, 1995; Rallison and Acrivos, 1978]. The advantage of these methods is the reduction 
of the flow problem by one dimension involving quantities of the interface only. 

Particle-based methods use discrete “particles” to represent macroscopic fluid 
parcels [Monaghan, 1985]. Here, Lagrangian coordinates are used to solve the Navier- 
Stokes system of equations on “particles” having properties such as mass, momentum, 
and energy. The nonlinear convection term is modeled simply as particle motion and by 
knowing the identity and position of each particle, material interfaces are automatically 
tracked. By using particle motion to approximated the convection terms, numerical 
diffusion across interfaces (where particles change identity) is virtually zero; hence 
interface widths are well defined. Particle-based methods may be categorized in two 
groups: (1) a scheme similar to particle-in-cell (PIC) methods [Harlow, 1988] and (2) 
meshless method [Belytschko et al., 1996] such as the smooth particle hydrodynamics 
(SPH) methods [Gingold and Monaghan, 1977; Monaghan, 1992]. 

In moving mesh methods, the position history of discrete points x; lying on the 
interface is tracked for all time by integrating the evolution equation, forward in time. 


ах 
dt 


=v; (25.1.2) 


A moving mesh is Lagrangian if every point is moved, and mixed (Lagrangian-Eulerian) 
if grid points in a subset of the domain are moved. Mixed methods are used for mold 
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filling simulations [Noh, 1964], where the mold computational domain can be held 
stationary and the molten liquid is followed with a Lagrangian mesh [Lewis, Navti, and 
Taylor, 1997; Muttin et al., 1993]. 

In other cases of multiphase problems such as rigid body motions in fluids or gases, 
the flowfield depends on the moments and products of inertia of the solid and torque 
acting on the surface of the solid. Hu, Joseph, and Crochet [1992] developed a numer- 
ical scheme using finite elements for simulating solid-liquid mixture motions of a few 
sedimenting circular and elliptic cylinders confined in a channel. This work was then 
extended to simulate a large number of solid particles with moving unstructured grids 
in the arbitrary Lagrangian-Eulerian (ALE) coordinates [Hu, 1995]. Glowinski et al. 
[1999] studied a distributed Lagrange multiplier/fictitious domain method for suspended 
solid particles in fluids. A finite element discretization in space and an operator-splitting 
technique of discretization in time were used in this analysis. Subsequently, Maury [1999] 
developed direct simulations of 2-D fluid-particle flows in biperiodic domains using the 
ALE finite elements. It was shown that this method provides long-time simulations of 
many-body motions (up to 5,000 particles). 

Direct numerical simulation (DNS) of particle-turbulence was demonstrated by 
Pedinotti, Martiotti, and Banerjee [1992], Pan and Banerjee [1996, 1997], and Li, 
Mosyak, and Hetsroni [1999]. In these studies, the fluid flow in a horizontal channel 
is solved using DNS, whereas a Lagrangian approach is used for the particle motion. 

If the liquid-gas mixture or solid-gas mixture system is reactive, then computations 
become complicated. The turbulent spray combustion discussed in Section 22.2.5 is 
the liquid-gas mixture flow [Kim and Chung, 1990]. In this chapter, we examine more 
broad and general approaches to the liquid-gas mixture and liquid-solid mixture flows 
[Smirnov, Nikitin, and Legros, 1997; Mashayek, Taulbee, and Givi, 1997; Udaykumar 
et al., 1997]. 

In Section 25.2, we discuss the volume of fluid (VOF) formulations with emphasis 
on surface tension using the continuum surface force (CSF). Laminar flows for the 
fluid-particle mixture with rigid boy motions of solids are presented in Section 25.3. 
Also included in this section are the turbulent flows and reactive turbulent flows in 
fluid-particle mixtures. Selected example problems are presented in Section 25.4. 


25.2 VOLUME OF FLUID FORMULATION WITH CONTINUUM SURFACE FORCE 


25.21 NAVIER-STOKES SYSTEM OF EQUATIONS 


One of the most widely used approaches for simulating the liquid-gas phase interfaces 
subjected to surface tension is the volume of fluid (VOF) concept developed originally 
by Nichols and Hirt [1975] and others and subsequently extended by Blackbill, Kothe, 
and Zemach [1992] for implementation of continuum surface force (CSF) model. The 
VOF with CSF may be embedded into the conservation form of the Navier-Stokes 
system of equations as 


aU + дЕ; " 96; 
ot OX; OX; 


=B (25.2.1) 
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with 
р pv; 0 0 
F ў Е 0 0 
й= |? Р i= А ; G;= E ; В = 
ру} ру; + рён; Tij pf; 
pE p; E+ p vi —"iVj t di pfjvj 


with the second equation denoting the space conservation for the volume fraction F: 


дг 


which represents the volume of fluid (МОЕ) [Nichols, Hirt, and Hotchkiss, 1980]. Here, 
the total velocity (partial velocity) у; is the sum of the convection (Eulerian) velocity 9; 
and grid (Lagrangian) velocity Vi, 


eran f рЕ%49 =0 (25.2.2) 


м=%+% (25.2.3) 


This leads to the Lagrangian description for у; = = у; and the Eulerian description for 
у; = AU Thus, we have an arbitrary (mixed) Lagrangian-Eulerian (ALE) description 
for Vi #0 and v; Æ Vi. Initially, we set m = 0 and calculate ү from (25.2.1). Then, 
calculate the grid displacement 


ujt = и! + At(vi*! — у) (25.2.4) 


This provides the basis for the computation of yor as 


üt a 
vr ут p (25.2.5) 


The body force p f; consists of the gravity pg; and the volume force Q;(Q): 


pf; = ра; + Q;(Q) (25.2.6) 


Derivations of the volume force Q;({), which represents the contribution of surface 
tension between the liquid and gas interfaces, will be presented later in this section. 
On the droplet-free surface we define the volume fraction F as 


MO 


= 049 (252.7) 


with the subscripts (g) and (e) indicating gas and liquid, respectively. The total density 
p is given by 


p =p®F +р(2(1 – F) (25.2.8) 


In the formulation presented above, there are two options: The first is to remesh 
the grid network as dictated by the grid velocity and the grid displacement. The second 
option is to maintain the Eulerian coordinates and redefine the original element based 
on the volume fraction so that the element properties are updated for the subsequent 
time steps. 
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Multiphase interactions are usually studied in low-speed incompressible flows, 
although the Navier-Stokes system of equations (25.2.1) written in conservation form 
for generality, is capable of handling both incompressible and compressible flows. This is 
convenient for applications of the flowfield-dependent variation (FDV) method which 
will be discussed in Section 25.3.1. 


25.2.2 SURFACE TENSION 


The pressure p is the sum of the pressure due to surface tension (р;) and the vapor 
pressure (ру). This gives 


Ds = р-р = ок (25.2.9) 
where с 15 the surface tension and к is the curvature, 
LUE n 1 
= R R 


with Кү апа R being the radii of curvature for a doubly curved surface. 
The rate of change of force due to surface tension in a unit dimension х, is given by 


до д д 
до аг— | 3 (у yo ag- | ~ (0 _„®үло 252.10 
Г 0x; [ OX; (p P и ок) Q OX; (т, Tij ) ( ) 
Integrating the right-hand side, we obtain 
д 
/ ата / (р® — p? + ox) nj dT -Í (7) — 9) nj; ar (25.2.11) 
r OX; г p ' 


where п; is the component of the unit normal vector on the surface. This leads to 


до 


сш (p? — р®+өк)пу — (s — a4) )m (25.242) 


ij 


Thus, for p® = p® апат = 7 


ij ij > 
д 
= on; (25.2.13) 
OX; 


we must have 


Let us now introduce the tangential vector component t; so that (see Figure 25.2.1a), 


да да 
Эх, Шу = Эх, (8; ninj) (25.2.14a) 
or 
то= с— мс (25.2.14b) 
with 


мо —n(n- )/)o 
T9 = @ x ја 
Thus, the normal and tangential projections of (25.2.11) lead to the scalar pressure 


boundary conditions at the interface. Along the unit normal and tangential direc- 
tions, the boundary conditions can be obtained by projecting (25.2.10) onto the normal 
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Figure 25.2.1 Surface tension interfaces. (а) Normal and tangential components of stress. (b) Normal 
and tangential surface components. (с) Transition region. 


direction п; and tangential direction ¢; as follows: 
Normal Direction 
p® – p? + ак = (т? — тип) (25.2.15) 


Tangential Direction 


до (6) _ 

ac (у = ту nij (25.2.16) 
with 

7 = yo ду | ду 

H OX; OX; 


These results are based on the fact that the spatial rate of change of surface tension 
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normal to the surface vanishes and (n;jt;j = 0, nit; #0) [Schmidt, Chung, and 
Nadaraja, 1995]. 


25.2.3 SURFACE AND VOLUME FORCES 


Let us consider the continuum surface force (CFS) model with the total surface force 
F, as the sum of the normal and tangential components [Brackbill et al., 1992], 


F, = Ега + Fs; (25.2.17) 


where the tangential component vanishes for constant surface tension. To justify this, 
we examine the surface force components as shown in Figure 25.2.1b. Using the Stokes 
theorem, 


Е,бА = res = f otds 


SIL dA(nx )xon 
= Аах ) хоп] (25.2.18) 
we obtain, for ёА — 0, 
Е,(х,) = (ах )xon 
=o(nx )xn+(mx o)xn (25.2.19) 
Noting that 


n x =n x ( TH+ м)=пх Т 


(n x Dxn-5 r(n.n) -n( т.п) 


= n( т.п) 
(nx o)xn= o-n(n- )o- та 


Thus, (25.2.19) is written as 


F,(x,-—-on( т.п)+ та (25.2.20) 
where we identify the normal and tangential components of the surface force as 

Ел, = –оп( r.n)- -okn 

Fy = то 
where 

к=— py.n—— -n (25.2.21) 


with the negative sign implying that the center of curvature is in the gas phase. The sign 
change will occur if it is in the liquid phase. 

For a constant surface tension, the tangential component of the surface force van- 
ishes, and we have 


Е, (х,) = –окп (25.2.22) 


where x, denotes the interface (Figure 25.2.1c). 
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To examine the volume force, let us first consider the density phase function p(x) 
(characteristic function or color function) as follows (see Figure 25.2.1c): 


p(? if in gas phase 
р(х) = { p® ifin liquid phase 
(p) at the interface 
with 
1 
(p) = ip^ + p?) 
The volume force F,(x) is defined as 
lim f Fy(x)dQ - | Е,(х,) аг (25.2.23) 
h>0 Јо г 
with 
Е, (х) =0 for [п(х;) | (х = х,)| >h 
Consider the mollified density phase function р(х) given by 
1 
6(х) = x | р(х')$(х' — х)а о! (25.2.24) 
"Jo 
with 


т = | scan 


NI > 


S(x) =0 for |x| > 
lim р(х) = p(x) 


where S is an interpolation function. Taking the gradient of р(х) and denoting 
[p] = p® — g®, we have 


sx) = уу] об) 8х-х)а@ 


_ Ip] 
zi AO У QE) dT 


= Мако f 5(х— х)аг+о (4) (25.2.25) 


where Ris the radius of the curvature at x,, (surface point closest to x) so that 
1 
D | S(x — xs)d T x S(x — Хо) (25.2.26) 
г 


where the funtion S(x — xs) plays the role of a delta function such that it is zero every- 
where except at x = x,. Thus, we have 


lim f ико) PAT = [p] (25227) 


lim 6() =[р]&8[в-(х—х,)]= р(х) (25.2.28) 
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where 9[.] is the delta function. This gives 


[ коа Г= [во é[n(x,) · (х ^ х Ја 9 = КОЗУ $[п(х,).(х—х,)]4 2 


(25.2.29) 
Substituting (25.2.28) into (25.2.29) yields 
=i p(x) 
| коча Г = lim К [р] dQ (25.2.30) 
It follows from (25.2.23) and (25.2.30) that 
oes А... (25.2.31) 
[р] 
апа 
Р, p(s) dp(x) 
/ F(x) d (n- x)= / ok(x) n(x) (25.2.32) 
P, р(0) [р] 
Zgk(x)ü(x) forh > 0 
lim F,(x) = Е, 8 [n(x,) - (x — x;)] (25.2.33) 


Note that this is equivalent to the conventional definition 


е = 


25.2.4 IMPLEMENTATION OF VOLUME FORCE 


The body force p f; consists of the gravity pg; and the volume force Q;(Q2) as defined 
in (25.2.6). It follows from (25.2.30) and (25.2.31) that 


66) (х) 
[p] (p) 


where р (x)/(p) with (р) = (p + p()/2is multiplied to the right-hand side of (25.2.34) 
to signify the process Л — 0, coinciding (25.2.31) at the interface 


(б (®)/(р) = 1). 


Note that when the acceleration due to surface tension is independent of the density, 
neighboring contours in the transition region tend to remain a constant distance apart 
under the action of surface tension. Denser fluid elements in the transition region 
experience the same acceleration as lighter fluid elements when p(x)/(p) is included in 
Е, (x). Otherwise, the interface tends to thicken when F,(x) is directed toward the fluid 
having the smaller density, and too thin when F,(x) is directed toward the fluid having 
the lower density. 

The unit normal vector n can be determined from the gradient of р(х) as 

— (25.2.35) 

| 660) 


0(8) = F(x) = ск(х) (25.2.34) 
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This definition with (25.2.21) leads to 
к p=— р(х)( -n) (25.2.36) 


where ф is nonzero only in the transition region and thus, the volume force is nonzero 
only in the transition region. 
The curvature k is calculated from 
— Pili _ Ра 
У У T Ба 
Since the volume fraction F as defined in (25.2.7) is indeed the mollified density phase 
function р(х), we now set 


(25.2.37) 


[p]=1 for p=F 


and 
im | oaa | or 

with 
ОДГ) = скл; (25.2.38а) 
O(a gu = (25.2.38Ь) 


Thus, the volume forces ОГ) and О;(©) are given by 


Fi Puli 
Q(T) = o( = 23 (25.2.39a) 
Fi Ед ) б. 
(О) = о : Fi : - 25.2.39b 
2r) Ga "ЕД 2 ) [p] ) 
or 
Fi Ед; 
Q;(Q) = o( = eur; (25.2.39c) 
with 


[p] 21 forp =F 


The expression (25.2.39c) is now inserted into (25.2.6), which will then complete the 
Navier-Stokes system of equations (25.2.1). 


25.2.5 COMPUTATIONAL STRATEGIES 


We consider that the convection and diffusion process, as well as the distribution of body 
forces in two-phase flows, are very much flowfield dependent. To this end, we follow the 
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FDV formulation as described in Section 13.6. To derive convection, diffusion, diffusion 
gradient, and source term Jacobians we define the various conservation flow variables 


as 
pF =, ри = m, ру = m, рй = m 
ри = т, рӯ =й,  ру=т, pE=e (25.2.40) 
These definitions lead to the conservation variables, convection flux variables, 
diffusion flux variables, and the source terms, 
m То 
tim tim 
p p p 
£ mum ЕА fim 
U= т Fi = р Р F, = р 
nm, пут mm 
; 1m» т | Р 
р р 
em, + pmi erp + pm» 
p p 
0 0 
0 0 
Gi = = ти С; = =T 
15 m 
—T4V1 — Тру2 +41 —T4,V1 — 752 + 4 
0 
0 
B= pfi 
Ph 
pfivi + pvo 
with 
F jj [Ёк 
р = рв; + О Qj (22 - Fr ЕМ 
à à | ! Е] ТШД 
дУ; ду; 2 5 OVE 
в Е 3 
a= Ox; Ox; 19 дхк 


=т?Е+т@(1-Е) 
2 2 
= Ee +Vji)— ji val |Е + | мен +Vji)— evu a =) 


р= (у – pfe- z e + mi) 


Т = ТОЕ + Т®(1- Е) 
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These governing equations can be solved using FDM, FEM, or FVM. In general, 
the following solution steps may be followed. 


(1) Solve the Navier-Stokes system of equations given by (25.2.1) with initial and 
boundary conditions. 

(2) Calculate и”! from (25.2.4). 

(3) Calculate У”?! from (25.2.5). 

(4) Repeat Steps (2) through (4) with updated values. 

(5) Repeat until steady state is reached. 


Notice that in the above solution process, the treatment of the transition region 
and the interface are the most critical aspects of the two phase flow problems. To this 
end, the determination of the deformed surface curvature and subsequently the volume 
force is important. 

The mixed Lagrangian-Eulerian treatments given by (25.2.3) through (25.2.5) allow 
the mesh movement for remeshing at each time step. However, it is possible to retain 
the Eulerian coordinates if so desired by setting у; = $;. In this case, the value of the 
volume fraction F alone will determine the phase. 

The formulations presented in the previous sections have been implemented in 
Brackbill et al., 1992 and Kothe and Mjolsness, 1992 for the solutions of jet-induced tank 
mixing and water rod collision using finite differences. In their solutions, pressure cor- 
rections processes through the pressure Poisson equations are implemented together 
with solutions of the incompressible momentum equations as described in Section 5.3. 


Flowfield-Dependent Variation (FDV) Method 

Difficulties in the analysis of two phase flows include determination of the effect 
of any one variable upon another. In the liquid-gas system, we are concerned with 
the process of how the effects of surface tension on temperature, pressure, density, 
velocity, and volume changes of the liquid and gas can be properly taken into account. 
In this regard, formulations required in the FDV theory (Section 6.5 and Section 13.6) 
address these concerns through the FDV parameters as well as the various Jacobians of 
convection, diffusion, and source terms. The most critical ones in two-phase flows are 
the source term Jacobians. 


Explicit forms of the source term Jacobians are presented in Appendix C. 
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25.3.1 LAMINAR FLOWS IN FLUID-PARTICLE MIXTURE WITH RIGID BODY 
MOTIONS OF SOLIDS 


There are many practical applications of fluid-particle mixture flows in which rigid body 
motions of solid particles are important, such as in sedimentation or fluidized beds. 
Here, the surface tension is considered insignificant. Instead, rigid-body motions of 
solids require the moments and products of inertia and torque to be taken into account. 
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Figure 25.3.1 Fluid-particle mixture flow with solid particles un- 
dergoing rigid-body motions. 


In addition to the governing equations for fluids, the momentum equations for par- 
ticles and their kinematic equations are needed. Let vp; be the translational velocity of 
the pth particle in the direction i (see Figure 25.3.1). The equations for momentum and 
torque are given by, respectively, 


dV pi 


Ми = Fø + Gy (25.3.1) 
do pi 
Iji 7 + (о x Ijiwi)p = Tp; (25.3.2) 


where Му is the 3 x 3 diagonal mass matrix, F,j is the force imposed on the particle 
by the fluid (hydrodynamic force), G,; is the body force such as gravity, 1, is the 3 x 3 
matrix of moments and products of inertia of the particle, and Ту is the torque imposed 
on the particle by the fluid. The translational velocity is related by the generalized 
position X,; as 

ах 


ум = — (25.3.3) 


The fluid velocity is expressed as the sum of the velocity components due to translation 
and rotation through an angular velocity о, for a particle at r = x — X, 


уг у фохг 
or written as а component form 

Vi = Vpi + (ето јГт)р ONT, (p=1,2,..., N) (25.3.4) 
with N denoting the number of particles and 


dO pi 
dt 


(25.3.5) 


Opi = 


where ©,,; is the angular orientation of the pth particle. 
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The hydrodynamic forces and torques are given by 


Fpj = аутаг p (25.3.6) 
p 
Т = | (г х бр у)гаГ p (2537) 
Tp 
with 


ci;jnüj =S on Гр(р=1,2,...,М) 


It should be noted that for 2-D the second term on the left-hand side in (25.3.2) vanishes. 
In order to utilize the above equations of momentum for the particle motion, it is 

useful to examine the nonconservation form of the momentum equations for fluids of 

incompressible flow together with the continuity equation in the ALE coordinates. 


ду A А 
9=0 (25.3.8b) 


The finite element formulation of (25.3.8) and integration by parts lead to the traction 
boundary conditions as the sum of the contribution of both domain wall surfaces and 
particle surfaces, 


| отаг = || c ;j;dT „ +f а таг; (25.3.9) 
Г Гь ГЬ 

Notice that the second term оп the right-hand side of (25.3.9) is identical to the sum 
of the hydrodynamic force and torque given in (25.3.6). Thus, when the finite element 
equations for (25.3.8a,b) and the momentum and torque equations (25.3.1, 25.3.2) are 
constructed and combined, it is seen that the surface traction force acting on the particle 
surface and the hydrodynamic force of the particle are cancelled out. 

It should be realized that during the computation, particles may collide with each 
other or with the wall. In order to prevent this, there are a number of options that have 
been reported in the literature. Among them are: Collision repulsive model [Glowinski 
et al., 1999], which adds a fictitious force to the particle momentum equations to prevent 
collision; inelastic restitution model [Johnson and Yezduyar, 1996], which monitors the 
conservation of linear momentum at the contact surface; thin liquid film gap model 
[Hu, 1996], which provides a thin layer of mesh around the particle that is fixed to the 
particle surface, moving together with the particle; and coupled variational formulation 
[Maury, 1999], which leads to a symmetric linear system. 

In general, the computational procedure can be described as follows: 


(1) Introduce initial mesh. 

(2) Initialize v(xo, 0), p(x,0), X,(0), v,(0) for p = 1,2..., N. 

(3) Select time step Ar”*! and solve the fluid momentum and continuity equations 
without particles. 

(4) Introduce the particles into the flowfield. 
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(5 


— 


Solve the particle momentum and torque equations at +! = f" + Лі"! from 
Step (3). 
(6) Update particle position, X"+! = X" + друг. 
(7) Update mesh nodes, х"! = x" + Лу 
(8) Remesh and project (if the mesh distortion is severe). 
(a) Generate a new mesh. 
(b) Project the flowfield data onto the new mesh. 
(9) Return to the fluid momentum and continuity equations and repeat the process 
until convergence. 


Some selected numerical examples are presented in Section 25.4.2. 


25.3.2 TURBULENT FLOWS IN FLUID-PARTICLE MIXTURE 


We have seen the complexity of turbulence in Chapter 21. Thus, it is of interest to 
examine interactions of turbulence with particle-laden flows. Experimental data indicate 
that the addition of particles may increase or decrease the turbulent kinetic energy of 
the carrier fluid. The presence of small particles in isotropic turbulence reduces the 
turbulent kinetic energy, whereas the opposite is true for larger particles [Hetsroni and 
Sokolov, 1971; Parthasarathy and Faeth, 1987]. However, for anisotropic turbulence, 
Vinberg, Zaichick, and Pershukov [1991] showed that the addition of small particles 
can enhance turbulence. For coarse particles, the level of fluctuations is determined by 
vortex shedding and turbulent kinetic energy depends on the drag coefficient [Yarin 
and Hetsroni, 1993]. 

Turbulence is also affected by the one-way coupling or two-way coupling. In one-way 
coupling, the fluid moves the particles, but there is no feedback from the particles on the 
fluid motion. Pedinotti et al. [1992] carried out DNS analysis, assuming that the particle 
concentration is low enough to allow the use of one-way coupling. However, some 
turbulence mechanisms may be significantly influenced by both particle-particle and 
particles-wall interactions so that the two-way coupling must be considered [Hetsroni 
and Rozenblit, 1994; Li, et al., 1999]. 

If the effect of surface tension and rotational force (torque) is negligible, the equation 
of motion of a particle is simpler than in the cases examined in the previous sections. In 
this case, the approximate form of the equation for the motion of a single particle is 


dV pi Y f 
dt отр 


(9; — Уш) (25.3.10) 


where 7, is the particle time constant for Stokesian drag of a spherical particle. 
p pd, 

Tp = 
18u 


where d, is the particle diameter. The function f is an empirical correction to Stokesian 
drag for large particle Reynolds number, 


(25.3.11) 


A „4219. — 0. 
Re, = 6 sd; li Vpi | 
ш 


f =1+40.15Re?*’ (25.3.12b) 


(25.3.12a) 
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where the symbol * denotes the values of the fluid variables at the particle location. The 
particle Reynolds number valid in (25.3.12) and (25.3.13) is Re, < 1000. 

Taking into account the effects of particles moving parallel and perpendicular to a 
wall [Kim and Karrila, 1991], the particle equations of motion may be written in the 
form 


dv 3. p 1, D$ 1 d 
Тр РТ = 460 » йу Ie vp|h(H) T тү Dt + gg ae ($ Vp) t (mp m my)g 
(25.3.13) 
with 
24 6 [€ — урја 
Üps-—4——— $04, ево, 217, —Rej2———É—E 
D= Rep | IFR ше ep i 
1 : : 
h(H) = Fa EFA for a particle moving parallel to a wall 
1 р р 
162Н К 8 (22) 
1 
h(H) = for a particle moving perpendicular to a wall 


1294 | 1( dp 3 
82H 8\2H 

where H is the height of the wall. 
The corresponding momentum equations for the fluid are the same as (25.3.8a) 

except that we subtract on the right-hand side of (25.3.8a) the momentum source term, 


W ;, representing the effects of the particle drag which is calculated by volume averaging 
the contributions from all of the individual particles within the cell volume. 


av 
ЈЕ + (му ».| —-pj-cjitpygj -Wi (25.3.14) 
with 
sod 2 Е P($; ©) (25.3.15) 
т, ppV = j ] 


where V is the cell volume, the particle mass is т, = пр /6, апа N, is the number of 
particles within the cell volume. 

Based on the governing equations above, a number of investigators studied DNS 
solutions [Mashayek et al., 1997; Li et al., 1999] and LES [Hansell, Kennedy, and 
Kollman, 1992], among others. Mashayek et al. [1997] developed algebraic Reynolds 
stress models for two phase flows. Comparisons with DNS calculations show reasonable 
agreements. The procedure of development of algebraic models for two-phase flows is 
similar to the derivation of algebraic stress model of a single-phase flow reported by 
Taulbee [1992]. 


25.3.3 REACTIVE TURBULENT FLOWS IN FLUID-PARTICLE MIXTURE 


The laminar flows in fluid-particle mixture discussed in the previous section can be 
extended to include chemical reactions such as in Smirnov [1988], van der Wel et al. 
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[1993], Eckhoff [1994], and Smirnov et al. [1997], among others. Again, the Eulerian 
frame for the gas and Lagrangian coordinates for particles are the preferred approach. In 
most practical problems in engineering, the fluid is air and the particle is the condensed 
phase consisting of either liquid droplet or minute solid particles such as dust. The spray 
combustion presented in Section 22.2.5 is an example of reactive turbulent flows in fluid- 
particle mixture in which liquid fuel droplets are considered as the condensed phase. 

As in the laminar flow, there are two types of models for particle-laden gas flows: one- 
way coupling and two-way coupling. In turbulent flows, the two-way coupling becomes 
significant, with the high rates of mass and energy fluxes from the particles in combustion 
process which may cause major changes in the flowfield. This is particularly important 
in dust explosion phenomena. 

The conventional RANS models proved to be satisfactory for a homogeneous 
system, but unsuitable for heterogeneous polydispersed phases due to uncertainties 
involved in modeling process and instability in the nature of turbulent flows. Thus, it is 
advantageous to use deterministic methods such as DNS in order to examine adequacy 
of RANS models. 


Governing Equations for the Gas Phase 
Let the volume fraction of gas be given by a such that the volume fraction of particles 
is (1 — а). The governing equations using the K—£ model are written as 


9U OF; ӘС; 
=B 25.3.16 
ot * дх; i дх; ( ) 
with 
ap apy; 
арӯ; apviv; + ард; 
U- ape E apy; E + apy; 
рК | ар К 
«рє «ру; 
apY, apy; у 
0 М 
“Ti — т apg; + №, 
=T Vj V; + dit di __ = 
а; = == k K же В = «pgjvj + Q 
ap(v + 2) it ту] —ape 
ap(v + SKi + в Сету —Cr ape 
ap Y; + ару/ Үү, o + M 
— 2 2 
7j = —pv;v; = pv* g + Ум — 3 à) = 3P Ki; 
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where M is the mass flux per unit volume from the other phases, N; is the momentum 
flux from other components and phases, and Q is the energy flux from other phases. 


Mathematical Model for Particle Phase 

A stochastic approach may be used to describe the motion of polyhedral particles 
with a group of representative variables such as the mass and velocities of model particles 
involved. The equations of motion and energy balance of kth particles are 


аук тк dr 
ак _ к, _ 7 бк 2531 
my = mg + Fk ст р. = Vk ( 7) 
dek A 
mMk- = et Qk (25.3.18) 


where e; is the specific internal energy and О; is the heat release or absorption on the 
particle surface due to chemistry or phase transition. 
Particle mass depletion is determined by 


dm, 
—— =) й 25.3.19 
ы, (25.3.19) 
The variations of particle radius and volume are calculated from the depletion of the 
skeleton component instead of the total particle mass in terms of suitable probability 
density functions for particle radius distributions. As a result, the extraction of volatiles 
can cause the decay of particle mean density, resulting in longer flotation in the atmos- 
phere. 


Mathematical Modeling of Phase Interactions 

The two-way coupling can be modeled by determining the mass, momentum, and 
energy fluxes between model particles and the surrounding gas. Subsequently, total 
fluxes from the particle phase to the gas on the basis of the statistical processing can be 
evaluated. 

Mass exchange processes between particles and gas occur as a result of phase transi- 
tion from evaporation or condensation on the surface of liquid droplets, devolatization 
of dust particles, chemical reactions on the interface, etc. In addition to volatiles extrac- 
tion, an overall reaction is assumed to take place on a particle’s surface: 


1 
С + 0; > CO (25.3.20) 


Thus, two components from the gas phase (О; and СО) take part in the reaction апа 
the generalized volatiles component can be extracted. Finally, fluxes Ме, М, N;, Q to 
gas phase as well as the volume fraction of particles (1 — a) are calculated by evaluating 
the corresponding fluxes from the volume of model particles. It is assumed that the 
volatiles L extracted from organic dust consist of 


L = (O2, CO, CO2, НО, №, CH4, H2, NH3) 
There are two overall reactions assumed to control chemical transformation: 


L+ vo, Оз — vcoCO + vgoH50 + усо СО + ум, № 
2CO + О; > 2СО» 
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The values of stoichiometric coefficients in the volatile oxidation reaction are calculated 
according to the concentrations of components in volatiles. Further details can be found 
in Smirnov [1988] and Smirnov et al. [1997]. 


25.4 EXAMPLE PROBLEMS 


25.4.1 LAMINAR FLOWS IN FLUID-PARTICLE MIXTURE 


In this example, we discuss finite element calculations for laminar flow in fluid-particle 
mixture with effects of rigid body motions of solid particles upon fluid flows as reported 
by Maury [1999]. Both translational forces and torques acting on the surface of particles 
are taken into account. Variational finite element equations are derived from govern- 
ing equations given in Section 25.3.1; nonuniform biperiodic unstructured meshes of 
domains with holes are generated. 

The main feature in this formulation is the average behavior of a large number of 
particles. An extra term is added to the pressure, representing the Lagrange multiplier 
associated with the verticle volume conservation constraint. 

Following the ALE approach and the method of characteristics, the time- 
discretization turns out to be a generalized Stokes problem. A suitable variational 
formulation leads to a symmetric system involving all the unknowns which are then 
solved, using the conjugate gradient Uzawa algorithm [Elman and Golub, 1994]. 

Figure 25.4.1a shows the boundary of the periodic window containing 1,000 2-D 
elliptical particles of various sizes. The biperiodic unstructured triangular mesh 
corresponding to the selected zone representing the left side block is shown in 


(b) (c) 
Figure 25.4.1 Laminar flow in fluid-particle mixture [Maury, 1999]. (a) Mesh bound- 
ary. (b) Mesh detail, left block in (a). (с) Velocity field, right block in (a). 
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Figure 25.4.1b. The computed velocity field for the zone designated by the right side 
block is demonstrated in Figure 25.4.1c. Further details are shown in Maury [1999]. 


25.4.2 TURBULENT FLOWS IN FLUID-PARTICLE MIXTURE 


We present in this example the results of direct numerical simulation (DNS) of inter- 
actions between solid particles and near-wall turbulence as reported by Li et al. [1999]. 
The flowfield of horizontal channel is solved using a Lagrangian approach for the par- 
ticle motion. Two-way coupling is used to account for the effect of the particles on the 
structure of the near-wall turbulence, and on the mainstream. 

In this analysis, the vorticity transport equations (12.2.10) and the curl of the vor- 
ticity transport equations given by (12.2.11) are used for fluid motions. The rigid-body 
particle motion includes translational force without rotational torque. However, the 
particle equations of motion as given in (25.3.10) are modified to include the effects 
of height of the channel H with respect to the particle size and additional temporal 
rate of changes of flowfield [Kim and Karrila, 1991]. Computational procedures are as 
follows: 


(1) The flowfield is calculated to the steady state without particles using the spectral 
method. Equations (12.2.10) and (12.2.11) are used with the solution expanded 
to the finite Fourier series in the x1, x? directions and Chebyshev polynomials 
to the normal direction x3 (see Chapter 14). 

(2) Introduce the particles into this flowfield and calculate their motions with one- 
way coupling using (25.3.13). The particles are considered as points at this time 
and allowed to reach stationary distribution. However, the particles are rela- 
tively large and each covers a number of collocation points. The fluid velocity 
at various locations in the particle is averaged with a three-dimensional cubic 
spline interpolation scheme and applied on the particle through (25.3.13). 

(3) In order to implement the two-way coupling, all the velocities in the collocation 
points occupied by the particle are set equal using (25.3.14). 

(4) Iterations between Step (2) and Step (3) continue until convergence. 


Figure 25.4.2a shows the geometry for this example. The calculations are carried 
out in a computational domin of 1074 х 537 х 171 wall units in the хі, х, and xs 
directions with a resolution of 128 x 128 x 129. The density of particle is 1050 kg. The 
turbulent Reynolds number Re* = 2hv*/v = 85.4, the corresponding bulk Reynolds 
number Re = 2AU/v = 2600 with Л = 37 mm are used. 

Figure 25.4.2b shows the distribution of particles (dimensionless diameter dt = 8.5) 
in the ху, x? plane, compared with the experimental data (Figure 25.4.2c). It is seen that 
the tendency of particles to agglomerate into the streaks depends on the particle size 
and flow conditions. In Figure 25.4.2d, distributions of particles in the x1, x3 plane and 
X2, хз plane are shown. Although not shown, the coarser particles affect the velocity 
fluctuations of the carrier fluid significantly. Turbulent intensity and Reynolds stresses 
are increased considerably as the particle size increases. Further details are presented 
in Li et al. [1999]. 
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Figure 25.4.2 Turbulent flow in fluid-particle mixture [Li et al., 1999]. (a) Flow geometry. (b) Dis- 
tribution of particles (d+ = 8.5), numerical simulation, x4-x? plane. (c) Distribution of particles, 
experimental data, x1-x2 plane. (d) Distribution of particles (d+ = 8.5), numerical simulation, x1-x3 
and хо-хз planes. 


25.4.3 REACTIVE TURBULENT FLOWS IN FLUID-PARTICLE MIXTURE 


This example shows thermogravitational instability in large-scale combustion of dis- 
persed dust-air mixtures and its contribution to turbulence as studied by Smirnov et al. 
[1997]. Two-way coupling effects in gas-particle interactions and combination of both 
deterministic and stochastic approaches are demonstrated. 

The K — e approximations are used to calculate the gas phase flow with the account 
for mass, momentum, and energy fluxes from the particle's phase. The equations of 
motion for particles take into consideration those turbulent fluctuations in the gas flow. 
The models for phase transitions and chemical reactions accommodate thermal destruc- 
tion of dust particles, volatilization, chemical reactions in the gas phase, and heteroge- 
neous oxidation of particles. The influence of inert and chemically reacting particles 
on the flowfield induced by heating from below and by sedimentation is adequately 
resolved. The related equations for this analysis are presented in Section 25.3.3. 

The computational domain is 2000 m in the horizontal direction and 1000 m in the 
vertical direction. Initial and boundary conditions are: U = 10 m/s, po = 1.013 · 10? Pa, 


Th —280(K,  Q—1.67.10 W/m?, оо = 0.0005, 
Ко = 0.1 m?/s, 00.01 m?/s*. 
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Figure 25.4.3 Reactive turbulent flow in fluid-particle mixture [Smirnov et al., 1997]. (a) Dust volume 
share distribution in combustion of air-dust mixtures over the heat source. (1) t = 21s, (2) 52, (3) 88, 
(4) 137, (5) 542. (b) Volatiles oxidation intensity in combustion of air-dust mixtures over the heat source. 
(1) t = 21s, (2) 52, (3) 88, (4) 137. (c) Turbulent kinetic energy distribution in the gas phase under large 
scale combustion of air-dust mixtures. (1) t — 21s, (2) 52, (3) 88, (4) 137. 


Figure 25.4.3a shows the dust volume share distribution in combustion of air-dust 
mixtures over the heat source. Here the particles are pushed aside by the upgoing blob 
of hot air above the zone of heat release [Figure 25.4.3a(1)]. Particles are then lifted 
up by the vortices created and form a well-known mushroom-type structure that is 
deformed due to the wind [Figure 25.4.3a(2)]. The new ignition and combustion of 
particles delivered into the heated zone causes the formation of another upgoing blob 
of heated dust-air mixture [Figure 25.4.3a(3)]. The second blob is then sucked into the 
primary vortices and rises further above [Figure 25.4.3a(4)]. Meanwhile, a new ignition 
of fresh dust-air mixture begins and the process is repeated [Figure 25.4.3a(5)]. 

Volatiles oxidation intensity in combustion of air-dust mixtures over heat source 
is presented in Figure 25.4.3b. It is seen that the initial ignition [Figure 25.4.3b(1)] is 
followed by several hot spots transported by vortices [Figure 25.4.3b(2)]. The main 
reaction zone oscillates due to periodic contractions and expansions of the heat zone 


933 


934 


APPLICATIONS ТО MULTIPHASE FLOWS 


[Figure 25.4.3b(3,4)]. The characteristic frequency of these oscillations is much lower 
than the frequency of the mushroom-type structure. 

Figure 25.4.3c shows the turbulent kinetic energy in the gas phase under large-scale 
combustion of dust-air mixtures. Turbulence is caused by vortices and heated zone 
oscillation intially [Figure 25.4.3c(1)]. The turbulent kinetic energy is transported by 
both initial and secondary vortices, leading to an increased magnitude throughout the 
process [Figure 25.4.3c(2-4)]. 


25.5 SUMMARY 


The current status of the research in multiphase flows is reviewed in this chapter with 
a limited number of example problems. In particular, the volume of fluid formulation 
with continuum surface force and fluid-particle mixture flows, along with the laminar 
and turbulent flows in the fluid-particle mixture are included. 

Treatments of surface tension, surface and volume force due to surface tension, 
and implementation of volume force are presented. It is shown that the volume force 
calculated in terms of surface tension is used as the source terms in both momentum and 
energy equations. The formulation suggested in Section 25.2.5 lends itself to all speed 
flows, although the emphasis is on the low-speed incompressible flows in general. 

Fluid-particle mixture flows include laminar flows with the rigid-body motions of 
solids, turbulent flows in fluid-particle mixture, and reactive turbulent flows in fluid- 
particle mixture. Some representative numerical examples of these topics are also 
examined in this chapter. 
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CHAPTER TWENTY-SIX 


Applications to Electromagnetic Flows 


In this chapter, computations involved in electromagnetism are discussed, including 
magnetohydrodynamics, rarefied gas dynamics, and plasma dynamics. To deal with these 
physical phenomena, Maxwell equations and Boltzmann equations are introduced. It is 
shown how these equations are solved separately and together with the standard fluid 
dynamics equations. 

Section 26.1 introduces all governing equations involved in electromagnetism, 
followed by solutions of Boltzmann equation using the BGK model discussed in 
Section 26.2. We discuss in Section 26.3 semiconductor plasma processing, including 
charged particle kinetics in plasma discharge, discharge modeling with moment equa- 
tions, and reactor model for chemical vapor deposition. In Section 26.4, some appli- 
cations are presented, including magnetohydrodynamic flows in coronal mass ejection 
and various aspects of plasma processing in semiconductors. 


26.1 MAGNETOHYDRODYNAMICS 


Magnetohydrodynamics (MHD) deals with the motion of a highly conducting fluid 
in the presence of a magnetic field. Such a motion generates electric currents which 
change the magnetic field, and the disturbed field in turn gives rise to mechanical forces 
which affect the flowfield. This coupling between the electromagnetic and mechani- 
cal forces then characterizes hydromagnetic phenomena. Celestial bodies which con- 
tain large conducting masses are known to exhibit pronounced hydrodynamic pheno- 
mena. 

The electromagnetic field is produced by a distribution of electric current and charge. 
The motion of charge constitutes a current that is determined by the magnitude of the 
charge and velocity. The current density at a point is defined as the vector J by the 
equation 


J=pv (26.1.1) 


where p is the charge density and v the velocity vector. It follows that in metals and 
valves, where the electricity is carried by electrons that are negatively charged, the 
direction of the current density vector is opposite to that of the moving electrons. 
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The current / across a surface is defined to be the rate at which a charge crosses that 
surface. Since a charge can cross S only by virtue of its velocity normal to S, we have 


I =] ·па5 (26.1.2) 


where п is a unit vector normal to S. 

Consider now two isolated charges e and e; moving in free space. The charge e is 
acted on by certain electrical forces due to е. If e is at rest, the electrical force is eE. The 
vector E is called the electric intensity. If e is moving with velocity v, there is an additional 
force ev x B where the vector B is called the magnetic flux density. Two other vectors 
play a role in specifying the electromagnetic field, and they are related to the lines 
of force which emanate from charge and currents. The vector D, which is called the 
electric flux density, effectively measures the number of lines of force which originate 
from a charge. The vector H, which is called the magnetic intensity, is such that its value 
on a closed curve effectively measures the current which passes through the curve. 

We shall assume that the vectors E, B, D, and H are continuous and possess contin- 
uous derivatives at ordinary points at which Maxwell's equations 


B 
хЕ-+ PE =0 (26.1.3a) 
at 
D 
xH- ap =J (26.1.3b) 
ді 
·В= (26.1.3c) 
-D=p (26.1.3d) 


are satisfied. Since the divergence of the curl of any vector vanishes identically, we 
obtain, by taking the divergence of (26.1.3b) 


aD д 
Jas +—=—=——( -D 26.1.4 
T at at ( ) ( ) 
Substitution of (26.1.3b) into (26.1.4) gives 
др 
2E -J=0 26.1.5 
az" 9 (26.1.5) 


By analogy with a corresponding equation in hydrodynamics, (26.1.5) is called the equa- 
tion of continuity. 

In a field of infinite electrical conductivity, the fluid particles are tied to the lines of 
force of the magnetic field so that the lines of force may be thought of as possessing 
inertia, the mass per unit length equal to the density of the fluid p. 

To describe the magnetohydrodynamic behavior, we must have: (1) the mechanical 
equations embodying the effect of the electromagnetic forces as well as other forces on 
the motion, (2) the equation at continuity, (3) the equation of heat transport, and (4) 
the equation of state as well as the Maxwell equations given in (26.1.3). 

Consider a viscous fluid in motion in which the only body forces are gravity and 
electromagnetic forces. The equation of motion can be written as 


д 1 
P. piv ју = – p+ pet Ix B+eB+u) шг ( »| (26.1.6) 
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in which 
JxB=( xB)xB (26.1.7) 


The equations of continuity, energy, and state are the same as given in Chapter 2 except 
that the product of velocity with the magnetic and electric forces must be added to the 
energy equation. The condition to be satisfied at a fluid-fluid boundary or fluid-vacuum 
boundary can be obtained by integration of the relevant equation across a thin stratum 
coinciding with the surface. 

The new variables introduced in the Maxwell’s equations and the momentum equa- 
tions may be combined to form the electromagnetic Navier-Stokes system of equations 
as follows: 


90 OF; ӘС; 
= 8 26.1.8 
дї OX; i дх; ( ) 
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р ру; 0 0 
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2р0 
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т = 2и (4; — zdu) (26.1.10с) 
т 1 
19 = — ВВ, (26.1.10d) 
po 
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dj = z (vij + vj) (26.1.10e) 
x. 3 3 
Е = 5 МКвТ = 5р, (Кв = Во ттапп 5 constant) 


There are four conservation variables to be solved: p, ру;, р E, Bj, and subsequently 
the primitive variables are calculated from the constraint conditions. Note that the elec- 
tromagnetic forces may be written in conservation forms using gradients of squares and 
products of the magnetic flux density in (26.1.9). This may be desired for computational 
efficiency in dealing with discontinuities and/or fluctuations. 

The motion of ionized gas belongs to the regime of plasma dynamics. The charged 
particles in a magnetic field are of interest in many physical phenomena such as occur in 
astrophysics, semiconductor, etc. The characteristic feature of the motion of a charged 
particle in a magnetic field is its tendency to spiral around the magnetic lines of force: 
on this is superposed a slow drift normal to the magnetic field if this is not uniform. This 
drift will be in opposite sense for oppositely charged particles in a gravitational field or 
a field of force other than an electrical field. But in the case of crossed electrical and 
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magnetic fields, the drift will be the same for the charges of opposite sign, irrespective 
of their masses and charges. 

Computations involved in magnetohydrodynamic flows such as in coronal mass 
ejection may be carried out using (26.1.8). Computational difficulties or solution con- 
vergence can occur due to physical discontinuities arising from the relationship between 
the Lundquist number S and the magnetic resistivity ту. 


5 = та/тд (26.1.11) 
т va L/S (26.1.12) 


where tq and тд denote the magnetic diffusion time and Alfve’nic time, respectively, 
with уд and L being the local Alfve’nic speed and scale height of the solar atmosphere, 
respectively, 


L= kTo/mg (26.1.13) 


where / is the Boltzmann constant and m is the proton mass. It is interesting to note 
that the Alfve’nic time and Lundquist number resemble the chemical reaction time 
and Damkóler number in Newtonian reactive flows, respectively, whereas the magnetic 
resistivity is anagolous to viscosity. Thus, it is expected that the governing equations 
given by (26.1.8) may become stiff, resulting in difficulties of convergence to accurate 
solutions. To this end, it is worth investigating the merit of the flowfield-dependent 
variation (FDV) approach presented in Sections 6.5 and 13.6. 

Plasma reactors used for semiconductor manufacturing can be described by a con- 
tinuum CFD model coupling plasma transport, neutral species dynamics, gas flow, heat 
transfer and power coupling from an external source. Such a multicomponent, multi- 
temperature system is simulated by the mass conservation for each species, momentum 
conservation of the mixture, and energy transport of electrons and neutrals [Bose et al., 
1999]. The mass-averaged flow velocity is given by (26.1.6). The mass fraction for each 
of N species is described by 


др, 
Р qe эуез did Y A, (26.1.14) 


where p, is the species density (the product of number density n and molecular mass ms), 
Js isa mass flux due to gradients of density, pressure, and electrostatic forces. The flux Js 
can be written in a form ensuring the mass conservation [Bose et al., 1999]. The source 
Rs, denotes the mass rate production or consumption of species s from reaction r. The 
rates of electron-induced reactions in the plasma are functions of electron distribution 
function (EDF) which can be found as a solution of the Boltzmann equation. 

The Boltzmann equation is a continuity equation in a six-dimensional space (three 
coordinates in domain space and three in velocity space) 


OF a. yf (Е. v= (55) (26.1.15) 


ot ot 


where  ,stands for the gradient vector operator in the velocity space. Here (0 f¢/dt)¢ 
represents the collisional force equal to the rate of change by encounters in the number 
of the class у, dv, in a fixed element of volume dr atr, t. Each charged particle of a mass 
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mis acted upon by a force mF given by 
F = “(E+v x B) (26.1.16) 
m 


The Boltzmann equation for charged particle of mass m and carrying a charge e is 
therefore 


Lec Овен. „јг= (28) (26.1.17) 


Ot at 


Numerical implementations of (26.1.6) and applications to plasma instability are 
shown in Section 7.3 [Chung, 1978]. Numerical solutions of the magnetohydrodynamic 
Navier-Stokes system of equations (26.1.8) as applied to coronal magnetic field have 
been reported by Wu and his co-workers [Wu and Wang, 1987; Wu et al., 2000], among 
others. Some of their results will be presented in Section 26.4.1. Applications of 
Boltzmann equation in the form given in (26.1.17) will be demonstrated in plasma 
glow discharge processing for semiconductors in Section 26.4.2. 


26.2 RAREFIED GAS DYNAMICS 


26.2.1 BASIC EQUATIONS 


Let us consider a rarefied gas flowing in a horizontal duct with irregular cross section 
with z being the coordinate parallel to the flow and x, y the coordinates of the cross 
section normal to z. The Boltzmann equation, linearized in the manner of Bhatnagar, 
Gross, and Krook [1954], known as the BGK model, may be written in the form 

of 


ке fo Pap (26.2.1) 


where c is the dimensionless velocity defined by 


c—-vBo  Bo— lom (26.2.2) 


f is the single local dimensionless distribution function, v the molecular velocity, o the 
collision frequency, and k the Boltzmann constant. Applying the Chapman and Enskog 
method of successive approximation, we write 


f = fo(1 o) 
n = no(1 + v) (26.2.3) 
T = To(1 4-7) 
with 
fo = пВёт >” exp(-c?) (26.2.4) 
and 
fa = ni р 16-40 (26.2.5) 


where а“ is the dimensionless flow velocity which is defined as а“ = q Bo and n is the 
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number density. For the problem we consider here, the flow velocity can be expressed as 


4 = ду = 0 (26.2.6) 
апа 
а= 1. | | fe,bde,deyde, (26.2.7) 
nB5 —oo J —oo 


For small Mach number flow where |q;| « 1, v «& 17 « 1l, and Ф < 1, ће equilibrium 
local distribution function can be linearized as 


fea = fofi + 2028; + G = ЭЛ (26.2.8) 


For simplicity, we consider а pure shear flow without heat transfer, namely, an isother- 
mal flow at To. Thus, the temperature change due to compression will be ignored; that 
is, т = 0. This implies that the gas flows are resulting from a density gradient along the 
z direction, which in turn is caused by a pressure gradient. Therefore, the Boltzmann 
equation is linearized as 

е + Cx 2 + су > + СК = ос: — Ф) (26.2.9) 
where the nonlinear terms (®/n)(dn/dz) are neglected, and furthermore, we have re- 
stricted our attention to a fully developed flow, with дФ/д: and (d/dz)(1/p)(dp/dz) 
being zero, leading to K = (1/p)(dp/dz), and 0 = o/go. 

On the walls of the duct, we shall assume that it reflects diffusely the molecules 
impinged on it. Thus, the boundary conditions for the distribution function will be 
characterized by Maxwellian; namely, on the boundary (Fo) 


f(—sgn cx;ro, c) = f(—sgncy;ro.c) = fo (26.2.10) 
with 


вопс, = +1 forc, > 0andc, > 0 
sgn cy = —1 forc, < 0andc, <0 


the boundary condition for Ф then becomes 


$(—sgn су;го, c) = P(—sgn су; го, c) = 0 (26.2.11) 
Introducing the dimensionless variables of the form 
Eoo ко Y А Ф ro 
== = = Ф* = — д= — 26.2.12 
x 5 y Fe Kr,” 7 ( ) 
and also assuming that 
Ф* = cab (x, У“, Cx, Су) (26.2.13) 
we can rewrite (26.2.9) as 
дф дф оф — 1|1 ј“ ј“ 
(26.2.14) 


where the superscript * is deleted for simplicity. 
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Our objective is to determine y , called the perturbation function, and subsequently 
® from which we can calculate flow velocity by (26.2.7). In order to obtain the values for 
y , we shall apply the half-range method [Gross, Jackson, and Ziering, 1957] by dividing 
the y into four parts: namely, 


ф = (с, Су) (26.2.15) 


and that == is only defined for c, > 0 and c, > 0, ^^ forc, > O and су < 0, y+ for 
су < Oand c, < 0. The integral in (6.2.14) may be written as 


ГГ ооа - воа, 
оо оо 6b 0 
ES | | y^ exp(-c? — сујасхасу +f || yor exp(-c? = с2) асас, 
о Jo M m А 
0 оо 0 0 
+f | ф exp(-ci - A )dexdey + | | f. exp(—c2 – c?)dc,de, 


(26.2.16) 


Finally, we calculate the volume flow rate О, 


О. = | || 4:(х, y)dxdy (26.2.17) 


In the following section, we demonstrate how these calculations are performed using 
the finite element technique. 


26.2.2 FINITE ELEMENT SOLUTION OF BOLTZMANN EQUATION 


In the final form of the Boltzmann equation with BGK collision model, we assume 
that the perturbation function y **(x, у, сусу) is given by [Chung, Oden, and Wu, 1974; 
Chung, 1978] 


(х, Y, Cx, Су) = > У фтп(х, y) Н» (Сх, Су) (26.2.18) 
m=0 n=0 
wherein H5; = hj (cx)h; (cy) and ћу (c) and A; (су) are the Hermite polynomials of 


order m. Substituting (26.2.18) into (26. 2.14), we оа the residual function 


R**(x, и 


9н И 
-У уен 


m=0 п=0 m=0 n=0 m=0 n=0 dy 


+5 (22 у, Omn Н = - | f y У Oma H mn exp(-c? — deae, 


m=0 n=0 99 m=0 n=0 


з 
+ 
Ms 
Me 
S 
о 5: 
“ |Е 
I 
š 
+ 
Me 
Me 
a 
7 Q» 
P 
кы 
š 


(26.2.19) 


In the approximation (26.2.18), we choose mn in such a manner that the averages of R 
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with respect to Hj; 


К, y) = [. [. КН; dcydcy (26.2.20) 


vanish in velocity domain so as to obtain systems of partial differential equations in bmn 
of the form 


д тп д "A д EB 
3025. 2 Ма 2 dag і Boon 


т=0 m=0 т=0 т=0 т=0 т=0 


3 У OmnC mnij -> »5 Omn Dun «) = 0 (26.2.21) 


т=0 т=0 т=0 т=0 


+ КЕ; +$ 


where 


W mnij = (cx, cy)dcxdcy 


оо 
Hs (су, cy) Aj; 
—oo 


mnij — (су, cy) A; (су, cy)dcxdcy 


=] | 

Ат = | И [ N c HE* (es. cy) HE+ (es. су)асуасу 
-[ |. 
z 


Ну асхасу 


C nni ј = тп ij 


—00 “ –оо 
oo oo 
Е; = | || cy Н» dcxdcy 
—00 J —оо 


Thus, we have reduced the problem of solving (26.2.1) to that of solving ап infinite 
system of partial differential equations (26.2.21) in the function dyn = bmn(x, y). We 
shall proceed to obtain approximate solution of a truncated version of (26.2.21) by the 
finite element method. 

Introduce the functional relationship in the form, 


фип(хХ, у) = Su. y)bnmn (26.2.22) 


with N being the local node. Substituting (26.2.22) into (26.2.21), we obtain the new 
local residual 


^ Sy ФУ” 0.5 у 05 ү 
Rij (x, y)= p» У [w mnij 9 дї F Ај эу ФА + Bmnij “By Фл" 
m=0 n=0 


+ (бый SNỌNmn = Dy Eij SN хы] F КЕ; (26.2.23) 


We now choose the local nodal values of 6, in such a manner that ће local residual 
К, (х, у) is orthogonal to the subspace spanned by the functions 5 у(х, y) for each finite 
element; that is 


|| Sy R;;dxdy = 0 (26.2.24) 
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This is basically the Galerkin method used throughout this book. Thus, the local finite 
element equations are of the form 


(Саве = Рут О bw] + Е Кау =0 (26.2.25) 
where 


WNM = || Sn Syudxdy 


as 
азм = || 29А Sudxdy 
дх 


95 
ду 


CNM = Шум 


dx = | Sydxdy 


(26.2.26) 


Equation (26.2.25) represents the general local finite element model of (26.2.21) 
which will then be assembled into a global form. Boundary conditions amount to sim- 
ply prescribing nodal values of фри (х, y) at boundary nodes. In specific applications, 
appropriate forms of the interpolation function Sy(x, y) must be chosen and only a 
finite number of terms of the series in (26.2.23) can be used. 

Having completed all integrations in (26.2.26), we obtain the finite element equations 
of the form 


NM 4M NM АМ _ pN 
ш] тп F K mnij тп 7 T (26.2.27) 
where 
oo оо 
NM __ Е 
J mnij = ; ; Winnij W NM 
m=0 n=0 


оо оо 1 
RE = у, У. (Avin + BmnijbNm + g (mui = Dan iow) 


m=0 n=0 
Е = Е Кау 


The number of equations generated in (26.2.27) depends on the order of Hermite 
polynomial approximations and the number of nodes in an element. Consider the mth 
Hermite polynomial defined by 


a d" 
Ну(б) = (-1)" ехр(б D exp(-c?) (26.228) 
The number of local finite element equations is determined by 


r = (1+ my N 
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where N is the number of nodes in an element: for example, if we choose m = 3 and 
N — 4,then the number of local finite element equations becomes 64 with 16 equations 
at each node. The total number of equations for the entire cross section is 16 time the 
total number of nodes. 

Numerical solutions of (26.2.27) for a square duct were carried out [Chung et al., 
1974; Chung, 1978]. It was shown that the orthogonal projection in the Euclidean space 
dealing with both spatial domain and velocity dimension leads to an effective approach 
to the solution of the Boltzmann equation. 


26.3 SEMICONDUCTOR PLASMA PROCESSING 


26.3.1 INTRODUCTION 


Plasma dynamics describing the motion of ionized gas studied in Sections 26.1 may 
be extended to charged particle kinetics combined with reactive flows of Chapter 22 
for applications to integrated circuits (IC) in semiconductor. Physics and chemistry 
of plasma-enhanced chemical vapor deposition (PECVD) are important processes for 
semiconductor device fabrication. Low temperature, partially ionized discharges used 
in IC manufacturing are characterized by a number of interacting effects: plasma gen- 
eration of active species; plasma power deposition and loss mechanisms; surface pro- 
cesses proceeding at the wafer, reactor walls, and fixtures; particulate generation; and 
gas flow and heat transfer patterns, etc. Here, the role of CFD will be extremely im- 
portant in resolving plasma process simulation and discharge modeling [Meyyappan, 
1995]. 

A plasma is a collection of charged particles where the long-range electromagnetic 
fields set up collectively by the charged particles have an important effect on the par- 
ticles’ behavior. In the case of a semiconductor, the fields the plasma sets up will be 
mostly electric fields. This electrical field is created because electrons in the plasma 
tend to move much faster than ions. The fast-moving electrons hit the wall and charge 
up negatively, and this negative charge pushes other electrons away at the same time 
as attracting positive ions, with the rates of arrival of electrons and positive ions made 
about equal at the steady state. 

The negative space charge at dielectric walls repels plasma electrons from the wall, 
exposing the positive charge in a region close to the wall known as a sheath. The electric 
fields in the positively charged sheath region are strong, whereas those in the plasma 
interior are weak. The strong electrical field in the sheath accelerates the ions in a direc- 
tion normal to the surface. The high energy ions moving toward the surface represent 
the vital aspect of the plasma processing of materials. The ions, among other things, 
sputter (knock) material off the surface, damage the surface, provide heat to the sur- 
face, or implant in the surface. This process is known as etching. Because the sheath 
electric fields cause ions to arrive at near normal incidence, they tend to hit the bottom 
of a trench rather than a vertical sidewall of a trench. This is crucial for the faithful 
transfer of a pattern during etching. Plasma ions striking a semiconductor through a 
hole in a mask will more likely dig the hole straight down. The electrons ionize neutrals, 
break molecules apart to form radicals, create molecules in excited states, and heat the 
surface. The radicals are frequently responsible for etching the surface. Radicals may 
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also polymerize on the surface and form a layer that protects the surface. Chemical 
etching by itself is isotropic and has high selectivity but is not desirable because there 
is no preferred direction, whereas etching by ions provides anisotropy but often lacks 
selectivity. Thus, a commonly used example of the combination of chemical and physical 
etching is etching in the presence of a gas that will polymerize on the surface. Anisotropy 
is achieved because ions only clean the polymer off the bottom of a trench and not off 
the side walls. Selectivity might depend on the chemical etch of the bare surface only 
being effective for (say) Si or SiOz. In etching using СЕ, gas, a polymer is formed on 
the surface of Si but not 510. The SiO» gives up oxygen to form CO» from the radicals, 
which contain carbon. This prevents the formation of the polymer on SiOz, and so SiO; 
will be etched while Si is protected from etching by the polymer [Kirmse et al., 1996]. 

The electric and magnetic fields in the plasma are set up self-consistently by the 
plasma, and the plasma is controlled by those fields. The conditions in which the electric 
field is strongly affected by the plasma may be described by Poisson's equation, 


к=? (26.3.1а) 
or 


2Ф 2-— (26.3.1b) 


where E is the electric intensity, р is the charge density, ғ is the surface energy, and Ф is 
the electrostatic potential in the main chamber. One-dimensional analysis of (26.3.1b) 
shows that the plasma number density in a plasma reactor has to be in excess of 
10° cm~? which will affect the electrostatic potential. This is a very low density compared 
to densities used in plasma processing. The usual situation in a plasma reactor is that 
the density of ions and electrons is high enough to shield out a typical applied voltage in 
a very short distance, so that the plasma interior can be nearly free from strong electric 
fields, and the electrons can provide a charge density that nearly neutralizes the plasma 
in the interior. Further details of the basic principles of plasma processing have been 
well documented in the literature [Chapman, 1980; Boenig, 1982; Manos and Flamm, 
1989; and Hitchon, 1999; among others]. 

In plasma processing reactors, a self-sustaining glow discharge is made available from 
a direct current (DC), radio frequency (RF), or microwave power source. The electrons 
gain energy from the applied electrical field but do not lose energy significantly from 
the numerous elastic collisions with the gas due to their small mass compared to the gas 
atoms (molecules). As a result, the electrons attain a very high temperature, while the 
background gas and heavy ions are relatively cold. Hence, these discharges, which are 
only partially ionized, are cold plasmas. A variety of electron-impact reactions result 
in inelastic collisions with the gas molecules in the discharge that are responsible for 
the creation of reactive and nonreactive fragments from the parent gas. Inelastic colli- 
sion between heavy particles leads to recombination and other chemical reaction. The 
net result from all of this chemical activity is a partially ionized discharge consisting 
of electrons, positive ions, negative ions, atoms, radicals, other neutral fragments, and 
the parent gas(es). This system is not in thermodynamic equilibrium. It is indeed the 
deviation from thermodynamic equilibrium that is responsible for the effectiveness of a 
discharge in material processing and permits low-temperature processing. In addition, 
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Figure 26.3.1 Various plasma reactors. (а) Capacitively coupled plasma (CCP) reactor. (b) Electron cycloton 
resonance (ECR) reactor. (c) Inductively coupled plasma (ICP) reactor [courtesy of CFDRC]. 


several heterogeneous reactions occur on the wafer, electrode, and reactor walls. An- 
other important surface activity involves the emission of the secondary electrons by the 
impact of electrons and positive ions on the surface. 

For the past two decades, capacitively coupled plasma (CCP) reactor (Figure 26.3.1a) 
has been employed using typically 13.56-MHz of RF power source. Recently, efforts are 
being made to develop new plasma sources capable of high processing rates and unifor- 
mity over large wafers (larger than 200 mm) with minimum wafer damage, achieving a 
structure scale size of 150 nm or less. The electron cycloton resonance (ECR) reactor 
is currently receiving much attention for both deposition and etching (Figure 26.3.1b). 
Here, microwave energy at 2.45 GHz is coupled to the natural resonance frequency of 
the electron gas in the presence of a strong magnetic field (875 gauss). Another new 
plasma source is an inductively coupled plasma (ICP) reactor in which the plasma is 
driven inductively, with a power source that operates at the standard RF of 13.56 MHz. 
ICP reactors use a variety of different coil designs as illustrated in Figure 26.3.1c. 

In the past, computer calculations were carried out with simplifications, using either 
plasma discharge model (PDM) or gas flow model (GFM) in chemical vapor deposition 
(CVD). In PDM, we consider only the discharge physics aspects, setting aside gas flow, 
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gas and wafer heating, and reactor issues. Here, it is assumed that the loss of charged 
particles (electrons and ions) due to gas convective flow is negligible. In this approach, 
we are primarily concerned with the physical features of the discharge such as electrical 
characteristics, utilization of applied power, and variations of densities, plasma potential, 
sheath thickness, ion flux, etc., as a function of process input parameters. On the other 
hand, in GFM, we disregard the discharge aspects and focus on an idealized reactor 
model. In this approach, we assume an electron density distribution in the reactor. 
Reaction rate constants are either taken from experiments or evaluated using some 
assumed form for electron energy distribution function (EEDF). 

Obviously, the most desirable approach is to combine both PDM and GFM at the 
expense of computational resources, known as the complete process model (CPM). The 
governing equations for PDM are those presented in Section 26.1, whereas the reactive 
flow equations of Chapter 22 are applied to GFM. Traditionally, Monte Carlo methods 
and particle-in-cell methods have been used for PDM, with FDM, FEM, and FVM 
favored for GFM. For the sake of completeness, the governing equations for CPM as a 
combination of PDM and GFM are summarized below. 


26.3.2 CHARGED PARTICLE KINETICS IN PLASMA DISCHARGE 


The charged particle kinetics for PECVD may be governed by the Boltzmann equation 
(26.1.12) as 


Taw. )f-(F- of- (2). (26.3.2) 


with Е being the electromagnetic force, 
к= £ (E +v x B) (26.3.3) 
m 


and the velocity distribution function (VDF) f may be given by the two-term approxi- 
mation in the form, 


f(r,v,t) = fol, v, D) + ы f(r, v, 0) (26.3.4) 


where fo and fı denote the isotropic part and anisotropic part, respectively, given by 
Shkarofsky et al. [1966] as 


16. ho xm (E. t) уа +5, 
ү д 
= —v* (v) fo + УУ) fole, vt)+ 1, (26.3.5) 
^ eE 0 fo E 
= 7 јр = ae —vfi (26.3.6) 


where v and v* are the moment transfer frequency and the total frequency of inelastic 
collisions, v’ = (v? + 2€*/m)!^^, S, is the electron-electron Coulomb collision operator, 
and /, is the source of newly born electrons. 
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Figure 26.3.2 Тһе surface of an ellipsoid of revolution describes 
the distribution function in three dimensions. The electric field is 
shown for the general case in which it is not aligned with the axis 
of symmetry (0 < y < 1). 


Recently, Richley [1999] proposed an elliptic representation of the Boltzmann equa- 
tion with validity for all degrees of anisotropy. By choosing an ellipsoid of revolution to 
describe the angular dependence of the velocity distribution, the Boltzmann equation 
can be reduced to a set of two equations which may be applicable to a wide range of 
conditions. These equations are reduced to the two-term representation of (26.3.4) for 
nearly isotropic cases. 

To this end, Richley considers an ellipsoid of revolution as shown in Figure 26.3.2 
in which the magnitude of the distribution function is taken to be the length of a line 
extending from one focus to a point on the surface such that 


ee 
= У ~ ZU EA *) (26.3.7) 
1= у: = у 
V 


where y is the vector in the direction of the axis of symmetry, with magnitude equal 
to the eccentricity of the ellipsoid and 0 « y < 1. It can be shown that the elliptic 
representation is equivalent to a three-term spherical harmonic expansion, 


fev) = fov) + Zhi f: 


with the colon denoting a tensor product. Here, fp and vv represent second order 
tensors the product of which results in a scalar. This is analogous to the product of 
stress tensor and velocity gradients representing thermoviscous dissipation in the fluid 
mechanics energy equation. To express the nature of anisotropy, it is convenient to 
use new quantities formed by integration over all solid angles w as defined in (24.1.5), 
leading to 


n(r, у=} Рао (26.3.9) 


- (26.3.8) 
V 


У 
У = [ ML (26.3.10) 
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It can be shown that substitution of (26.3.9) and (26.3.10) into (26.3.2) results in two 
moment equations of the form 
дп до 1 9 дп 


аы | -LV "некој | 26.311 
= + (vW) nene W) a). ( a) 


3X X 1 3 (3X 
du [пу 24 ed | | пу 1 до 1 ð [пу iE s 
at 2\y 2 y ту?ду| 2 Ny 
до д |п Х п 3X oW 
E 1 1 = { — 26.3.11b 
m E ЛУ + & J, oe 


with y being the unit vector along the axis of symmetry, and 


X = |W\/n (26.3.12) 


which may be called the “anisotropy parameter" (X « 1,small anisotropy; X = 1, strong 
anisotropy). It should be noted that у у represents the second order tensor which when 
dotted with a vector results in another vector. 

Let us now assume that 


n = тј) (26.3.13) 
W = (47/3); (26.3.14) 
f= 2 (3-1) Gy - 05 (06315) 


with I being the unity tensor. If we substitute these to (26.3.11a) and (26.3.11b), the two- 
term spherical harmonic expansion can be obtained as demonstrated by Richley [1999]. 
Thus, the elliptic representation can be thought of as being identically the two-term 
spherical harmonic expansion, with closure of the hierarchy according to (26.3.15). 
Returning to (26.3.8), the isotropic part fo defines the scalar characteristics of parti- 
cles such as density, mean energy, etc. The vector part fı denotes vector quantities such 
as current. The tensor part f? contributes to things like directed energy. Based on the 
elliptic representation of the Boltzmann equation described above, it is possible to ob- 
tain special cases of (26.3.5) and (26.3.6), valid for strongly or weakly anisotropic VDF. 


(1) Strongly Anisotropic VDF 
The Boltzmann equations for strongly anisotropic VDF may be written as 


SU S eyes 26.3.16 
ot T V eh) ( ) 
af, gE f (3X Е 
г +- УУ фу у + эү ( 3 па үү) = 81 (26.3.17) 
where 
= 2 (3X 
Y= “(= z ји (26.3.18) 
2 Му 
Х 
Yı = Bi = =) (26.3.19) 
2 3 


with So and S; being the collision terms given in Richley [1999]. 


951 


952 


APPLICATIONS ТО ELECTROMAGNETIC FLOWS 


Equations (26.3.16) and (26.3.17) are useful for problems with strong anisotropy 
of the VDF such as the fast electrons in the cathode region of glow discharges and 
positive ions in gaseous plasmas. The elliptic representation is an efficient alternative to 
statistical methods especially attractive for multidimensional problems with substantial 
anisotropy of the VDF where statistical methods are computationally expensive. 


(2) VDF with Small Anisotropy 

The expressions of (26.3.18) and (26.3.19) may be simplified for small anisotropy 
[Kortchagen, Buch, and Tsendin, 1996] as У = 0 and Y; = fo/3 with y = 0. Further- 
more, we set 


f; ffe (26.3.20) 
with 
V 
f=-— f (26.3.21) 
3v 
qEv afo 


f= —__ — 26.3.22 
(Vm + io) де ( ) 


where w is the angular field frequency, v,, is the transport collision frequency. Substi- 
tuting these expressions into (23.3.16) leads to 


ify 1 1a afo) _ 
PERS seb. dis TAE) =S (26.3.23) 


where D, = v? /3vm is the diffusion coefficient in configuration space, 


E m 
D. = D, m 26.3.24 


is a diffusion coefficient along the energy axis. 


(3) Weakly Collisional Discharges with Hot Plasma Effects 

If the particle mean free path becomes comparable to or larger than the charac- 
teristic size of the system, then specific kinetic effects appear in the weakly collisional 
operating regimes. For low-pressure RF discharges, these effects are due to thermal 
electron motion and include collisionless electron heating and anomalous skin effect 
[Kolobov and Economou, 1997; Lieberman and Godyak, 1998]. The collisionless power 
absorption dominates at pressures below 10 mTorr and can exceed the collisional power 
absorption by an order of magnitude at the lowest gas pressure. In the weakly collisional 
regimes, the oscillating part of the electron distribution function (EDF) can be written 
as an integral along the electron trajectories [Kolobov, 1998]: 


afo 


i 26.325 
ст ( ) 


f(r,v,t) =e || dse “v(t — s) -E(r(t — 5),1 — s) 


Consequently, the electron current at a given point depends on the field values in other 
points, leading to a variety of hot plasma effects [Godyak et al., 1999]. In this regime 
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the energy relaxation length of electrons is large compared to the discharge dimensions. 
Thus, the isotropic part of the EDF is given by [Aliev, Kaganovich, and Schluter, 1997] 


Ife 1897. 55 
D 
at zu * дє 


+ И fo) = 5 (26.3.26) 


where V denotes the electron velocity averaged over discharge volume accessible to elec- 
trons with total energy £. It should be noted that in spite of simplicity (26.3.26) contains 
enough information about electron kinetics in the spatially inhomogeneous plasma. 
The focal point is the energy diffusion coefficient D which describes the peculiarities 
of electron heating [Godyak and Kolobov, 1998]. 

The solution of the Boltzmann equation has been carried out using particle-in-cell/ 
Monte Carlo collision (PIC/MCC) methods [Surendra and Graves, 1991a,b]. Since these 
methods are extremely time consuming, research into deterministic methods such as 
finite volume methods will be highly desirable. 


26.3.3 DISCHARGE MODELING WITH MOMENT EQUATIONS 


When should we use the Boltzmann equation, and when is the continuum model suf- 
ficient? Figure 26.3.3 illustrates a hierarchy of transport descriptions of electrons in 
weakly ionized gaseous and solid-state plasmas [Bringuier, 1999]. This hierarchy is 
based on peculiarities of electron collision dynamics resulting in a great distinction of 
momentum and energy relaxation rates. When electrons move through a background of 
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Figure 26.3.3 A hierarchy of transport descrip- 
tions. The left-hand side of each transport equa- 
tion contains a divergence of flux in a relevant 
space. The flux consists of drift or drift-diffusion. 
Arrows connect two levels of descriptions of 
decreasing complexity. As space and time scales 
increase, a lesser description suffices. Over time 
scales longer than the velocity-correlation time, 
the energy and position suffice to specify the par- 
ticle state. Over time scales exceeding the energy 
correlation time, a macroscopic description in co- 
ordinate space is sufficient. 
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neutral gas atoms or in a solid lattice they significantly change the direction of their mo- 
tion, but only slightly change their energy in elastic collisions with heavy particles. Thus, 
the energy relaxation length А, (and time т„) considerably exceeds the velocity relax- 
ation length à and collision time т. Over time scales shorter than the energy corre- 
lation time, and for spatial scales smaller than the energy relaxation length, the con- 
tinuum (drift-diffusion) approximation in position space is not sufficient and kinetic 
analysis is necessary (low arrow in Figure 26.3.3). However, owing to the great dis- 
tinction of momentum and energy relaxation rates, for the time scales exceeding colli- 
sion time and for spatial scales exceeding the mean free path A, the six-dimensional 
Boltzmann kinetic equation can be reduced to a much simpler Fokker-Planck equa- 
tion (26.3.23) in a four-dimensional energy-position manifold (upper arrow in Figure 
26.3.3). 

It is difficult to solve spatially inhomogeneous Boltzmann and Fokker-Planck equa- 
tions. As an alternative, continuum approach has been widely used for modeling gas 
discharges. This approach uses the moments of the distribution to obtain the macro- 
scopic properties of the discharge, assuming a certain form of the distribution function 
or solving local BE to calculate transport coefficients and rates of chemical reactions. 
An infinite chain of coupled moment equations would be equivalent to the Boltzmann 
equation. In practice, only a finite set of moment equations can be used. The most prac- 
tical number of moment equations would be three, representing mass, momentum, and 
energy. Higher moments require more closure relations, resulting in a difficult com- 
promise associated with new unknowns as discussed in Chapman and Cowling [1952] 
and Gogolides and Swain [1992], among others. 

In the absence of magnetic field, the first three moments of the Boltzmann equation 
corresponding to mass, momentum, and energy are of the form 
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where the subscripts k and m denote the species, tensorial indices і and j represent 
spatial dimensions, v, is the elastic collision frequency, and 


1 3 
e= (у + kr) (26.3.30) 


with other notations the same as in Chapter 22. In addition to the above equations we 
need the Poisson equation as given in (26.3.2). 

For solutions of these equations we require appropriate rate expressions and trans- 
port parameters as discussed in Ward [1958] and Richards, Thompson, and Swain [1987], 
among others. Boundary conditions for electrons in RF discharges require specifica- 
tion of the net flux at the electrode. They are given by the sum of electrons lost due 
to recombination and electrons generated by secondary electron emission. These and 
other conditions are detailed in Chantry [1987], Graves and Jensen [1986], and Barnes, 
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Colter, and Elter [1987], among others. Some example problems will be presented in 
Section 26.3.5. 


26.3.4 REACTOR MODEL FOR CHEMICAL VAPOR DEPOSITION (CVD) GAS FLOW 


The basic governing equations and assumptions in chemical vapor deposition gas flow 
are similar to those in reactive flows presented in Chapter 22. In addition, listed below 
are assumptions made specifically for chemical vapor deposition gas flow: 


(1) The mixture of feed gas and generated species is treated as continuum in which 
the mean free path of the gas molecules must be much smaller than the reactor 
dimensions. Thus, the collisions in the gas phase would be more dominant than 
collisions on the walls. 

(2) The gases in the plasma reactor are assumed to be ideal; ideal gas law and 
Newton’s law of viscosity can be applied. 

(3) The Reynolds number is small enough that the low is laminar. 

(4) The Mach number is low so that the effects of pressure variation on the density 
of the gas mixture may be neglected. 

(5) Gas is weakly ionized. 


Here we consider an ideal reactor model that ignores the details of the glow dis- 
charge. This is done by assuming an electron density distribution in the reactor. The rate 
constants are either taken from experiments or evaluated using some assumed form for 
EEDF. 

The conservation equations for mass, momentum, energy, and species are the same 
as given in (22.2.34). For the sake of completeness we repeat here, 
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Instead of solving the entire equations required for CFD, many options for simpli- 
fications have been shown in the literature. For example, a fully developed flow may 
be assumed such as in Chen [1983], Meyyappan and Buggeln [1990], and Venkatesan, 
Trachtenburg, and Edgar [1992]. Another example is a plug flow model in which it is 
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assumed that there is no velocity gradient in the axial direction [Lii et al., 1990]. If the 
inner-electrode spacing is small compared to the length in the flow direction, concen- 
tration is more uniform in the axial direction compared to the radial direction. In this 
case axially average one-dimensional species equations can be solved to study polymer 
etching in an oxygen discharge [Economou and Alkier, 1988] and silicon etching in NF4 
discharge [Stenger et al., 1987]. 


26.4 APPLICATIONS 


26.4.1 APPLICATIONS TO MAGNETOHYDRODYNAMIC FLOWS 
IN CORONA MASS EJECTION 


Wu and his co-workers [Wu and Wang, 1987; Wu et al., 2000] developed the fully implicit 
continuous Eulerian (FICE) method using finite difference discretizations of SIMPLE 
algorithm (Section 5.3.1) and boundary condition implementations for compatibility 
and characteristic properties and nonreflecting boundaries as discussed in Section 6.7.1. 
They used this method in solving specialized cases of (26.1.8) as applied to magneto- 
hydrodynamic flows in coronal mass ejection. Here, the governing equations are based 
on resistive MHD theory in which the field topology is changed due to the magnetic 
reconnection process. They consist of conservation laws of mass, momentum, energy, 
and induction equations describing the dynamical interaction between plasma flow and 
magnetic field. The viscous dissipation is neglected as it is two orders smaller than the 
magnetic dissipation. 

Wu et al. [2000] simulated recent observations at the 1996 solar minimum obtained by 
the Large Angle Spectrometric Coronagraph (LASCO) on the Solar and Heliospheric 
Observatory revealing the motion of density enhancements in the coronal streamer 
belt, known as the plasma blobs. Figure 26.4.1.1 shows the initial condition used for the 
analysis. It represents the physical parameters ofthe magneticresistive MHD simulation 


Initial Magnetic Field 


Density (cm?) Radial Velocity (km/s) 
600 


0 15 30 45 60 75 90 0 15 30 45 60 75 S0 
Polar Angle (degrees) Polar Angle (degrees) 
(b) (с) 


Figure 26.411 Physical parameters of MHD simulation model: (a) the magnetic field 
configuration, the dotted line region indicates the region of reconnection, (b) Plasma 
density as a function of latitude at various solar radii; (с) solar wind radial velocity as a 
function of latitude at various solar radii [Wu et al., 2000]. 


26.4 APPLICATIONS 


Figure 26.4.1.2 Calculated and observed corona [Wu et al., 2001]. (a) Nu- 
merical MHD simulated images. (b) Observed typical corona. 


model for a global coronal magnetic field to investigate the formation and propagation of 
the observed plasma blobs. This choice is important to create the appropriate dynamics 
for the formation of the plasma blobs by magnetic reconnection. The solution changes 
and evolves due to the introduction of finite magnitude resistivity in the induction 
equations. 

The calculated results show the quiescent corona as shown in Figure 26.4.1.2a as 
compared to the observed typical corona at solar minimum (Figure 26.4.1.2b). Figure 
26.4.1.3 shows the evolution of the magnetic field topology. It is seen that the change 
of magnetic field topology caused by magnetic reconnection occurs in four stages, with 
reconnection taking place at five points marked by O; through Os. A radial pressure gra- 
dient is created between the inner corona and outer corona, as shown in Figure 26.4.1.4. 
It is also shown that after the second stage reconnection, some of the magnetic flux 
feeds into two neighboring loops and pushes the central loop outward together with 
outward pressure gradient. Further details are provided in Wu et al. [2000]. 


26.4.2 APPLICATIONS TO PLASMA PROCESSING IN SEMICONDUCTORS 


(1) Capacitively Coupled RF Glow Discharge 
In this analysis [Gogolides and Swain, 1992], a plasma is simulated using a two- 
moment model in the study of on an electropositive (Ar) and an electronegative 


958 


APPLICATIONS ТО ELECTROMAGNETIC FLOWS 


4.58 hours 10.42 hours 14.17 hours 


(a) (b) (c) 


15.00 hours 


(d) 
Figure 26.4.1.3 Evolution of magnetic field configuration during the magnetic reconnection 
where OJ(J = 1-5) represents the location of magnetic reconnection occurring at times of 
4.58 hours, 10.42 hours, 14.17 hours, and 16.25 hours, respectively, after introduction of the 
magnetic resistivity for 5 = 100 [Wu et al., 2000]. 


(SF) discharge. The effects of pressure and current amplitude variation and the ef- 
fect of ion mobility variation with electric field are examined. The predicted emis- 
sion of the 750.4 nm argon line (Figure 26.4.2.1a) is compared with experiments (Fig- 
ure 26.4.2.1b). Given conditions are: 1 torr, 2-cm spacing, 13.5 MHz, and 0.14 W/cm’, and 
0.14 W/cm?. 


(2) Two-dimensional Capacitively Coupled RF Glow Discharge 

Young and Wu [1993] modeled electrons with a three-moment nonequilibrium 
model and ions are modeled with a nonequilibrium single-moment model which in- 
cludes an ionic effective electric field. The nonuniform plasma density profiles and the 
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Figure 26.4.1.4 Pressure distributions in the meridianal plane at t = 12.5 hours after introduction of 
magnetic resistivity for S = 100 [Wu et al., 2000]. 


radial sheath width variation with various gas pressures are investigated. The elec- 
tron density profiles from a two-dimensional simulation for argon are shown in Figure 
26.4.2.2. The ambipolar structure in the axial direction is evident. The two-dimensional 
results for plasma variables in the center of the discharge are only 5% different from 
the corresponding one-dimensional results. It is near the edge that the density is differ- 
ent from that in the center. Indeed, the density near the walls is higher. The electrons 
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Figure 26.4.21 RF glow discharge [Gogolides and Swain, 1992]. (a) Predictions from a two-moment model 
for emission of the 750.4-nm argon line (1 torr, 2 cm spacing, 13.5 Mhz, and 0.14 W/cm”). (b) Experimentally 
measured emission. 
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Figure 26.4.2.2 Two-dimensional profile of electron density in 
an argon discharge [Young and Wu, 1993]. 


tend to diffuse from the electrode zone toward the walls, but they experience a strong 
spacecharge field near the electrode edge regions, which results in a local pileup of 
electrons as seen in Figure 26.4.2.2. 


(3) CCP with Gas Flow 

Figure 26.4.2.3 shows an industrial type CCP reactor used for semiconductor man- 
ufacturing. Two-dimensional transient simulations were performed with commercial 
software CFD-PLASMA developed by CFD Research Corp. Oxygen gas enters the 
chamber through a showerhead (streamlines show gas flow patterns) which also plays a 
role of upper electrode driven at 13 Mhz. Using different frequency to drive the lower 
electrode (which holds the wafer) allows to some extent an independent control of 
the ion energy distribution at the wafer. Figure 26.4.2.3 shows also instantaneous axial 
distributions of some plasma parameters on the axis of the chamber. 


(4) Epitaxial Silicon Growth in CVD Reactors 

Two-dimensional conservation equations of momentum, energy, and mass are solved 
using finite elements for the analysis of epitaxial silicon growth in pancake CVD reactors 
from SiH2Cl, [Oh, Takaudis, and Neudeck, 1991]. Complex gas flow patterns with large 
recirculations are induced by the shearing force of the inlet jet and by buoyancy effects 
as shown in Figure 26.4.2.4. An increase in the flowrate from 20 to 90 standard liters 
per minute leads to a reverse from a radially increasing to a radially decreasing growth 
rate. 


(5) PECVD of SiO; in a 3D ICP Reactor 

Figure 26.3.1c shows results of 3-D simulations of PECVD of SiO; in an Inductively 
Coupled Plasma reactor obtained with commercial software CFD-PLASMA developed 
by CFD Research Corp. (http://www.cfdrc.com/~cfdplasma). A mixture of SiH4/Ar/O; 
is injected into the gas chamber through vertical injectors and exits through an outlet 
at the bottom of the chamber (streamlines show the gas flow patterns). The total gas 
pressure in the reactor is maintained at the 10 mTorr level. RF current in coils wrapped 
around a dome chamber induces an azimuthal electric field which maintains the plasma. 
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Figure 26.4.2.3 Dual-frequency capacitively coupled plasma [Courtesy of CFDRC]. 


Power deposition is localized in the vicinity of the dome because RF fields cannot 
penetrate far into the plasma due to skin effect. In spite of very localized power depo- 
sition, electron temperature is fairly uniform inside the chamber due to high thermal 
conductivity of the electrons. Thus, ionization rate and rates of other plasma-chemical 
reactions (which are exponential functions of electron temperature) are rather uniform 
within a volume and the plasma density has a maximum in the chamber center because 
of recombination loss of charged particles at the walls of the chamber. A processing 
wafer is placed on top of an electrostatic chuck (a pedestal in Figure 26.3.1c). Contours 
of calculated SiO; deposition rate are shown in Figure 26.3.1c. 
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(b) (c) 
Figure 26.4.2.4 Finite element analysis of pancake reactor. The susceptor temperature 7; = 950°C, system 


pressure P = 150 torr. (a) Induction heated pancake reactor (left) and cross-section (right). (b) Computa- 
tional grid. (с) Streamlines in the reactor. 


26.5 SUMMARY 


In this chapter, we have reviewed some aspects of magnetohydrodynamics (MHD), 
rarefied gas dynamics, and semiconductor plasma processes. The governing equations 
for MHD in general, finite element formulation of the Boltzmann equation, plasma 
discharge for semiconductor applications are presented. 

Some of the example problems in coronal mass ejection using the fully implicit con- 
tinuous Eulerian method [Wu et al., 2000] are reviewed. Here the governing equations 
are based on the resistive MHD theory in which the field topology is changed due to the 
magnetic reconnection process. They consist of conservation laws of mass, momentum, 
energy, and induction equations describing the dynamical interaction between plasma 
flow and magnetic field. 


REFERENCES 


Example problems for plasma processing in semiconductors include capacitively 
coupled RF glow discharge and radial flow in an RF glow discharge. A brief discus- 
sion of epitaxial silicon growth in chemical vapor deposition reactors is also presented. 
In addition, the results of 3-D simulations of PECVD of SiO; in inductively coupled 
plasma rector are demonstrated, representing the current state of the art. 
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CHAPTER TWENTY-SEVEN 


Applications to Relativistic Astrophysical Flows 


271 GENERAL 


Relativistic theory is divided into two categories: special relativity and general relativity. 
In special relativity, we follow Einstein’s postulate establishing the universality of the 
speed of light, c, relative to any unaccelerated observer, regardless of the motion of 
the light’s source from the observer. General relativity arises as an extension to special 
relativity to describe the motion of particles evolving under the presence of gravitational 
fields. In order to take into account the effect of gravitation, however, we must abandon 
the Eulerian coordinates used in Newtonian fluid dynamics. Instead, it is necessary to 
invoke a curvilinear four-dimensional manifold (the spacetime) to represent particle’s 
trajectories. 

Many of the problems encountered in astrophysics are involved in the numerical 
solution of special or general relativistic fluid dynamics equations. Active research in this 
subject area has been in progress for the past 40 years. Earlier studies include structure 
and evolution of stars [Chandrasekhar, 1942; Aller and McLaughlin, 1965, among 
others]. Black hole accretion flows have been studied extensively as evident from numer- 
ous publications [Paczynski and Wiita, 1980; Katz, 1980; Eggum et al., 1988; Hawley 
et al., 1984a,b; Clarke et al., 1985; Stella and Vietri, 1997; Bromley et al., 1998; Font 
et al., 1998a,b; Koide et al., 1999; Font et al., 1999]. Some of the recent activities include 
Gamma ray bursts [Meszaros and Rees, 1993; Sari and Piran, 1998; Fishman and Meegan, 
1995; and Panattescu and Meszros, 1998], explosive and jet phenomena [Norman, 1997], 
and astrophysical turbulence flows and instability [Bulbus and Hawley, 1998]. 

Despite these developments in “computational astrophysical fluid dynamics,” many 
difficulties remain unresolved. Among them are the rapidly rotating stars, detailed 
accretion disk structure and evolution, evolving and interacting binaries, etc. First of 
all, boundary conditions are unknown in many instances. It is difficult to predict the 
geometry for the solution until the problem is actually solved. The shape of the outer 
surface of a rotating star or accretion disk can be part of the solution. In order to 
resolve such difficulties, arbitrary assumptions such as spherical symmetry or slowly 
rotating perturbation problems have been suggested [Kippenhahn and Thomas, 1970]. 
Uncertainties of boundary conditions may be resolved using iterative processes usually 
accommodated in FDM, FEM, or FVM. 
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The main computational issues involved in relativistic hydrodynamics stem from 
discontinuities associated with shock waves. High-resolution shock-capturing techniques 
developed in Newtonian computational fluid dynamics (CFD) have been proven suc- 
cessful also in dealing with relativistic astrophysical flows. Balsara [1994] studied an 
extension of the Riemann solver to resolve shock waves using a secant method and 
Newton method for iterative solutions. In this work, an exact treatment of transverse 
velocities across general, oblique shocks was enforced and, as a result, the equivalence 
to the nonrelativistic limit was demonstrated. 

Another approach to the Riemann solver with various reconstruction schemes in 
three-dimensions was reported by Aloy et al. [1999] as an extension of earlier studies 
[Marti et al., 1991; Marti et al., 1995]. The results including spherical shock reflection 
with the Lorentz factor of 700 and larger are shown to be satisfactory. 

Gravitational effects in symmetric spherical coordinates with pseudo-Newtonian 
approximations have been studied by Nobuta and Hanawa [1999] using the total vari- 
ation diminishing (TVD) scheme [Roe, 1981] in their investigation of time-dependent 
inviscid hydrodynamical accretion flows onto a black hole. In this work, accretion that 
consists of hot tenuous gas with low specific angular momentum and cold dense gas 
with high specific angular momentum was considered, resulting in the hot gas accreting 
continuously and the cold gas intermittently as blobs. It is shown that the high spe- 
cific angular momentum gas blobs bounce at the centrifugal barrier and create shock 
waves. 

Meier [1999] examined finite element methods (FEM) for applications to multidi- 
mensional astrophysical structural and dynamical analysis to study rotating stars, inter- 
acting binaries, thick advecting accretion disks, and four-dimensional spacetime prob- 
lems in general. In this approach, the complex differential equations on the 
arbitrary curvilinear grid are generated automatically by the FEM integrals. 

In this chapter, we explore applications of the existing CFD technologies to 
relativistic astrophysical fluid dynamics. We first review the governing equations in 
Section 27.2. This is followed by some selected example problems presented in Section 
27.3 [Richardson et al., 1999; Richardson, 2000; Richardson and Chung, 2002]. 
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2721 RELATIVISTIC HYDRODYNAMICS EQUATIONS IN IDEAL FLOWS 


The equations describing the evolution of a relativistic fluid are local conservation 
laws of the stress-energy, ТР”, and the matter current density, J”, given by covariant 
derivatives as follows: 


D =0 (p,v—0,1,2,3) (27.2.1) 
Ji =0 (27.2.2) 
with 


J” = pu” (27.2.3) 
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where p is the rest mass density and u the 4-velocity of the fluid. Note also that the 
semicolon implies the covariant derivative with respect to the 4-metric of the underlying 
spacetime. 

For simplicity, we consider a perfect fluid (viscosity and thermal conduction are 
neglected). In this case the energy-momentum tensor can be written as 


T"" = рћи“и" + pg” (27.2.4) 


with g"" being the 4-metric describing the spacetime and Л the specific enthalpy defined 
as 


һ=1+є+” (272.5) 


р 
where є is the specific internal energy апа р the isotropic pressure. The above system 
of equations can be closed by the normalization condition for the four-velocity, 


bww u = —1 (27.2.6) 
and the equation of state, 


р = р(р, £) (2727) 


Dynamics of the gravitational field in general relativity theory is described by the 
Einstein’ field equation 


Guy = 8a Гүр 27.2.8 
ш ш 


where Gw is the Einstein tensor associated with the ten metric components gy, = gy, of 
the spacetime and the stress energy tensor Tą». There are various forms of the Einstein’s 
equations suitable for numerical analyses such as suggested by Arnowitt, Deser, and 
Misner [1962], known as the ADM or (3 + 1) formulation, and Bona et al. [1995], known 
as the BM hyperbolic formulation. 

In the ADM formulation, the spacetime is considered to be foliated into a set of non- 
interacting spacelike hypersurfaces. There are two kinematic variables which describe 
the evolution between these surfaces: the lapse function a = (—g“')~2, which describes 
the rate of advance of time along a timelike unit vector n™ normal to a surface, and the 
spacelike shift vector В that describes the motion of coordinates. These parameters аге 
related to the line element, 


ds? = —(o? — B;B')dt? + 2B;dx'dt + yjjdx' dx! (27.2.9) 


with ту being the three-dimensional metric tensor. The ADM formulation, then, casts 
the Einstein’s equations into a first order (in time) quasi-linear system of equations. 

In the BM hyperbolic formulation, the evolution equations are written as a first 
order balance law with the same mathematical structure as the hydrodynamic equations 
usually employed in traditional CFD approaches. 

Instead of using the covariant derivatives, it is convenient to formulate the numerical 
process via a coordinate system (х0 = t, x!, х2, х?) and express (27.2.1) and (27.2.2) 
in terms of coordinate derivatives. To this end, we write the governing conservation 
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equations in the form [Hawley et al., 1984; Banyuls et al., 1997; Font et al., 1998], 
90 дЕ — 


a + к (27.2.10) 
with the conservation variables U written as 
D A/mWp 
U=| S; | = Jp hwy; (27.2.11) 
т V (phW? — p — Wp) 
where mis the determinant of 1;;, v; is the fluid 3-velocity, апа W is the Lorentz factor, 
Wz(Q-m;vv/)'^ (27.2.12) 


where we invoke the natural unit, 
Gol 
and the spatial components of the 4-velocity и! are related to the 3-velocity v; by 
ui = W(v' — В'/о) (27.2.13) 


The convection flux vector F’ and the source vector B are given by 


(v — "n 
а 


"m «(v _ £) S; Vi (27.2.14) 
«(v — E): + Мур) 
0 
B= o. ТА g, Г, (27245) 


ou /m( Ta, p= arp. 
where D, S;, and т are defined in (27.2.11) and Га, is the 4-Christoffel symbol, 


1 
P = 58 ws T ug.» — Eug) (27.2.16) 


The numerical solution of (27.2.10) can be carried out using any one of the schemes 
developed in Chapter 6 for FDM, Chapter 13 for FEM, or Chapters 7 and 15 for FVM. 
Some applications of (27.2.10) without the source term are presented in Section 27.3.4. 


27.2.2 RELATIVISTIC HYDRODYNAMICS EQUATIONS IN NONIDEAL FLOWS 


In special relativity, the effect of gravitational fields is neglected. Viscosity and heat 
conduction may be included in both general and special relativistic flows. However, 
one of the least investigated physical phenomena in the relativistic flows is the effect of 
viscosity and heat conduction upon the flow field. The primary reason for this lack of 
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studies is the difficulty involved in computation, as is usually the case for shock wave 
turbulent boundary layer interactions in the Newtonian flows. Anticipating that this will 
be a future research topic in the relativistic hydrodydamics, some of the basic governing 
equations are presented in this section. 

The metric tensor components in special relativity [Misner, Thorne, and Wheeler, 
1973] are defined by the Minkowski geometry, gag. The Kerr black hole geometry is 
commonly used in general relativity since it describes a black hole that has angular 
momentum and since it easily reduces to the Schwarzschild metric for non-rotating 
black holes. In general, the components of the metric tensor are derived from the line 
element ds? given by 


ds? — gagd x" dxP 


For the special relativistic line element, we have 


1000 
0 100 
5E w 3 
p 0 01 


ds? = -а? + dx? + dy? + dz? 


The Kerr line element for angular momentum a per unit mass М is written as [Misner 
et al., 1973] 


A — a? sin? Ө 2Mr sin? Ө 
ds? = T dt? — 2a td 
[0] [0] 
2 22 _ 2A td 0 2 
ај A Sm sin? odd? + Zdr + de 


with 
А = 2 —2Mr +ga 
ог = r? +a’ cos? 0 


The general relativistic Kerr metric is of the form, 


A +a’ sin’ 0 asin’ Ө(А — (r? + а2)) 

Е 2 0 0 2 

[0) о) 
“2 
0 — 0 0 
0 0 o? 0 
a sin? Ө(А — (r? + а2)) a? sinf ӨЛ + sin? 0(r? + a?) 

w? Pw w? 


Further details of metrics and Christoffel symbols are presented in Appendix D-1. 
The fluid four-acceleration is defined as 


Да = Vg VP (27.2.17) 
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with 
Va = Vary Ру — с 2 Aap (27.2.18) 


where Pj is the projection tensor defined as 


Ру = ò — c ?v!vg (27.2.19) 
Defining the symmetric rotation tensor Qag as 
1 
ов = zar Ра — gy Р!) (27.2.20) 
and the symmetric shear tensor Eag as 
1 
Eag = 5 (Vay РА + V. PY) (27.2.21) 
we may express the velocity gradient in the form, 
1 
Vaig = Dap + Qag + Ө Pug — c? Ауур (27.2.22) 
where 
1 
Dag = Ев = 39 Pop (27.2.23) 
Ө = Уа (27.2.24) 


Introducing the shear viscosity џ and the bulk viscosity с, and using the general 
form for speed of light, the energy stress tensor can be written as 


Мов = рооУ«Ув + PPop — 20 Dag — 5 0 Pag + c (Осма + Ову) (27.2.25) 
where poo is the total mass density 

poo = po(1 + є/с”) (27.2.26) 
апа О, is the four-vector generalization of the heat flux, 

Qa = —КРв(Тв + Туву?) 


To derive the equations of motion, we take a covariant derivative of the energy 
stress tensor, 


D 
Mg = | x + [poo + c? (p —c oie + [poo + c ^C] A + P"P(p — с) в 


" D 4 
-2ьрф ec? ZE + egeo + Одре + 29) | = Fe 


(272.27) 


where т is the relativistic proper time, related to the Newtonian time t as 


D та 9 i dx! away? 
Dr \ ат} ді dt }дхі сді дх! 
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It follows from (27.2.27) that 
Fa = Poy РҮ (27.2.28) 


Substituting (27.2.27) into (27.2.28), we obtain the equations of motion 


е Ру, 
[poo + с (р Өс )] Ds = fy Рё(р Os) g + 2p Pay Dif 


роу 4 
-e | Pay E+ 380+ Poy бр + 25) 
Т 


(27.2.29) 
Note that the speed of sound used in (27.2.25) through (27.2.29) will be set equal to 


unity. 
It is interesting to note that, in cartesian coordinates, we obtain 


D D 
— — —À 
D: Dt 
Pij > Bij 


with (27.2.29) being transformed into the Newtonian momentum equations. 

The relativistic energy equation can be derived first by multiplying (27.2.27) with 
the relativistic velocity Ма, by invoking the first and second laws of thermodynamics, 
together with the entropy 5, and following the procedure similar to the Newtonian 
counter part [Chung, 1996, 175-77]. This process will lead to 


DS De р (1 
рот— = "| + 2:303] = 24.D** Das + c0? — (О + c7? Q" A.) 


Dr Dr 
(27.2.30) 


The solution of (27.2.42) in terms of entropy is cumbersome. Thus, the energy equation 
is cast in the form 


pol Be + Zyl = 2D Dg + c0? — (О% + СОКА) (27.2.31) 
Additional details are available in Eckert, 1940; Weinberg, 1972; Misner et al., 1973; 
and Miharas and Miharas, 1984, among others. 

In order to achieve convergence to accurate solutions for the problems with shock 
discontinuities, the governing equations must be written in conservation form. To this 
end, the nonconservation forms of the momentum and energy equations given above, 
together with the continuity equation, are transformed into a conservation form. The 
acceptable conservation form should be capable of recovering the nonconservation 
form. 


dU. OF; ӘС; 
+ 


=B 27.2.32 
ot i дх; OX; ( ) 
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/—gpaw 
vV/-g(pho? W°v') 
U- J/—8(pho? W?v?) (27.2.33a) 
J—28(pha? Му? + Pg) 
V=8 (pho? W? + Pg?) 
„ерау! 
J=8 (pho? W?vi v! + Ра!) 
Е = | /-g(pho?W?viv? + Pg”) (27.2.33b) 
МЕ (pho? Ум уз + Pg?8i) 
[^ g(pho? W?vi + Ре30%!) 


0 
Р Le 5 А 1 - Р А 
v=æ( cep an] 5 (v4 P e P) - i P | + ovi ov) 
; T as Я 1 ; ; 
G — м8 cop? i|; P e m) - s P? | + OW? gv) 
А К Оу , 1 | . 
J=a( co p? за] 5 (v4, PY ev P?) - 53, Ph | + oe ov) 
i0 1 0 pyi i py0 1 y pid i 
//-gl -c0 P? — 21 5 (ул P SALT" yank +Q'W 
(27.2.33c) 
0 
ari 
/—g М" riu 
В = J-gM"T2, (27.2.33d) 
«тз 
/—g М" ru 
«О 
/—g М" Па 


where the Christoffel symbols are evaluated in terms of metric tensors (Appendix D). 

Once the conservation variables, U, F;, G;, and B, are solved, it is necessary to covert 
these conservation variables into the primitive variables such as p, vi, p, h, T, апа У. 
It can be shown that these relations lead to a quartic equation. The real roots for the 


quartic equation can be found using the polynomical solution techniques [Richardson, 
2000]. 


Simplification with Minkowski Coordinate Transformation 
Neglecting the lapse function and the shift vector (o — 1, 8; — 0) and using the 
Minkowski coordinate transformation [Miharas and Miharas, 1984], the conservation 
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form of the special relativistic hydrodynamic equations in cartesian coordinates is 
written as 


00 дЕ; 0G; 
a a (27.2.34) 
with 
pW р Wv; 0 
О = | phWv; |, F; = | pAW?v;v; + рбу |, G; = =т 
phW? — p pAW?v; + ру; —TijV; + di 
(27.2.35) 


where 7;; and q; denote the stress tensor and heat flux vector, respectively, 


Tij = 2udjj (27.2.36) 

qi = КР (Т, + ТА) (27.2.37) 
with 

, 1 1 

dij = 5 Vie Pay +уукРи)— зуккРи (27.2.38) 

Pij = 6} + МУ) (27.2.39) 

Aj = ai = wit (27.2.40) 


Here, the quantity v;v; in (27.2.39) is dimensionless (divided by c?) in the natural unit, 
т is the independent variable, known as proper time, such that dt = Wat. It should also 
be noted that ,/m = 1 in (27.2.11). All other variables are as defined in Section 27.2.1. 


27.2.3 PSEUDO-NEWTONIAN APPROXIMATIONS WITH GRAVITATIONAL EFFECTS 


The general relativistic flows may be simplified using the Pueudo-Newtonian approx- 
imations [Paczynski and Wiita, 1980; Nobuta and Hanawa, 1999] associated with the 
black hole accretion. Here, the gravitational effect is introduced in terms of the 
Schwarzschild radius r, 
_ 2GM 


rs = 


- (272.41) 


where G and M denote the gravitational constant and black hole mass. The pseudo- 
Newtonian potential is given by 


GM 


r= fy 


bjss (27.2.42) 


It is now possible to write the conservation variables, convection flux, diffusion flux, 
and source terms with gravity similarly as in the Newtonian fluid dynamics except that 
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the pressure and energy must be expressed in terms of the Boltzmann constant instead 
of the standard gas constant [Miharas and Miharas, 1984]. Thus, we have 


р ру; 0 
U-|pvi!, F; = | руу; + põij |, G; — —"ij А 
pE (p E+ p)vi —T;V; — КТ: +98 
0 
В = | (рФ); (27.2.43) 
(p ®) у; 
with 
1 
E=et+ Мас 
КТ T* 
pa See (27.2.44) 
WmMH 3 
1 KT T^ 
s= Cd (27.2.45) 
y—lwgmg p 


where K is the Boltzmann constant, w,, is the mean molecular weight, my is the mass 
of the hydrogen atom, and ак is the radiative heat flux (see Chapter 24). For spherical 
coordinates, all partial derivatives will be converted to covariant derivatives. 


27.3 EXAMPLE PROBLEMS 


27.3.1 RELATIVISTIC SHOCK TUBE 


The nonrelativistic (Newtonian) shock tube problem shown in Figure 6.5.1 may be 
transformed to the case of relativistic flow using the jump condition as deduced from 


(27.2.17) in the form, 
[p Wu] — 0 (27.3.1.a) 
[pA W^? + p] = 0 (27315) 
[рлу/Зи + pu] = 0 (27.3.1.с) 


Closed form solutions of (27.3.1) аге of the form [Hawley et al., 1984а] 


ps. yd 
pi ү—1 
= | 1+ y/Q Е (Или) | Рт 

рт F [v/Q = 1)] WnPm Илим 


+ ———(И„-1) (27.3.2a) 
y-1 


(27325) 


where the subscript m denotes the intermediate stage. The finite difference solution of 
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Figure 27.3.1.1 Results of a 500-zone relativistic shock tube (w = 1.38) [Hawley et al., 1984b]. 


Reprinted with permission. 


(27.3.1) by Hawley et al. [1984b] is presented in Figure 27.3.1.1, following almost exactly 
the analytical solution. 

The significant difference from the Newtonian shock tube is that the initial velocity 
profile is nonlinear in the rarefaction region due to the relativistic velocity addition. 
Furthermore, the shocked region is narrower and the difference between the shock 
velocity and intermediate velocity is smaller because of Lorentz contraction, approach- 
ing the velocity of light. These effects lead to the density change across the shock 
becoming larger than the Newtonian flow. Note also that temperature and pressure 
jumps are not as prominent as in the case of nonrelativistic flow. 


27.3.2 BLACK HOLE ACCRETION 


It is well known that accretion is the origin of X-ray and gamma-ray emission as well as 
jets emerging from some active black holes. Examples of black hole accretion include the 
stellar collapse to a black hole, a black hole in a binary system, and a supermassive black 
hole in an active galactic nuclei, with the accreting matter gaining angular momentum. 
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Figure 27.3.2.1 Evolutionary sequence for the infall of fluid with angular momentum lms < / = 3.77 < lms 
at times, t = 43 m, 130 m, 172 m, 300 m, 430 m. The contours are equally spaced in the log of density with 
a minimum of 107% and an interval of log2. The vectors depict direction of fluid flow at every other grid 
point. Note the backflow beginning at = 172 m which results from fluid rebounding at the centrifugal 
barrier. [Hawley et al., 1984b]. Reprinted with permission. 


In these cases, the collapsing rotating star is likely to leave behind considerable material 
with large angular momentum in a disk or ring around the newly formed black hole. 
The subsequent accretion process may induce viscous or magnetic torques to transport 
angular momentum outward, causing the bulk of the material to move inward, gaining 
internal energy at the expense of the gravitational field. The process of accretion onto 
a balck hole requires the solution of Einstein equations such as shown in the previous 
section. 

Hawley et al. [1984b] studied applications of (27.2.10) to an axisymmetric geometry 
of black hole accretion assuming the steady-state pressure-balanced fat disk [Wilson, 
1972]. The solution of (26.2.10) was carried out using the finite difference monotonic 
scheme of Van Leer [1974]. Their results of the black hole accretion are shown in 
Figure 27.3.2.1. Although these results are in agreement with the analytical solution 
qualitatively, disagreements in the peak densities range from 0.8 to 50% as compared 
with the analytical solution. 


27.3.3 THREE-DIMENSIONAL RELATIVISTIC HYDRODYNAMICS 


The Riemann solvers as used in Newtonian fluids may equally be efficient in relativis- 
tic hydrodynamics. Aloy et al. [1999] solved three-dimensional relativistic equations 
(27.2.10) without source terms, using FDM Riemann solvers [LeVeque, 1991]. 

In their work of the three-dimensional simulation of a relativistic jet propagating 
through an homogeneous atmosphere, Aloy et al. [1999] reports snapshots of the proper 
rest-mass density distribution, pressure, specific internal energy, and Lorentz factor of 
the relativistic jet model as shown in Figure 27.3.3.1. The input data include: the beam 
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Figure 27.3.3.1 Snapshots (top to bottom) of the proper rest-mass density 
distribution, pressure, specific internal energy (all on a logarithmic scale), 
and Lorentz factor of the relativistic jet model discussed in the text (v — 
0.99c, Мь = 6.0, п = 0.01, у = 5/3) after 160 units of time. The resolution 
is four zones/Ry [Aloy et al., 1999]. Reprinted with permission. 


flow velocity u, = 0.99с, the beam Mach number М = 6.0, and the ratio of the rest 
mass density of the beam and the ambient medium y = 0.01. The ambient medium 
consists of 15 Ry x 15 Ry x 75 Ry with R, being the beam radius. The jet is injected at 
z = Qin the direction of the positive z-axis through a circular nozzle (x? + y? < К) and 
isin pressure equilibrium with the ambient medium (»y — 1.4). Simple outflow boundary 
conditions are imposed except at the injection region. 

Тће gross morphological and dynamical properties of highly supersonic relativis- 
tic jets as shown in Figure 27.3.3.1 is qualitatively similar to those obtained in two- 
dimensional analysis [Marti et al., 1997]. 


27.3.4 FLOWFIELD DEPENDENT VARIATION (FDV) METHOD 
FOR RELATIVISTIC ASTROPHYSICAL FLOWS 


The most important aspect of the relativistic hydrodynamics is how to resolve shock 
waves as seen in the previous two sections. Turbulent boundary layers are even more 
difficult problems, particularly when the shock waves are interacting with turbulent 
boundary layers. Although there are many options available for the solution approaches, 
we shall examine, in this section, the FDV theory introduced in Sections 6.5 and 
13.6 as applied to the general and special relativistic flows. Any one of the governing 
equations presented in this section, (27.2.10), (27.2.17), or the conservation equations 
with (27.2.26) can be accommodated in the FDV formulation. 
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As shown in Sections 6.5 and 13.6, the advantage of FDV formulations includes the 
ability to capture discontinuities such as shock waves and high gradients of any variable, 
and to deal with disparity and nonlinearity of source terms. Thus, the FDV method is 
considered to be effective for both general and special relativistic astrophysical flows. 
For the purpose of illustration, we focus on applications with FDV via FEM using 
(27.2.32). 

The variation parameters needed for the scope of the problems discussed in this 
section are those of convection, viscosity, and source term. These parameters are similar 
to the ones shown previously in Sections 6.5 and 13.6. The first order convection variation 
parameters are of the form: 


min(r1) r>a 


“= Па os (27.3.3) 
0 r<a, p= —— 
Wain 
1 Wmin =1 
1 
52 = > (1 +s) 0«m«1 (27.3.4) 


where a is small number (а ~ 0.01) and W is the Lorentz factor, replacing the Mach 
number used in the Newtonian flows. 

The viscous variation parameters are defined by the relativistic Reynolds number 
similarly as in Newtonian flows (Sections 6.5 and 13.6). They are of the form: 


min(s, 1) 5> а 
= Relax = Res, (27.3.5) 
0 5 <a, s= 
Remin 
1 Remin = 0 
1 
“a= > (1 +5) б<т<1 (27.3.6) 


Recall that Damkóler number was used for the source term variation parameters 
in chemically reacting flows (Section 13.6). For gravitational effects, however, we must 
employ the source term variation parameters associated with gravitation in terms of 
relativistic Froude number Fr. 


min(tf,1) t>a 


55 = 10 t<a, pl так шш (27.3.7) 
1 


1 
56 = > (1 +5) б<т<1 (27.3.8) 
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with 
Fr == l = L 
GL L 
Using these variation parameters, the flux and source term Jacobians are defined 
similarly as in Newtonian flows: 


дЕ; 0G; |. 8G; q- 3B 
Е ~ OU,’ ~ aU 


(27.3.9) 


Explicit forms of convection, diffusion, and source term Jacobians are presented in 
Appendix D-2. The diffusion gradient Jacobians с; are calculated numerically. 
The conservation form of the relativistic hydrodynamic equations given by (27.2.17) 
is written in terms of the FDV formulation, 
92 


д 
А +E — +E? AU"! = —Q” (27.3.10) 
дх; J дх;дх ; 


and its FEM applications lead to 
(Asp би + Вав) АИ = Н", + Ма. (27.3.11) 


with details of the algebra for each term in (27.3.11) carried out similarly as in (13.6.21) 
through (13.6.24). 

Computations of the convection and diffusion Jacobians follow the same procedure 
as in the Navier-Stokes system of equations such that all convection and diffusion flux 
terms are differentiated with respect to each of the conservation variables. Unlike the 
nonrelativistic flows, extraction of primitive variables (p, v;, p, Т) from the conserva- 
tion variables requires the solution of quartic equations or iterative processes through 
integration time steps [Richardson, 2000]. 

Two test problems are used to evaluate the ЕРУ theory in the relativistic regime. 
Тће first is the special relativistic shock tube to test the shock capturing scheme. This 
is followed by the general relativistic hydrodynamic equations, examining the “dust 
infall” problem. 


Special Relativistic Shock Tube 

The special relativistic shock tube and how it differs from the Newtonian shock tube 
was briefly discussed in Section 27.3.1, and we present here the special relativistic shock 
tube solved using FDV theory. The example utilizes the Minkowski geometry used in 
Font et al. [1998b]. 

The initial conditions have the left-hand parameters given by Р, = 13.3 and pı = 
10.0, and the initial right-hand parameters by Р, = 6.67e-7 and p, = 1.0. The initial 
velocity is zero along the entire length of the tube. These parameters carry normalized 
units as discussed in Section 27.2.1. The equation of state is given by P = (Г — Пре 
where the adiabatic exponent, Г, is equal to 5/3. The shock tube is one unit in length 
(x = —0.5, 0.5) with the initial pressure boundary located at x = 0. The tube is di- 
vided into 400 nodes such that Ax — 1/400, and a CFL number of 0.18 is used. The 
ЕРУ variation parameter constants from (27.3.3) and (27.3.4) are а = 0.001 and 
v] = 0.25. 
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(b) 
Figure 27.3.4.1 Relativistic shock tube analyzed by the ЕРУ theory, 1,600 nodes, CFL = 0.18, a = 
0.001, апат = 0.25 [Richardson, 2000]. (a) Density, pressure, and velocity distributions. (b) Calculate 
values of convection variation parameters (51, 52). 


Figure 27.3.4.1a shows the shock tube velocity, density, and pressure at time = 0.4, 
where the dashed line is the analytic solution and the symbols are the FDV solutions 
[Richardson, 2000]. The results fit very well, indicating that FDV is quite adequate to 
use for capturing relativistic shocks. Figure 27.3.4.1b shows the distributions of con- 
vection variation parameters (sı and 52). It is interesting to note that discontinuities 
of shock waves follow precisely those of the FDV variation parameters as have been 
demonstrated in Newtonian fluids in Sections 6.5 and 13.6. 


Dust Infall 
The shock tube alone is not an adequate test for demonstrating the abilities of FDV 
for astrophysical problems since it uses a flat space and does not include a general 


27.3 EXAMPLE PROBLEMS 


Figure 27.3.4.2 Grid geometry. 


relativistic metric. The ‘dust infall’ problem is used to demonstrate FDV’s ability to 
accurately solve the general relativistic hydrodynamic equations since it utilizes the 
Kerr metric. This example and the analytic solution are presented in detail in Hawley 
et al. [1984b]. The FDV results for this problem carried out by Richardson [2000] are 
presented below. 

In this example problem, the geometry of Figure 27.3.4.2 is used. Here, particles are 
released at a specified distance from the black hole and the ‘free-fall’ velocity of the 
particles into the black hole due to the gravitational pull and the density distribution 
are calculated along the radial components as the matter accretes into the black hole. 
Although the two dimensional geometry is used for simulation (Figure 27.3.4.2), basi- 
cally this is a one-dimensional steady-state problem in which pressure is ignored since 
particles in free-fall are noninteracting. The outer boundary condition is that of the ana- 
lytic solution which corresponds to a velocity of 0.296 and a density of 0.0093 at a radial 
distance of 18.1. Initially, no inner boundary condition is applied. The lack of an applied 
inner boundary condition is an important concept since the boundary conditions for 
most astrophysical problems are not known. The fixed boundary condition at the outer 
boundary is the same as the initial condition. Elsewhere, the initial conditions, velocity 
and density, are set to negligibly small values. Once the density starts to accumulate, the 
proportional flux is applied, using the ЕРУ flux boundary conditions specified close to 
the event horizon. 

Figure 27.3.4.3a shows the dust infall velocity profile where the coordinates (r, ф) 
are plotted in the plane and velocity is along the z-axis with the black hole in the center 
[Richardson, 2000]. Matter is equally distributed around the outer boundary nodes. 
The matter flows toward the black hole with increasing velocity until a point where 
the velocity suddenly drops to zero near the surface relative to the outside observer. 
The results are symmetric indicating the correct application of the multidimensionality. 
Figure 27.3.4.3b represents the density profile. Particles flow into the system and build up 
atthe surface. Some of the particles are passed through the boundary into the black hole 
as discussed above; otherwise the density would continue to build rather than reaching 
a steady-state solution. The no-boundary condition case was applied to obtain these 
results. 

The density and velocity curves for the case where no inner boundary condition was 
applied is shown in Figure 27.3.4.4. A CFL number of 0.25 was used for this case, and 
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S = 
xm 
AS => aes aS 


(a) Velocity profile (b) Density profile 
Figure 27.3.4.3 Dust infall velocity and density profiles [Richardson, 2000]. 


the steady-state solution was found after approximately 550 iterations. The dashed line 
shows the analytic solution. Since the FEM flux boundary conditions are imbedded, not 
applying them with specific fluxes is not the same as having no flux at the surface. This 
is shown, otherwise a steady-state solution would not have been found. The solution is 
very stable, and the profiles are very similar to the exact solution. The error from the 
exact solution was found to be 11.0% for the velocity and 6.0% for the density. The 
profiles of the variation parameters 55 and 56 are interesting since the sharp V-shape 
feature corresponds to the point where the velocity profile begins to decrease rapidly 
to zero. The sı and sz profiles are very similar to the density profile. 
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Figure 27.3.4.4 Dust infall with no inner boundary condition [Richardson, 2000]. 
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Figure 27.3.4.5 Dust infall with proportional inner boundary condition of 0.1 [Richardson, 2000]. 


Figure 27.3.4.5 shows the density and velocity where a flux equal to 0.1 times the 
final density was applied at the inner boundary. A CFL of 0.2 was used in this case. This 
solution is not as stable as the one shown in Figure 27.3.4.4 where no inner boundary 
condition was applied. The errors for this case were 11.0% for the velocity and 6.3% 
for the density [Richardson, 2000]. 


27.4 SUMMARY 


Active research toward computational relativistic hydrodynamics has been in progress 
for the past three decades. Efforts are being made to provide reliable computer codes 
such as in Font et al. [1998b, 1999], in which the FDM with Roe schemes and flux vector 
splitting techniques have been examined to resolve relativistic shock wave problems. 
Recently, FEM applications have been reported in Meir [1999]. Richardson and Chung 
[2000] and Richardson [2000] examined the flowfield-dependent variation theory via 
FEM. 

It is shown in the work reported by Font et al. [1998b] that sources of error depend on 
the initial data being evolved in spacetime or hydrodynamical evolution. For the shock 
tube problem, only the hydrodynamical evolution was relevant since the evolution took 
place on a flat background metric. For an evolution along a coordinate axis, the Roe 
scheme was superior to the flux vector splitting. For an evolution where the shock front 
is along the diagonal, the flux vector splitting was slightly more accurate. The BM system 
tends to be more accurate than the ADM system. 

The large amount of observation data involving general relativistic phenomena re- 
quires the integration of numerical relativity with the traditional tools of astrophysics 
such as hydrodynamics, magnetohydrodynamics, nuclear astrophysics, and radiation 
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transport. In these areas, turbulence and shock waves are the most important physical 
phenomena [Bulbus and Hawley, 1998]. Effects of viscosity, boundary layer interac- 
tions, and turbulence have not been thoroughly investigated, mainly due to numerical 
difficulties as in Newtonian fluids. Sophisticated and controlled implicit schemes must 
be devised to cope with convection-diffusion interactions. Toward this end, the role of 
the FDV theory introduced in Sections 6.5 and 13.6 is expected to be important and 
should be investigated in the future. 
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Three-Dimensional Flux Jacobians 


For three-dimensional flows, the vector of conservation variables, U, can be defined in 
terms of a new set of variables, / = pu, m= ру, n = pw, and e = p E 
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In terms of these variables, the convection and diffusion flux variables are written as 


l m n 
P im In 
p p p 
Іт т? тп 
Bel p = | p? Ез = р 
In mn п? 
р р р 
т п 
–(е + p) R —(е+ p) 
0 0 
=тїї =T 
= 712. =T 
G= —T13 G= = T23 
l m n oT l m n oT 
T11 T12 тіз — k Т21 722 тоз —k 
p р р дх р р р ду 
0 
—731 
=n 
Сз = к: 
l m n oT 
T31 T32 та — k 
p р р д2 


989 


990 APPENDIX А 


1 


1 1 
р= (у —1)|е— — (2 + т + п?) T= |е — (2 +n? + п?) 
2р p Cy 2p 
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derived as follows: 
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APPENDIX В 


Gaussian Quadrature 


Gaussian quadrature is one of the most accurate numerical integration methods. In 
general, the points of subdivision may not necessarily be equidistant, but they must be 


symmetrically placed with respect to the midpoint of the interval of integration. 


Consider the integral under the curve u = f(x) between the interval a and b depicted 
in Figure B.1a. The endpoints may be replaced by the nondimensional quantities — 1 
and 1, as seen in Figure B.1b for u = f(é). 
The integral for Figure B.1a is 


Цх) = [ f(x) dx 


where x may be written in terms of as 
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It is possible to write (B.5) in the form 


I(E) = wi f(&) + w f(&) +: wn f(&) 


in which w; and f(&), with i=1,...,n, аге the weight coefficient and abscissae, 
respectively. This implies that /(£) contains 2n unknowns and requires 2n equations 


(B.1) 


(B2) 


(B3) 


(B.4) 


(B.5) 


(B.6) 
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а b x 
(a) Cartesian coordinates Figure B.1 Integrals under functions и = f(x) 
and и = f(é). 
FE) Ро 


-1 0 1 é 


(b) Natural coordinates 


to uniquely define these unknowns. Let f(£) be written as 
f(&) =c + СЕ T сзЁ? deg. T и (B.7) 
with m — 2n. Substituting (B.7) into (B.5) gives 


: 2 2 
= f. FE) dE = 2a + з= tot (В.8) 


Writing (B.7) at each point of subdivision yields 
f(&) = а o& c + сё! 
К) = су + соё + + суву 


f(&) = а + C28, Tec QE 
Substituting these into (B.6) leads to 
I(£) = Ш (ci + Сё Ter oer) 


+ из (су + соф +++» с) 


+ ws(ei + cols +++ + eS ETT) 
or 
I(E) = с(иј + w2 +--+ + Wn) 
+ eo(wi& + woe +--+ + wan) 
+ са (ил + wo& +--+ + ш, 2) (B.9) 


+ Cm( wie? + webs? + +++ + Wags") 


GAUSSIAN QUADRATURE 


Equating (B.8) and (B.9) yields 


wy wet: + wp = 2 
wii + w2& +--+ + wy, = 0 
(B.10) 


2 
ил + wa + + Wags = 3 


Writing 2n of these equations and solving them simultaneously would make it possible 
to yield the values of 2n quantities of ё, &j, ..., £y, W1, W2,.--, Wn. 

The numerical integration performed in the manner described above is called 
Gaussian quadrature. The reader should consult the standard book on Gaussian quadra- 
ture for tabulated results for the weight coefficients ш; and abscissae f(&;). For n = 2 
and 3, these values are 


п и Ši 


2 1.0000000000 0.5773502691 


= 0.555555555355 | = 0.7745966692 


ооо о NM 


= 0.8888888888 0.0000000000 


Here the weight coefficients are symmetric about ё = 0 for the abscissae being anti- 
symmetric about ё = 0. For example, for n —2, there is ё; = +0.5773502691 for which 
ш; = 1. Similarly, for n = 3, there is £j = + 0.7745966692 for which w; = 0.5555555555. 

Note that the solution of simultaneous equations (B.10) is laborious. To avoid this 
difficulty, various polynomials of standard form (Legendre, Hermite, Chebyshev poly- 
nomials, etc.) may be utilized. It is known that ће Legendre polynomials are considered 
most efficient for this purpose. 


Gaussian Quadrature by Legendre Polynomials 
We consider the integral (B.5) in the form 


1 n 
[а= Ул (B.11) 

E k=1 
Our problem is to determine the 2n constants, w1, w2,..., Wn, ё, &,..., & and it is 


noted that the integral of (B.11) is exact if the integrand f(£) is a polynomial of degree 
2n or less. 

The associated points (k = 1, 2,...п) are equal to the values of the roots of a Leg- 
endre polynomial ф,(&). Let us arbitrarily take a polynomial g,(&) of degree n such 
that 


gx (5) = «офо(&) + arpi (E) +--+ + OndnlE) (B.12) 


where pol), ф2(&),..., ф.(&) may be found in a standard text. As an example, let us 
suppose that, 
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for n = 3, 
T sud PER 
g3(£) = ap + o£ + 022 (35 = 1) + өз (SE — 3ё) (В.13) 
Сотраппг (В.13) мић 
g,(£) = 1 + ЗЕ + 42 — 7E? (B.14) 
we obtain 
_7 _ 6 8 _ 14 
WS gz од = а: Mirco Q3 — 5 
which yields 


&x6) = 16x) - 26. (6) + 50080) – ФЕ) 


This simple example serves to show that any polynomial g,(£) can be written in terms 
of the Legendre polynomials. 
From the orthogonality property of the Legendre polynomials, 


1 0, (тж n) 
| bm(E)dn(E) dé = 2 


we have 


il 1 1 
| pOh | MEOE || са ф (E), (E)d£ 
=f =] 1 


1 
++] афа =0 (B15) 

Comparing (B.15) with (B.11) and noting that 2, (2 )ф, (5) is the integrand, we have 
ш1&п(&1)Фл(&1) + w28n(&)bn(E2) +--+ + WnSnlEn)on(En) = 0 (B.16) 


Since g,(£) is an arbitrarily chosen polynomial, the only way that condition (B.16) 
may be satisfied is by 


фи(ё&1) = on (&) SS dn(En) =0 


In other words, the associated points ё, &,..., ё, are the roots and the Legendre poly- 
nomial ф,(&) = 0. For n = 3, the roots of ф,(&) = 0 are 


WE) = s) = 558 ~ 38) =0 


Now we turn to the determination of the values of the weighting functions w,(k = 
Ке ЖОНЕ n). By definition of the Lagrange polynomial, any polynomial ф,(&) of degree 


GAUSSIAN QUADRATURE 
п passing through &(k = 1,2,..., n) points may be expressed in the form 
Ф.) = У o (&) (8) 
k=1 
Hence 
1 1 п п 1 
| eed | 366014 -Yoo&o | ы 
-1 -1 k=1 k=1 -1 
Comparing (B.18) with (B.11) yields 
1 
Wy = | Li(é)d&é (К=1,2,...п) 
-1 


By virtue of (B.11), we can rewrite (B.19) as 


WE ag 
ST weal ip 


For n = 3, we have 


ME) = Ф(® = 2 GE – 38) 


YO = HO = 5E - 1 


[3 [3 
Thus, using ё = — = £j 20, 8 = = 
1 1268-32) | 5 
= 2 == 
= 55) -1] f. 3 е; 
21715 &tys 


1 
1 Г 268-30), 8 


Poig ess " 
n 1 [2 Le Ba E 
0) e 


It can be shown that the general form of the integral (B.20) is 


2 22201-8) 
[b (E)P(1— 8) (+ фи (602 


Шк = 


(B.17) 


(B.18) 


(B.19) 


(B.20) 


(B.21) 
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The values of weighting functions [ог п = 3 сап be directly obtained by using (B.21): 


2(1 — &) 


ка (3+ ЈЕ (356; — 302 + zu 
a GONE 
wish mies] ^ 
Е 2(1 — 0) _8 
КУ? — 30(0) + J 
o cr) _, 


1 9 3 a, 
CREA — 307 + 3) | 


The abscissae and weight coefficients of the Gaussian quadrature formula calculated in 
this manner are tabulated in Table 9.3.1 for the range n = 2 through п = 10. 


Example 1 
Using the three Gaussian points n = 3, integrate the following with Gaussian qua- 
drature: 
3 
= | х“ cos хах 
0 
For this problem, 
LOUP Pe _ 0+3 3—0 -— E 
тес 7 ш а: 
3 
dx = zd 
х 5 ё 
thus, 


3 3 f! 
= 2 — 
ге] x cosxdx = | /(&) аё 


- 3 faro] cfza +] dt 


= ilw Рё) + ш» f(&) + из f(&)] 
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REAREA- l-o] 
«ре 


Since the exact solution for this problem is J = —4.9522, the error in this case is 
0.327%. 


Example 2 


For 2-D and 3-D problems, the Gaussian quadrature formulas are, respectively: 


[ уво = f. f. f(Ex)dE du Y: Y ww) FEW) 


i-1 је! 


||| по.» дахауа: = [ L | FE т) 4 


атаб = p» у, wiwjwk f (Ei, Tj; б) 


i=1 ј=1 К=1 


Note that the abscissae values for nj, Су are the same as for £j. 


Example 3 


Consider the integral for the isoparametric element: 


16.) = | | ааах 


ЦЕ,т) = 35 пи Еч) 


= је 
Let N = М = 1, п = 3, and assume, for simplicity of illustration, that 


1 + Е2 + тр + ЧЕ 


fuli nj) = ТАРЕ 


The Gaussian quadrature integration becomes 


f. | fuli, ту) dEdqn= УУ иу во) 


i=l j= 

= шуш (ё, т) + wiw Ја (61, m) + wiws fii(&i тз) 
+ wow fir(&, m) + ww ја (62, m) + w2ws ја (6, 13) 
+ w3w1 Ја (ёз, т) + w3we fii (Es, то) + шзшз fir(&, тз) 
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Е (0.55) = + (70.774. + (—0.774} + QT 


1 – 0.774 — 0.774 
1 + (–0.774)2 + 0 + 4 


1—0.774—0 
1 + (–0.774)2 + (—0.774)? + (0.774)(—0.774) | 
1— 0.774 + 0.774 


+ (0.555)(0.888)| 


oe (0.55) 
= 8.4444 
For the finite element analysis using two- or three-dimensional isoparametric ele- 


ments in general, one may obtain reasonably accurate results with several Gaussian 
points in each direction. 


APPENDIX C 


Two Phase Flow — Source Term Jacobians 
for Surface Tension 


U, p p 0 
U2 pF £ 0 
U=|U3) = рм | = | т В = pfi 
U, pvi тә Ph 
Us рЕ е pfivi + рљу 
0 0 0 0 0 
0 0 0 0 0 
B 
а = a ад а» 0 0 0 
dà dy 0 0 0 
ds, ds; 453 ds 0 
where 
Bj [ala 
i= р&: + О; О = о (ПИ: – F, 24r, 
РЕ Ed (Fee) 


Dimensionless form: 


p* 1 ГЕ} Е 31.3 
i= Fj Fi 
Pf s wer DET E 


where Froude and Weber numbers are used to make the relationship dimensionless: 


Fr = —® We _ Резо 
giL oO 


t 
Since p F = £ replace F = — in terms of the independent variables 
p 


ме ДЈ. orn [99] 
uten] - I), 9] 
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"O91 ® (90 


ilii 0 0 
ов 12| а 0 9 0 
эп |“ ј=у | РА [9g ра + О 
1 dy P рр P pg2+ Q2 
dsi pfi pf pgivi + рау + viQi + у О 


д д д д 
du = 081+ О) = 01, du = S (pg Q) =e +? and 
д д 
dsi = Z ogv 1 + pg2Vo + V1 Qi + V2Q2) = 81V1 + 2272 + V E +v 15 


where 


ae E » we : "m He "n 


TY == 
Fr 4 Е ~ 
“HIN а | - 
—— E х 7—1 
m Ч 
Ра У m — 
Spe Sla — 
SLT E = sla е i 
М ==, x М2 
У |S | а. эра А 
~ | а |м Se а“ | ~ 
= р, 1 к= У је: ES 
— P ы = | У 
1—1 Е: Si ^— [|a 
zd г] N ~ 2 ш" 
чч | 
2—6 —— | nam = 
=> | а. ~ zs — |! ~ 
— 
Sxe Ec е le арза L—4 
uw е |ј>ја. > | 
© |= ~ | — к=; вину > „— 
э, ~ - 
А == 
|| "== Sle бус 29 м 
A > | а. орос ~ " 
m pop. Кы. e AS = 
= — LÀ — 
== —— š ——À [22 а М 
—— x T — SiS —— 
~ г—1 a 
d umm мы © 
—S ia с © + Lo |I 
— UE И | SS | а ——— 
= | те (ми ыл. 
АЛМ | | ee ~ — 
~ | ©. |м | „==. а m 
SS | === ZN |ә | а. —— ~ 
-= ~ | а 2 тч 
u—H T м2 | RS H appe dE 
д —— S [а 52 
и ~ — г” ~ 
> | а. ——— — x an 
Se © | ~ | а |м 
Ei 
ale Ка 27 
|| 
му 
ale о |2 
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о | ~ М 
~ 
р 
г 1 
ићи 
~ 
5 | ~ 
М 
~ 
ERES 
5 | ~ 
Ми 
~ 
т? 

N= 
LIII 
x 


F 1 1 1 1 1 

(=) = Fj 2 Ер}, Е], = [Fro], = (ЕК) ЕВА) j 
Pi 

LPP t+ ЕКЕ) (ЕЕ) 


2 ЕА] [Е] 


8] MIR оет m) 


|F xl > |F kl 2 |Fk р 


апа 


К Or E-A 9, 


Е, RF 1 1 1 1 
(= - =) = (2) EET) p.k — Fp, jk 
p p^ Лу NPA P Pod P 


1 1 2 1 1 
= урук Fue (5. eem је — -z Ёрук 
p2 J p J p3 J p? J p2 J 


(FF x),j = 2F jk Fk 


di? 0 0 
ов 12| ə i à 0 
30, = Ф | = 37 pfi E ре + Qi 
2 | dig ef ро + Q» 
dsp pfi pfo pgivi + pg2vo + v1 О + у О 
О, 


д 
а = — = ———, 
32 500081 + Q1) 3t 


dQ 


д 2 
до» = — == ‘ d 
4 = 27 (pg2 + О») стани 


О) = vj + у; 


SS] S 
SIE 
со 
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oB 1 | 

2 Fj 2 4 
д6 p^/.; |Fel Е] ЕА 

where 
1 

|| ) ra) F kF () ra] 

k (F к el ) Ful + рук daos 

|E xl |F kl р/к ЕА] 


oB 


aU; 


oB 


9U, — 


oB 


905 — 


д 
2 (руз) | | 
Е д 
__О(реЕ) 
p fi in 


Ph 
pfi pfo 


"o 
09 
E 
обоо p oco 
i 
E 


pA pf pg2+ О 


c о o co 
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APPENDIX D 


Relativistic Astrophysical Flow Metrics, Christoffel 
Symbols, and FDV Flux and Source Term Jacobians 


D.1 METRICS AND CHRISTOFFEL SYMBOLS 


The metric tensor gag is related by the square of the line element as 
ds? = вовах“ dx? 
with the Minkowski form, 
—1 0 
0 0 
вв 10-0 1 
0 


оо н о 
то = = 


0 
ds? = —dt? + dx? + dy! + dz? 


The Kerr line element is of the form 


^ — a?sin?6 2Mr sin?0 
ds? = 2 = dt? — 2a —. = dtd 
0) о) 
72 + а2)> — a? Аѕіп2ө D 
( ) sinod? + — dr’ + o! qe? 
o A 
with 
A=r°—2Mr+a° а? mr?-a?cos?0 


The general relativistic Kerr metric with the angular momentum a per unit unit mass 
M, 


^ + a? sin? 8 a sin? (А — (72 + a2)) 
Е w? UM w? 
o? 
0 — 0 0 
бов = А 
0 0 w 0 
а sin? 0(A — (r? + a2)) a? sint ӨЛ + sin? @(r? + a”)? 
w? Tow w? 
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The Christoffel symbols for the Kerr metric are calculated from the metric terms, 


2 (—Mr? + Ма? cos? 0 + азт ) 
800.1 = ot 


—4a’ sin Ө cos 0(r? +a? — Mr) 


800,2 = 4 
2a M sin? @(r? — a? cos? 0) 
803,1 = 8301 = a 
[0] 
—4а Mr sin Ө cos 0(r? + a?) 
803,2 = $302 = Я 
о) 
2(—Mr? + а? сов? 6(M — r) + азт) 
8111 = 2 
—2a? sin 0 cos 0 
8112 = EE ID 
821 —2r 82.2 = —2a’ cos Ө sin Ө 
Nm a? sin? Ө cos? 0(r — M) +r sin? 6(Mr — a?) 
+ 2227 cos? 0(r? + a?) + r? — atr 
8331 = i 
- 2sin0 cos0 sin? e(3a?r* — 4Mr?a?) + r?(r? + a^ + 2a?r?) + 4а%т?. 
+ 246 + cos? 02r*a? + 4a* sin? 0 cos? 0A + 2a* sinf ӨЛ 
8332 = i 


[0] 


800,0 = 800,3 = 803,0 = 803,3 = 811,0 = 811,3 = 822,0 = 8223 


= #з0,0 = 830,3 = 833,0 = 2333 = 0 


DEM gos о 8 
800833 — 803830 800833 — 803830 
dd. ES 22 _. 1 33 — 500 
81 822 800833 — 803830 


To = Гоа = Г°зо = Г = Г = Г = ГО = ГОзз = 0 


1 1 1. 1 1 1 1 1 
Dj = Pio = Гр = Гоу = Га = Га = Га = Гру=0 


2 2 2 2 2 2 2 2 
Го = Pio = Гр = Гу = Га = Га = Га = Гу = 0 


3 3 3 3 3 3 3 3 
Mo = Га = Го = Гү = Гр = Гу = Г = Га=0 


(8800,2 T 2' 5302) 


0 0 
з=Г з = 


NIe NIe 


(g gos 1 + База) Г (g gos. + & g33,2) 


|| 1 1 
Го = -58 8001 г = T = = Е БИЛ Th = 28 mua 
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1 1 1 
To =T} = 28 sna г = =з Bud Г = =й ни 


1 1 1 
Th = —58 802 Гоз = Га = —58 803.2 Te = #05 


1 1 1 
Г =Г = 58 822.1 r} = 25 aa Г» = =з 882 


I» = Fio = (270 200, + £731) Г» = Г» = (270200,2 + 23832) 


NIe NIe 
NIe NIe 


Ti = IS = (230 gos. + £783) I5. = [5 = (°° 803,2 + 2738332) 


D.2 FDV Flux and Source Term Jacobians 


The three-dimensional Jacobians for ideal fluids for the general relativistic Kerr metric 
are derived similarly as in Newtonian flows. The special relativistic Jacobians can be 
deduced from these by setting 20 = —1, g! = 222 = g’ = 1, and g% = 230 = 0. It is 
important to note that the Christoffel symbols are not dependent on the conservation 
variables. This allows the source term Jacobians to be written as a combination of the 
other Jacobians. 


Convection Flux Jacobian 


|. 
0 — 0 0 0 
hw 
11 11 
2,86 & 
(v 2 2W 0 0 КШ 
ы (=һҺУ/У1У›) мио о 
—hWV,V3+ 
g? 
30 V 0 WM -W—- 
g Р фу 3 1 1—% 
и = | hw + — 5 
al j pW? ) 
0 1 0 0 0 
1 
0 0 — 0 0 
hw 
(AWV: V3) V и о 
22 22 
2,8 8 
„| н) о 1 
= 


30 D 3X; о =p 
8 P o% 3 2 2 

у> | ЋУ + — 

Fal + ows ) 

0 0 1 0 0 
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p? i 1 1 p" 

g% hW hW 290 

30 g? 

mv Т и) љо и -V 9 

n= 30 30 

3 nwva( 5 = и) 0 WY VW = im 
33 33 
и (ти – у — - о 0 24 -m+ 5. 

g 
0 0 0 1 0 


Diffusion Flux Jacobians 


0 0 0 0 0 
bj5] 66] b[7] 18] 519] 


p= | 10] bi] Бро] 603] 5014] 
bi15] 616] b[17] 5118] b;[19] 
[po] b1] 622] b] b;[24] 


b1[5] = -wo( mses) 


neon) NC) О, 


ns y? yi y3 
-W35D, + ‚ре озин E: 2 


x (g!! + W? Ао) "m _ aX) 
b1[6] = Wo(B, А; + 243 BV! W?) 
E wb +V, B,) + W(Bi + B2 + B3)(g" + =) 
+W? Ag (2 ВУ! + BV? + ВУ?) 
+2W(q1 V' — а В) 
b1[7] = Wo(B,24) — 2£(W? Aog BVi) +2W(q1nV'), b1[8] = Wo(B,34) 
— 2£(W? А%ВУ\) + 2 (а „ У“), b1[9] =0 


у! 
Б1[10] = —W?o (Av V 24,— Lv) ЕВ у (а. V — zy = ул) 
[64 


yt y! 
= ) = Аду = As) + p +А7) 


2 
ew ( (V1 +4) + v(( 


1 у2 
+V ЕЭ + Ao + Aig 
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b1[11] = Ио(В, V! V? + A, ВУ?) — €W3(B(V?,, +47) + УВ, + ВУ! A) 
+ V! V?,1 В) + У(а „У + Ф.У + ФВ) 

b1[12] = УЗо(В, V! V? + А BV!) — EW?(B(V!,, + Ac) + V! (B,; + BV?,2 +А)) 
+У?У!, B) + W(qi nV + q24V! + а В) 

5113] = И?о(В,3 V! V?) – ЕУУ(ВУЗУ! 3 - V! V’ ,3 В) + W(qi, V? + фл V!), 

b1[14] = 0 


2 ү! 


3 1 : 
+ зе (И +46) + v((—) + Ags + As) + T. +4) 


+v'((—) + Ag+ ^u) 


b1[16] = W^o(B, V! V? + A4 ВУ?) — EWP(B(V?,, +4) + УВ, + ВУ! 4- A) 
+ УУ? 1 B) + W(qi V) + qs. V! + Ф В) 

b1[17] = Убо(В V! V?) — EW? (BV V! РИТУ? B) + W(qis V? + Фл) 

b1[18] = W^o(B, V! V? + AX BV!) — €W3(B(V!,, +46) + V! (B,, + ВУ? 3 +41) 
+ УЗИ! з B) + W(ai, V? + qs, V! + В) 

bi[19] — 0, 


А y! 
b1[20] = -Wio( Av: + А ~) + (исл s As) 


vi, 
+ W—*(W* + g” +2W° V° + 28%) + Waqia 
а 


51721] = W?o(B, V! + А3 В) – (W° (ВУ! A) 

+WB,,(W? + g? + 2W? V? + 2230)) + Way. 
51122] = УЛо(Вљ V!) — £(W? BV! у) + Way», 
51123] = W?o(B,5 V!) — £(W? BV!,5) + д, 
b1[24] = 0 


уућеге 


A =V!B, + УВ, + УЗВа, А = 811 + (И1У1И?), 
А = Vl +02, V3, 
y? y? 


а. 


yi 
A= УЗ, Fi + УЗ, 
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у! у! у! 
-v(2). «v(— ), «v(— ) 20 Æ = ИИ, +V V! +V V! 
б M 3 


Q Q 
A =V! V a +V Va +V V3, Ag = V! V? 1 +V V9. +V V3, 
y! y2 уз 
Љеу Уе ИУ а = Ap = ИИ! + VIV? + У!У?, 
а О а 
Au = Т, + T; + Туз, Ay = У! V? + УЗ 
Аз = Vy! + VV? + угуз, Ам = УУ + VV + УЗУ?, 
А 5 =g” i VVW?) А = p? dE (V? узууз), 


ү? ү! ү? уз 
га у + у —_ += oy d “ү? 
Q а Q Q 


в= У — y ке fi +V? v 
ay, as 7 а. 3 


> 


> 


ү! ү? үз 
ъ= (1) (© e(a) 
a? 4 € 73 о а 
Ag = у! +V, V3, Ay = У! -V2,5 ФУ3,, 
у! ү? үз 
Ар = У! а +У?,з +У?,з Аз = Vc а кл, : 
Q Qa 
үз үз үз 
ља= У), «v(— ), «v(— ) 
Q E Q 2 Q [3 
Q— Ај + 1W? (Ар + A6 + A + А), 
1 2E 
EL = —, = = У = W 
БЕЙ? к=з w=u-x a=p 
= —kQ(g! + W? А), ф = -kQ(g? + W? Аз), 
= –ко(27 + W? Ац) 
W? A 
= Vie VW Va 
qia = , , , 
келе a F " + ч | 
+Ao3 + As + А + Aig + Ал + Ад 


De = - воду +V? + УЗ) + (g + W^ Ai) W (B, + A + вла) 


Фл = —k(BW? V! Q + (g!! + W? Ао) тИ? (В, + А + ВА)), 
div = —k(BW?V!Q + (g + И Aio)t W^ (B, + Ai + ВА)) 
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0 0 0 0 0 
415] 46] а] ав] 40 
а=|а[10] 411] a[12] a[13] 4а[14] 
4115] а[16] d[17] a[18] a[19] 
4120] а[21] 4122] 4023] 4124] 
415] = (a3[20] + БЗГ2ођг ов + (a1[5] + P1[5])r 51 + (a2[5] + P2[5]) F2 
+(a1[10] + Ь1[10])Г!21 + (а3[15] + P3[15])r t33 + (a1[10] + P1[10])r!; 
416] = Г! + (а3[21] + Ь3[21])Г! оз + (a1[6] + P1[6]) P! i1 + (a2[6] + b2[6])r t12 
+ (а 1 [11] + P1[11])r l5; + (a3[16] + 2306) г t33 + (a1[11] + Ь1[11])Г!›› 
d[7] = г! » + (а3[22] + b3[22])r!os + (a1[7] + P1[7])F! ii + (a2[7] + 5217] Г io 
+(a1[12] + P1[12])r t21 + (а3[17] + 53[17]) r5 + (a1[12] + P1[12])r 12; 
418] = Г! + (a3[23] + Р3[23]Г tos + (a1[8] + P1[8]) P! i1 + (a2[8] + b2[8]) T! > 
+(a1[13] + Ь1[13])Г!21 + (a3[18] + Б3[18])г'зз + (a1[13] + Б [13 Г 2 
419] = Tto + (а3[24] + b3[24])r!os + (a1[9] + P1[9]) T! 1 + (a2[9] + b2[9])r 2 
+(a1[14] + Ь1[14])Г!21 + (a3[19] + 3[19])Г1зз + (a1[14] + Ь1[14])Г!›› 
4110] = (a3[20] + Ь3[20])г2, + (a1[5] + P1[5]) T2, + (а2[5] + b2[5]) Г 2; 
+(a1[10] + Ь1[10])Г5, + (а3[15] + 530 5) 75 + (а1[10] + P1[10])T 5, 
4111] = T2, + (а3[21] + b3[21])T 2, + (a1[6] + P1[6])T2, + (a2[6] + Б2[6])г?, 
+ (а 111] + P1[11]) F5; + (а3[16] + b3[16])T 5, + (а1[11] + P1[11])T S, 
4112] = T2, + (a3[22] + b3[22])T 2, + (a1[7] + Б1[7])Г?, + (a2[7] + Б2[7])г?, 
+(a1[12] + b1[12])P3, + (а3[17] + Ь3[17])Г% + (а1[12] + P1[12])T 2; 
d[13] = T$, + (a3[23] + b3[23])T 2; + (a1[8] + P1[8]) T1; + (a2[8] + P2[8]) T 75 
+(а1[13] + 51[13]) T3, + (a3[18] + P3[18])T 55 + (a1[13] + P1[13]) P2, 
d[14] = гё, + (a3[24] + b3[24])T 2, + (a1[9] + P1[9]) T7, + (a2[9] + Б2[9])г?, 
+(а1[14] + P1[14])T5, + (a3[19] + b3[19]) T2, + (a1[14] + P1[14])T 5, 
d[15] = (a1[20] + P1[20])T 5, + 2(a2[20] + 52[20]) r$, + (a3[5] + b3[5]) T 3, 
+(a1[15] + Ь1[15])Г3 + (a3[10] + b3[10])E5, + (a2[15] + Ь2[15])Г3» 
d[16] — T, + T3, + 2(a1[21] + Ь1[21])Гд + (а2[21] + Ь2[21])Г$» 
+(a3[6] + Ь3[6])Г» + (a1[16] + Ь1[16])Г3 + (a3[11] 
+b3[11) r3; + (a2[16] + 22[16]Г 3, 


N 
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а[17]=Г% + Га 2(а1122] + P1[22])T 2 + (a2[22] + 52122) T5, + (a3[7] + Ь3[7])г?, 
+(a1[17] + 51[17]) P3; + (a3[12] + 53[12]) F3, + (а2[17] + P2[17])T 3, 
4[18]=Г% + Га + (a1[23] + P1[23])r 5, + 2(a2[23] + 2[23])T s, 
+(a3[8] + b3[8])T 3, + (a1[18] + P1[18])T 3, + (a3[13] 
--b3[13]) T3, + (a2[18] + P2[18])T + 
d[19]-(a1[24] + P1[24])T 5, + (a2[24] + b2[24])T' 5, + (a3[9] + b3[9]) r 
+(a1[19] + P1[19D T5; + (a3[14] + b3[14])T 5, + (a2[19] + Ь2[19])Г3» 
4[20]=(а1[20] + Ь1[20])Г$ + (a2[20] + 52120) T0; + (a3[5] + b3[5]) T9, 
+(a1[15] + P1[15])r9, + (a3[10] + b3[10])T3, + (a2[15] + P2[15])r 9; 
d[21]—r9, + r3, + (a1[21] + bD1[21)r + (a2[21] + Б2[21])г, 
+(a3[6] + Ь3[6])Г®, + (a1[16] + Ь1[16])Г®%, + (a3[11] 
--b3[11])r5 + (a2[16] + P2[16])T 9, 
d[22]- T3, + T% (a1[22] + P1[22])T 0, + (a2[22] + Ь2[22])Г$» + (a3[7] + b3[7])r 2 
+(a1[17] + P1[17])T9; + (a3[12] + 53[12])Го, + (a2[17] + 2[17]) r9; 
4[23]=Г®%, + Г® + (41[23] + b1[23) r}; + (a2[23] + 52[23])T 
+(a3[8] + b3[8]) T; + (a1[18] + Ь1[18])Г®, + (a3[13] 
+Ь3[13])Г®» + (a2[18] + Ь2[18])Г®, 
d[24]—(a1[24] + bÞ1[24]) r8; + (a2[24] + Ь2[24])Г$» + (a3[9] + БЗ[9]г 5 
+(a1[19] + Ь1[19])Г®, + (а3[14] + b3[14])T 5, + (a2[19] + Ь2[19])Г®, 
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Homework Problems 


The following homework problems are prepared assuming that this book can be divided 
into three semester courses with three credit hours each: CFD I (Chapters 1 through 
4 and 8 through 11), CFD П (Chapters 5 through 7 and 12 through 16), and CFD III 
(Chapters 17 through 27). Instead of providing homework assignments at the end of 
each chapter, some selected problems are given in this appendix. An emphasis is placed 
on comparisons between FDM, FEM, and FVM. Through these exercises, it is hoped 
that the reader gain appreciation for studying all available methods without prejudices 
so that, at the end, advantages and disadvantages of each method can be identified. This 
will be beneficial in making decisions on the most suitable choices for your problems at 
hand. A sample computer program can be found at http://www.uah.edu/cfd as detailed 
at the end of this appendix. 


Homework problems for CFD | 
1. One-dimensional problems 


11 Given the differential equation 


LRE FG) 1, f(x) = 42 -2х-4 
а 26 FO «x«l, х) = 4x x 
Boundary conditions: 
_ Е аи(0) _ аи(1) | 
(А) ид) =0, (В) ц) = 1, (С) SS =1, (р) => = -3 


Develop а computer program to solve the above differential equation by FDM, 
FEM, FVM via FDM, and FVM via FEM, using 4 elements, 8 elements, and 16 
elements. Draw the solution curves using computer graphics for the following 
boundary conditions: 
(1) (А) апа (В), (2) (A) and (D), (3) (B) and (C) 
Compare with the exact solution and provide comments on your results. 
1.2 Given the differential equation 
аи 2 
—-u=f(x), /(х)=2—2созх—х°,‚ 0<x<1 
dx? 
Exact solution: и = x? + cos x 
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Boundary conditions: 


(А) u(0) 21, (В) u(1) = 1.54, 


(C) а (0) =o, (D) а (1) = 116 


Develop a computer program to solve by FDM, FEM, FVM via FDM, FVM 
via FEM, using 8 elements, 16 elements, and 32 elements for the following 
boundary conditions: 


(1) (A) and (В), (2) (A) and (D), (3) (B) and (C) 


Compare with the exact solution and provide comments on your results. 


2. Two-dimensional elliptic partial differential equation 
Consider the two-dimensional heat conduction equation: 


eT " PT аб 
əx? əy — 


in a rectangular plate (L = 2 m, H = 1 m) with the boundary conditions as shown. Use 
T = 0 at all interior nodes as an initial guess. Develop a computer program to solve 
using the 40 x 20 mesh. Double and triple the mesh sizes to compare with the exact 
solution: 


N no 
1— (-1)'sinh(nu(H — y)/L) . nux 
T = Т | 2 
| 3 пт snh(nvH/L) | 


| (Ту М = 100 апа 500) 


T=0 T20!1m 


T, = 200 "R 
| 2m | 
Use FDM (direct method, Jacobi, Point-Gauss-Seidel, PSOR, LSOR, and ADI). 
3. One-dimensional parabolic partial differential equation for Couette flow 


ди д?и 
PI ылу == 
at ду? 
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Top plate fixed 


y = 0.0001 m7s 


a — X 
5 Fluid motion 


Ay for x volocity and 
At for time evolution 
in the x-direction, 

as shown here 


uo — 20 m/s Initial conditions t=0 u=U,y=0 

H=30mm u=0,0<y<H 

Ay = 2 mm Boundary conditions t>0 u=U,y =0 
u=0,y=H 


Develop computer programs using the following methods, show the results graphically, 
and provide comments. 
FTCS Explicit Method: 


(1) At = 0.02; (2) At = 0.0205 
Crank-Nicolson Method: 
(1) At = 0.02; (2) At = 0.0205 
4. One-dimensional hyperbolic partial differential equation 
41 Consider the first order wave equation: 
ди ди 


си = 
эт * эх 


with а = 330 m/s. 
Initial and boundary conditions: 


u(0, t) = 0 x=0 
u(L, t) = 0 x= Т; 
u(x, 0) =0 0<x<10 


u(x, 0) = 15 sin (2010) 10 <x < 80 
u(x, 0) = 0 80 < x < 200 
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with (a) Ах = 4.5, At = 0.014; (b) Ax = 4.5, At = 0.01; (с) Ax = 4.5, At = 
0.006. 

Develop computer programs to solve using (1) FTBS method, (2) Lax- 
Wendroff method, and (3) Crank-Nicolson method. Show graphically the re- 
sults at = 0.5 sec for various Courant numbers. 

Consider the second order wave equation: 
и „ди _ 
92 922 
Solve the above equation using the midpoint Leapfrog method. Show the ге- 
sults at f = 0.3 sec for various Courant numbers. 
Initial and boundary conditions: 


ди(х, 0 
u(x,0) = f(x) HED L gx) =0 
u(0,t)=0 х=0 
u(L,t) 20 xL 
u(x,0) 20 О<х<10 
u(x, 0) = 60 sin —— 10 < x < 20 
и(х,0) 20 20 < х < 30 


4.3 Consider the nonlinear convection equation: 


— + и— = 0 
ar дх 
or 
ди OF 1 
0 = –и? 
a'a ни 
with 


u(x,0 22 O<x<3 
u(x,0) 205 3<x<5 


12. 34556 


Solve using (1) Lax method, (2) Lax-Wendroff method, and (3) MacCormack 
method, with At/Ax = 1 and At/Ax = 0.5. Show the results graphically at 
t = 0, 0.5, 1.0, 1.5, and 2.0 sec. 
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5. One-dimensional Burgers’ equation 
Consider the following: 


Nondimensional form: 


ди 4 ди д?и 0 
и = 
г "9x ax? 
Conservation form: 
д дЕ 92 1 
ш у а = 0, Е = 2и? 


дї ii дх дх2 
Alternate form: 


ди ou _ уди Pe д 
дї дх 0x? ди 


Solve using (1) FTCS explicit method, (2) MacCormack explicit method, апа (с) ВТС$ 
implicit method. 


Boundary conditions: 
u=2atx=-9 and u=—2atx=9 
Exact solution for these boundary conditions, v = 1: 


2 sinh x 


cosh x — ет! 


Use Ах = 0.2, At = 0.01. Compute at t = 0.1, 0.4, 0.8, 1.0 sec with (а) Ax = 0.2, At = 
0.02, (b) Ax = 0.2, At = 0.05, (c) Ax = 0.5, At = 0.01, and (d) Ax = 0.5, At = 0.05. 


6. Repeat Problem 2 using FEM (GGM, TGM, and GPG) 
7. Repeat Problem 3 using FEM (GGM, TGM, and GPG) 
8. Repeat Problem 4 using FEM (GGM, TGM, and GPG) 
9. Solve the two-dimensional Poisson equation using FEM (GGM, TGM, GPG) and 
FDM 
"ои 

sat art he N=0 fley)=-2y 
Exact solution: и = х?у 

Boundary conditions and initial conditions are to be specified (using the exact solu- 
tion) as shown in the figure below, with Neumann boundary conditions to be specified 
at nodes with letter N, and Dirichlet elsewhere. Begin with all interior nodes specified 
as u = 0. Compare the results of coarse, intermediate, and fine grids. For FEM use both 
triangular elements and quadrilateral isoparametric elements for comparisons. Use the 
five-point scheme for FDM. 
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— now R UO co 


(c) Fine Grid (Halved from the Intermediate Grid) 


10. Repeat Problem 9 for the two-dimensional transient problem 


ди u Fu 
ət əx? day fœ, y)=0, Р(х,у) = – 


1 
2y, и= —— +x°y 


1 
[D itt 


11. Repeat Problem 9 for the two-dimensional transient convection-diffusion equations 


ди " ди т ди 9?u " 3u f 0 
и у v х = У, 
at ax ду əx? дуг | 


1 2 1 3.2 
кте == — —' 3 ind 
f 1 ;(s + 2ху 1 „+ x "y^ —2vy 


ду " др " „9° 92v " 9?v f,=0 
и v у = Ч, 
ді х дх2 ду? : 


1 2 1 2.3 
ET 2xy = —— | + ay) - 2 
fy ce (+20 2) +2 vx 


v = 102,1,10? 
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Exact solution: 


— 1 Lx? IM 1 + 2 
oS к= ху, к= ху 


Homework Problems for CFD ІІ 


1. Lid-driven cavity incompressible flow 

Use FDM (ACM, SIMPLE, SIMPLER, SIMPLEC, and PISO). Develop a computer 
program and draw streamline distributions for Re = 10, 102, 10°, 10^, v = 1. Boundary 
conditions: uo = 1 and vp = 0 at the top, and u = v = 0 at walls. 


L=1 
2. Repeat Problem 1 for a backstep geometry as shown with Umax = 1 at inlet 


3. Repeat Problems 1 and 2 using the vortex method 
4. Consider the Euler equation (compressible flow) 


— -Hz0 
ot Ox 
р ри 4А | 0 
0= |ри|, F=A| ри+р |, H= |P 
pE (pE + рји * [i 


These equations represent the flow of a compressible gas inside a diverging nozzle (10 ft 
long) with cross section given by A(x) = 1398 + 0.347 tanh(0.8x — 4)ft? with у = 1.4, 
R= 1716, 


sec? ^R 


Inlet: 


М = 1.5, р = 1000 lbf/ft’, р = 0.00237 slug/ft* 
pu = 2.7323 slug/(ft sec), pE = 4075 slug/(ft sec?) 
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Exit: 
Either supersonic or subsonic with u = 390.75 ft/sec 


Supersonic exit: 

p = 0.00237, pu = 2.7323, pE = 4075 їог0 < х < 10 
Subsonic exit: 

p = 0.00237, pu = 2.7323, pE=4075 for0<x<2.8 

p = 0.00237, pu = 0.92608, pE = 2680.93 for2.8<x < 10 


Solve with FDM using (1) Lax-Wendroff explicit, (2) explicit MacCormack, (3) Flux 
splitting, (4) MUSCL, and (5) TVD methods. Compare your results with the analytical 


solution. 

Supersonic exit: 

x р p M 
0.00 0.002370 1000.0 1.50 
3.00 0.002270 953.50 1.540 
420 0.001898 732.70 1.710 
4.80 0.001650 600.95 1.840 
5.60 0.001335 447.90 2.030 
6.80 0.001170 371.15 2.150 
8.00 0.001148 362.60 2.165 


10.00 0.001142 360.00 2.170 


Subsonic exit: 


x p p M 
0.00 0.002370 1000.0 1.50 
3.00 0.002270 943.5 1.54 
4.20 0.001898 732.1 1.71 
5.00 0.00153 539.6 1.91 
5.01 0.00386 2206.6 0.59 
6.00 0.00410 2400.7 0.47 
7.00 0.00415 2445.1 0.44 


10.00 0.00417 2459.6 0.43 


5. Solve the Euler equations for two-dimensional domain shown below 


66 elements, 67 nodes, uniform 
36 elements, 
1.0 0.8 37 nodes, 
uniform 
Inflow 
0.2 
1.0 1.0 1.0 
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V 
QU AF; p p 
us -=0, О= |ри |, Е; = | p Vi Vj + poy 
м pE p EV; + pV; 
Inlet: 


M=2, y =14, R = 1716 ft?/ sec? /sec? R, T —519'R 
а = J/ RT = 117 ft/sec, р = 0.002378 slugs/ft? 


и = 2 x 1117 = 2234 ft/sec, v=0, р = 2116 Ibt/t 


1 
BB —i + sp (uw? + v?) = 11224160? 
v= 


Initial conditions: Use inlet conditions as initial conditions for all nodes. 

Boundary conditions: Supersonic inlet, supersonic exit, slip wall conditions. 

Solve using MacCormack, Lax-Wendroff, flux vector splitting, MUSCL, TVD 
methods. 


6. Repeat Problems 4 and 5 using FVM ма КОМ 

7. Repeat Problem 1 using FEM (TGM, GPG, and FDV) 

8. Repeat Problem 2 using FEM (TGM, GPG, and FDV) 

9. Repeat Problem 3 using FEM (TGM and GPG) 

10. Repeat Problem 4 using FEM (TGM, GPG, and FDV) 

11. Repeat Problem 6 using FVM via FEM 

12. Develop programs to solve the Navier-Stokes system of equations for Problem 5 using 
all methods required for Problems 5 through 11. Repeat these programs for a geometry 
in three-dimensional, with the depth of x3-direction given as 1 in the figure of Problem 5. 


oU oF; 96; 
+ =0 
ot Ox; OX; 
p pV; 0 
Ч=јру |, F; = | pV V; + рб |, G; = —"ij 
pE p EV; + pV; —ij Vj + di 


Homework Problems for CFD III 


1. Develop computer programs to reproduce grids as shown in 


(a) Fig. E17.1.1, physical and transformed geometries 
(b) Fig. E17.1.2, quadratic Lagrange polynomials 

(c) Fig. E17.1.3, three-dimensional grids 

(d) Fig. E17.1.4, clustering of mesh lines 

(e) Fig. E17.1.5, conical body 

(f) Example 17.1.6 
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2. Develop computer programs to reproduce grids as shown in 


(a) Fig. E17.2.1, elliptic grid generation, TFI 
(b) Fig. E17.3.4, surface grid generation, Bezier curve 


о 


. Develop computer programs to reproduce grids as shown in 


(a) Fig. 18.1.7, Delaunay-Voronoi, Watson algorithm 
(b) Fig. 18.1.9, Delaunay-Voronoi, Bowyer algorithm 


4. Develop computer programs to reproduce grids as shown in 


(a) Fig. 18.2.3, advancing front method (AFM) 
(b) Fig. 18.2.4, AFM smoothing 
(c) Fig. 18.4.1, tetrahedral elements, МАСА0012 airfoil 


сл 


. Develop computer programs to reproduce grids as shown in 


(a) Fig. 19.2.4, adaptive mesh refinement (i-method), GPG 
(b) Fig. 19.2.5, adaptive mesh refinement (!-те Тод), ЕРУ 


6. Develop a computer program for an example of domain decomposition 

7. Develop a computer program for an example of multigrid methods 

8. Develop a computer program for an example of parallel processing 

9. Special term projects: One or two chapters in Part V may be used for special term 
projects so that the automatic mesh generation studied in Part IV can be utilized, leading 
to a complete CFD project. 


Note: Implementations of boundary conditions and methods of solutions for algebraic 
equations vary considerably, depending on flow conditions, geometries, and types of 
equations. They have been discussed in various chapters and sections as summarized 
below. 


Boundary conditions: 1.6.1, 1.6.2, 2.3, 6.7.1, 6.7.2, 10.1.2, 11.1.1, 11.1.2, 13.6.6 
Equation solvers: 4.2.7, 4.4.2, 4.5.1, 10.3.1, 11.5.1, 11.5.2, 11.5.3 


A Computer Program (Fortran 90) for the Solution of Navier-Stokes System of Equations 
Using the Flowfield-Dependent Variation (FDV) Method with Finite Elements 


Note: Computed results and source code available at http://www.uah.edu/cfd. 

This is a computer program for the solution of Navier-Stokes system of equations in 
which all features of flows are included to accommodate a wide variety of Mach numbers 
and Reynolds numbers (compressible, incompressible, inviscid, and viscous flows). The 
governing equations are of the form (conservation form of the Navier-Stokes system of 
equations): 


90 " дЕ; + 0G; 
ot OX; OX; 


The solution is carried out using the flowfield-dependent variation (FDV) method 
with element-by-element (EBE) assembly via generalized minimal residual (GMRES) 
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solution scheme using finite element discretizations with isoparametric elements and 
Gaussian quadrature integrations. 


The advantages of FDV method are as follows: 


(1) The first-order ЕРУ parameters (51, 53) as calculated from the current flowfield 


(2) 
(3) 


(4) 


variables (Mach numbers and Reynolds numbers) assure the accuracy of solu- 
tion. They alter the roles of each term in the governing equations in different 
positions of the domain, reflecting the incompressible behavior very close to 
the wall and compressible behavior or shock wave discontinuities away from 
the wall automatically. This can be demonstrated by contour plots of the FDV 
parameters themselves resembling the actual flowfields. The FDV scheme pro- 
vides accurate solutions in turbulence with DNS mesh configurations and in 
supersonic combustion through FDV Jacobians. 

The second-order ЕРУ parameters (52, 54) assure the stability of solution pro- 
cess. 

A single program based on the FDV theory is capable of accommodating all 
different flow physics, high speed or low speed, compressible or incompressible, 
viscous or inviscid, in one-, two-, and three-dimensional geometries, reflecting 
the interactions between various physical phenomena. 

The FDV method can be applied to both FDM and FEM geometries. 


Example problems include: 


1. 


Н 


Incompressible viscous flow 

A. Lid-driven cavity flow (two-dimensional, three-dimensional) 

B. Backstep flow (two-dimensional, three-dimensional) 
Compressible (inviscid or viscous) flow 

A. Shock tube (one-dimensional) 

B. Transonic flow (variable cross sections with one-dimensional formulation) 
C. Flat plate flow (two-dimensional, three-dimensional) 

D. Compression corner flow (two-dimensional, three-dimensional) 

E. Supersonic combustion chamber fin-inlet flow (three-dimensional) 
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Index 


Accuracy, 48-61, 187, 372 

Acoustic intensity level, 807 

Additive Schwarz procedure, 654—9 

Adiabatic wall, 206 

Advancing front methods (AFM), 601-6 

Atkin’s algorithm, 580 

Albedo, 876, 892 

Algebraic grid generator, 543-61, 579 

Algebraic Reynolds stress model, 702-3 

Alternating direction implicit (ADI), 66, 72-3, 
141, 173, 522 

Amplification factor, 70, 78 

Approximate factorization, 73-5, 141, 175 


Arbitrary Lagrangian-Eulerian methods, 912, 914, 


930 

Arc-length method, 571 

Arnoldi process, 385 

Arrhenius law, 737 

Artificial compressibility, 106, 107, 

Artificial viscosity (diffusion), 123— 
140, 368, 371 

Artificial viscosity flux limiters, 195 

Assembly of stiffness (diffusion, viscosity) matrix, 
212-5 

Assembly of source vector, 212—5 

Axisymmetric ring elements, 305, 306 

Axisymmetric cylindrical heat conduction, 335-6 


126 
125, 127, 139, 


Back scatter, 707 

Backward (upwind) differencing, 7, 46 

Baldwin-Lomax model, 702—3 

Banach space, 256 

Base functions, see interpolation functions 

Beam-Warming method, 85-6, 141, 156, 169—76, 
524 

Bernstein polynomials, 581, 583 

Beta spline, 582, 583 

Bezier curve, 581—586 

Bezier patches, 583 

BGK model, 940, 941 

Biharmonic equation, 415 

Black hole accretion, 975-76 

Boltzmann equation, 940—941 

Boolean matrix, 246, 313 

Boolean operators, 609 


Boundary and initial conditions, 9, 17-24, 38-41, 
197-207, 315-20, 347-55, 458-460 
Dirichlet, 17—20, 38-41 
for Euler and Navier-Stokes system of 
equations, 197—207 
mixed, Robin, 38-41 
Neumann, 9, 13-18, 20—24, 38-41, 347-354, 
458—460 
well-posedness, 98, 201 
Boundary element methods, 245, 532-535 
Bowyer algorithm, 597—600 
Box (tophat) function, 707 
Burger's Equation, 87—90, 355, 402-404, 502 


C$, C1, ст continuity, 307—308 

Catmull-Rom form, 582, 584 

Cauchy/Robin boundary conditions, 39, 317 

Cebeci-Smith model, 694 

Cell area (Jacobian) method, 570 

Cell-centered average scheme, 225-7 

Cell-centered control volume, 223-5 

Central difference, 6, 141, 371 

CFL(Courant) number, 77, 78, 368 

Characteristic Galerkin method (CGM), 347, 
445-6 

Characteristic variables, 134—5, 205 

Chebyshev polynomials, 473—5, 645, 776, 788, 931 

Chemical equilibrium equations, 714-54 

Compatibility relations, 132 

Christoffel symbols, 563, 574—7, 969, 1009—1016 

Circum circle, circumradius, circumsphere, 593-4 

Clausius-Duhem inequality, 437 

Clustering function, 553—5 

Coarse grain parallelism, 666 

Combustion, see chemically reactive flows 

Completeness, 307 

Compressed sparse row, 669 

Compressibility condition, 354 

Compressibility effects, 703—5 

Compression corner flow, 464 

Condition number, 256, 257 

Conduction-radiation ratio, 876, 906 

Conforming elements, 308 

Conjugate gradient method (ССМ), 337, 384 

Consistency, 61 
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Consistent mass matrix, 359 
Continuity across elements, 307 
Continuous space-time (CST), 327 
Contravariant metric tensor, 379, 440 
Control functions, 567, 579, 618-627 
Control function, 617-27 


Control surfaces (volumes), 12-19, 219-32, 234—5, 


501-9 

Convection-diffusion equation, 369 

Convection-dominated flow, 347-8 

Convection Jacobians, 131, 170, 181, 989-94 

Convection matrix, 355, 370 

Convergence, 62, 258, 259, 306-8 

Convex hull, 599 

Coordinate transformation, 94—8 

Cost function, 891 

Couette flow, 110 

Coupled Eulerian-Langrangian methods, 246, 
535-8, 790 

Courant (CFL) number, 368, 372, 374 

Covariant metric tensor, 563 

Crank-Nicolson scheme, 71—5, 81, 108, 356, 362, 
364 

Cubic spline, 535-7 

Curl of three-dimensional vorticity transport 
equations, 118, 417 

Curvature tensor, 574 


Damkóhler number, 452, 743, 744, 784 
Deflection angle, 467 
Delaunay-Voronoi methods (DVM), 591—600 
Derivative finite difference operator, 48 
Diagonally dominant, 113 
Differential geometry, 573-577 
Differential operator, 440 
Diffusion gradient Jacobian, 181, 433 
Diffusion Jacobian, 181, 989—994 
Diffusion matrix (stiffness, viscosity) matrix, 9, 
355,370 
Diffusion number, 68 
Diffusion transport tensor, 701 
Diffusion velocity, 738 
Dilatation, 353 
Dilaunay triangulation, 592-594 
Direct numerical simulation, 713-4, 792, 793, 796, 
832, 931 
Dirichlet boundary conditions, 39, 315-17 
Discontinuity-capturing diffusivity, 454 
Discontinuity-capturing factor, 442 
Discontinuity-capturing scheme (DCS), 376, 377, 
439-43 
Discontinuous Galerkin methods РОМ), 347, 
446-7 
Discontinuous space-time (DST), 327, 377 
Dispersion error, 89 
Dissipation error, 79 
Dissipation tensor, 700 
Dissociation, 767, 779 
Distributed shared memory, 664—73 
Domain decomposition methods, 654—60 
multiplicative Schwarz procedure, 654-50 
additive Schwarz procedure, 660-1 
parallel processing in, 670, 677 
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Domain vertex methods, 547—45 
Double asymptotic approximation, 373 
Driven cavity flow, 465—7 
DuFort-Frankel methods, 71, 522 
Dulquist and Bjorck scheme, 56 

Dust infall, 980—3 


Eckert number, 881 
Eddy (turbulent) viscosity, 710 
Effectivity index, 646 
Eigenvalues, 132 143, 179, 204, 208 
negative, 204, 207 
positive, 204, 207 
Eigenvectors, 133, 134 
Element-by-element (EBE) method, 340, 
381 
Elliptic equations, 31-3, 63-7, 98, 561, 572 
Elliptic grid generator, 561—8, 618 
Emissive power, 851—2 
Energy dissipation range, 708 
Energy norm error, 255, 630 
Ensemble average, 691 
Entropy condition, 151 
Entropy controlled instability, 839-44 
Entropy mode acoustics, 813—8 
Entropy variables, 437, 441-4 
Entropy variable Jacobians, 437, 438-40 
Equation solvers, 65, 76-77, 90-4, 337-42, 
380-91 
Gauss elimination, 67 
Gauss-Seidel iteration, 65 
generalized minimal residual (GMRES) 
method, 380, 752 
Jacobi iteration, 65 
Newton-Raphson method, 380, 752 
Runge-Kutta method, 90, 168 
Thomas algorithm, 76 
tridiagonal matrix algorithm (TDMA), 76 
Equilibrium chemistry, 744, 779 
Error estimates, 254—9, 645 
Error coefficient vector, 385 
Error indicator, 628-30, 645 
Errors 
iterative, 65 
round-off, 65 
sources of, 91-94 
truncation, 46-62 
Essentially nonoscillatory (ENO) schemes, 
163-5 
Euler equations, 129-166, 367-91 
Eulerian differences, 535 
Explicit scheme, 68-71, 77-81, 167, 365, 366 
Extinction coefficient, 853 
Extrapolation methods, 201 


FDV parameters (variation parameters), 181—185, 
448-59, 784 
Ffowcs Williams-Hawkings equation, 812, 836 
Filtering functions, 706 
Fine grain parallelism, 666 
Finite difference operators, 48—61 
derivative, 48 
displacement, 48 


INDEX 


Finite element functions 
trial functions, (base, interpolation, shape), 8, 
262, 308 
temporal test functions, 254, 327 
test functions, 8, 377—9 
Finite point methods, 491-2 
Finite rate chemistry, 744, 777 
First order variation parameters, 183, 187 
Flowfield-dependent variation methods, 180-94, 
448-67, 781, 828, 832, 923, 977-84 
Fluid-particle mixture, 923—7 
Flux corrected transport (FCT) schemes, 165-6 
Flux extrapolation approximation, 149 
Flux implicit higher order accurate schemes, 196 
Flux vector splitting, 142—5, 448 
Forward differencing, 7, 46 
Fourier series, 69 
Fourier-cutoff function, 707 
Fractional step methods, 75, 522 
Frequency, fundamental, 69 
Front tracking methods, 912 
Froude number, 978 
Frozen chemistry, 744 
FTCS schemes, 78, 81 
FTFS schemes, 77 
Fully implicit continuous Eulerian (FICE) 
methods, 956 
Fundamental frequency, 69 
FVM via FDM, 16, 216-39 
FVM via FEM, 17, 491—517 


Galerkin methods, 9, 243-54 
characteristic (CGM), 426, 443-6 
discontinuous (DGM), 243, 426, 446-8 
generalized (GGM), 243, 347, 426, 435 
generalized Petrov (GPG), 243, 347, 376-80, 
426, 436-43 
standard (SGM), 11, 243, 249, 309-24, 347, 912, 
910 
streamline diffusion Petrov (SUPG), 347, 374 
Taylor (TGM), 243, 347, 426, 430-4, 777, 840 
Galerkin test function, 370, 377 
Gather operation, 669-70 
Gauss elimination, 67, 657 
Gauss-Seidel iteration, 65 
Gaussian curvature, 576 
Gaussian quadrature, 231, 292, 293 484, 892, 909, 


995-1002 

Generalized Galerkin methods (GGM), 327—336, 
430, 435 

Generalized minimal residual (GMRES), 384—5, 
752 


Generalized Taylor-Galerkin methods, 243, 426, 
430-4, 510, 530 

Generalized Petrov-Galerkin methods, 374, 377, 
378, 410, 531 

Gibbs function, 752 

Givens Householder rotation matrix, 386, 390 

Godunov method, 145-8, 155 

Gram-Schmidt orthogonalization, 385 

Granularity in parallel processing, 673 

Gravitation, 965 

Gravitational source term Jacobian, 1009-1016 
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Green’s function, 532 

Grid clustering, 553-545 

Grid generation 
structured, 591—615 
unstructured, 543—587 


Hanging nodes, 630—631, 637-638 

Heat conduction, 98, 99, 335 

Helmholtz equation, 533, 808 

Hermite polynomial, 271, 581 

Hermite polynomial elements, 271-3, 544 
Hessenberg matrix, 385, 387, 395 
Hexahedral element, 303—5, 608 

Hilbert space, 255, 629 

hp methods, 645-9 

hr methods, 640—3 

Hyperbolic equations, 31-3, 77-81, 93, 332-4, 522 
Hyperbolic grid generator, 565-71 
Hypersonic flows, 120, 467 769—75 


Ш-сопашопеа, 257 

Implicit scheme, 71—72, 81, 90, 169, 331, 356, 365, 
366 

Incompressibility condition, 106-15 

Incompressible limit, 178, 439 

Inertial subrange, 708 

Inner product, 8, 218, 249, 369 

Insertion polygon, 594 

Interpolation functions, 8, 247, 262, 308, 472, 543 

Intrinsic time scale, 440 

Ionization, 767, 772 

Isoparametric element, 286—297, 477-80, 909 

Iterative error, 65 

Iterative paving method, 613 


Jacobi iteration, 65 

Jacobi preconditioner, 382 

Jacobians 
convection flux, 131, 170, 989 
diffusion flux, 989 
diffusion gradient, 181, 425, 979-84 
source term, 1003, 1014 


К — є model, 696—7, 781, 785, 932 

K — « model, 698 

Kerr black hole geometry, 669 
Kirchhoff's law, 853 

Kirchhoff's method, 809-10, 821, 823 
Kolmogorov microscale, 455, 70 
Krylov space, 385 


Laasonen method, 71, 522 

Lagrange multipliers, 318, 320, 753, 754 

Lagrange polynomial elements, 269-71, 543-4, 
580 

Lagrangian differences, 537 

Lanczos algorithm, 382, 383, 385 

Landau-Teller model, 773 

Laplace equations, 63, 561—3 

Large eddy simulation, 706—133, 792, 794 

Law of mass action, 736—7 

Lax-Friedrichs scheme, 138 

Lax method, 80, 83, 151 
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Lax-Wendroff method, 80, 82, 83, 105, 138, 523, 
525 
LBB Condition, 325, 408 
Leapfrog method, 80, 168, 363 
Midpoint, 87 
Least square methods, 488—490, 890-2 
Legendre polynomials, 466—7, 645 
Legendre spectral mode functions, 479, 470, 
645 
Leonard stress, 707 
Level set methods, 912 
Lighthill’s acoustic energy, 811 
Load balancing, 674—5 
Dynamic, 675 
Static, 674, 675 
Local and global approaches for FEM, 309, 310, 
311 
Local remeshing, 642 
Lo norm error, 256, 385, 464 
Lumped mass matrix, 359-60 


MacCormack scheme, 82, 85, 89, 98, 105, 140, 168, 
525, 820 

Mach number, 29, 120, 455, 838, 845 
Mach wave, 20, 30 
Magnetohydrodynamics, 937—9 
Marker and cell (MAC), 106, 115, 409 
Mass (Favre) average, 691-2 
Mass fraction, 736 
Mass matrix 

Consistent, 359 

Lumped, 359-360 
Matrix-by-vector product, 669 
Matrix norm, 256 
Maxwell equations, 932—9 
Mesh enrichment (p) methods, 644 
Mesh movement (r) methods, 639-40 
Mesh refinement (h) methods, 628-39 
Mesh parameter, 258 
Mesh smoothing, 604, 605 
Meshless methods, see finite point methods 
MIMD, SIMD, 666-8 
Minimizer error vector, 385 
Minkowski coordinate transformation, 972—3 
Mixed methods, 325, 326, 407 
Mixed/Robin boundary conditions, 38—41 
Molar concentration, 736 
Mole fraction, 736 
Monotonicity condition, 152 
Monte Carlo methods, 538—9 
Multiblock structured grids, 587—9 
Multigrid methods, 661—666 

restriction process, 661—5 

prolongation process, 661—5 
Multiplicative Schwarz procedure, 654-60 
Multi-step method, 81 
Multitasking, 673 
Multithreading, 672, 673, 678-83 
MUSCL approach, 148-50 


Natural coordinates, 267, 278, 282 
Navier-Stokes system of equations, 33-8, 166—214, 
426—460 


INDEX 


Neumann boundary conditions, 9, 13-18, 20-24, 
38-41, 97, 310, 312, 317-20, 508 
Newton-Raphson method, 380, 382, 751, 752, 799, 
891, 896 

Nonreflecting boundary conditions, 204—5 
Node-centered control volume, 219-23 

Noise control, 827—832 

Normed adjusted error, 385 

Normed error vector, 385 

Number density, 736 

Numerical diffusion, 357, 358 

Numerical diffusion test function, 367-80 
Numerical diffusion factor, 368-73 

Numerical diffusion matrix, 358, 370 

Numerical diffusion test functions, 368—9, 370, 
379, 441 

Numerical viscosity, 153, 371 

Nusselt number, 904 


Operator splitting, 411, 777 
Operator splitting methods, 411, 412 
Optical thickness, 865, 909 

Optically thick, 871—85 

Optically thin, 869-83 

Optimal control methods, 490, 889, 890-2, 904 
Optimality condition, 647, 847 
Orr-Sommerfeld equation, 419, 421 
Orthogonality, 8, 249, 623 
Outscatter, 707 

Over-relaxation method, 66, 99, 128 


Pade' scheme, 60 

Parabolic equations, 31-3, 67-73, 327-32 
Parabolic grid generator, 572 

Parallel processing, 666-75 

Partial pressure, 736 

Particle-in-cell (PIC), 119, 228, 538 
PDE mapping methods, 561—572 
Peclet number, 183, 370, 453, 743, 881 
Penalty methods, 326, 408 
Petrov-Galerkin (integral) methods, 368, 370, 374 
Petrov-Galerkin test function, 377 
Phase angle, 70 

Phase field formulation, 912 

Phase interaction methods, 922, 932 
PISO, 106, 112-14, 175—7, 509, 528 
Planck's law, 851 

Plasma processing, 946—56 

Point implicit method, 197, 777 
Pointwise error, 256 

Poisson equations, 115, 572, 655 
Potential equation, 121—9 

Prandtl mixing length model, 693 
Prandtl number, 909 

Preconditioned conjugate gradient, 382 
Preconditioning, 178—9, 396, 438, 657 
Predictor-corrector, 81-3, 140, 168 
Pressure-correction method, 108, 409, 410 
Pressure mode acoustics, 808—810 
Pressure-strain correlation tensor, 701 
Primitive variables, 132, 442—6 
Primitive variable Jacobian, 438, 439 
Principal curvature, 578 


INDEX 


Prism element, 302, 303 

Probability density function, 758-61, 785, 793 
Projection method, 249 

Prolongation process, 661—5 

Pure convection, 399—402 


OR algorithm, 421 
Quadrilateral elements, 286-297 
Quadtree and octree methods, 614 


Radiative transfer equation, 873 
Ramjet combuster, 779 
Rarefied gas dynamics, 941—946 
Reflection wave (reflection boundary), 205 
Ristriction process, 661—665 
Reconstruction function, 163 
Relativistic hydrodynamics, 976—7 
Relativistic shock tube, 974—5 
Relativity 

general, 965-72 

special, 965 
Reynolds number, 107, 184, 370, 428, 488, 909, 931 
Reynolds average Navier-Stokes (RANS), 704, 

706, 928 

Reynolds stress, 455, 707 
Reynolds stress model, 700—702, 780 
Richardson method, 71 
Riemann-Christoffel tensor, 576 
Riemann invariants, 135 
Roe's approximate Riemann solver, 146 
Root mean square error, 256 
Rossland approximation, 871 
Rotational difference, 125 
Round-off errors, 65 
Runge-Kutta method, 90, 168, 776, 792 


Scatter operation, 669-70 

Scattering media, 890 

Schur complement matrix, 656 

Schwarzschild metric, 969 

Scramjet combustion, 731—735 

Second order variation parameters, 183, 187 

Semiconductor plasma processing, 946-56 

Semi-implicit pressure correction, 413, 413 

Sensible enthalpy, 734, 740, 741 

Shock angle, 467 

Shape functions, see interpolation functions 

Shear layer, 206 

Shock-capturing mechanism, 189-90 

Shock tube problems, 465, 974, 975 

Shock wave, 120, 205 

Shock wave boundary layer flow, 463—6 

SIMPLE, SIMPLER, SIMPLEC, 106, 111, 118, 
528 

Singularity, 648 

Slivers, 594 

Small perturbation approximations, 33, 121 

Sobolev space, 255 

Sound wave, 29 

Smooth particle hydrodynamics (SPH), 491, 492, 
913 

Smoothness, 623 

Solar corona mass ejection, 956-7 
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Solid angle, 853 
Sound pressure level, 807 
Space-time 
continuous, 327 
discontinuous, 327—5 
Space-time Galerkin/least squares, 378 
Spatial average, 691 
Spectral element methods, 472-87, 788 
Spectral methods, 472 
Speedup factor, 666 
Speed of light, 965 
Speed of sound, 29 
Splitting methods, 81 
Spray combustion, 746—8, 786, 791 
Stability and accuracy, 369-375 
Stability conditions 
Numerical, 61, 70, 233, 234, 369—75 
Physical, 421, 839-47 
Stephan-Boltzmann law, 842 
Spray combustion, 746-8, 786-91 
Stiffness (diffusion or viscosity) matrix, 9, 251, 
277, 309-17 
Stoichiometric condition, 736 
Stoke's flow, 324-7 
Stream function, 39, 115 
Streamline diffusion in GLS, 439 
Streamline diffusion in GPG, 439 
Streamline diffusion method (SDM), 243, 367 
Streamline upwind Petrov-Galerkin (SUPG), 347, 
374 
Subgrid scale model, 709 
Subgrid stress tensor, 707 
Subsonic flow, 39, 120, 123 
Supersonic flow, 30, 120, 128 
Surface grid generator, 572-9, 584—7 
Surface tension, 352, 1014—21 
Surface tension force Jacobian, 1003-8 
Surface traction, 353 
Sutherland’s law, 34, 429 


Taylor-Galerkin methods (TGM), 355, 366, 777, 
840 
Taylor series, 83, 85, 86, 180, 356, 368, 430, 449 
Temporal parameter, 329 
Temporal test functions, 254—327 
Tensor notation (index notation), 246 
Test function 
spatial, 8, 247, 262, 308 
temporal, 328, 435, 472 
Tetrahedral elements, 298 
Thomas algorithm, 76 
Threaded parallel program, 678-83 
Three plus one formulation, 967—8 
Time average, 690-1 
Total variation diminishing (TVD) schemes, 
150-62, 189, 526, 527 
Transfinite interpolation (TFI) methods, 555-60 
Transient problems, 327 
Transonic flow, 120, 123 
"Trial function, 8, 247, 262, 308, 470 
Triangular elements, 273, 286 
Triangular prism elements, 302, 303 
Tridiagonal matrix algorithm (ТОМА), 76 
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Truncation errors, 46—62 
Two-phase flows, 352, 912—934 
Two-step explicit scheme, 358, 359 
Two-temperature model, 772, 801 


Unstable waves, 839-45, 846, 847 
Upwind scheme, 124, 526 
First order, 142-50 
Second order, 150-62, 448 
Unstructured finite element mesh refinements, 
650-2 
Unstructured grid generation, 591-615 


Variable extrapolation approach, 148 

Variational equation, 8, 250, 319 

Variational functional, 622 

Variational methods, 249, 251, 377, 622-7 

Variation parameters (FDV parameters), 181-5, 
448-59 

Variational principles, 243, 251 

Vector pipelines, 666 
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Vibration model, 772-3, 799 

View factors, 858-62 

Viscosity (diffusion, stiffness ) matrix, 9,251, 277, 
309-17 

Volume-of-fluid methods, 912-21 

Volume tracking methods, 912 

Von Neumann stability analysis, 68-71, 77-80 

Vortex methods, 115-118, 414-20 

Voronoi polygons, 592—4 

Vorticity mode acoustics, 811—3 

Vorticity transport equation, 117 


Wall functions, 698—9 

Watson algorithm, 592—7 

Wave equation, 87 

Wave number, 9, 51, 253 

Weak form (solution), 9, 369 

Weight function, 621 

Weighted residual methods, 249, 252, 472-99 
Well-conditioned, 257, 438, 439 
Well-posedness, 198, 201 


